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Abstract

Let (A, : u € B) be i.i.d. non-negative integers that we interpret as car arrivals on the
vertices of the full binary tree B. Each car tries to park on its arrival node, but if it is
already occupied, it drives towards the root and parks on the first available spot. It is
known (Bahl et al. in Parking on supercritical Galton—Watson trees, arXiv:1912.13062,
2019; Goldschmidt and Przykucki in Comb Probab Comput 28:23-45, 2019) that the
parking process on B exhibits a phase transition in the sense that either a finite number
of cars do not manage to park in expectation (subcritical regime) or all vertices of
the tree contain a car and infinitely many cars do not manage to park (supercritical
regime). We characterize those regimes in terms of the law of A in an explicit way.
We also study in detail the critical regime as well as the phase transition which turns
out to be “discontinuous”.

Mathematics Subject Classification 60C05 - 60K35 - 82B27

1 Introduction

The parking process is a central algorithm in combinatorics and probability. When the
underlying graph is an oriented line, it was first studied by Konheim and Weiss [16] in
relation with hash tables and it has led to many developments in probability notably
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Fig. 1 Simulation of the parking process on the first 9 levels of the full binary tree (the edges are oriented
towards the origin of the tree which is at the center of the figures). The dotted vertices on the left figure
initially contain 2 cars whereas the others are void. In the middle and right figures, the highlighted edges
have seen a positive flux of car

via connections with the Brownian continuum random tree and the additive coalescent
[5]. Recently, Lackner and Panholzer [17] started the systematic study of the parking
functions on finite rooted trees. This triggered an intense activity on the model of
parking on a random critical Galton—Watson tree. In particular, a phase transition was
proved to occur and the threshold was located in an increasing level of generality [8,
12, 14]. Furthermore a surprising connection with the Erdés—Rényi random graph and
the multiplicative coalescent was unraveled in [10].

However, much less is known about the parking scheme on supercritical Galton—
Watson trees, apart from the existence of a phase transition [1, 14] and despite an
intense activity on the closely related Derrida—Retaux model [7]. The goal of this
paper is to close this gap and locate and study the phase transition in the case of the
parking process on the infinite binary tree (see Sect. 6 for extensions).

Parking on the infinite binary tree. Consider the full planar rooted binary tree.
Its vertices can be conveniently represented by the finite words on two letters B =
U010, 1}, with {0, 1}° = & being the root of the tree and with edges between the
words # and 10 and the words u and u1. Those vertices will be interpreted as free
parking spots, each spot accommodating at most 1 car. On top of that tree, we consider
a non-negative integer labeling (A, : u € B) representing the number of cars arriving
on each vertex u € B. Each car tries to park on its arrival vertex, and if the spot is
occupied, it travels downwards in direction of the root of the tree until it finds an empty
vertex to park. If there is no such vertex on the path towards the root &, the car exits
the tree, contributing to the flux of cars at the root. If we introduce the random variable

X := number of cars which have visited &,

the outgoing flux of cars is then simply F = (X — 1) = max(X — 1, 0). As we will
see in Sect. 2.1, the final configuration (flux and status void/occupied for the vertices),
and in particular the value of variables X and F, does not depend upon the order chosen
to park the cars (Fig. 2).

In the remainder of this paper we shall suppose that the car arrivals (A, : u € B)
are i.i.d. with a given distribution © = (ux : k > 0) on {0, 1, 2, 3, ...}. To avoid
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Fig. 2 Illustration of the parking process in the first 5 levels of the full binary tree. The car arrivals are
represented by red squares (including the cars that may come from higher levels on top of the tree). After
the parking process, the vertices accommodating a car are displayed in gray, whereas the free spots are

displayed in white. The connected components of parked cars are drawn with thick lines, they are fully
parked trees

trivialities, we always suppose that ({0, 1}) < 1 for otherwise the cars would always
park on their arrival node. We let

G = "

k=0

be the generating function of the law . One can then establish a dichotomy (see
Lemma 1 and also [1, 14] as well as Proposition 1 below):

e Either the number X of cars that visited the root & has a finite mean and all clusters
of parked vertices are finite almost surely, we call this phase the subcritical regime,

e Or almost surely X = oo and actually, all vertices of B are occupied after the
parking process, we call this phase the supercritical regime.

We shall furthermore distinguish the critical regime, when it is not possible to stochas-
tically increase p and stay subcritical. A first trivial remark is that when E[A] > 1
the process is necessarily supercritical (since there are more cars than parking spots
on average). Our main result is then a characterization of those regimes explicitly in
terms of the generating function G of u:
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Theorem 1 (Location of the phase transition) Suppose that there exists t. € (0, 00)
such that

te=min{t > 0: 2(G(t) — G 1))* = *°GHG (1)} ().
Then the parking process is subcritical if and only if
(te —2)G(te) = te(te — DG'(1e). (D

The condition (x) on the existence of 7. is mild and is for example verified for all
generating functions with infinite radius of convergence (see Remark 4.2). When (%)
is not verified, we provide a method to check if we are in the subcritical phase, see
Sect. 5.3. Checking the signs of the two sides of the inequality (1), see Remark 5.1,
we see in particular that the generating function G must have a radius of convergence
at least 2 to be in the subcritical phase. This can easily be explained by probabilistic
arguments: otherwise, the maximum of 2" independent copies of a random variable
with law u is larger than n with high probability, so that the car arrivals at the single
level n of B suffice to guarantee that the root & is occupied, see Lemma 1. The
same argument actually even proves that the radius of convergence of X (which is
stochastically larger than A) must stay above 2 in the subcritical regime. Notice that
deciding whether u is subcritical for parking depends in a subtle way on the distribution
as opposed to the case of critical Galton—Watson trees [8, 12, 14] where its depends
only on the first two moments.

