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Review:leastsquareslinearprediction

ConsideralinearpredictorofXn+hgivenXn=xn:

f(xn)=α0+α1xn.

Forastationarytimeseries{Xt},thebestlinearpredictoris

f
∗
(xn)=(1−ρ(h))µ+ρ(h)xn:

E(Xn+h−(α0+α1Xn))
2
≥E(Xn+h−f

∗
(Xn))

2

=σ
2
(1−ρ(h)

2
).

2



Linearprediction

GivenX1,X2,...,Xn,thebestlinearpredictor

X
n
n+m=α0+

n∑

i=1

αiXi

ofXn+msatisfiesthepredictionequations

E
(

Xn+m−X
n
n+m

)

=0

E
[(

Xn+m−X
n
n+m

)

Xi

]

=0fori=1,...,n.

Thisisaspecialcaseoftheprojectiontheorem.
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ProjectionTheorem

IfHisaHilbertspace,

MisaclosedlinearsubspaceofH,

andy∈H,

thenthereisapointPy∈M

(theprojectionofyonM)

satisfying

1.‖Py−y‖≤‖w−y‖forw∈M,

2.‖Py−y‖<‖w−y‖forw∈M,w6=y

3.〈y−Py,w〉=0forw∈M.

y

y−Py

Py

M
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Hilbertspaces

Hilbertspace=completeinnerproductspace:

Innerproductspace:vectorspace,withinnerproduct〈a,b〉:

•〈a,b〉=〈b,a〉,

•〈α1a1+α2a2,b〉=α1〈a1,b〉+α2〈a2,b〉,

•〈a,a〉=0⇔a=0.

Norm:‖a‖
2

=〈a,a〉.

complete=limitsofCauchysequencesareinthespace

Examples:

1.R
n

,withEuclideaninnerproduct,〈x,y〉=
∑

ixiyi.

2.H={mean0randomvariablesX:EX
2

<∞},

withinnerproduct〈X,Y〉=E(XY).(Strictly,equivalenceclassesofa.s.equalr.v.s)
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Projectiontheorem

Example:Linearregression

Giveny=(y1,y2,...,yn)
′
∈R

n
,andZ=(z1,...,zq)∈R

n×q
,

chooseβ=(β1,...,βq)
′
∈R

q
tominimize‖y−Zβ‖

2
.

Here,H=R
n

,with〈a,b〉=
∑

iaibi,and

M={Zβ:β∈R
q
}=s̄p{z1,...,zq}.

6



Projectiontheorem

IfHisaHilbertspace,

MisaclosedsubspaceofH,

andy∈H,

thenthereisapointPy∈M

(theprojectionofyonM)

satisfying

1.‖Py−y‖≤‖w−y‖

2.〈y−Py,w〉=0

forw∈M.

y

y−Py

Py

M
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Projectiontheorem

y

y−Py

Py

M

〈y−Py,w〉=0

⇔〈y−Zβ̂,zi〉=0,∀i

⇔Z
′
Zβ̂=Z

′
y

⇔β̂=(Z
′
Z)

−1
Z

′
y

“normalequations.”
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Projectiontheorem

Example:Linearprediction

Given1,X1,X2,...,Xn∈
{

mean0r.v.sX:EX
2

<∞
}

,

chooseα0,α1,...,αn∈R

sothatZ=α0+
∑

n

i=1αiXiminimizesE(Xn+m−Z)
2
.

Here,〈X,Y〉=E(XY),

M={Z=α0+
∑

n

i=1αiXi:αi∈R}=s̄p{1,X1,...,Xn},and

y=Xn+m.
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Projectiontheorem

IfHisaHilbertspace,

MisaclosedsubspaceofH,

andy∈H,

thenthereisapointPy∈M

(theprojectionofyonM)

satisfying

1.‖Py−y‖≤‖w−y‖

2.〈y−Py,w〉=0

forw∈M.

y

y−Py

Py

M
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Projectiontheorem:Linearprediction

LetX
n
n+mdenotethebestlinearpredictor:

‖X
n
n+m−Xn+m‖

2
≤‖Z−Xn+m‖

2
forallZ∈M.

Theprojectiontheoremimpliestheorthogonality

〈X
n
n+m−Xn+m,Z〉=0forallZ∈M

⇔〈X
n
n+m−Xn+m,Z〉=0forallZ∈{1,X1,...,Xn}

⇔
E
(

X
n
n+m−Xn+m

)

=0

E
[(

X
n
n+m−Xn+m

)

Xi

]

=0

Thatis,thepredictionerrors(X
n
n+m−Xn+m)areuncorrelatedwiththe

predictionvariables(1,X1,...,Xn).
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Linearprediction

Error(X
n
n+m−Xn+m)isuncorrelatedwiththepredictionvariable1:

E
(

X
n
n+m−Xn+m

)

=0

⇔E

(

α0+
∑

i

αiXi−Xn+m

)

=0

⇔µ

(

1−
∑

i

αi

)

=α0.

SoX
n
n+m=α0+

∑

i

αiXi⇔X
n
n+m−µ=

∑

i

αi(Xi−µ).

