
1.12 By definition,

ρxy(h) =
γxy(h)√
γx(0)γy(0)

and

ρyx(−h) =
γyx(−h)√
γy(0)γx(0)

.

To show that these two expressions are the same, it is enough to show
that γxy(h) = γyx(−h). But for any t and h,

γxy(h) = E(Xt+h − µx)(Yt − µy) = E(Xs − µx)(Ys−h − µy) = γyx(−h)

with the change of variables s = t+ h.

1.13 (a) Xt is just a white noise, so ρX(0) = 1 and ρ(h) = 0 for h 6= 0. For
Yt, we note that the mean is zero and so

γY (h) = E(Yt+hYt)

= E(Wt+h − θWt+h−1 + Ut+h)(Wt − θWt−1 + Ut)

= EWt+hWt − θEWt+h−1Wt − θEWt+hWt−1 + θ2EWt+h−1Wt−1 + EUt+hUt

=


σ2
W (1 + θ2) + σ2

U if h = 0

−θσ2
W if |h| = 1

0 otherwise.

Therefore,

ρY (h) =


1 if h = 0

− θσ2
W

(1+θ2)σ2
W+σ2

U
if |h| = 1

0 otherwise.

(b) We begin by computing the cross-covariance function:

γXY (h) = EXt+hYt

= EWt+h(Wt − θWt−1 + Ut)

=


σ2
W if h = 0

−θσ2
W if h = −1

0 otherwise.

Then the CCF is

ρXY (h) =


σW√

σ2
W (1+θ2)+σ2

U

if h = 0

− θσW√
σ2
W (1+θ2)+σ2

U

if h = −1

0 otherwise.
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(c) In part (b), we saw that EXt+hYt does not depend on t. Since X
and Y are both stationary, it follows that they are jointly stationary.

4.16 (a) Consider the cross-covariance:

EXt+hYt =
1

2
E(Wt+h −Wt+h−1)(Wt +Wt−1)

=
1

2
(EWt+hWt + EWt+hWt−1 − EWtWt+h−1 − EWt+hWt)

=


0 if h = 0

− 1
2 if h = 1

1
2 if h = −1

0 otherwise.

Since this doesn’t depend on t, X and Y are jointly stationary.

(b) Using the formula for the spectrum of a moving average process,

fX(ω) = 2− 2 cos(2πω)

and

fY (ω) =
1

2
+

1

2
cos(2πω).

These two spectral densities differ by a factor of 4 and the fact that
one is a translation of the other. In particular, fX is at its largest at
ω = ± 1

2 and so X has oscillatory behavior at a period of 2, whereas
fY is at its largest at ω = 0 and so it does not exhibit oscillatory
behavior.

(c) The true value of the spectral density fY at 0.1 is 1
2 + 1

2 cos(π/5) ≈
0.90. By (4.48) in the text, the estimate f̄Y is distributed as 0.90

6 χ2
6.

The 95% and 5% quantiles for a χ2
6 variable are about 12.59 and 1.64;

hence the 95% and 5% quantiles for f̄Y (0.1) are about 0.25 and 1.90:

P (0.25 ≤ f̄Y (0.1) ≤ 1.90) ≈ 0.9

and 5% of the area is in each tail.

4.18a Since X is a white noise, its spectral density is the constant function
fX(ν) = σ2. Since X is independent of V , Y is also a white noise and its
variance is σ2(1 + φ2), so its spectral density is fY (ν) = σ2(1 + φ2). The
cross-covariance is

γXY (h) = EXt+hYt

= EWt+h(Wt−D + Vt)

=

{
σ2 if h = −D
0 otherwise
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and so the cross-spectrum is fXY (ν) = σ2e2πiDν . The coherence, there-
fore, is

ρX·Y (ν) =
|σ2e2πiDν |2

σ4(1 + φ2)
=

1

1 + φ2
.
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