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An Interpretation of Identification Entropy

Rudolf Ahlswede and Ning Cai, Senior Member, IEEE

Abstract—After Ahlswede introduced identification for source coding he
discovered identification entropy and demonstrated that it plays a role anal-
ogously to classical entropy in Shannon’s noiseless source coding. We give
now even more insight into this functional interpreting its two factors.

Index Terms—Identification entropy, operational justification, source
coding for identification.

I. INTRODUCTION

A. Terminology

Identification in source coding started in [3]. Then identification
entropy was discovered and its operational significance in noiseless
source coding was demonstrated in [4].

Familiarity with that paper is helpful, but not necessary here. As far
as possible we use its notation.

Differences come from the fact that we use now a g-ary coding al-
phabet X = {0,1,...,¢9 — 1}, whereas earlier only the case ¢ = 2
was considered and it was remarked only that all results generalize
to arbitrary ¢. In particular the identification entropy, abbreviated as
ID-entropy, for the source (I4, P, U) has the form

q 2
q_1<1—ZPu>.

u€l

Hl,q(P) =

(1.1)

Shannon (in 1948) has shown that a source (U, P,U) with output U

satisfying Prob(U = «) = P,, can be encoded in a prefix code C =

{cutueld} € {0,1,...,¢ — 1} such that for the ¢-ary entropy
Hy(P)= Y =P.log, P. <Y Pullcull < Hy(P) +1

uelU uelU

where ||c. || is the length of .

We use a prefix code, abbreviated as PC, C for another pur-
pose, namely, noiseless identification, that is, every user who
wants to know whether a v (v € U{) of his interest is the actual
source output or cannot consider the random variable (RV) C' with
C = cu = (Cups-+sCufley))) if U = u and check whether
C = (C1,C4....) coincides with ¢, in the first, second, etc., letter
and stop when the first different letter occurs or when C' = ¢,,. Let
L¢ (P, u) be the expected number of checkings, if code C is used.

Related quantities are

L¢(P) = max Le(P,v) (1.2)
vell
that is, the expected number of checkings for a person in the worst case,
if code C is used

L(P)= mcjnLc(P)., (1.3)
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the expected number of checkings in the worst case for a best code, and
finally, if v’s are chosen by an RV V' independent of U and defined by
Prob(V =v) = Q, forv € ¥V = U4, we consider

Le(P.Q) =) QuLe(P.v)

vEU

(1.4)

the average number of expected checkings, if code C is used, and also

L(PQ) = 111(:111 Le(PQ) (L.5)

the average number of expected checkings for a best code.
A natural special case is the mean number of expected checkings

N
Le(P) = Z %LC(P, w), ifU =[N (1.6)
u=1
which equals L¢ (P, Q) for Q = (%, e %), and
L(P) = min Le(P). (1.7)

Another special case of some “intuitive appeal” is the case ) = P.
Here we write
L(P,P) = mcin Le(P, P). (1.8)

It is known that Huffman codes minimize the expected code length for
PC.

This is not always the case for L(P) and the other quantities in
identification.

In this correspondence an important incentive comes from The-
orem 4 of [1].

For PN = (274, ..., 27N that is with 2-powers as probabilities
L(PY,PY) = H;(P"). Here the assumption means that there is a
complete prefix code (i.e., equality holds in Kraft’s equality).

B. A Terminology Involving Proper Common Prefices

The quantity Le( P, Q) is defined below also for the case of not nec-
essarily independent U and V. It is conveniently described in a termi-
nology involving proper common prefices. For an encoding ¢ : I/ —
X, we define for two words w,w’ € X* ep(w,w') as the number of
proper common prefices including the empty word, which equals the
length of the maximal proper common prefix plus 1.

For example, ¢p(11 000) = 1, ¢p(0110 0100) = 3, and
¢p(1001 1000) = 4 (since the proper common prefices are (), 01, 100).

