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Recall: Regularization

Regularized minimization

Consider the family of strategies of the form:

at+1 = argmin
a∈A

(

η
t∑

s=1

ℓs(a) +R(a)

)

.

The regularizerR : Rd → R is strictly convex and differentiable.

DefineΦ0 = R, Φt = Φt−1 + ηℓt, so thatat+1 = argmina∈AΦt(a).

If we replaceℓt by∇ℓt(at), this leads to an upper bound on regret. Thus,

we can assumelinearℓt.
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Recall: Regret of Regularization Methods

Theorem: ForA = R
d, regularized minimization suffers regret against

anya ∈ A of

n∑

t=1

ℓt(at)−
n∑

t=1

ℓt(a)

=
1

η

n∑

t=1

(
DΦt−1(a, at)−DΦt

(a, at+1) +DΦt
(at, at+1)

)
,

and thus

L̂n ≤ inf
a∈Rd

(
n∑

t=1

ℓt(a) +
DR(a, a1)

η

)

+
1

η

n∑

t=1

DΦt
(at, at+1).
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Regularization Methods: Varying η

Theorem: Define

at+1 = arg min
a∈Rd






n∑

t=1

ηtℓt(a) +R(a)
︸ ︷︷ ︸

Φt(a)




 .

For anya ∈ R
d,

L̂n−
n∑

t=1

ℓt(a) ≤
n∑

t=1

1

ηt

(
DΦt

(at, at+1) +DΦt−1(a, at)−DΦt
(a, at+1)

)
.
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Regularization Methods: Varying η

If we linearize theℓt, we have

L̂n −
n∑

t=1

ℓt(a) ≤
n∑

t=1

1

ηt
(DR(at, at+1) +DR(a, at)−DR(a, at+1)) .

TheDR(a, at) terms no longer telescope. Ifℓt are strongly convex, we

can do better.
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Regularization Methods: Strongly Convex Losses

Theorem: If ℓt is σ-strongly convex wrtR, that is, for alla, b ∈ R
d,

ℓt(a) ≥ ℓt(b) +∇ℓt(b) · (a− b) +
σ

2
DR(a, b),

then for anya ∈ R
d, this strategy withηt = 2

tσ
has regret

L̂n −
n∑

t=1

ℓt(a) ≤
n∑

t=1

1

ηt
DR(at, at+1).
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Strongly Convex Losses: Proof idea

n∑

t=1

(ℓt(at)− ℓt(a))

≤
n∑

t=1

(

∇ℓt(at) · (at − a)− σ

2
DR(a, at)

)

≤
n∑

t=1

1

ηt

(

DR(at, at+1) +DR(a, at)−DR(a, at+1)−
ηtσ

2
DR(a, at)

)

≤
n∑

t=1

1

ηt
DR(at, at+1) +

n∑

t=2

(
1

ηt
− 1

ηt−1
− σ

2

)

DR(a, at)

+

(
1

η1
− σ

2

)

DR(a, a1).

And choosingηt = 2/(tσ) eliminates the second and third terms.

7



Strongly Convex Losses

Example: ForR(a) = 1
2‖a‖2, we have

L̂n − L∗
n ≤ 1

2

n∑

t=1

1

ηt
‖ηt∇ℓt‖2 ≤

n∑

t=1

G2

tσ
= O

(
G2

σ
logn

)

.

Key Point:When the loss is strongly convex wrt the regularizer, the regret

rate can be faster; in the case of quadraticR (andℓt), it is O(logn),

versusO(
√
n).
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Probabilistic Prediction Setting

Recall this probabilistic formulation of a prediction problem:

• There is a sample of sizen drawn i.i.d. from an unknown probability

distributionP onX × Y:

(X1, Y1), . . . , (Xn, Yn).

• Some method chooseŝf : X → Y.

• It suffers regret

Eℓ(f̂(X), Y )−min
f∈F

Eℓ(f(X), Y ).

• Here,F is a class of functions fromX toY.
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Online to Batch Conversion

• Suppose we have an online strategy that, given observations

ℓ1, . . . , ℓt−1, producesat = A(ℓ1, . . . , ℓt−1).

• Can we convert this to a method that is suitable for a probabilistic

setting? That is, if theℓt are chosen i.i.d., can we useA’s choicesat
to come up with an̂a ∈ A so that

Eℓ1(â)−min
a∈A

Eℓ1 (a)

is small?

• Consider the following simple randomized method:

1. PickT uniformly from{0, . . . , n}.

2. Let â = A(ℓT+1, . . . , ℓn).
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Online to Batch Conversion

Theorem: If A has a regret bound ofCn+1 for sequences of length

n + 1, then for any stationary process generating theℓ1, . . . , ℓn+1, this

method satisfies

Eℓn+1(â)−min
a∈A

Eℓn+1 (a) ≤
Cn+1

n+ 1
.