Let us give a couple of examples of application of our theorem in the case of
a car arrival distribution that is parametrized by a family (uy : 0 < «) which is
stochastically increasing with mean o > 0: in this case the parking is subcritical if
a < o, and supercritical if o > o, for some threshold o« depending on the family of
laws:

e Binary arrivals. If pe = (1 — %‘)80 + %82, then the critical threshold is

.(Bi = —.

ac(Binaryo2) T

This settles an open problem of Bahl, Barnet & Junge [1]. Obviously the value

of a, is in agreement with the bounds 3% <o < % of [14, Proposition 3.5] and
improved to 0.03175 < o < 0.08698 in [1, Proposition 4].

e Binaryoyy arrivals. More generally if uy = (1 — $)80 + 78 for some k €
{2, 3,4, ...}, then the threshold is

k
. .
| 4 o—k—2 (3+ KT) (k= Dk +4) + kT F Dk — 1)

oc(Binary ;) =

e Poisson arrivals. If ju, is Poisson with mean «, then

. (Poisson) = 3 — 2+/2.
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o Geometric arrivals. If i, = p*(1 — p) for k > 0 is a geometric law with mean
a= % then p.(Geometric) = 1/9 and

1
o (Geometric) = 3

The critical regime. Let us now focus more precisely on the critical regime : we
assume that u is subcritical (and (%) holds) and that it is not possible to stochastically
increase u while remaining subcritical. As we shall see in Sect. 5, this means that
the inequality in (1) is actually an equality. Recall that we denoted by X the number
of cars that visited the root & of B during the parking process. We set for k > 0,
pr = P(X = k) and will use the shorthands p, = po and p, = p; for respectively
the probability that the root is void and the probability that the root is at the bottom of
a parked cluster without flux, after parking. In the following, we shall call white the
clusters of void vertices, and black the clusters of parked vertices.

Theorem 2 (Critical computations) Suppose that (x) holds and that (1) is an equality.
Then almost surely the root & is void or it belongs to a finite black cluster, and we

have
2
I Po
0o = ——————————— and s — — — Do.
P = e = DG () Pe=Now P

These calculations have a few surprising consequences:

e E[X] < oco. The fact that the expectation of the flux of cars is finite in the whole
subcritical regime (including at criticality) may be surprising at first, but this can
actually be seen from the recursive distributional equation satisfied by X by split-
ting at the root of B

XL (X =i+ Xa— Dy +A, 2)

where X1, X, are two copies of law X independent of the car arrivals A of law
. Indeed, the RHS has expectation at least 2E[X] — 2 which is strictly larger
than E[X] as soon as E[X] > 2. Iterating the argument, one sees that there is
no a.s. finite solution to the above recursive distributional equation which has a
mean > 2, see [1, Theorem 1.1] for details. Actually, as we already mentioned the
variable X must have a radius of convergence larger than 2, even at the critical
point, see the forthcoming Lemma 1. Also, plugging the value of p, = P(X = 0)
into (2) we deduce that

E[X]+ E[A] = 2(1 — po), or equivalently  E[F]+ E[A]=1— p,
Now, by Remark 5.2, on the subcritical regime we have p, > %, so that the LHS
of the left identity is bounded by 1 and the LHS of the right identity by 1/2; one

can also show that these bounds are sharp.

@ Springer



D. Aldous et al.

e It will follow from our combinatorial decomposition that the clusters of void ver-
tices are actually Bienaymé—Galton—Watson trees with offspring distribution &
given by

pe
(Po + Pa)?’

2pe Do p%

P =0) = IED(E=2)=m~

PE=D= (Po + pe)?’

Again, since by Remark 5.2 we have p, > %, those trees are supercritical, imply-
ing that at criticality there are (infinitely many) infinite white clusters. On the
contrary, we shall see in Proposition 1 that in the subcritical regime (including the
critical case), there are no infinite black clusters.

Those phenomena underline once again the fact that the phase transition in the parking
process is discontinuous, in contrast e.g. with the case of Bernoulli percolation on the
same tree. !

Fully parked trees and their enumeration. The proofs of our main results rely
on a simple combinatorial decomposition into clusters of parked vertices and the
enumeration thereof. More precisely, a fully parked tree f is a subtree of B containing
the root, decorated with car arrivals, so that all those cars manage to park on f and that
reciprocally all vertices of f are parked. If F = F},(x) is the generating function of
fully parked trees counted with a weight x per vertex and incorporating the p-weight
of car arrivals, see Sect. 3.1 for the precise definition, then the high-level idea of the
proof is to write the fixed point equations for p, and p,, which are

Po=10(po + pe)* and  pe = poFu(po), 3)

and translate the idea that we decompose the structure into the (finite) clusters of
parked vertices. Theorem 1 boils down to deciding whether we have a non trivial
solution p, # 0 to these equations (otherwise we are in the supercritical regime). The
critical regime corresponds to the case where p, is exactly the radius of convergence
of F. Thus the main ingredient in the proof is the “computation” of the generating
function F. The enumeration of fully parked trees has already been considered in
the combinatorics literature [6, 9, 10, 15, 17] and it shares many similarities with the
enumeration of planar maps. The idea is to enumerate a more complicated structure,
namely fully parked trees with a possible flux of cars at the origin. Those are defined as
fully parked trees, except that now the number of cars may be larger than the number
of vertices of the tree so that the number of cars X visiting the root of the tree may be
strictly larger than 1. If F' = F, (x, y) is the generating function of fully parked trees
with weight x per vertex and y per outgoing car, then writing a recursive decomposition
at the root vertex we obtain

F(x,y) = ; ((1 +Fx, )G — (1 + Fx, 0))20(0)) . )

' In this model, the probability that the root of the full binary tree belongs to an infinite component is a
continuous function of the percolation probability.
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These equations are reminiscent of Tutte’s equation [19] in the realm of planar
maps where the perimeter of the external face plays the role of our outgoing flux of
cars. In this equation, the variable y is called the catalytic variable since its role is to
disappear to recover F(x,0) = F(x), the generating function of fully parked trees
with no flux. We apply the standard kernel method [4] to solve those equations, see
Sect. 4 for details.

Once we have sufficient information on F', the proofs of our main results are rather
straightforward. Deciding whether p, is non trivial boils down to an inequality on
F(x., 0) at its radius of convergence x., see Proposition 2. Under the assumption (x),
this inequality is equivalent to (1) and the critical case corresponds to the case when
Po coincides with the radius of convergence of F (-, 0). Furthermore, in the subcritical
case the generating function of the outgoing flux of cars is given by p, F(p., y) (see
6).