Now with encoding ¢ for PC C and RVs U and V', ¢p(cr, ¢v ) mea-
sures the time steps it takes to decide whether U/ and V" are equal, that
is, the checking time or waiting time, which we denote by

We(U, V) = ep(eu, cv). (1.9)
Clearly, we can write the expected waiting time as
EWe (U, V) = Ecp(cu, cv). (1.10)

It is readily verified that for independent U, V, that is, Pr(U =
u,V =v) = P,Q,
EWe(U,V) = Le(P,Q) = Ecp(er, ev). (1.11)

We give now another description for EW¢ (U, V). Foraword w € X™*
and a code C define as subset of I/

U(C,w) = {u €U : ¢, has proper prefix w} (1.12)
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and its indicator function 1z/(¢ .. Now

E ep(cy,cv) = Z Pr(U =u,V =v)ep(cu, co)
w,vEU
= Z Pr(U =u,V =v) Z Luce,w) () 1uce,w) (v)
—= w

Z Pr(U e U(C,w),V € U(C,w))

and by (1.11)

EWe(U.V) =Y Pl € U(C,w).V €UC.w)). (1.13)

C. Matrix Notation

Next we look at the double infinite matrix

A = (ep(w,w))wexs wex (1.14)
and its minor A‘") labeled by sequences in X'S".

Henceforth we assume that U and V' are independent and have dis-
tributions I” and (). We can then use (1.11) For a prefix code C P
induces, the distribution Pr and () induces the distribution ()¢, when
foru,v € U

Pe(cu) = P, Qelen) = Q. (1.15)

and

Pe(z) = Qe(x) =0, forz € X"\ C. (1.16)
Viewing both Pe and ()¢ as row vectors, for the corresponding column
vector Qg (1.11) can be written in the form

Le(P,Q) = PeAQ¢. (1.17)
It is clear from (1.10) that a noncomplete prefix code, that is one for
which the Kraft sum is smaller than 1, can be improved for identifica-
tion by shortening a suitable codeword. Hence, an optimal ID source
code is necessarily complete. In such a code

Iiledl);”(u” < -1 (1.19)

and one can replace A by its submatrix A%) for L = [i/| — 1. This
implies

Le(P,Q) = PE AP (QENT, (1.20)
where P((,L) and QEL) are row vectors obtained by deleting the compo-
nents y ¢ X",

Sometimes, the expressions (1.17) or (1.19) are more convenient
for the investigation of L¢ (P, Q). For example, it is easy to see that
A and, therefore, also AT are positive semidefinite. Indeed, let A
(resp., A be a matrix whose rows are labeled by sequences in X"
(resp., A=) and whose columns are labeled by sequences in X*
(resp., XY<F~1 U {empty sequence}) such that its (. y)-entry is

5% (x) 1, ifyisa proper prefix of x
x) =
Y 0, otherwise.
Then
AAT = A and AW AENT = A D (1.21)

and hence A and A" are positive semidefinite. Therefore, by (1.19),
L¢(P, P) is (U)-convex in P.
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Furthermore, for sources (I, P) with |Z{/| = 2 and the block code
C = {0,1}*, the uniform distribution on 2/ achieves min L¢ (P, P).1
Another interesting observation on (1.20) is that as the wth component
of PC(L)AU‘) (resp., Q(CL)AU‘)) is P(U(C,w)) (resp., QU(C,w))),
application of the Cauchy—Schwarz inequality to (1.20) yields

[0 2]
< [RPAS @) {ngm (QED)T} (1.22)
and equality holds iff for all w
PU(C,w)) = QU(C,w)).

We state this in equivalent form as follows.

Lemma 1:

Le(P,Q)? < Le(P,P)Le(Q, Q) (1.23)

and equality holds iff for all w
PU(C.w)) = QU(C. w)),

which implies L¢ (P, Q) = Le(P, P) = Le(Q, Q).

This suggests to introduce

__ Le(PQ)?
He D= L P <!
as a measure of similarity of sources P and () with respect to the
code C.

Intuitively, we feel that for a good code for source P and () as user
distribution P and @) should be very dissimilar, because then the user
waits less time until he knows that the output of U is not what he wants.

