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1.Review:ACF,sampleACF.

2.PropertiesofthesampleACF

3.Convergenceinmeansquare

1



Mean,Autocovariance,Stationarity

Atimeseries{Xt}hasmeanfunctionµt=E[Xt]

andautocovariancefunction

γX(t+h,t)=Cov(Xt+h,Xt)

=E[(Xt+h−µt+h)(Xt−µt)].

Itisstationaryifbothareindependentoft.

ThenwewriteγX(h)=γX(h,0).

Theautocorrelationfunction(ACF)is

ρX(h)=
γX(h)

γX(0)
=Corr(Xt+h,Xt).
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EstimatingtheACF:SampleACF

Forobservationsx1,...,xnofatimeseries,

thesamplemeanisx̄=
1

n

n∑

t=1

xt.

Thesampleautocovariancefunctionis

γ̂(h)=
1

n

n−|h|
∑

t=1

(xt+|h|−x̄)(xt−x̄),for−n<h<n.

Thesampleautocorrelationfunctionis

ρ̂(h)=
γ̂(h)

γ̂(0)
.
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Propertiesoftheautocovariancefunction

Fortheautocovariancefunctionγofastationarytimeseries{Xt},

1.γ(0)≥0,

2.|γ(h)|≤γ(0),

3.γ(h)=γ(−h),

4.γispositivesemidefinite.

Furthermore,anyfunctionγ:Z→Rthatsatisfies(3)and(4)isthe

autocovarianceofsomestationary(Gaussian)timeseries.
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Propertiesofthesampleautocovariancefunction

Thesampleautocovariancefunction:

γ̂(h)=
1

n

n−|h|
∑

t=1

(xt+|h|−x̄)(xt−x̄),for−n<h<n.

Foranysequencex1,...,xn,thesampleautocovariancefunctionγ̂satisfies

1.γ̂(h)=γ̂(−h),

2.γ̂ispositivesemidefinite,andhence

3.γ̂(0)≥0and|γ̂(h)|≤γ̂(0).
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Propertiesofthesampleautocovariancefunction:psd

Γ̂n=

















γ̂(0)γ̂(1)···γ̂(n−1)

γ̂(1)γ̂(0)···γ̂(n−2)
..
.

..

.
..

.
..
.

γ̂(n−1)γ̂(n−2)···γ̂(0)

















=
1

n
MM

′
,

soa
′
Γ̂na=

1

n
(a

′
M)(M

′
a)

=
1

n‖M
′
a‖

2

≥0.
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Propertiesofthesampleautocovariancefunction:psd

M=





















0···00X̃1X̃2···X̃n

0···0X̃1X̃2···X̃n0

0···X̃1X̃2···X̃n00
..
.

..

.

X̃1X̃2···X̃n00···0





















.

andX̃t=Xt−µ.
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Estimatingµ

Forastationaryprocess{Xt},thesampleaverage,

X̄n=
1

n
(X1+···+Xn)satisfies

E(X̄n)=µ,

var(X̄n)=
1

n

n∑

h=−n

(

1−|h|
n

)

γ(h).

γ(h)→0⇒var(X̄n)→0,

∑

h

|γ(h)|<∞⇒nvar(X̄n)→
∞∑

h=−∞

γ(h).

(c.f.mixingtime.)
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EstimatingtheACF:SampleACF

var(X̄n)=E

(

1

n

n∑

i=1

Xi−µ

)



1

n

n∑

j=1

Xj−µ





=
1

n2

n∑

i=1

n∑

j=1

E(Xi−µ)(Xj−µ)

=
1

n2

∑

i,j

γ(i−j)

=
1

n

n−1 ∑

h=−(n−1)

(

1−|h|
n

)

γ(h).
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EstimatingtheACF:SampleACF

Theorem1.5ForalinearprocessXt=µ+
∑

jψjWt−j,

if
∑

ψj6=0,then

X̄n∼AN

(

µx,
V

n

)

,

whereV=
∞∑

h=−∞

γ(h)

=σ
2
w





∞∑

j=−∞

ψj





2

.

10



EstimatingtheACF:SampleACF

Recall:foralinearprocessXt=µ+
∑

jψjWt−j,

γX(h)=σ
2
w

∞∑

j=−∞

ψjψh+j,

solim
n→∞

nvar(X̄n)=lim
n→∞

n−1 ∑

h=−(n−1)

(

1−|h|
n

)

γ(h)

=lim
n→∞

σ
2
w

∞∑

j=−∞

ψj

n−1 ∑

h=−(n−1)

(

ψj+h−|h|
n
ψj+h

)

=σ
2
w





∞∑

j=−∞

ψj





2

.
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EstimatingtheACF:SampleACF

Theorem1.7ForalinearprocessXt=µ+
∑

jψjWt−j,

ifE(W
4
t)<∞,











ρ̂(1)
..
.

