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1.Causality
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AR(1)andCausality

LetXtbethestationarysolutionto

Xt−φXt−1=Wt,

whereWt∼WN(0,σ
2
).

If|φ|<1,

Xt=

∞
∑

j=0

φ
j
Wt−j.

φ=1?

φ=−1?

|φ|>1?
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AR(1)andCausality

If|φ|>1,π(B)Wtdoesnotconverge.

Butwecanrearrange

Xt=φXt−1+Wt

asXt−1=
1

φ
Xt−

1

φ
Wt,

andwecancheckthattheuniquestationarysolutionis

Xt=−

∞
∑

j=1

φ
−j
Wt+j.

But...XtdependsonfuturevaluesofWt.
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Causality

Alinearprocess{Xt}iscausal(strictly,acausalfunction
of{Wt})ifthereisa

ψ(B)=ψ0+ψ1B+ψ2B
2

+···

with
∞
∑

j=0

|ψj|<∞

andXt=ψ(B)Wt.
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AR(1)andCausality

•Causalityisapropertyof{Xt}and{Wt}.

•TheAR(1)processdefinedbyφ(B)Xt=Wt(withφ(B)=1−φB)is

causaliff|φ|<1,ifftherootz1ofthepolynomialφ(z)=1−φzsatisfies

|z1|>1.

•If|φ|>1,wecandefineanequivalentcausalmodel,

Xt−φ
−1
Xt−1=W̃t,whereW̃tisanewwhitenoisesequence.

•IsanMA(1)processcausal?
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MA(1)andInvertibility

Define

Xt=Wt+θWt−1

=(1+θB)Wt.

If|θ|<1,wecanwrite

(1+θB)
−1
Xt=Wt

⇔(1−θB+θ
2
B

2
−θ

3
B

3
+···)Xt=Wt

⇔
∞
∑

j=0

(−θ)
j
Xt−j=Wt.

Thatis,wecanwriteWtasacausalfunctionofXt.
WesaythatthisMA(1)isinvertible.
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MA(1)andInvertibility

Xt=Wt+θWt−1

If|θ|>1,thesum
∑

∞

j=0(−θ)
j
Xt−jdiverges,butwecanwrite

Wt−1=−θ
−1
Wt+θ

−1
Xt.

JustlikethenoncausalAR(1),wecanshowthat

Wt=−
∞
∑

j=1

(−θ)
−j
Xt+j.

Thatis,wecanwriteWtasalinearfunctionofXt,butitisnotcausal.

WesaythatthisMA(1)isnotinvertible.
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Invertibility

Alinearprocess{Xt}isinvertible(strictly,aninvertible
functionof{Wt})ifthereisa

π(B)=π0+π1B+π2B
2

+···

with
∞
∑

j=0

|πj|<∞

andWt=π(B)Xt.
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MA(1)andInvertibility

•Invertibilityisapropertyof{Xt}and{Wt}.

•TheMA(1)processdefinedbyXt=θ(B)Wt(withθ(B)=1+θB)is

invertibleiff|θ|<1ifftherootz1ofthepolynomialθ(z)=1+θzsatisfies

|z1|>1.

•If|θ|>1,wecandefineanequivalentinvertiblemodelintermsofanew

whitenoisesequence.

•IsanAR(1)processinvertible?
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AR(p):Autoregressivemodelsoforderp

AnAR(p)process{Xt}isastationaryprocessthatsatisfies

Xt−φ1Xt−1−···−φpXt−p=Wt,

where{Wt}∼WN(0,σ
2
).

Equivalently,φ(B)Xt=Wt,

whereφ(B)=1−φ1B−···−φpB
p
.
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AR(p):Constraintsonφ

Recall:Forp=1(AR(1)),φ(B)=1−φ1B.

ThisisanAR(1)modelonlyifthereisastationarysolutionto

φ(B)Xt=Wt,whichisequivalentto|φ1|6=1.

Thisisequivalenttothefollowingconditiononφ(z)=1−φ1z:

∀z∈R,φ(z)=0⇒z6=±1

equivalently,∀z∈C,φ(z)=0⇒|z|6=1,

whereCisthesetofcomplexnumbers.
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AR(p):Constraintsonφ

Stationarity:∀z∈C,φ(z)=0⇒|z|6=1,

whereCisthesetofcomplexnumbers.

φ(z)=1−φ1zhasonerootatz1=1/φ1∈R.

Buttherootsofadegreep>1polynomialmightbecomplex.

Forstationarity,wewanttherootsofφ(z)toavoidtheunitcircle,

{z∈C:|z|=1}.
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AR(p):Stationarityandcausality

Theorem:A(unique)stationarysolutiontoφ(B)Xt=Wt

existsiff

|z|=1⇒φ(z)=1−φ1z−···−φpz
p
6=0.

ThisAR(p)processiscausaliff

|z|≤1⇒φ(z)=1−φ1z−···−φpz
p
6=0.
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Recall:Causality

Alinearprocess{Xt}iscausal(strictly,acausalfunction
of{Wt})ifthereisa

ψ(B)=ψ0+ψ1B+ψ2B
2

+···

with
∞
∑

j=0

|ψj|<∞

andXt=ψ(B)Wt.
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AR(p):Allrootsoutsidetheunitcircleimpliescausal

∀z∈C,|z|≤1⇒φ(z)6=0

⇔∃{ψj},δ>0,∀|z|≤1+δ,
1

φ(z)
=

∞
∑

j=0

ψjz
j
.

⇒∀|z|≤1+δ,|ψjz
j
|→0,

(

|ψj|
1/j

|z|
)

j

→0

⇒∃j0,∀j≥j0,|ψj|
1/j

≤
1

1+δ/2
⇒

∞
∑

j=0

|ψj|<∞.

Soif|z|≤1⇒φ(z)=0,thenSm=
m∑

j=0

ψjB
j
Wtconvergesinmean

square,sowehaveastationary,causaltimeseriesXt=φ
−1

(B)Wt.
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CalculatingψforanAR(p):matchingcoefficients

Example:Xt=ψ(B)Wt⇔(1−0.5B+0.6B
2
)Xt=Wt,

so1=ψ(B)(1−0.5B+0.6B
2
)

⇔1=(ψ0+ψ1B+ψ2B
2

+···)(1−0.5B+0.6B
2
)

⇔1=ψ0,

0=ψ1−0.5ψ0,

0=ψ2−0.5ψ1+0.6ψ0,

0=ψ3−0.5ψ2+0.6ψ1,

..

.
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CalculatingψforanAR(p):example

⇔1=ψ0,0=ψj(j≤0),

0=ψj−0.5ψj−1+0.6ψj−2

⇔1=ψ0,0=ψj(j≤0),

0=φ(B)ψj.

Wecansolvetheselineardifferenceequationsinseveralways:

•numerically,or

•byguessingtheformofasolutionandusinganinductiveproof,or

•byusingthetheoryoflineardifferenceequations.
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CalculatingψforanAR(p):generalcase

φ(B)Xt=Wt,⇔Xt=ψ(B)Wt

so1=ψ(B)φ(B)

⇔1=(ψ0+ψ1B+···)(1−φ1B−···−φpB
p
)

⇔1=ψ0,

0=ψ1−φ1ψ0,

0=ψ2−φ1ψ1−φ2ψ0,

..

.

⇔1=ψ0,0=ψj(j<0),

0=φ(B)ψj.
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