1.12 By definition,

_ Yay (h)
Pxy (h> = ~ (O)’Yy (0)
and h)
Ry = T
pyw( h) 7 (0)’71 (0)

To show that these two expressions are the same, it is enough to show
that vz (h) = Yy=(—h). But for any ¢ and h,

Yoy (h) = E(Xetn — pa) (Ye — py) = E(Xs — p1z) (Ys—n — py) = vya(—h)
with the change of variables s =t + h.

1.13 (a) X; is just a white noise, so px(0) = 1 and p(h) = 0 for h # 0. For
Y;, we note that the mean is zero and so

1y () = E(¥isn¥)
=EWirn — OWipn1 + Uppn)(We — OW 1 + Uy)
=EWi s Wy — OEW, 1 Wy — OEW ,3 Wiy + 0*EWy o Wiy + EU Uy
oy (1+0%) +0f ifh=0

= —00%, if |h| =1
0 otherwise.
Therefore,
1 ifh=0
0o .
py(h) =4~y =1
0 otherwise.

(b) We begin by computing the cross-covariance function:
vxy (h) = EXi1nYs
= EWt+h(Wt —OW;_1 + Ut)

0"24/ ifth=0

= —90‘2,1, ifh=-1
0 otherwise.
Then the CCF is
oW : —
N, ifh=0
— _ G(TW : I
pXY(h) \/W if h 1
0 otherwise.



(¢) In part (b), we saw that EX;,,Y; does not depend on ¢. Since X
and Y are both stationary, it follows that they are jointly stationary.

4.16 (a) Consider the cross-covariance:

1

EXyinY: = iE(WH-h — Wigh—1) (Wi + Wiy)
1
=3 EW Wy + EWn Wiy — EW Wign—1 — EWy, W)
0 ifh=0

ifh=1
ifth=-1

_1
2

1

2

0 otherwise.

Since this doesn’t depend on t, X and Y are jointly stationary.

(b) Using the formula for the spectrum of a moving average process,
fx(w) =2 —2cos(2mw)

and

fr(w) = % + %COS(Z’/T(U).

These two spectral densities differ by a factor of 4 and the fact that
one is a translation of the other. In particular, fx is at its largest at
w = :I:% and so X has oscillatory behavior at a period of 2, whereas
fy is at its largest at w = 0 and so it does not exhibit oscillatory
behavior.

(c) The true value of the spectral density fy at 0.1 is 14+ Lcos(n/5) ~

0.90. By (4.48) in the text, the estimate fy is distributed as %X%
The 95% and 5% quantiles for a x§ variable are about 12.59 and 1.64;
hence the 95% and 5% quantiles for fy-(0.1) are about 0.25 and 1.90:

P(0.25 < fy(0.1) < 1.90) =~ 0.9
and 5% of the area is in each tail.

4.18a Since X is a white noise, its spectral density is the constant function
fx(v) = 02. Since X is independent of V, Y is also a white noise and its
variance is 02 (1 + ¢?), so its spectral density is fy (v) = 02(1 + ¢?). The
cross-covariance is

vxyv (h) = EXi 1Y)
=EWin(Weep + V4)
{H ifh=—-D

0  otherwise



and so the cross-spectrum is fxy (v) = 02e2™P¥. The coherence, there-

fore, is
|o2e

2‘n'iD1/|2 1
PxyW) = ey T Th g




