
IntroductiontoTimeSeriesAnalysis.Lecture9.
PeterBartlett

1.Review:Linearprediction.

2.Partialautocorrelationfunction.

3.Recursivemethods:Durbin-Levinson.

1



Review:Linearprediction

GivenX1,X2,...,Xn,thebestlinearpredictor

X
n
n+m=α0+

n∑

i=1

αiXi

ofXn+msatisfiesthepredictionequations

E
(
Xn+m−X

n
n+m

)
=0

E
[(

Xn+m−X
n
n+m

)
Xi

]
=0fori=1,...,n.

Thatis,thepredictionerrors(X
n
n+m−Xn+m)areuncorrelatedwiththe

predictionvariables(1,X1,...,Xn).
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Review:ProjectionTheorem

IfHisaHilbertspace,

MisaclosedlinearsubspaceofH,

andy∈H,

thenthereisapointPy∈M

(theprojectionofyonM)

satisfying

1.‖Py−y‖≤‖w−y‖forw∈M,

2.‖Py−y‖<‖w−y‖forw∈M,w6=y

3.〈y−Py,w〉=0forw∈M.

y

y−Py

Py

M
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Review:One-step-aheadlinearprediction

X
n
n+1=φn1Xn+φn2Xn−1+···+φnnX1

Γnφn=γn,

P
n
n+1=E

(
Xn+1−X

n
n+1

)2
=γ(0)−γ

′

nΓ
−1
nγn,

Γn=











γ(0)γ(1)···γ(n−1)

γ(1)γ(0)γ(n−2)
..
.

..
.

..

.

γ(n−1)γ(n−2)···γ(0)











,

φn=(φn1,φn2,...,φnn)
′
,γn=(γ(1),γ(2),...,γ(n))

′
.
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Review:Thepredictionoperator

ForrandomvariablesY,Z1,...,Zn,definethe

bestlinearpredictionofYgivenZ=(Z1,...,Zn)
′

astheoperatorP(·|Z)appliedtoY:

P(Y|Z)=µY+φ
′
(Z−µZ)

withΓφ=γ,

whereγ=Cov(Y,Z)

Γ=Cov(Z,Z).
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Review:Propertiesofthepredictionoperator

1.E(Y−P(Y|Z))=0,E((Y−P(Y|Z))Z)=0.

2.E((Y−P(Y|Z))
2
)=Var(Y)−φ

′
γ.

3.P(α1Y1+α2Y2+α0|Z)=α0+α1P(Y1|Z)+α2P(Y2|Z).

4.P(Zi|Z)=Zi.

5.P(Y|Z)=EYifγ=0.
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Partialautocovariancefunction

AR(1)model:Xt=φ1Xt−1+Wt

γ(1)=Cov(X0,X1)=φ1γ(0)

γ(2)=Cov(X0,X2)

=Cov(X0,φ1X1+W2)

=Cov(X0,φ
2
1X0+φ1W1+W2)

=φ
2
1γ(0).

Clearly,X0andX2arecorrelatedthroughX1.

InthePACF,weremovethisdependencebyconsideringthecovarianceof

thepredictionerrorsofX
1
2andX

1
0.
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Partialautocovariancefunction

ForAR(1)model:X
1
2=φ1X1,

X
1
0=φ1X1,

soCov(X
1
2−X2,X

1
0−X0)=Cov(φ1X1−X2,φ1X1−X0)

=Cov(W2,φ1X1−X0)

=0.
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Partialautocorrelationfunction

ThePartialAutoCorrelationFunction(PACF)ofastationary

timeseries{Xt}is

φ11=Corr(X1,X0)=ρ(1)

φhh=Corr(Xh−X
h−1
h,X0−X

h−1
0)forh=2,3,...

ThisremovesthelineareffectsofX1,...,Xh−1:

...,X−1,X0,X1,X2,...,Xh−1
︸︷︷︸

partialout

,Xh,Xh+1,...
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Partialautocorrelationfunction

ThePACFφhhisalsothelastcoefficientinthebestlinearpredictionof

Xh+1givenX1,...,Xh:

Γhφh=γhX
h
h+1=φ

′

hX

φh=(φh1,φh2,...,φhh).
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Example:ForecastinganAR(p)

ForXt=

p∑

i=1

φiXt−i+Wt,

X
n
n+1=P(Xn+1|X1,...,Xn)

=P

(
p∑

i=1

φiXn+1−i+Wn+1|X1,...,Xn

)

=

p∑

i=1

φiP(Xn+1−i|X1,...,Xn)

=

p∑

i=1

φiXn+1−iforn≥p.
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Example:PACFofanAR(p)

ForXt=

p∑

i=1

φiXt−i+Wt,

X
n
n+1=

p∑

i=1

φiXn+1−i.

Thus,φhh=







φhif1≤h≤p

0otherwise.

12



Example:PACFofaninvertibleMA(q)

ForXt=

q∑

i=1

θiWt−i+Wt,Xt=−
∞
∑

i=1

πiXt−i+Wt,

X
n
n+1=P(Xn+1|X1,...,Xn)

=P

(
∞
∑

i=1

πiXn+1−i+Wt|X1,...,Xn

)

=

∞
∑

i=1

πiP(Xn+1−i|X1,...,Xn)

=

n∑

i=1

πiXn+1−i+

∞
∑

i=n+1

πiP(Xn+1−i|X1,...,Xn).

