
Theoretical Statistics. Lecture 2.
Peter Bartlett

1. Review: Stochastic convergence.

2. Asymptotics.

3. Concentration inequalities.
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Review. Relating Convergence Properties

Theorem:

Xn  X andd(Xn, Yn)
P→ 0 =⇒ Yn  X,

Xn  X andYn  c =⇒ (Xn, Yn) (X, c),

Xn
P→ X andYn

P→ Y =⇒ (Xn, Yn)
P→ (X, Y ).
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Review. Relating Convergence Properties: Continuous Mapping

Supposef : Rk → Rm is “almost surely continuous”

(i.e., for someS with P (X ∈ S)=1,f is continuous onS).

Theorem: [Continuous mapping]

Xn  X =⇒ f(Xn) f(X).

Xn
P→ X =⇒ f(Xn)

P→ f(X).

Xn
as→ X =⇒ f(Xn)

as→ f(X).
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Review. Relating Convergence Properties: Slutsky’s Lemma

Theorem: Xn  X andYn  c imply

Xn + Yn  X + c,

YnXn  cX,

Y −1
n Xn  c−1X.
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Review. Showing Convergence in Distribution

Recall that thecharacteristic function demonstrates weak convergence:

Xn  X ⇐⇒ Eeit
TXn → Eeit

TX for all t ∈ R
k.

Theorem: [L évy’s Continuity Theorem]

If Eeit
TXn → φ(t) for all t in R

k, andφ : Rk → C is continuous at0,

thenXn  X , whereEeit
TX = φ(t).
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Review. Uniformly tight

Definition:
X is tight means that for allǫ > 0 there is anM for which

P (‖X‖ > M) < ǫ.

{Xn} is uniformly tight (or bounded in probability ) means that for all

ǫ > 0 there is anM for which

sup
n

P (‖Xn‖ > M) < ǫ.
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Review. Notation: Uniformly tight

Theorem: [Prohorov’s Theorem]

1. Xn  X implies{Xn} is uniformly tight.

2. {Xn} uniformly tight implies that for someX and some subsequence,

Xnj
 X .
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Review. Notation for rates: oP , OP

Definition:

Xn = oP (1) ⇐⇒Xn
P→ 0,

Xn = oP (Rn) ⇐⇒Xn = YnRn andYn = oP (1).

Xn = OP (1) ⇐⇒Xn uniformly tight

Xn = OP (Rn) ⇐⇒Xn = YnRn andYn = OP (1).
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Review. Relations between rates

oP (1) + oP (1) = oP (1).

oP (1) +OP (1) = OP (1).

oP (1)OP (1) = oP (1).

(1 + oP (1))
−1 = OP (1).

oP (OP (1)) = oP (1).

Xn
P→ 0, R(h) = o(‖h‖p) =⇒ R(Xn) = oP (‖Xn‖p).

Xn
P→ 0, R(h) = O(‖h‖p) =⇒ R(Xn) = OP (‖Xn‖p).
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Outline of the rest of today’s lecture

Often we would like bounds on tail probabilities likeP (Tn ≥ t) for some
statisticTn. We could consider asymptotic results—like the central limit
theorem:

lim
n→∞

P (X̄n ≥ µ+ σ
√
nt) = 1− Φ(t).

This tells us what happens asymptotically, but we usually have a fixed
sample size. What can we say in that case? For example, what is

P (X̄n ≥ µ+ ǫ)?

In this lecture, we look atdeviation inequalities, i.e., bounds on this kind
of probability of deviation. We need to exploit informationabout the
random variables.

1. Using moment bounds:
Markov (first), Chebyshev (second)
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2. Using moment generating function bounds, for sums of independent

r.v.s:

Chernoff; Hoeffding; sub-Gaussian, sub-exponential random variables;

Bernstein.

3. Martingale methods:

Hoeffding-Azuma, bounded differences.
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Markov’s Inequality

Theorem: ForX ≥ 0 a.s.,EX < ∞, t > 0:

P (X ≥ t) ≤ EX

t
.

Proof:

EX =

∫

XdP

≥
∫

∞

t

xdP (x)

≥ t

∫

∞

t

dP (x)

= tP (X ≥ t).
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Moment Inequalities

Consider|X −EX | in place ofX .

Theorem: For EX < ∞, f : [0,∞) → [0,∞) strictly monotonic,

Ef(|X −EX |) < ∞, t > 0:

P (|X −EX | ≥ t) = P (f(|X −EX | ≥ f(t))

≤ Ef(|X −EX |)
f(t)

.

e.g.,f(a) = a2 givesChebyshev’s inequality:
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Theorem:

P (|X −EX | ≥ t) ≤ Var(X)

t2
.

e.g.,f(a) = ak:

Theorem:

P (|X −EX | ≥ t) ≤ E|X −EX |k
tk

.
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Chernoff bounds

Usea 7→ exp(λa) for λ > 0:

Theorem: ForEX < ∞, E exp(λ(X −EX)) < ∞, t > 0:

P (X −EX ≥ t) = P (exp(λ(X −EX)) ≥ exp(λt))

≤ E exp(λ(X −EX))

exp(λt)
.

MX−µ(λ) = E exp(λ(X − µ)) (for µ = EX) is themoment-generating
function of X − µ.
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Chernoff bounds

logP (X − µ ≥ t) ≤ inf
λ>0

(−λt+ logMX−µ(λ))

= − sup
λ>0

(λt− logMX−µ(λ))

= −Γ∗

+(t),

whereΓ(λ) = logMX−µ(λ) is thecumulant generating functionof
X − µ,

Γ+(λ) =







logMX−µ(λ) if λ > 0,

∞ otherwise,

andΓ∗

+ is theconvex conjugateof Γ+:

Γ∗

+(t) = sup
λ

(λt− Γ+(λ)) .
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