Growth-fragmentation trees. It will follow from our decomposition that condi-
tionally on X = 1, i.e. on & being the root of a fully parked tree with no flux, then the
cluster of parked cars above @ is a random fully parked tree whose size has generating
function F(p.z)/F (po)- In the critical regime, since p, corresponds to the radius of
convergence of F, the tail of the cluster size has a subexponential decay and in the
generic situation (e.g. when the car arrivals have bounded support), we actually have

P(2 is a the root of a parked cluster of size n) ~ cst - n2, 5

the exponent 5/2 being common in the theory of map enumeration. Furthermore, we
also believe that in the generic situation, rescaled large fully parked trees converge
after normalization towards the growth-fragmentation trees that already appeared in
the study of scaling limits of random planar maps and the Brownian sphere, see [2,
3, 18] or [11, Chapter 14.3.2]. We already made a similar conjecture for the scaling
limits of parked components in the parking process on large uniform Cayley trees [10,
Conjecture 1]. It is interesting to notice that although the phase transition in the parking
on B is of a different flavor (the phase transition in the case of critical Galton—Watson
trees is “continuous”), the large scale geometry of the critical components should be the
same. However, there are non-generic situations (with specific car arrivals distributions
having heavy-tail) where (5) does not hold and where we expect different scaling limits.
See Sect. 6 and [6] for a similar phenomenon in the case of enumeration of non-binary
plane fully parked trees. We plan to address those questions in following works.
Relationship with the literature. In deriving soft arguments about the existence of
aphase transition (Sect. 2.2), we do reuse (with acknowledgment) some ideas of [ 1] and
[14], mostly to offer a self-contained account; yet the meat of this work is the derivation
of explicit formulae (meaning expressions in term of 1) for the probability that the root
of the tree is parked, hence for the localisation of the phase transition: more precisely,
the key equation (3) is derived in Sect. 3.2 and solved in Sect. 4.1 using the explicit
solution of the Tutte equation (4) satisfied by fully parked trees with an additional
flux. Those trees are interesting on their own and have been investigated from a pure
analytic combinatorics viewpoint in the work [6]. In fact, [6] was motivated by [12],
and [6] together with this paper were conceived following discussions between their
authors. In a sense, the contribution of this paper is to bridge the gap between [12] an
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[1], using methods from analytic combinatorics to give insight on more probabilistic
quantities.

2 Background

In this section we formally present the parking process on B and gather a few “rough”
probabilistic results (mostly adapted from [1, 14]).

2.1 Parking on infinite trees

Let 7 be a rooted locally finite (plane) tree decorated with car arrivals (a, : u € 7).
As described in the introduction, cars try to park on their arrival node, and if the spot
is taken they travel downwards in search of the first empty spot and, in case there is
no such spot, exit at the root. In the case 7 is finite, an easy Abelian property shows
that the number of cars visiting each vertex of the tree does not depend on the order
in which we park the cars, see Section 2.1 of [17].

On infinite trees, to prevent cumbersome issues, we shall stick to a given parking
procedure: park the lowest cars first. More precisely, for each n > 0 let us consider
the finite tree [t], made of the first n generations above the root & (recall that 7 is
supposed locally finite) together with the restriction of the car arrivals on these vertices.
We can then perform the parking on [7],, and construct variables

Xy () u € [tly,

representing the number of cars that visited the vertices of [t], in the parking process
(recall that those variables do not depend on the order in which we parked the cars on
[t],)- Notice that for a given vertex u € 7, the function n +— x,(u) is non-decreasing
(it is defined for n larger than the height of u) so that we can let n — 0o and define

X(u) = lim x, (u),

as the limiting number of cars visiting « in the parking process on t. This morally
corresponds to parking the lowest cars first>. In particular we say that u is void if
x(u) = 0, that u is occupied if x(u) > 1 and the flux of outgoing cars at u is

fu) = (x() — D
2.2 Rough phase transition

We now focus on the case of the binary tree B with i.i.d. car arrivals (A, : u € B)
with law p satisfying ({0, 1}) < 1. We denote by X (u) the number of cars that
visited vertex u € B as defined in the preceding section and will use the shorthand
notation X = X (). We first establish a dichotomy on X in the next lemma, which we

2 In fact, we could equivalently fix an exhaustion of t by finite trees 71 C 7o C -- - and define the parking
on 7 as the limit of the parking procedure over the 7,,’s.
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then interpret in more geometric terms by proving that there cannot be infinite black
clusters with a finite flux.

Lemma 1 (Dichotomy subcritical/supercritical) We have the following dichotomy:

Subcritical case. Either the sequence 2"P(X > n) : n > 0) is bounded.
Supercritical case. Or X = 00 a.s, in which case all vertices are parked a.s.

Proof of the lemma. Assume that 2"P(X > n) : n > 0) is not bounded, and observe
that the same is then true of the sequence (2"P(X > n + k) : n > 0) for any integer
k. Then consider the collection of the 2" i.i.d. variables X (1) attached to the vertices
u of B at height n. We have the upper bound

P( () X <n+ k}) < e Y'PX>nth)

u:lul=n

with the right-hand side going to 0 along a subsequence. But on the complement of
the event on the left-hand side, one of the variables X () is strictly larger n + k and
this contribution only suffices to imply that X = X (&) > k. Combined with our
assumption, this implies that, almost surely, X > k, hence, k being arbitrary, X = oo.
This means that the root of B almost surely contains a car, and it is the same for any
other vertex. O

The next lemma says that the above dichotomy is equivalent to the existence of
infinite black clusters. In particular, it rules out the possibility of having an infinite
black cluster and a finite flux.

Proposition 1 In the subcritical regime, there is no infinite black cluster.