(Notice that the expectation averages also over the randomness of the

method.)
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Online to Batch Conversion

Eℓn+1(â) = Eℓn+1(A(ℓT+1, . . . , ℓn))

= E
1

n+ 1

n∑

t=0

ℓn+1(A(ℓt+1, . . . , ℓn))

= E
1

n+ 1

n∑

t=0

ℓn−t+1(A(ℓ1, . . . , ℓn−t))

= E
1

n+ 1

n+1∑

t=1

ℓt(A(ℓ1, . . . , ℓt−1))

≤ E
1

n+ 1

(

min
a

n+1∑

t=1

ℓt(a) + Cn+1

)

≤ min
a

Eℓt(a) +
Cn+1

n+ 1
.
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Online to Batch Conversion

Key Point:

• An online strategy with regret boundCn can be converted to a batch

method.

The regret per trial in the probabilistic setting is boundedby the

regret per trial in the adversarial setting.
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Optimal Regret

We have:

• a set of actionsA,

• a set of loss functionsL.

At time t,

• Player chooses an actionat from A.

• Adversary choosesℓt : A → R from L.

• Player incurs lossℓt(at).

Regretis the value of the game:

Vn(A,L) = inf
a1

sup
ℓ1

· · · inf
an

sup
ℓn

(
n∑

t=1

ℓt(at)− inf
a∈A

n∑

t=1

ℓt(a)

)

.
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Optimal Regret: Dual Game

Theorem: If A is compact and allℓt are convex, continuous functions,

then

Vn(A,L) = sup
P

E

(
n∑

t=1

inf
at∈A

E [ℓt(at)|ℓ1, . . . , ℓt−1]− inf
a∈A

n∑

t=1

ℓt(a)

)

,

where the supremum is over joint distributionsP over sequences

ℓ1, . . . , ℓn in Ln.

• As we’ll see, this follows from a minimax theorem.

• Dual game: adversary plays first by choosingP .

• Value of the game is the difference between minimal conditional
expected loss and minimal empirical loss.

• If P were i.i.d., this would be the difference between the minimal
expected loss and the minimal empirical loss.
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Optimal Regret: Extensions

• We can ensure convexity of theℓt by allowingmixed strategies:

replaceA by the set of probability distributionsP onA and replace

ℓ(a) byEa∼P ℓ(a).
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Dual Game: Proof Idea

Theorem: [Sion, 1957] If A is compact and for everyb ∈ B, f(·, b)
is a convex-like,a lower semi-continuous function, and for everya ∈ A,

f(a, ·) is concave-like, then

inf
a∈A

sup
b∈B

f(a, b) = sup
b∈B

inf
a∈A

f(a, b).

We’ll defineB as the set of probability distributions onL and

f(a, b) = c+E[ℓ(a) + φ(ℓ)], and we’ll assume thatA is compact and

eachℓ ∈ L is convex and continuous.
ℓ is convex-like [Fan, 1953]:

∀a1, a2 ∈ A, α ∈ [0, 1], ∃a ∈ A, αℓ(a1) + (1 − α)ℓ(a2) ≤ ℓ(a).
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Dual Game: Proof Idea

Vn(A,L) = inf
a1

sup
ℓ1

· · · inf
an

sup
ℓn

(
n∑

t=1

ℓt(at)− inf
a∈A

n∑

t=1

ℓt(a)

)

= inf
a1

sup
ℓ1

· · · inf
an

sup
Pn

E

(
n∑

t=1

ℓt(at)− inf
a∈A

n∑

t=1

ℓt(a)

)

,

because allowing mixed strategies does not help the adversary.
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Dual Game: Proof Idea

Vn(A,L) = inf
a1

sup
ℓ1

· · · inf
an

sup
ℓn

(
n∑

t=1

ℓt(at)− inf
a∈A

n∑

t=1

ℓt(a)

)

= inf
a1

sup
ℓ1

· · · inf
an−1

sup
ℓn−1

inf
an

sup
Pn

E

(
n∑

t=1

ℓt(at)− inf
a∈A

n∑

t=1

ℓt(a)

)

= inf
a1

sup
ℓ1

· · · inf
an−1

sup
ℓn−1

sup
Pn

inf
an

E

(
n∑

t=1

ℓt(at)− inf
a∈A

n∑

t=1

ℓt(a)

)

,

by Sion’s generalization of von Neumann’s minimax theorem.
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Dual Game: Proof Idea

