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Mean,Autocovariance,Stationarity

Atimeseries{Xt}hasmeanfunctionµt=E[Xt]

andautocovariancefunction

γX(t+h,t)=Cov(Xt+h,Xt)

=E[(Xt+h−µt+h)(Xt−µt)].

Itisstationaryifbothareindependentoft.

ThenwewriteγX(h)=γX(h,0).

Theautocorrelationfunction(ACF)is

ρX(h)=
γX(h)

γX(0)
=Corr(Xt+h,Xt).
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LinearProcesses

Animportantclassofstationarytimeseries:

Xt=µ+
∞∑

j=−∞

ψjWt−j

where{Wt}∼WN(0,σ
2
w)

andµ,ψjareparameterssatisfying
∞∑

j=−∞

|ψj|<∞.
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LinearProcesses

Xt=µ+
∞∑

j=−∞

ψjWt−j

Examples:

•Whitenoise:ψ0=1.

•MA(1):ψ0=1,ψ1=θ.

•AR(1):ψ0=1,ψ1=φ,ψ2=φ
2
,...
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EstimatingtheACF:SampleACF

Recall:Supposethat{Xt}isastationarytimeseries.

Itsmeanis

µ=E[Xt].

Itsautocovariancefunctionis

γ(h)=Cov(Xt+h,Xt)

=E[(Xt+h−µ)(Xt−µ)].

Itsautocorrelationfunctionis

ρ(h)=
γ(h)

γ(0)
.
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EstimatingtheACF:SampleACF

Forobservationsx1,...,xnofatimeseries,

thesamplemeanisx̄=
1

n

n∑

t=1

xt.

Thesampleautocovariancefunctionis

γ̂(h)=
1

n

n−|h|
∑

t=1

(xt+|h|−x̄)(xt−x̄),for−n<h<n.

Thesampleautocorrelationfunctionis

ρ̂(h)=
γ̂(h)

γ̂(0)
.
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EstimatingtheACF:SampleACF

Sampleautocovariancefunction:

γ̂(h)=
1

n

n−|h|
∑

t=1

(xt+|h|−x̄)(xt−x̄).

≈thesamplecovarianceof(x1,xh+1),...,(xn−h,xn),exceptthat

•wenormalizebyninsteadofn−h,and

•wesubtractthefullsamplemean.
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SampleACFforwhiteGaussian(hencei.i.d.)noise
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SampleACF

Wecanrecognizethesampleautocorrelationfunctionsofmanynon-white

(evennon-stationary)timeseries.

Timeseries:SampleACF:

Whitezero

TrendSlowdecay

PeriodicPeriodic

MA(q)Zerofor|h|>q

AR(p)Decaystozeroexponentially
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SampleACF:Trend
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SampleACF:Trend
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SampleACF:Periodic
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SampleACF:Periodic
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SampleACF:Periodic
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ACF:MA(1)

−10−8−6−4−20246810
0

0.2

0.4

0.6

0.8

1

   θ/(1+θ
2
)

MA(1): Xt = Zt + θ Zt−1
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SampleACF:MA(1)
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ACF:AR(1)

−10−8−6−4−20246810
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

   φ
|h|

AR(1): Xt = φ Xt−1 + Zt
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SampleACF:AR(1)
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ACFandprediction
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ACFofaMA(1)process
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ACFandleastsquaresprediction

BestleastsquaresestimateofYisEY:

min
c

E(Y−c)
2

=E(Y−EY)
2
.

BestleastsquaresestimateofYgivenXisE[Y|X]:

min
f

E(Y−f(X))
2

=min
f

E
[

E[(Y−f(X))
2
|X]

]

=E
[

E[(Y−E[Y|X])
2
|X]

]

=var[Y|X].