This idea will be used later for code construction. Actually, it is
clear even in the general case where U and V' are not necessarily
independent.

To simplify the discussion, we assume here that the alphabet X’ is
binary, i.e., ¢ = 2.

Then the first bit of a codeword partitions the source I/ into two
parts U(i1); i1 = 0,1; where 4 (i1) = {u € U : ¢u1 = i1}. By
(1.13), to minimize E W¢ (U, V') one has to choose a partition such that
Pr(U € U(i1),V € U(i1))’s are small simultaneously for iy = 0, 1.
To construct a good code one can continue this line: partition /(i1 ) to
U(41,i2)’s such that

Pr(U €U(ir, i),V €U(ir,iz) | U €U,V €U(i1))'s

are as small as possible for ¢1,72 = 0, 1, and so on.

When U and V' are independent the requirement for a good code is
that the difference between P({ (i1, ..., ix)) and Q(U(i1,. .., it)) is
large.

We call this the LOCAL UNBALANCE PRINCIPLE in contrast to
the GLOBAL BALANCE PRINCIPLE below.

Another extremal case is that U and V' are equal with probability
one and in this case one may never use the unbalance principle. How-
ever, in this case the identification for the source makes no sense: The
user knows that his output definitely comes! But still we can inves-
tigate the problem by assuming that with high probability U = V.
More specifically, we consider the limit of E We (Us, Vi) for a se-
quence of random variables (Ux, V3 )7=, such that Uy converges to Vj,

LA proof is given in the forthcoming Ph.D. dissertation “L-identification for
sources” written by C. Heup at the Department of Mathematics of the University
of Bielefeld., Bielefeld, Germany.
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in probability. Then it follows from Proposition 1 that E We (Ug, Vi)
converges to the average length of codewords, the classical object in
source coding! In this sense, identification for sources is a generaliza-
tion of source coding (data compression).

One of the discoveries of [4] is that ID-entropy is a lower bound to
L¢(P, P). In Section II we repeat the original proof and we give in
Section III another proof of this fact via two basic tools, Lemmas 3
and 4 for L¢(P™, P™), where P™ is the distribution of a memoryless
source. It provides a clear information-theoretical meaning of the two
factors ~45 and (1 — 7, P2) of ID-entropy. Next we consider in
Section IV sufficient and necessary conditions for a prefix code C to
achieve the ID-entropy lower bound for L¢ (P, P). Quite surprisingly,
it turns out that the ID-entropy bound for ID-time is achieved by a
variable-length code iff the Shannon entropy bound for the average
length of codewords is achieved by the same code (Theorem 2).

Finally, we end the correspondence in Section V with a global bal-
ance principle to find good codes (Theorem 3).

II. AN OPERATIONAL JUSTIFICATION OF ID-ENTROPY AS LOWER
BOUND FOR L¢ (P, P)

Recall from the Introduction that for ¢ = 2

N
H/(P)=2 (1 - ZPj) , for P = (P, ... Py).

u=1

We repeat the first main result for L( P, P) from [4].

Central in our derivation is a proof by induction based on a decom-
position formula for trees.

Starting from the root a binary tree T goes via 0 to the subtree To
and via 1 to the subtree T with sets of leaves {4/, and I/1, respectively.
A code C for ({4, P) can be viewed as a tree T, where {/; corresponds
to the set of codewords C;, Uo Ul = U.

The leaves are labeled so that Uy = {1,2,...,No} and U4 =
{No+1,...,No+ N1}, No + N1 = N. Using probabilities
Qi = Z P, i=0,1
u€U;
we can give the decomposition in the following.
Lemma 2: [4] For a code C for (U, P™)
LC((PU ’P\) (p1ﬁ"-7p/\"))
Py P Py Py 2
—iare, (B2 )(_ )) :
@ ((Qo )\ )@
1

on

(PN0+1 Pryin, >) 0?
Q. 7 b

This readily yields the following result.