Ingeneral,φhh6=0.
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ACFoftheMA(1)process

−10−8−6−4−20246810
0

0.2

0.4

0.6

0.8

1

   θ/(1+θ
2
)

MA(1): Xt = Zt + θ Zt−1
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ACFoftheAR(1)process

−10−8−6−4−20246810
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

   φ
|h|

AR(1): Xt = φ Xt−1 + Zt
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PACFoftheMA(1)process

012345678910
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MA(1): Xt = Zt + θ Zt−1
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PACFoftheAR(1)process

012345678910

0

0.2

0.4

0.6

0.8

1

AR(1): Xt = φ Xt−1 + Zt
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PACFandACF

Model:ACF:PACF:

AR(p)decayszeroforh>p

MA(q)zeroforh>qdecays

ARMA(p,q)decaysdecays
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SamplePACF

Forarealizationx1,...,xnofatimeseries,

thesamplePACFisdefinedby

φ̂00=1

φ̂hh=lastcomponentofφ̂h,

whereφ̂h=Γ̂
−1
hγ̂h.
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TheimportanceofP
n

n+1:Predictionintervals

X
n
n+1=φn1Xn+φn2Xn−1+···+φnnX1

Γnφn=γn,P
n
n+1=E

(
Xn+1−X

n
n+1

)2
=γ(0)−γ

′

nΓ
−1
nγn.

AfterseeingX1,...,Xn,weforecastX
n
n+1.Theexpectedsquarederrorof

ourforecastisP
n
n+1.Wecanconstructapredictioninterval:

X
n
n+1±cα/2

√

Pn
n+1.

ForaGaussianprocess,thepredictionerrorhasdistributionN(0,P
n
n+1),so

c0.05/2=1.96givesa95%predictioninterval.Foranyprocesswithfinite
secondmoments,wecanapplyChebyshev’sinequality:

Pr
(

|X−EX|≥t
√

Var(X)
)

≤
1

t2.

20



Computinglinearpredictioncoefficients

X
n
n+1=φn1Xn+φn2Xn−1+···+φnnX1

Γnφn=γn,

P
n
n+1=E

(
Xn+1−X

n
n+1

)2
=γ(0)−γ

′

nΓ
−1
nγn.

Howcanwecomputethesequantitiesrecursively?

i.e.,giventhecoefficientsφn−1ofX
n−1
n,howcanwe

computethecoefficientsφnofX
n
n+1,without

solvinganotherlinearsystemΓnφn=γn?
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Durbin-Levinson

φ0=0,φ00=0;

φ1=φ11,φ11=
γ(1)

γ(0)
;

φn=




φn−1−φnnφ̃n−1

φnn



,φnn=
γ(n)−φ

′

n−1γ̃n−1

γ(0)−φ
′

n−1γn−1
.

φn=(φn1,...,φnn)
′

φ̃n=(φnn,...,φn1)
′
,

γn=(γ(1),...,γ(n))
′

γ̃n=(γ(n),...,γ(1))
′
.
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Durbin-Levinson:Example

φ0=0,φ00=0;

φ1=φ11,φ11=
γ(1)

γ(0)
;

φn=




φn−1−φnnφ̃n−1

φnn



,φnn=
γ(n)−φ

′

n−1γ̃n−1

γ(0)−φ
′

n−1γn−1
.

Thisalgorithmcomputesφ1,φ2,φ3,...,where

X
1
2=X1φ1,X

2
3=(X2,X1)φ2,X

3
4=(X3,X2,X1)φ3,...
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Durbin-Levinson:Example

φ1=φ11,φ11=
γ(1)

γ(0)
;

φn=




φn−1−φnnφ̃n−1

φnn



,φnn=
γ(n)−φ

′

n−1γ̃n−1

γ(0)−φ
′

n−1γn−1
.

φ1=γ(1)/γ(0),

φ2=




φ1−φ22φ11

φ22



=





γ(1)
γ(0)

(

1−
γ(2)−γ(1)
γ(0)−γ(1)

)

γ(2)−γ(1)
γ(0)−γ(1)



,etc.
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Durbin-Levinson:Whyitworks

Clearly,Γ1φ1=γ1.

SupposeΓn−1φn−1=γn−1.ThenΓn−1φ̃n−1=γ̃n−1,andso

Γnφn=




Γn−1γ̃n−1

γ̃
′

n−1γ(0)








φn−1−φnnφ̃n−1

φnn





=




γn−1

γ̃
′

n−1φn−1+φnn

(
γ(0)−γ

′

n−1φn−1

)





=γn.
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Durbin-Levinson:Evolutionofmeansquareerror

P
n
n+1=γ(0)−φ

′

nγn

=γ(0)−




φn−1−φnnφ̃n−1

φnn





′


γn−1

γ(n)





=P
n−1
n−φnn

(

γ(n)−φ̃
′

n−1γn−1

)

=P
n−1
n−φnn

(
γ(0)−φ

′

n−1γn−1

)

=P
n−1
n

(
1−φ

2
nn

)
.

i.e.,variancereducesbyafactor1−φ
2
nn.
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