Vn(A,L) = inf
a1

sup
ℓ1

· · · inf
an

sup
ℓn

(
n∑

t=1

ℓt(at)− inf
a∈A

n∑

t=1

ℓt(a)

)

= inf
a1

sup
ℓ1

· · · inf
an

sup
Pn

E

(
n∑

t=1

ℓt(at)− inf
a∈A

n∑

t=1

ℓt(a)

)

= inf
a1

sup
ℓ1

· · · inf
an−1

sup
ℓn−1

sup
Pn

inf
an

E

(
n∑

t=1

ℓt(at)− inf
a∈A

n∑

t=1

ℓt(a)

)

= inf
a1

sup
ℓ1

· · · inf
an−1

sup
Pn−1

E

(
n−1∑

t=1

ℓt(at) +

sup
Pn

(

inf
an

E [ℓn(an)|ℓ1, . . . , ℓn−1]− inf
a∈A

n∑

t=1

ℓt(a)

))

,

splitting the sum andallowing the adversary a mixed strategy at round
n− 1.
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Dual Game: Proof Idea

Vn(A,L) = inf
a1

sup
ℓ1

· · · inf
an−1

sup
Pn−1

E

(
n−1∑

t=1

ℓt(at) +

sup
Pn

(

inf
an

E [ℓn(an)|ℓ1, . . . , ℓn−1]− inf
a∈A

n∑

t=1

ℓt(a)

))

= inf
a1

sup
ℓ1

· · · sup
Pn−1

inf
an−1

E

(
n−1∑

t=1

ℓt(at) +

sup
Pn

(

inf
an

E [ℓn(an)|ℓ1, . . . , ℓn−1]− inf
a∈A

n∑

t=1

ℓt(a)

))

,

applying Sion’s minimax theorem again.
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Dual Game: Proof Idea

Vn(A,L) = inf
a1

sup
ℓ1

· · · sup
Pn−1

inf
an−1

E

(
n−1∑

t=1

ℓt(at) +

sup
Pn

(

inf
an

E [ℓn(an)|ℓ1, . . . , ℓn−1]− inf
a∈A

n∑

t=1

ℓt(a)

))

= inf
a1

sup
ℓ1

· · · sup
Pn−2

inf
an−2

(

E

n−2∑

t=1

ℓt(at) +

sup
Pn

n−1

E

(
n∑

t=n−1

inf
at

E [ℓt(at)|ℓ1, . . . , ℓt−1]− inf
a∈A

n∑

t=1

ℓt(a)

))

...

= sup
P

E

(
n∑

t=1

inf
at

E [ℓt(at)|ℓ1, . . . , ℓt−1]− inf
a∈A

n∑

t=1

ℓt(a)

)

.
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Optimal Regret and Sequential Rademacher Averages

Theorem:

Vn(A,L) ≤ 2 sup
ℓ1

Eǫ1 · · · sup
ℓn

Eǫn sup
a∈A

n∑

t=1

ǫtℓt(a),

whereǫ1, . . . , ǫn are independent Rademacher (uniform±1-valued) ran-

dom variables.

• Compare to the bound involving Rademacher averages in the

probabilistic setting:

excess risk≤ cE sup
f∈F

∣
∣
∣
∣
∣

1

n

n∑

t=1

ǫtℓ(Yt, f(Xt))

∣
∣
∣
∣
∣
.

• In the adversarial case, the choice ofℓt is deterministic, and can

depend onǫ1, . . . , ǫt−1.
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Sequential Rademacher Averages: Proof Idea

Vn(A,L) = sup
P

E

(
n∑

t=1

inf
at∈A

E [ℓt(at)|ℓ1, . . . , ℓt−1]− inf
a∈A

n∑

t=1

ℓt(a)

)

≤ sup
P

E

(
n∑

t=1

E [ℓt(â)|ℓ1, . . . , ℓt−1]−
n∑

t=1

ℓt(â)

)

,

whereâ minimizes
∑

t ℓt(a).
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Sequential Rademacher Averages: Proof Idea

Vn(A,L) = sup
P

E

(
n∑

t=1

inf
at∈A

E [ℓt(at)|ℓ1, . . . , ℓt−1]− inf
a∈A

n∑

t=1

ℓt(a)

)

≤ sup
P

E

(
n∑

t=1

E [ℓt(â)|ℓ1, . . . , ℓt−1]−
n∑

t=1

ℓt(â)

)

≤ sup
P

Esup
a∈A

n∑

t=1

(E [ℓt(a)|ℓ1, . . . , ℓt−1]− ℓt(a)) .
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Sequential Rademacher Averages: Proof Idea