Theorem 1: [4] For every source (U, P™)
L(PYy > L(P",PYy > H;(PM).
Proof: We proceed by induction on N. The base case N = 2
can be established as follows. For N = 2 and any C L¢(P?, P?) >
P+ P, =1, but

H/(P*)=2(1-P - (1-P)°)
=2(2P, —2P)=4P(1- P,) < 1.
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For the induction step, for any code C use the decomposition formula
in Lemma 2 and, of course, the desired inequality for Ny and N; as
induction hypothesis

Le((Py,....Px),(Pi,....Py))

P\ . P\
21+2<1— > <Q‘;> >Q5+2<1— > (@) )Qf
u€ly uEUq

> Hi(Q)+ Q2H (P + QiH(PY) = H(PY)

where @ = (Qu.Q1). 1 > Hi(Q). P = (E)ucu,, and the
grouping identity is used for the equality. This holds for every C and
therefore also for mine Le (PY). |

The approach readily extends also to the g-ary case.

III. AN ALTERNATIVE PROOF OF THE ID-ENTROPY LOWER BOUND
FOR Lo (P, P)

First, we establish Lemma 3 below, which holds for the more gen-
eral case E We (U, V). Let ((U™,V"))a; be a discrete memoryless
correlated source with a generic pair of variables (U, V'). Again, U™
serves as (random) source and V" serves as random user. For a given
code C for (U, V') let C" be the code obtained by encoding the compo-
nents of sequence u" € U™ iteratively. That is, for all u" € I/™

'.n’ — o) ~
Cyn = (r,ul, Cugy -

(3.1)

oy Cup )

Lemma 3:

n—1

EWen (U™, V") = EWe(U, V) (1 + Z Pr(U' = V‘)) (3.2)

t=1

and therefore,

lim E Wen (U, V") = I'E”’/C“’"”) (33)

—Pr(U=V)

Proof: Since

Pr(U" = V") = [[ Pr(U = Vi) = Pr" (U = V)
=1

(3.3) follows from (3.2) immediately by the summation formula for
geometric series.
To show (3.2), we define first for all £ > 2 random variables

0,

7= {1,

and for t = 1 we let Z; be a constant for convenience of notation.

Further, we let W be the waiting time for the random user V" in the
tth block.

Conditional on Z; = 1 it is defined like W¢(U, V') in (1.9) and

conditional on Z; = 0 obviously Pr(W; = 0| Z; = 0) = 1, because

the random user has made his decision before the ¢’s step. Moreover,
by the definition of C"

ifUtTt £ vt

3.4
otherwise 34)

E[W.|Z = 1] =E We(U,V) (3.5)

and, consequently,

E[E(W, | Z:)]
(PrUT = VEYEW(U, V). fort=2,3,...,n
B {[EWC(U.,V)., fort =1
(3.6)
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where (3.6) holds in case ¢ = 1, because the random user has to wait
for the first outcome. Therefore it follows that

EWen (U™, V") =EW" =Y EW, =Y E[E(W,|Z)]
t=1 t=1

n—1
=EWe(U,V)+ Y Pr(U VHEW(U,V)

t=1

as we wanted to show.
Next we consider the case where U and V' are independent and iden-
tically distributed with distribution P so that

Pr(U" =u", V" =0") = [[ Pur - Pou- (3.7)
t=1

More specifically, we are looking for a lower bound on L¢ (P™, P™)
for all prefix codes C over I/".

Lemma 4: For all = > 0 there exists an > 0 such that for suffi-
ciently large n and all positive integers

Ly, = [n(H(P)—=)(logq)™"| (3.8)

for all prefix codes C over /™ L
Le(P™,P") > (1—27"") Z q " (3.9)

t=0

Proof: For given £ > 0 we choose 6 > 0 such that fora 7 > 0
and sufficiently large n for familiar sets 72 5 of typical sequences

P (Tgs)>1-2"""
and for all u™ € Tp

P(un) < 2—72(]](}:’)—%)'
Since for a prefix code C

Hu" €U :fleun|l < La}| < ™"

Pr(|levn|l < Ln) = Pr(|leve|| < Ln)
<Pr(V" ¢ TEs) + Pr(V" € T, |levn|l < L)
<27 4 "t |lewn|| < Lo} - 270079
<274 qf,,,Q—n(H(P)—%)'

(3.10)

(3.11)
However, (3.8) implies that

qL,, < 2n(H(P)—5).