Thus,forforecasting,wecanassumeµ=0.Sowe’llignoreα0.
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One-step-aheadlinearprediction

WriteX
n
n+1=φn1Xn+φn2Xn−1+···+φnnX1

Predictionequations:E
(

(X
n
n+1−Xn+1)Xi

)

=0,fori=1,...,n

⇔
n∑

j=1

φnjE(Xn+1−jXi)=E(Xn+1Xi)

⇔
n∑

j=1

φnjγ(i−j)=γ(i)

⇔Γnφn=γn,
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One-step-aheadlinearprediction

Predictionequations:Γnφn=γn.

Γn=

















γ(0)γ(1)···γ(n−1)

γ(1)γ(0)γ(n−2)
..
.

..
.

..

.

γ(n−1)γ(n−2)···γ(0)

















,

φn=(φn1,φn2,...,φnn)
′
,γn=(γ(1),γ(2),...,γ(n))

′
.
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Meansquarederrorofone-step-aheadlinearprediction

P
n
n+1=E

(

Xn+1−X
n
n+1

)

2

=E
((

Xn+1−X
n
n+1

)(

Xn+1−X
n
n+1

))

=E
(

Xn+1

(

Xn+1−X
n
n+1

))

=γ(0)−E(φ
′

nXXn+1)

=γ(0)−γ
′

nΓ
−1
nγn,

whereX=(Xn,Xn−1,...,X1)
′
.
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Meansquarederrorofone-step-aheadlinearprediction

Varianceisreduced:

P
n
n+1=E

(

Xn+1−X
n
n+1

)

2

=γ(0)−γ
′

nΓ
−1
nγn

=Var(Xn+1)−Cov(Xn+1,X)Cov(X,X)
−1

Cov(X,Xn+1)

=E(Xn+1−0)
2
−Cov(Xn+1,X)Cov(X,X)

−1
Cov(X,Xn+1),

whereX=(Xn,Xn−1,...,X1)
′
.
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Backcasting:Predictingmstepsinthepast

GivenX1,...,Xn,wewishtopredictX1−mform>0.

Thatis,wechooseZ∈M=s̄p{X1,...,Xn}tominimize‖Z−X1−m‖
2
.

Thepredictionequationsare

〈X
n
1−m−X1−m,Z〉=0forallZ∈M

⇔E
((

X
n
1−m−X1−m

)

Xi

)

=0fori=1,...,n.
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One-stepbackcasting

WritetheleastsquarespredictionofX0givenX1,...,Xnas

X
n
0=φn1X1+φn2X2+···+φnnXn=φ

′

nX,

wherethepredictorvectorisreversed:nowX=(X1,...,Xn)
′
.

Thepredictionequationsare

E((X
n
0−X0)Xi)=0fori=1,...,n

⇔E









n∑

j=1

φnjXj−X0





Xi





=0

⇔

n∑

j=1

φnjγ(j−i)=γ(i)

⇔Γnφn=γn.
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One-stepbackcasting

Thepredictionequationsare

Γnφn=γn,

whichisexactlythesameasforforecasting,butwiththeindicesofthe

predictorvectorreversed:X=(X1,...,Xn)
′

versusX=(Xn,...,X1)
′
.
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Example:ForecastingAR(1)

AR(1)model:Xt=φ1Xt−1+Wt

linearpredictionofX2:X
1
2=φ11X1

Predictionequation:γ(0)φ11=γ(1)

=Cov(X0,X1)

=φ1γ(0)

⇔φ11=φ1.
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Example:BackcastingAR(1)

AR(1)model:Xt=φ1Xt−1+Wt

linearpredictionofX0:X
1
0=φ11X1

Predictionequation:γ(0)φ11=γ(1)

=Cov(X0,X1)

=φ1γ(0)

⇔φ11=φ1.
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Thepredictionoperator

ForrandomvariablesY,Z1,...,Zn,definethe

bestlinearpredictionofYgivenZ=(Z1,...,Zn)
′

astheoperatorP(·|Z)appliedtoY:

P(Y|Z)=µY+φ
′
(Z−µZ)

withΓφ=γ,

whereγ=Cov(Y,Z)

Γ=Cov(Z,Z).
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Propertiesofthepredictionoperator

1.E(Y−P(Y|Z))=0,E((Y−P(Y|Z))Z)=0.

2.E((Y−P(Y|Z))
2
)=Var(Y)−φ

′
γ.

3.P(α1Y1+α2Y2+α0|Z)=α0+α1P(Y1|Z)+α2P(Y2|Z).

4.P(Zi|Z)=Zi.

5.P(Y|Z)=EYifγ=0.

23



Example:predictingmstepsahead

WriteX
n
n+m=φ

(m)
n1Xn+φ

(m)
n2Xn−1+···+φ

(m)
nnX1

Γnφ
(m)
n=γ

(m)
n,

withΓn=Cov(X,X),

γ
(m)
n=Cov(Xn+m,X)

=(γ(m),γ(m+1),...,γ(m+n−1))
′
.

Also,E((Xn+m−X
n
n+m)

2
)=γ(0)−φ

(m)
′

γ
(m)
n.
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