Vn(A,L) ≤ sup
P

E sup
a∈A

n∑

t=1

(E [ℓt(a)|ℓ1, . . . , ℓt−1]− ℓt(a))

= sup
P

E sup
a∈A

n∑

t=1

(E [ℓ′t(a)|ℓ1, . . . , ℓn]− ℓt(a)) ,

whereℓ′t is a tangent sequence: conditionally independent ofℓt given

ℓ1, . . . , ℓt−1, with the same conditional distribution.
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Sequential Rademacher Averages: Proof Idea

Vn(A,L) ≤ sup
P

E sup
a∈A

n∑

t=1

(E [ℓt(a)|ℓ1, . . . , ℓt−1]− ℓt(a))

= sup
P

E sup
a∈A

n∑

t=1

(E [ℓ′t(a)|ℓ1, . . . , ℓn]− ℓt(a))

≤ sup
P

E sup
a∈A

n∑

t=1

(ℓ′t(a)− ℓt(a)) ,

moving the supremum inside the expectation.
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Sequential Rademacher Averages: Proof Idea

Vn(A,L) ≤ sup
P

E sup
a∈A

n∑

t=1

(ℓ′t(a)− ℓt(a))

= sup
P

E sup
a∈A

(
n−1∑

t=1

(ℓ′t(a)− ℓt(a)) + ǫn (ℓ
′
n(a)− ℓn(a))

)

,

for ǫn ∈ {−1, 1}, sinceℓ′n has the same conditional distribution, given

ℓ1, . . . , ℓn−1, asℓn.
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Sequential Rademacher Averages: Proof Idea

Vn(A,L) ≤ sup
P

E sup
a∈A

n∑

t=1

(ℓ′t(a)− ℓt(a))

= sup
P

E sup
a∈A

(
n−1∑

t=1

(ℓ′t(a)− ℓt(a)) + ǫn (ℓ
′
n(a)− ℓn(a))

)

= sup
P

Eℓ1,...,ℓn−1Eℓn,ℓ′n
Eǫn sup

a∈A

(
n−1∑

t=1

(ℓ′t(a)− ℓt(a)) +

ǫn (ℓ
′
n(a)− ℓn(a)))

≤ sup
P

Eℓ1,...,ℓn−1 sup
ℓn,ℓ′n

Eǫn sup
a∈A

(
n−1∑

t=1

(ℓ′t(a)− ℓt(a)) +

ǫn (ℓ
′
n(a)− ℓn(a))) .
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Sequential Rademacher Averages: Proof Idea

Vn(A,L) ≤ sup
P

Eℓ1,...,ℓn−1Eℓn,ℓ′n
Eǫn sup

a∈A

(
n−1∑

t=1

(ℓ′t(a)− ℓt(a)) +

ǫn (ℓ′n(a)− ℓn(a)))

≤ sup
P

Eℓ1,...,ℓn−1 sup
ℓn,ℓ′n

Eǫn sup
a∈A

(
n−1∑

t=1

(ℓ′t(a)− ℓt(a)) +

ǫn (ℓ′n(a)− ℓn(a)))

...

≤ sup
ℓ1,ℓ

′
1

Eǫ1 · · · sup
ℓn,ℓ′n

Eǫn sup
a∈A

(
n∑

t=1

ǫt (ℓ
′
t(a)− ℓt(a))

)

.
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Sequential Rademacher Averages: Proof Idea

Vn(A,L) ≤ sup
ℓ1,ℓ

′
1

Eǫ1 · · · sup
ℓn,ℓ′n

Eǫn sup
a∈A

(
n∑

t=1

ǫt (ℓ
′
t(a)−ℓt(a))

)

= 2 sup
ℓ1

Eǫ1 · · · sup
ℓn

Eǫn sup
a∈A

(
n∑

t=1

ǫtℓt(a)

)

,

since the two sums are identical (ǫt and−ǫt have the same distribution).
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Optimal Regret and Sequential Rademacher Averages

Theorem:

Vn(A,L) ≤ 2 sup
ℓ1

Eǫ1 · · · sup
ℓn

Eǫn sup
a∈A

n∑

t=1

ǫtℓt(a),

whereǫ1, . . . , ǫn are independent Rademacher (uniform±1-valued) ran-

dom variables.

• Rademacher averages in probabilistic setting:

excess risk≤ cE sup
f∈F

∣
∣
∣
∣
∣

1

n

n∑

t=1

ǫtℓ(Yt, f(Xt))

∣
∣
∣
∣
∣
.

• Sequential Rademacher averages in adversarial setting:

Vn(A,L) ≤ c sup
ℓ1

Eǫ1 · · · sup
ℓn

Eǫn sup
a∈A

n∑

t=1

ǫtℓt(a).
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