Introduction to Time Series Analysis. Lecture 17.

1. Review: Spectral density. Examples.
2. Spectral distribution function.
3. Wold’s decomposition.

4. Autocovariance generating function and spectral density.




Review: Spectral density'

If a time series {X;} has autocovariance ~ satisfying
> re o |v(h)] < oo, then we define its spectral density as

f(V): Z ,y(h)e—27ri1/h

h=—o0

for —oco < v < co. We have

1/2 '
/ 627mz/hf(y) du.

—1/2




‘ Review: Examples'

White noise: {W;}, v(0) = o2 and v(h) = 0 for h # 0.
f(v) =~(0) = o3,

AR(L): X = 61 Xem1 + W v(h) = o201 /(1 = 67).

f<V) — 1-2¢; cos?ZwW—i—qbf'
If »1 > 0 (positive autocorrelation), spectrum is dominated by low
frequency components—smooth in the time domain.

If 1 < 0 (negative autocorrelation), spectrum is dominated by high
frequency components—rough in the time domain.




Example: AR(1)

Spectral density of AR(1): Xt =+0.9 Xt_l + Wt
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Example: AR(1)

Spectral density of AR(1): Xt =-0.9 Xt_l + Wt
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Example: MA(1) I

Xt — Wt + 91Wt_1.

.
0.2

2(14+6%) ifh=0,
v(h) =< 026, If |h| =1,

w

L0 otherwise.

1

fw)y= > ~(h)e >

h=—1
= v(0) + 2v(1) cos(27v)

= oo, (1 + 607 + 20, cos(2mv)) .

w




Example: MA(1) I

Xt — Wt —|— (91Wt_1.
f(v) =05, (14 67 + 26, cos(2nv)) .

If 6, > 0O (positive autocorrelation), spectrum is dominated by low

frequency components—smooth in the time domain.
If 6, < 0 (negative autocorrelation), spectrum is dominated by high

frequency components—rough in the time domain.




Example: MA(1)

Spectral density of MA(1): Xt = Wt +0.9 Wt_l
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Example: MA(1)

Spectral density of MA(1): Xt = Wt -0.9 Wt_l
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Review: A periodictimeseries'

X (A, sin(27v;t) + B, cos(2mv;t))
=1

(A2 + B2)"/?sin(2mv;t + tan™ ' (B;/A;)).
=1
E[X:] =

k
v(h) = Z 032. cos(2mv;h)
j=1

> (k)] =

h
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‘ Discrete spectral distribution function I

For X; = Asin(2rAt) + B cos(2mAt), we have v(h) = o2 cos(2m\h), and
we can write

1/2 |
W)= [ emitap),

—1/2
where F'Is the discrete distribution

’

0 If v < =\,

2

& If =)\ <v <),

\ o2 otherwise.
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The gpectral distribution function I

For any stationary { X} with autocovariance -, we can write

1/2 .
v(h) _ / 627myhdF(l/),
—1/2

where F' is the spectral distribution function of { X, }.

We can split F' into three components: discrete, continuous, and singular.
If ~ is absolutely summable, F' is continuous: dF'(v) = f(v)dv.

If v 1s a sum of sinusoids, F' is discrete.
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The spectral distribution function I

For X; = Z§:1 (A, sin(27v,t) + B, cos(2mv;t)), the spectral distribution
function is F(v) = S°F_. 02F;(v), where

g=1"9~"1J

(0 ifv < —vj,

Fj(V>:< if—Vj§V<I/j,

otherwise.
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Wold’s decomposition I

Notice that X; = 2?21 (A, sin(2mv;t) + B, cos(2mv;t)) is deterministic
(once we’ve seen the past, we can predict the future without error).

Wold showed that every stationary process can be represented as

Xt = Xt(d) -+ Xt(n)v

where Xt(d) IS purely deterministic and Xt(”) IS purely nondeterministic.
(c.f. the decomposition of a spectral distribution function as F(®) + F(c))

Example: X; = Asin(27At) + % ;.
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‘Autocovariance generating function and spectral density'

Suppose X; is a linear process, so it can be written

X = Z;)io YWy = ¢<B)Wt-
Consider the autocovariance sequence,

Yh = COV(Xt, Xt—l—h)

=E Z VWi Z YiWipn—j
=0 =0 |

o0
— (7120 Z ViVith.
i=0

15



‘Autocovariance generating function and spectral density'

Define the autocovariance generating function as

Z ’}/hBh.
h=—o0

oo

Y(B) =00 > > by B

h=—o00 1=0

— 2 ZZ%%BQ Z

Z%Bﬂ—o Y(B~ My (B).
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‘Autocovariance generating function and spectral density'

Notice that

¥(B)= >  wB"

h=—o0

f(V) Z ,Yhe—Qﬂ"il/h

h=—o0

~y (6—27ri1/)

121) (6—271'2'1/) w (6271'2'1/)
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‘Autocovariance generating function and spectral density'

For example, for an MA(q), we have (B) = 6(B), so
f(V> _ 0_309 (6—27m'u) 0 (6271'@'1/)
=2 ‘9 (6—27ri1/)’2.

For MA(1),

‘ 2

f(V) _ 0-121) ’1 4 916—27m'u
= 02 |1 + 61 cos(—2mv) + i6; Siﬂ(—27w)|2
= o2, (1 + 26, cos(27v) + 67) .
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‘Autocovariance generating function and spectral density'

For an AR(p), we have ¢)(B) = 1/¢(B), SO

For AR(1),

flv) =

B 11— ¢16—27m'1/‘2

w

T 1-2¢, cos(2mv) + @2
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