This together with (3.11) yields

Pr(|leun|| < L) < 27" 42772 <277 (3.12)

for 6 £ min(Z, ).

Next, for the distribution P and the code C over /" we construct a
related source (5’, 15) and a code C over I/ as follows.

The new set Z{ contains {u" € U™ : ||lcun|| < Lo} and for its
elements P(u™) = P"(u™) and the new ~-coding is &,n = cyn.

Now we define the additional elements in ¢/ with its P and ¢.

We partition {u"™ € U" : ||cun]|| > Ly} into subsets S;(1 < j <
J) according to the L,, th prefix and use letter g; to represent S; and

put the setU= {gj:1<j<J}into so that

U={u" €U :|leun|| < L JUU .
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Then we define P(g;) = Y unes, P(u™) and let &4, be the common

L, th prefix of the ¢,,»’s for the «"’s in S;. That is, we consider all v™

sharing the same L th prefix in ¢,~ as a single element. Obviously
Le(P™, P") > Ly (P, P). (3.13)

Finally, let ﬁn and ﬂ’n be random variables for the new source and new
random user with distribution P and let Z be a random variable such

that
7=
1,

Then

if both || cyn
otherwise.

| and ||cv;, || are larger than L,

Ls(P,P)=EW =E(W|Z) > Pr(Z=0)E(W|Z =0)
> LOPr([level > Ln) - L?(;,;’)
314

= Pr(”(’Un

where W is the random waiting time, P is the common conditional

distribution of U, given U, eu ,and V,, given V, eu ,l.e.,

P(g) = {D(i),

PU)

for g; eu

and C is the restriction of Crold.
Notice that C is a block code of length L,,. In order to bound
L~(P, P) we extend U to a set of cardinality q'™ in the case of

ne(éessity and assign zero probabilities and a codeword of length L,

&

not in C. This little modification obviously does not change the value

of LN(F’. ?) Thus, if we denote the uniform distribution over the
C

1R

extended set ¢/ by P, we have

S
~R

Lo(P,P)> L.(P, D) (3.15)

12

ar
I

1R

N

where C is a bijective block code U— XxEn,
It is clear that U (C, w) # () iff the length of w is smaller than L,, — 1
and

UC,w) =X if |lw||=¢< L, —1.

Then it follows fromL(nl.iJl3) that Ln

L (P7 P) — Z qt[an—t ) q_L"]2 — Zq—t.

t=0 t=0

(3.16)

¢
Finally, we combine (3.12), (3.13), (3.14), (3.15) and (3.16) and
Lemma 4 follows.

An immediate consequence is the followig corollary.

Corollary 1:

lim L(P".P") >y ¢ =1 (3.17)

= -1
n—00 =0 q

Furthermore, for independent and identically distributed random vari-
ables U, V' with distribution PP we have

Pr(U=V)=>_ Pi

uel

and from (3.3) and (3.17) follows the ID-entropy bound.
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Corollary 2: (See [4, Theorem 2])

q 2
- (P, > — — E .
L¢(P,P) > ) <1 Pu>

ueclU

(3.18)

This derivation provides a clear information-theoretical meaning to
the two factors in ID-entropy: q‘%l is a universal lower bound on the
ID-waiting time for a discrete memoryless source with an independent

user having the same distribution P. ﬁ is the cost paid for
u€EU,

2
u

coding the source componentwise and leaving time for the random user
in the following sense.

Let us imagine the following procedure.