Similarly,thebestleastsquaresestimateofXn+hgivenXnis

f(Xn)=E[Xn+h|Xn].
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ACFandleastsquaresprediction

SupposethatX=(X1,...,Xn+h)isjointlyGaussian:

fX(x)=
1

(2π)n/2
|Σ|

1/2exp

(

−
1

2
(x−µ)

′
Σ

−1
(x−µ)

)

.

Thenthejointdistributionof(Xn,Xn+h)is

N









µn

µn+h





,





σ
2
nρσnσn+h

ρσnσn+hσ
2
n+h









,

andtheconditionaldistributionofXn+hgivenXnis

N

(

µn+h+ρ
σn+h

σn
(xn−µn),σ

2
n+h(1−ρ

2
)

)

.
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ACFandleastsquaresprediction

SoforGaussianandstationary{Xt},thebestestimateofXn+hgiven

Xn=xnis

f(xn)=µ+ρ(h)(xn−µ),

andthemeansquarederroris

E(Xn+h−f(Xn))
2

=σ
2
(1−ρ(h)

2
).

Notice:

•Predictionaccuracyimprovesas|ρ(h)|→1.

•Predictorislinear:f(x)=µ(1−ρ(h))+ρ(h)x.
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ACFandleastsquareslinearprediction

ConsideralinearpredictorofXn+hgivenXn=xn:

f(xn)=a(xn−µ)+b.

Forastationarytimeseries{Xt},thebestlinearpredictorminimizes

E(Xn+h−(a(Xn−µ)+b))
2

=E(Xn+h−(a(Xn−µ)+b))
2

=σ
2

+µ
2

+a
2
σ

2
+b

2
−2aρ(h)σ

2
−2bµ,

andthisisminimizedwhena=ρ(h),b=µ,thatis,

f(xn)=ρ(h)(Xn−µ)+µ.

Forthisoptimallinearpredictor,themeansquarederroris

E(Xn+h−f(Xn))
2

=σ
2
(1−ρ(h)

2
).
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LeastsquarespredictionofXn+hgivenXn

f(Xn)=µ+ρ(h)(Xn−µ).

E(f(Xn)−Xn+h)
2

=σ
2
(1−ρ(h)

2
).

•If{Xt}isstationary,fistheoptimallinearpredictor.

•If{Xt}isalsoGaussian,fistheoptimalpredictor.

•LinearpredictionisoptimalforGaussiantimeseries.

•Overallstationaryprocesseswiththatvalueofρ(h)andσ
2
,theoptimal

meansquarederrorismaximizedbytheGaussianprocess.

•Linearpredictionneedsonlysecondorderstatistics.

•Extendstolongerhistories,(Xn,Xn−1,...).
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Propertiesoftheautocovariancefunction

Fortheautocovariancefunctionγofastationarytimeseries{Xt},

1.γ(0)≥0,(varianceisnon-negative)

2.|γ(h)|≤γ(0),(fromCauchy-Schwarz)

3.γ(h)=γ(−h),(fromstationarity)

4.γispositivesemidefinite.

Furthermore,anyfunctionγ:Z→Rthatsatisfies(3)and(4)isthe

autocovarianceofsomestationary(Gaussian)timeseries.
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Propertiesoftheautocovariancefunction

Afunctionf:Z→Rispositivesemidefiniteifforalln,thematrixFn,

withentries(Fn)i,j=f(i−j),ispositivesemidefinite.

AmatrixFn∈R
n×n

ispositivesemidefiniteif,forallvectorsa∈R
n

,

a
′
Fa≥0.

Toseethatγispsd,considerthevarianceof(X1,...,Xn)a.
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Propertiesoftheautocovariancefunction

Fortheautocovariancefunctionγofastationarytimeseries{Xt},

1.γ(0)≥0,

2.|γ(h)|≤γ(0),

3.γ(h)=γ(−h),

4.γispositivesemidefinite.

Furthermore,anyfunctionγ:Z→Rthatsatisfies(3)and(4)isthe

autocovarianceofsomestationary(Gaussian)timeseries.

e.g.:(1)and(2)followfrom(4).
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