Proof Suppose that 1 is subcritical, so that all variables X (u) are finite after the parking
process. It suffices to prove that the probability that the cluster of the origin C(©) is infi-
nite is 0. Fix p > O and letus consider the event £ = {X (&) = p and C(9) is infinite}.
We shall explore the process by parking on the first n levels of B as in the preced-
ing section. More precisely, let F, be the sigma field generated by the variables
X, (u) for X, (u) the number of cars visiting the vertex # when restricting the park-
ing on [B],. We then construct a sequence of stopping times 0; < 6, < ---
obtained as follows: 8 = inf{n > 0 : X,(@) = p} and then by induction
Oiy1 = inf{n > 6; : T < 9[B],} where & < 9[B], means that & is connected
to the level n by a path whose vertices satisfy X, (#) > 1. A moment’s though shows
that on the event £ all these stopping times are finite for otherwise the black cluster of
the origin would not be infinite. For n > 2, on the event {6, < 0o}, let v, be the (first,
for definiteness) vertex of d[B]y, to be connected to the root when parking on [B]g, .
Set D, = {Ay,0, Ay,1 € {0, 1}} the event that the two children of v, have car arrivals
< 1. Plainly, £ C D, N {B, < oo} since otherwise, the flux coming from these two
vertices would go down all the way to @ and we would have X (&) > p. In particular
we have

P(Dy 1, <00 | Fa,) = (mo + p1)? < 1.
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Notice then that Dy, ..., D, are Fy,-measurable so that by induction we have

n
P(E) < P < 00) [ [ P(Dxlbn < 00) < (o + 1)** Y,
k=2

which implies P(£) = 0O since n is arbitrary and we assumed the distribution u satisfies
o+ p1 < 1. O

As a consequence of the (proof of) Lemma 1, there is no lower bound for E[A]
for supercritical parking, since one may cook up distributions x with arbitrarily small
expectation but E[24] = oo. However, if the car arrival distribution is bounded, one
can obtain a lower bound for the expectation [E[A] of the car arrival distribution for
supercritical parking using a first moment method, see [14, Proposition 3.5] and [1]
for details.

To speak of a phase transition, one may imagine a family (u%)q>0 of car arrival
distributions that is stochastically increasing in the mean «. In this case, the subcritical
phase is identified with a closed set « € [0, a.], and the supercritical phase with the
set Ja,, 1]. The fact that o is actually subcritical (i.e. satisfies the first alternative of
the dichotomy) can be seen by monotone convergence since the expectation of the flux
is bounded above by 2 in the whole subcritical phase as recalled in the introduction
(see [1] for details).

3 Decomposition into fully-parked components

In this section we present our combinatorial decomposition which underlies our main
results. The idea is very simple: we decompose the final configuration on B into the
black clusters of parked vertices and the white empty vertices. This shows that we
can decompose the final configuration as a two-type Bienaymé—Galton—Watson tree
whose offspring distribution is related to the generating function F of fully parked
trees studied in detail in the next section.

3.1 Fully parked trees

Suppose that we performed the parking process on B, and recall that the black vertices
are those u € B satisfying X (1) > 1, the other ones being the empty or white vertices.
The finite black connected components are fully parked trees t, i.e. connected subsets
of the binary tree decorated by car arrivals (a,),e¢ such that after parking all vertices
are occupied. If such a tree appears as the black component of the root &, then the
fully parked tree may have an outgoing flux at the root (i.e. containing more cars than
vertices), otherwise it contains as many cars as vertices. See Fig. 3.

For the enumeration of the fully parked trees we shall always consider that their
bottom vertex is &. Each plane rooted structure of a fully parked tree with m vertices
with 1 child actually corresponds to 2™ different embeddings as a subset of B (with &
as the root): for this reason, later in the decomposition we shall put a weight of 2 for
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Fig. 3 Three examples of fully parked trees. Notice that the first two have no outgoing flux and represent
the same plane tree but their embeddings in B is different. The last fully parked tree on the right has an
outgoing flux of 2 cars

vertices with outdegree 1. Let us denote by ’]I‘flp ) the set of all fully parked trees with

root &, with n vertices and having outgoing flux p > 0 (i.e. p + 1 cars have visited
the root vertex). The weight w(t) of a fully parked tree t = (t : (a, : u € t)) is the
weight of its car decoration, that is

w(t) =] [ ra,-

uet

We can then form the bivariate generating series of fully parked trees (with flux) as

Fx,y) = Fu(x,y) = ZZ Z x”ypw(t)zx(,ul+M2y+ﬂ3y2+...)

n=>1p>0 te'ﬂ‘,(ll))

X2 (202 + 1) + 2y (s + 21 p2) + ) + -

Section 4 is devoted to the study of F via a functional equation obtained by splitting a
fully parked tree at the root, see (11). But before doing so, let us present the combina-
torial decomposition and the characterization of subcriticality in terms of F. It turns
out that most equations simplify if one introduces

F(x,y):=14+ F(x,y) and Fox) :=F(x,0) :=1+ F(x,0).

3.2 Decomposition

Recall that the law of X is (py : k > 0) and that we gave a short-hand notation p, = pg
for the probability that the root vertex is empty. We write C(2) for the monochromatic
cluster of the origin in B after parking. Notice that the number of vertices adjacent
from above to a fully parked tree t C B with n vertices is n 4 1, regardless of the
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shape of t. Recalling Proposition 1 we have for k > 0

PX(@)=k+1) = PX(@)=k+1and#C(2) < 00)
Prop.
= Z PC(2) = t)
teT®
=Y Y w®yplt = ply*1F (po, y). (6)
n>1ge®

The other fundamental equation is obtained by noticing that the event {X (&) = 0}
occurs if and only if Az = 0 and {X(u) € {0, 1} : for u € {0, 1}} which turns into

Do = io(po + po)2~ @)

Specializing (6) to k = 0, we recover together with the previous display the fixed point
equation p, = poF(ps, 0), mentioned in the introduction. In particular, re-injecting
in (7) we obtain
Po = uopg (Fo(po))z, where we recall that Fo(x) = 1 + F(x, 0).

Notice that the function x +— uoxz(Fo(x))2 is strictly convex and that p, = 0 is a
trivial solution to the above equation, so there is at most one positive solution p,.
Under the same hypothesis, splitting according to the values of X (&) we also obtain
thanks to (6)

1=po+p1+pz+~-~(§) poF(po, 1). )

Proposition 2 (F-characterization of subcriticality) The law p is subcritical if and
only if there is a positive solution to the equation

1 = pox(Fo(x))*. )

Proof Let 1 be a subcritical law for the parking on B. Since p, # 0, the above
calculations show that p, is indeed a solution to the equation (9).

