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Testingi.i.d.:Turningpointtest

{Xt}i.i.d.impliesthatXt,Xt+1andXt+2areequallylikelytooccurin

anyofsixpossibleorders:
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(providedXt,Xt+1,Xt+2aredistinct).

Fourofthesixareturningpoints.
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Testingi.i.d.:Turningpointtest

DefineT=|{t:Xt,Xt+1,Xt+2isaturningpoint}|.

ET=(n−2)2/3.

CanshowT∼AN(2n/3,8n/45).Notation:X∼AN(µ,σ2)⇔

X−µ

σ

d
→N(0,1).

Reject(at5%level)thehypothesisthattheseriesisi.i.d.if
∣

∣

∣

∣T−
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45
.

Testsforpositive/negativecorrelationsatlag1.
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Testingi.i.d.:Difference-signtest

S=|{i:Xi>Xi−1}|=|{i:(∇X)i>0}|.

ES=
n−1

2
.

CanshowS∼AN(n/2,n/12).

Reject(at5%level)thehypothesisthattheseriesisi.i.d.if

∣
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∣S−
n
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n

12
.

Testsfortrend.

(Butaperiodicsequencecanpassthistest...)
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Testingi.i.d.:Ranktest

N=|{(i,j):Xi>Xjandi>j}|.

EN=
n(n−1)

4
.

CanshowN∼AN(n
2
/4,n

3
/36).

Reject(at5%level)thehypothesisthattheseriesisi.i.d.if
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Testsforlineartrend.
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Testingifani.i.d.sequenceisGaussian:qqplot

Plotthepairs(m1,X(1)),...,(mn,X(n)),

wheremj=EX(j),

X(1)<···<X(n)areorderstatisticsfromN(0,1)sampleofsizen,and

X(1)<···<X(n)areorderstatisticsoftheseriesX1,...,Xn.

Idea:IfXi∼N(µ,σ
2
),then

EX(j)=µ+σmj,

so(mj,X(j))shouldbelinear.

Therearetestsbasedonhowfarcorrelationof(mj,X(j))isfrom1.
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Stationarity

{Xt}isstrictlystationaryif

forallk,t1,...,tk,x1,...,xk,andh,

P(Xt1≤x1,...,Xtk≤xk)=P(xt1+h≤x1,...,Xtk+h≤xk).

i.e.,shiftingthetimeaxisdoesnotaffectthedistribution.

Weshallconsidersecond-orderpropertiesonly.
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MeanandAutocovariance

Supposethat{Xt}isatimeserieswithE[X
2
t]<∞.

Itsmeanfunctionis

µt=E[Xt].

Itsautocovariancefunctionis

γX(s,t)=Cov(Xs,Xt)

=E[(Xs−µs)(Xt−µt)].
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WeakStationarity

Wesaythat{Xt}is(weakly)stationaryif

1.µtisindependentoft,and

2.Foreachh,γX(t+h,t)isindependentoft.

Inthatcase,wewrite

γX(h)=γX(h,0).
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Stationarity

Theautocorrelationfunction(ACF)of{Xt}isdefinedas

ρX(h)=
γX(h)

γX(0)

=
Cov(Xt+h,Xt)

Cov(Xt,Xt)

=Cor(Xt+h,Xt).
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Stationarity

Example:i.i.d.noise,E[Xt]=0,E[X
2
t]=σ

2
.Wehave

γX(t+h,t)=







σ
2

ifh=0,

0otherwise.

Thus,

1.µt=0isindependentoft.

2.γX(t+h,t)=γX(h,0)forallt.

So{Xt}isstationary.

Similarlyforanywhitenoise(uncorrelated,zeromean),Xt∼WN(0,σ
2
).
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Stationarity

Example:Randomwalk,St=
∑

t

i=1Xifori.i.d.,meanzero{Xt}.

WehaveE[St]=0,E[S
2
t]=tσ

2
,and

γS(t+h,t)=Cov(St+h,St)

=Cov

(

St+
h∑

s=1

Xt+s,St

)

=Cov(St,St)=tσ
2
.

1.µt=0isindependentoft,but

2.γS(t+h,t)isnot.

So{St}isnotstationary.
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Anaside:covariances

Cov(X+Y,Z)=Cov(X,Z)+Cov(Y,Z),

Cov(aX,Y)=aCov(X,Y),

AlsoifXandYareindependent(e.g.,X=c),then

Cov(X,Y)=0.
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Randomwalk
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Stationarity

Example:MA(1)process(MovingAverage):

Xt=Wt+θWt−1,{Wt}∼WN(0,σ
2
).

WehaveE[Xt]=0,and

γX(t+h,t)=E(Xt+hXt)

=E[(Wt+h+θWt+h−1)(Wt+θWt−1)]

=















σ
2
(1+θ

2
)ifh=0,

σ
2
θifh=±1,

0otherwise.

Thus,{Xt}isstationary.
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ACFoftheMA(1)process
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MA(1): Xt = Zt + θ Zt−1
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Stationarity

Example:AR(1)process(AutoRegressive):

Xt=φXt−1+Wt,{Wt}∼WN(0,σ
2
).

AssumethatXtisstationaryand|φ|<1.Thenwehave

E[Xt]=φEXt−1

=0(fromstationarity)

E[X
2
t]=φ

2
E[X

2
t−1]+σ

2

=
σ

2

1−φ2(fromstationarity),
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Stationarity

Example:AR(1)process,Xt=φXt−1+Wt,{Wt}∼WN(0,σ
2
).

AssumethatXtisstationaryand|φ|<1.Thenwehave

E[Xt]=0,E[X
2
t]=

σ
2

1−φ2

γX(h)=Cov(φXt+h−1+Zt+h,Xt)

=φCov(Xt+h−1,Xt)

=φγX(h−1)

=φ
|h|
γX(0)(checkforh>0andh<0)

=
φ
|h|
σ

2

1−φ2.
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ACFoftheAR(1)process
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AR(1): Xt = φ Xt−1 + Zt
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LinearProcesses

Animportantclassofstationarytimeseries:

Xt=µ+
∞∑

j=−∞

ψjWt−j

where{Wt}∼WN(0,σ
2
w)

andµ,ψjareparameterssatisfying
∞∑

j=−∞

|ψj|<∞.
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LinearProcesses

Xt=µ+

∞∑

j=−∞

ψjWt−j

Wehave

µX=µ

γX(h)=σ
2
w

∞∑

j=−∞

ψjψh+j.(why?)
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ExamplesofLinearProcesses:Whitenoise

Xt=µ+
∞∑

j=−∞

ψjWt−j

Chooseµ,

ψj=







1ifj=0,

0otherwise.

Then{Xt}∼WN(µ,σ
2
W).(why?)
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ExamplesofLinearProcesses:MA(1)

Xt=µ+
∞∑

j=−∞

ψjWt−j

Chooseµ=0

ψj=















1ifj=0,

θifj=1,

0otherwise.

ThenXt=Wt+θWt−1.(why?)
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ExamplesofLinearProcesses:AR(1)

Xt=µ+
∞∑

j=−∞

ψjWt−j

Chooseµ=0

ψj=







φ
j

ifj≥0,

0otherwise.

Thenfor|φ|<1,wehaveXt=φXt−1+Wt.(why?)
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