ρ̂(K)









∼AN





















ρ(1)
..
.

ρ(K)











,
1

n
V











,

whereVi,j=
∞∑

h=1

(ρ(h+i)+ρ(h−i)−2ρ(i)ρ(h))

×(ρ(h+j)+ρ(h−j)−2ρ(j)ρ(h)).

Ifρ(i)=0foralli6=0,V=I.
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SampleACFandtestingforwhitenoise

If{Xt}iswhitenoise,weexpectnomorethan≈5%ofthepeaksofthe

sampleACFtosatisfy

|ρ̂(h)|>
1.96
√n.

Thisisusefulbecauseweoftenwanttointroducetransformationsthat

reduceatimeseriestowhitenoise.
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SampleACFforwhiteGaussian(hencei.i.d.)noise
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SampleACFforMA(1)

Recall:ρ(0)=1,ρ(±1)=
θ

1+θ
2,andρ(h)=0for|h|>1.Thus,

V1,1=
∞∑

h=1

(ρ(h+1)+ρ(h−1)−2ρ(1)ρ(h))
2

=(ρ(0)−2ρ(1)
2
)
2

+ρ(1)
2
,

V2,2=
∞∑

h=1

(ρ(h+2)+ρ(h−2)−2ρ(2)ρ(h))
2

=
1∑

h=−1

ρ(h)
2
.

Andif{Xt}isarealizationofthisMA(1)process,withprobability0.95,

|ρ̂(h)−ρ(h)|≤1.96

√

Vhh

n
.
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SampleACFforMA(1)
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ConvergenceinMeanSquare

AsequenceofrandomvariablesS1,S2,...convergesinmean
squareifthereisarandomvariableYforwhich

lim
n→∞

E(Sn−Y)
2

=0

TheRiesz-FisherTheorem(Cauchycriterion):

Snconvergesinmeansquareiff

lim
m,n→∞

E(Sm−Sn)
2

=0.

17



Example:LinearProcess

Xt=ψ(B)Wt

whereψ(B)=

∞∑

j=−∞

ψjB
j
.

Thenif
∑

∞
j=−∞|ψj|<∞,

(1)|Xt|<∞a.s.

(2)
∞∑

j=−∞

ψjWt−jconvergesinmeansquare
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Example:LinearProcess

(1)P(|Xt|≥α)≤
1

α
E|Xt|(Markov’sinequality)

≤
1

α

∞∑

j=−∞

|ψj|E|Wt−j|

≤
σ

α

∞∑

j=−∞

|ψj|(Jensen’sinequality)

<∞.
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Example:LinearProcess

(2)Sn=
n∑

j=−n

ψjWt−jconvergesinmeansquare,since

E(Sm−Sn)
2

=E





∑

m≤|j|≤n

ψjWt−j





2

=
∑

m≤|j|≤n

ψ
2
jσ

2

≤σ
2





∑

m≤|j|≤n

|ψj|





2

→0.
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Example:AR(1)

LetXtbethestationarysolutiontoXt−φXt−1=Wt,where

Wt∼WN(0,σ
2
).

If|φ|<1,

Xt=
∞∑

j=0

φ
j
Wt−j

isasolution.Thesameargumentasbeforeshowsthatthisinfinitesum

convergesinmeansquare,since|φ|<1implies
∑

|φ
j
|<∞.
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Example:AR(1)

Furthermore,Xtistheuniquestationarysolution:wecancheckthatany

otherstationarysolutionYtisthemeansquarelimit:

lim
n→∞

E

(

Yt−
n−1 ∑

i=0

φ
i
Wt−i

)

2

=lim
n→∞

E(φ
n
Yt−n)

2

=0.
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Example:AR(1)

Equivalently,ifwewrite

π(B)=
∞∑

j=0

φ
j
B

j
,φ(B)=1−φB,

thenwecancheckthatπ(B)=φ(B)
−1

:

π(B)φ(B)=
∞∑

j=0

φ
j
B

j
(1−φB)=

∞∑

j=0

φ
j
B

j
−

∞∑

j=1

φ
j
B

j
=1.

Thus,φ(B)Xt=Wt

⇒π(B)φ(B)Xt=π(B)Wt

⇔Xt=π(B)Wt.
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Example:AR(1)

Noticethatmanipulatingoperatorslikeφ(B),π(B)islikemanipulating

polynomials:

1

1−φz
=1+φz+φ

2
z
2

+φ
3
z
3

+···,

provided|φ|<1and|z|≤1.
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Example:AR(1)

LetXtbethestationarysolutionto

Xt−φXt−1=Wt,

whereWt∼WN(0,σ
2
).

If|φ|<1,

Xt=

∞∑

j=0

φ
j
Wt−j.

φ=1?

φ=−1?

|φ|>1?
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