Conversely, suppose that there is a positive solution x, to (9). As a special case
of equation (11) below for F(x, y), we know that the series f(y) = F(x,, y) is a
solution to y 4+ f?x,G(y) — yf — 1 = 0. Solving the quadratic equation and taking the
combinatorial solution we have

v+ VY F4x.(1 — y)G(y)

f(y) = 22.G0)

At first, the above equality holds only as a formal power series in y. But notice that the
function y2 +4x,(1 —y)G(y) inside the square-root does not vanish over y € [0, 1] so
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that the solution above is analytic over [0, 1]. By Pringsheim’s theorem [13, Theorem
IV.6 p.240], the function f has radius of convergence at least 1 and we have (1) = —
which is x,F(x,, 1) = 1. This in turn ensures that there exists a random variable Z
(the outgoing flux of cars) whose generating function is

Z(y) = x.F(x,, y).

We then compute, using Tutte’s equation (4) (see (11) below) as well as (9):
l 2 _ 2 2
y (Z(»)*G(y) = Z(0)°G(0)) + Z(0)°G(0)

Xo 2 2 2 2
= Xo (7(1’()60, VG —F(xo, 0) G(O))> + xF(x0, 0)°G(0)
= xo F (X0, )’) + X = Z(y),
but this identity is equivalent to the following recursive distributional equation for Z:

d
79z 4 Zo+ A1)y,

where on the right-hand side the variables are independent and Z, Z, are two copies
of law Z.

This recursive distributional equation enables us to decorate the vertices of B by
i.i.d. variables A, in such a way that for every n, the parking on [B],, together with i.i.d.
fluxes on d[B], yields a flux of law Z at the root (in a coherent manner). Replacing
the i.i.d. fluxes on d[B], by null fluxes on d[B],, and writing X,, = X ([B],) for the
number of cars visiting the root for the parking on [B],,, we deduce by comparison that
the flux at the root F;, = (X, — 1) is dominated by the a.s. finite random variable Z,
which implies in particular that the parking on B with law p is subcritical. Et voila. O

4 Enumeration of fully parked trees

This section is the analytic core of the paper. We write the recursive equations (Tutte’s
equation) for fully parked trees and solve them using the kernel method of Bousquet-
Mélou & Jehanne [4]. Combined with Proposition 2 this enables us to prove our main
results easily. The results are similar to the work of Chen [6] which considered plane
fully-parked trees (as opposed to our binary case). Notice also that the technical part
of [6] consists in obtaining asymptotics for the coefficients, a goal that we did not
pursue in these pages.

4.1 Solving Tutte’s equation
Recall that F'(x, y) is the bivariate generating function of the fully parked trees where x

encodes the number of vertices of the tree and y the flux of cars and G is the generating
function of the car arrivals. To enumerate fully parked trees, we decompose them at
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x 2
&
& p+1
= , p1
= ‘? or D1 ;j-*g or 57”2;26
p
p=p1+L-1 p=p1t+pt+L-1

Fig.4 TIllustration of Tutte’s recursive decomposition at the root vertex. On the left a fully parked tree with
flux p. If n = 1, then the tree is just a vertex with p + 1 cars arriving on it. Otherwise, it has one or two
children which are the root of smaller fully parked tree

their root vertices. Take a fully parked tree with n > 1 vertices and n + p cars in total
(the flux of cars is p). Then (Fig. 4),

e cither n = 1 which means that the root vertex has no vertex above it. In this case,
at least one car arrives on this vertex (since the root vertex should contain a parked
car) and the number of cars arriving on this vertex is 1 + p. Summing over p gives
the term x (G (y) — G(0))/y.

e Another possibility is that the root vertex has a unique child in the fully parked
tree, which can be the left or right neighbor in B. In that case, the subtree above
this child is a fully parked tree with n — 1 vertices and a flux of cars p; where
p1 + £ — 1 = pif there are ¢ cars arriving on the initial root vertex. Notice that
the case p; = £ = 0 is excluded since otherwise the root vertex is not parked.
Summing over p yields the term 2x(F (x, y)G(y) — F(x, 0)G(0))/y.

e The last case is when the root vertex has two parked children, each carrying
a fully parked tree above it with respective sizes k > landn —k —1 > 1
and flux of cars p; and py. To obtain a flux of cars p at the root, one must
have p; + p» + ¢ — 1 = p where £ is the number of cars arriving at the root
vertex. Again the case p; = p» = £ = 0 is excluded. We thus obtain a term
X(F(x,y)’G(y) = F(x,00°G(0)/y.

Summing these three terms, we obtain the following recursive equation for F:

YyE(x,y) = x(G() — G(0)) + 2x(F (x, V)G (y)
—F(x,00G(0)) + x(F(x,y)’G(y) — F(x,0>G(0))  (10)

With our notation F = F 4+ 1 and Fo(x) = F(x,0) = F(x,0) + 1, this equation
simplifies to

P(F(x,y),Fo(x), x,y) =0 where P(f, fo,x,)
=y + f2xGY) — fy — fExG(0). (11)

To solve this equation, we apply the kernel method of Bousquet-Mélou and Jehanne
[4] and look for a (formal) power series ¥ = Y(x) such that d7P(F(x, Y (x)),
Fo(x),x,Y(x)) = 0 so that combined with (11) we also find automatically
0y P(F(x,Y(x)),Fo(x),x,Y(x)) = 0. This introduction may seem ad-hoc, but it
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enables us to find a system of three equations on the three unknowns F, Fy and Y, so
that with a little luck we will find an “expression” for those. Actually, as we will see
below x — Y (x) is a convenient change of variable which simplifies our expressions.
To summarize, we are looking for a solution ¥ = Y (x) to the following system:

Y —2xFG(Y) =0,
1+ xG' (Y)F? =F, (12)
Y +xG(Y)F? = YF + xG(0)F3.

Thanks to the first equation, we know that F = Y /(2xG(Y)). Replacing F by this
quantity in the second equation, we obtain

Y2G'(v) Y R 4G(¥)?
T G2 T Gy hatis Y=« <2G(Y) - YG/(Y)>’ (1

which makes it clear that Y = Y (x) exists as a power series (and even with a positive
radius of convergence in a neighborhood of 0). Once the existence of Y is granted, we
use again the system of Eq. (12) to obtain an equation that only involves F(x) and

Y (x). If we replace in the third equation F by Y /(2xG(Y)) (which is a consequence
YQRGY)-YG'(Y))

of the first equation) and x by AGT) , we obtain
4YG(Y) F(Q)YG(O)(ZG(Y) -YG'(Y)) Ay
2G(Y) —YG'(Y) G(Y)? o

This equation is quadratic in Fo(x) and using the fact that it has non negative coeffi-
cients we obtain

2G(Y)J/GY) = YG(Y)

Fo) = 56 — v )50

with ¥ =Y(x)asin(13).  (14)

We have found here an “explicit” solution for Fo(x) around x = 0. Coming back to
Tutte’s equation, once Fy is known this equation is quadratic in F and we can solve it
into

_ Y EVYTHAGM(GO)Fo()2x — y)

Fexy) 2G(y)x

5)

The sign in front of the square root can actually change since the function inside the
square root vanishes when y = Y (x) and we need to change branch to keep an analytic
function. But we shall not use the exact expression in what follows.

4.2 Radius of convergence

In this section we use the explicit resolution of the functional Eq. (11) to determine
the radius of convergence x. of Fo and the value of Fo(x.). The important fact for
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our application to parking being that under the condition (x) on the existence of ¢, in
Theorem 1 we have

F, ()C ) _ ZG(IC) G(tc) - th/(tc)
O 26 1) — 1.G'(1))VGO)

Recall from (14) that Fo(x) is an explicit function of ¥ (x) itself given by the implicit
Eq. (13).

Analyticity of Y. We first determine the analytic properties of the change of variable
x = Y (x). Recall from (13) that x and ¥ = Y (x) are linked by the equation

| YQG®Y) - YG'(Y))

1G(Y )2 , equivalently
. y2G(y) —yG'(y)
x =y (x)) withy(y) = 1G0)2 (16)

Note that

2(G(y) — yG' () — y*G(»)G"(y)
4G(y)3

Y (y) =

and in particular ¥ (0) = 0 and ¥’(0) > 0 so that by the implicit function theorem, we
can define Y in a neighborhood of 0 such that x = (Y (x)). Recall the condition (%)
from Theorem 1 which says that the function y — y>G” (y)G (y)—2(G (y)—yG'(y))?
at the numerator of 0y (y) reaches 0 at time 7. € (0, c0), see Fig. 5.

Remark 1In particular if G has an infinite radius of convergence then (x) holds. Indeed,
the quantity G (y) — yG'(y) = Y ;50 i (1 — k)y* equals G(0) = o > Oaty =0
and is bounded from above by o — (1 — uo — ,u1)y2 for y > 1 which goes to —oo
as y — +o00. Thus, there exists z. such that G(z.) — y.G'(z¢) = 0 and the function
y = y2G"(y)G(y) — 2(G(y) — yG'(y))? is positive at y = z.. Since it is negative
at y = 0, then (x) holds and 7. € (0, z).

The assumption (%) is also satisfied when G has a finite radius of convergence y.
and (at least) one of the three quantities G(y.), G'(y.), G”(y¢) is infinite. In case
G (y:) = o0, starting from yG'(y) —G(y) = y Zk>0 ux(k —1)y*~1 and noting that
pic(k = DY~ peky*=!, we deduce that yG'(y) — G(y) ~ yG'(y) as y — ye,
hence G(y) — yG’(y) again has limit —oco as y — o0, and the same argument as
above applies. The last cases are obvious : in case G'(y.) = oo but G(y.) < o0,
G(y) — yG'(y) plainly has limit —oo; last, in case G” (y.) = oo but G'(y.) < 0o, we
directly have lim,_, . y2G"(y)G(y) — 2(G(y) — yG'(y))? = +o0.

To clarify the reader’s spirit and for latter discussion, let us classify the possible
scenarios according to the three cases identified in Chen [6, Figure 1], see Fig. 5:
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generic dilute non-generic
z=(Y) r=y(Y)
e ’ \ Lol a
SN
e Y=y ey ve ¥

Fig. 5 Illustration of the three scenarios for the change of variable x — Y (x). Our standing assumption
(») holds in the first two cases

e the most common case is when #, exists and is strictly less than the radius of
convergence y. of G. At this point we have

2

Ic

ayay V) 4G}

(2G (1) =2G 1) G" (1c) = 1:G (1)G" (1)) ,
and since G(f.) > t.G'(t.) this second derivative is strictly negative so that the
function y — v (y) reaches a local maxima at this point. We call this situation the
generic situation.

e it could also happen that 7. exists and is equal to the radius of convergence of
G. In this case, although y — v/(y) reaches a maxima at 7., the local behavior
around the maximum may not be quadratic. We call this situation the non-generic
situation.

e Otherwise 7, does not exists and in particular the radius y. of convergence of G
is finite and y — ¥ (y) has a finite positive derivative at y.. This is the dense
situation which leave aside for the moment.

Under the assumption (%) —i.e. except in the dense situation— we introduce

126G (t.) — 1.G' (1))
4G (1.2

Xe=Y(te) = a7

Lemma 2 Under assumption (x) the function x +— Y (x) is increasing and analytic
over [0, x.) and furthermore

lim Y'(x) = oo.
X— X

Proof Under the assumption (x) the function y +— 1 (y) is increasing and analytic over
[0, z.) so that by the analytic version of the implicit function theorem one can define

its increasing inverse function x — Y (x) over [0, x.). Note that since ¥'(y) — 0 as
vy 1 ye we have Y'(x) — oo as x 1 x. O

Radius of convergence of F(. We still suppose (x). Coming back to Fy, notice that

(G(Y (x)) — Y(x)G'(Y(x))) is always positive for x € [0, x.], thus by Equation (14)
the function Fy is also analytic over [0, x.). Since F( only has positive coefficients,
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by Pringsheim’s Theorem (see for example [13, Theorem IV.6 p.240]), its radius of
convergence is at least x.. The following lemma shows that it actually coincides with
it

Lemma 3 Suppose (x) then we have

: 4
lim Fj(x) = oo,
X—=X¢

in particular the radius of convergence of ¥ is equal to x..

Proof We use our explicit computations of Fy and Y to derive formulas for the first
two derivatives of x. Even if we don’t need it for this lemma, we start with the first
derivative. We take the expression of F( given by Eq. (14), differentiate it with respect
to x and replace the occurence of Y’ (x) by 1/ (dy¥ (Y (x))) thanks to Equation (16).
We obtain

4G(Y (x))3G/(Y (x))

Fy(x) = - - 7
VG (x)) = Y(x)G'(Y (x))(2G (Y (x)) — Y (x)G' (Y (x)))

This quantity has a finite limit when Y (x) converges to #.. We thus need to compute
the second derivative of Fy. To do so, we differentiate the above expression of F6 and
again replace the occurence of Y’(x) by 1/(3,% (Y (x))). We then obtain a fraction
involving the derivatives of G at Y (x). Using the definition of 7. under assumption
(x), we can show that

A 166G 1) — tG (1)) (G — tG (1)) 2G (1) — tG'(1))?
lim Fy(x) = lim =
X=X 1=t t2(G(t) —tG'(1))32 - 2(G(1) — tG'(1))2 — 2G(1)G" (1))

since all but the factor (2(G(t) — tG'(1))? — t>G (t)G" (¢) are positive for t < 7. and
have a positive limit as t — .. O

5 Probabilistic consequences

Armed with our enumeration results and the criterion of Proposition 2, we can now
proceed to the proof of our main results.

5.1 Theorem 1: Location of the threshold

Recall that by Proposition 2, the parking process is subcritical if and only if there
exists a positive solution to (9). When (%) holds, since the function x > G (0)xFo(x)
is strictly increasing, Eq. (9) has a solution if and only if G(0)x.Fy (x¢)* > 1 where
X, 1s the radius of convergence of Fy found in the previous paragraph. Now, since
t. = Y (x.) and plugging the value of F(x.) given by Eq. (14) in G (0)x.Fo(x.)? > 1,
we obtain 7, + m > 1.
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By definition of 7. under Assumption (%), the quantity 7.G’(t.) — 2G(t;) <
t.G'(t.) — G(t.) is always negative. Hence there is a solution x to (9) if and only
if ¢, satisfies

(te = 2)G(te) = te(te — DG (1),

which together with Proposition 2 concludes the proof of Theorem 1.

Remark Notice that if ¢, satisfies the condition of Theorem 1, then it is greater than 2.
This implies that if the parking process is subcritical, then the radius of convergence
of the generating function G of the car arrivals is at least 2. To see it, first note that
the inequality (t — 2)G(¢) > t(r — 1)G’(¢) can not be satisfied for ¢ € [1, 2] since
the left-hand side is non-positive and equals 0 only for + = 2, whereas the right-
hand side is non-negative and equals O for # = 0 and ¢ = 1 only. Neither can this
inequality be satisfied for t € (0, 1), because for such ¢, we can bound from above
the quantity 7(t — 1)G'(r)/(t — 2) by (3 — 2/2)G'(1) < 3 —2v/2)G'(1) < 1/5
since G’(1) = E[A] < 1 in the subcritical case. On the other side, the quantity G (¢)
is bounded from below by G(0) > 1/2.

5.2 Theorem 2: critical computations

Before moving on to the critical computation (Theorem 2) let us prove that the crit-
ical case characterized by the equality in the second display of Theorem 1 actually
corresponds to the natural fact that one “cannot increase the number of cars” and stay
subcritical:

Lemma 4 (Criticality) Suppose (x). Then we have equality in (1) iff for any ¢ > 0 the
law with generating function G.(t) = G(t) + et — ¢ is supercritical.

Proof Suppose that i is subcritical in the sense of Theorem 1 and look at the probability
measure [, such that its generating function is given by G.(t) = G(¢t) + et — ¢ for
some ¢ > 0. First notice that i, satisfies Assumption (x) for ¢ small enough. Indeed
the radius of convergence of G, is that of G and the quantity

2(Ge(t) —1GL(1)* — PG ()GL (1) = QG() —1G (1) — &)* — 12(G (1) + £t — 1)G" (1)
= 2(G@t) — tG' ()% — 2G(1)G" (1)
4262 —26(G(t) — tG' (1)) — et2(t — DG (1)

is negative atz, when ¢ is small enough, so that#Z := min{r > 0, 2(G,(t)—tG, (t))2 =
12G, ()G (1)} < t. and the function ¢ — ¢£ is continuous in a positive neighborhood
of 0. To determine whether 1, is subcritical or not, we then need to determine the sign
of

(12 =2)Ge(17) — 12 (1 — 1)GL(2)),

which is then continuous is €. Thus if Equation (1) is not an equality, we can increase
0 and remain subcritical.
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Suppose now that (1) is an equality. We can show that

0 tp—8) = 6G (t.) + tgG(3)(fc)(lc _ ])3 ~
y@e (tc = 4G (1.)2(t, — 1)3 DGR

e+ o(e) 4+ 0(3).

When ¢, — § = t£, then the left hand side is zero so that the main asymptotic on the
right hand side should be 0. Hence § = #. — t¢ is of order £. Moreover,

(15 = 2)G(t5) — 1) — DGL(0) = =2t — 1) + O((1f — 1)?).

is negative when ¢ small enough and . is supercritical by Theorem 1. O

Proof of Theorem 2. Let us focus now on the case when (1) is an equality. In that case,
since (9) is an equality for x = x., then x, = p,.If x satisfies Eq. (16) and the parking
is critical, so that y = ¢, is solution of (t — 2)G () = t(t — 1)G'(¢), then

2
t 1
x=x,=—<—  and Fo(x.)? = = .8
4(t. — G () DPoG(0) Polt0
Moreover, using Eq. (7), we obtain
Po
DPe = — — Do,
V o
and this concludes the proof of Theorem 2. O

Remark The fact that p, > 1/2 is a consequence of the equation for ¢ given by
Theorem 1. Indeed, in the critical case, then p, = x. = tC2 /(4(t; — 1)G(t.)) where ?.
is given by Theorem 1. But since 7. > 1, we have G(t.) — G(1) < (¢ — DG'(t.) =
(te —2)G(t.)/t.. Thus G(t.) < t./2 and

21,

Po = > 1/2.

c
5.3 Examples

Let us proceed to the computation of the critical threshold for parking for various
families of stochastically increasing laws. In the first four cases below, it is easy to
check that condition (x) holds so that we can just apply the general formulas. In the
last example we explain how our techniques can be applied even if (x) does not hold.

Binary(,; car arrivals. As a first example, we can imagine that either O or 2 cars
arrive at each spot, i.e. the law of the car arrivals is u = (1 — §)80 + 582, so that
G@t)=(1-— %) + %tz. This is the example considered in [14, Proposition 3.5] and
[1, Proposition 4]. Explicit computations show in this case that

-« 33 46
c (xxc) o Yo = 1o Jal—o an 0(xe) 9
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Note that Fo(x.) does not depend on «, see the remark below. We then see that for
t = t., the Inequality (1) is quadratic in « and is satisfied as soon as o« < o, = 1/14.

Binary( car arrivals. In the case when = (1 — £)80 + 7, so that G(r) =
= %) + %tk with £ > 3, we have

vy (k= DCATKG k= VE=DELT) 1k
(x”)_< 2ak —2)(k — 1) ) ’

V23k — k= Dk+7) —3)

S ki Jh—D*ET)
(k = 2)(k — 1),/ AV EDED

so that the model is critical at

Fo(xe) =

k
_ .
1427522 (34 JE) (k= Dk +4) + kVEFDE = D)

oc(Binaryg ;) =

Poisson. Suppose the law of the car arrivals is Poisson with mean « > 0, so that in
this case G(r) = e*~1. Again, explicit computation show that

and

22 (V2 — 1)e*—2+V2
Y(x)) = ——,  x.=
o 20

Fo(re) = /2(V2 = De! ~1/V2,

so that the model is subcritical for parking as long as o < o, with

o =3 —2V2.
Geometric. Consider here the case when G(¢) = 1/(1 + o — at). Then
1+« (14 a)? 2
Y(x.) = 3a Xe = W and Fo(x.) = ﬁ

so that the model is subcritical for parking as long as o < «, with o, = 1/8.

Remark (Combinatorial counting) The reader may be puzzled by the fact that in the last
four cases the value F(x.) does not depend on the parameter «. This is because in each
case, the dependence on « of the i, -weight of a fully parked tree of size n is of the form
(cq)", for a constant ¢, depending on « that cancels out at criticality. To wit, consider
fully-parked trees associated with 0/k arrivals : in this case, for n a multiple of &, fully
parked trees of size n have weight [, taw) = Mg/ku,g]_l/k)" = (/Lé/kul(cl_l/k))”.
Without (x). When hypothesis (x) is not satisfied we can still apply our method:
If the generating series G has a radius of convergence y. then the value ¢, is then
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replaced by
fo = min {ye, minft > 0: 2(G() —1G'1)* = PGOG 1)}}.

and we need to check that x. defined analogously by (17) is again the radius of
convergence of the series Fy (we did not try to prove such a general statement here).
Then using Proposition 2, the subcriticality of the parking is equivalent to the fact that
noxe(Fo (F))? > 1,the only different point is that we cannot use the equality 2(G (f.) —
7.G'(i.))? = 12G(i.)G" (i.) to further simplify the expression. As an example of such
law, consider the generating function

2 —\7/3
G(t)=1+1+t - ! (u) . 19)

26 13\ 2

The radius of convergence of G is equal to 3 but G'(3) and G”(3) exist. An explicit
computation shows that (x) holds with t. = y. = 7. = 3 for G, and furthermore G
is critical for the parking process. However if one considers G = 0.9 + 0.1G then
7. = 3 and (x) does not hold but still G is subcritical for the parking process.

6 Extensions and comments

In this work, we voluntarily stick to the simplest case of the binary tree with i.i.d.
arrivals without specific conditions to keep the paper accessible to a wide audience.
Let us mention a few perspectives that our approach opens:

6.1 Non-generic and dense case

In this work, we focused on the localization of the threshold and on the computation of
some critical quantities. One could also try to get scaling limits of critical components
and compute several critical or near-critical exponents. As mentioned in the introduc-
tion, we expect that a large family of critical car arrivals (say, with bounded support)
belong to a common universality class where we expect that the cluster size of the root
has a tail that decays as n™>/% as n — oo and where the scaling limits of the critical
components are given by 3/2-stable Growth-Fragmentation trees. But when the car
arrivals have a heavy tail (and when the parameters are fine-tuned so that the law is
critical), we hope to see different universality classes. Actually, as seen in Sect. 4.2, the
singular behavior of Fy near its radius of convergence is linked to the behavior of the
Y (x) near near x., see Fig. 5. For instance, in the example (19) an explicit computation
shows that the singular behavior of Fo(3 — x) — Fo(3) is of the form C x*3 which
indicates a polynomial decay of the critical cluster with exponent n~7/3. This is very
similar to the scenarios that happened in the enumeration of plane fully parked trees in
Chen [6], with the notable difference that in our model the dense case can be critical
for the parking process. See also [7, Theorem 1.2] for the Derrida-Retaux model with
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heavy-tailed distributions where the free-energy has a peculiar behavior. We plan on
studying those different behaviors in forthcoming works.

6.2 General case of d-ary tree and GW trees

Our work may be extended to parking on more general trees such as d-ary trees
and perhaps supercritical Bienaymé—Galton—Watson trees. The crux is of course the
enumeration of fully parked trees. In the case of Bienaymé—Galton—Watson trees with
a geometric offspring distribution, we can use the enumeration of plane fully parked
trees already performed by Chen [6]. In the case of general supercritical Bienaymé-—
Galton—Watson trees, one would probably need the addition of another variable z
counting the number of adjacent vertices of the fully parked tree inside the global tree
(in our case, we had a fixed number n + 1 of vertices adjacent from above to a fully
parked tree of B of size n). We wonder whether the randomness of the underlying tree
may yield to different universality classes compared to the case of d-ary trees and plan
on investigating this in forthcoming works.

6.3 Links with Derrida—Retaux model

As mentioned several times in the paper, the Derrida-Retaux model [7] is closely
related to the parking process on B. We wonder whether a firm connection can be
made between the two models.
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