At a unit of time, the random source U™ outputs a symbol U; and
the random user V", who wants to know whether U™ = V", checks
whether U, coincides with his own symbol V;. He will end if not. Then
the waiting time for him is ¢ with probability

Pr(U = VIHYPr(Ue # Vo)
=Pr(U=V)"'1-Px(U=V)), forl<n.
Letting » — oc we obtain a geometric distribution.
The expected waiting time is
EW =) (Pr(U=V)"'(1-Pr(U =V))
(=0
=D U+ DPH(U=V) =Y Pr(U =V)"
=0 £=0
= iPr(U =V) = . (3.19)
Pt 1-Pr(U=V)

which equals 1—1—192
tributed random vaﬁalgles.
(Actually (3.2) holds for all stationary sources and we choose a mem-

oryless source for simplicity.) In general. (3.3) has the form

in the case of independent and identically dis-

lim EWen (U™, V™)
n—1
=EWe(U,V)- lim <1 + > Pr(U = Vt)) . (3.20)
e t=1
By monotonicity, the limit at the right-hand side and therefore also at
the left-hand side exists and equals a positive finite or infinite value.
When it is finite, one may replace Pr(U = V)™, Pr(U = V),
and Pr(U = V) in the first lines of (3.19) by Pr(U'™1 = Vi71),
Pr(U: = V; |U™! = V1), and Pr(U' = V'), respectively, and
obtain

n—1
lim <1 + Z Pr(U' = Vt)>
t=1
=N U =V P £ VU =YY
t=0
=EL, (321

the expectation of random leaving time L for a stationary source.
Thus (3.20) is rewritten as

lim E Wen (U™, V") = E We(U, V)EL.

n—00

(3.22)

Now the information-theoretical meaning of (3.22) is quite clear. One
encodes a source (U™, V™)7Z, with alphabet ¢/ component by com-
ponent by a variable length code C. The first term at the right-hand side
of (3.22) is the expected waiting time in a block and the second term is
the expected waiting time for different U; and V;.
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IV. SUFFICIENT AND NECESSARY CONDITIONS FOR A PREFIX CODE C
TO ACHIEVE THE ID-ENTROPY LOWER BOUND OF L¢ (P, P)

Quite surprisingly, the ID-entropy bound to ID-waiting time is
achieved by a variable-length code iff the Shannon entropy bound to
the average lengths of codewords is achieved by the same code.

For the proof, we use a simple consequence of the Cauchy—Schwarz

inequality, which states for two sequences of real numbers
(ar,az,..., ar) and (by,ba, ..., by) that
k 2 k k
<Z a,;b,;) < (Z a,?> <Z b?) 4.1)
=1 i=1 i=1
with equality iff for some constant, say v, a; = v b; for all ¢ or b; =
c a; for all 7.
Choosing b; = 1 for all ¢ one has
k 2 k
<Z (L,‘) <kY af 4.2)
=1 =1

with equality iff a1 = a» = -+ = ag.

Theorem 2: Let C be a prefix code. Then the following statements
are equivalent.

D) Yev Pulleall = H(P).

ii) Forallw € X~ withU(C,w) # 0

PU(C.w)) = ¢ ¥l 4.3)
and for all v, u’ € U such that ||c.|| = ||c./|| and such that ¢,
and ¢, share the same prefix of length ||, || — 1 implies

P, =P,. (4.4)
i)
q 2
Le(P,P) = 1- P, . .
(P, P) q_1< > ) “5)
uel
Proof: 1t is well known that i) is equivalent to
i’y Forallu € U
lleull = —[log g] " log PuorP, = ¢~ Il (4.6)

Notice that for i) the code C is necessarily complete. We shall
show that

i) = ii) = iil) = 1).

Ad i) = ii): For all w with 2(C,w) # 0, the code C., obtained by
deleting the common prefix w from all the codewords ¢.,, u € U(C, w),
is a complete code on U/ (C, w), because C is a complete code. That is,

Z q*[llcul\*l\'»II] -1
u€U(C,w)
and, consequently, by (4.6)

S op= 3 gl

wEU(C W) weU(C,w)

— q*Hw” Z q(HﬂuH*HWH) — q*HWH_
uwEU(C,w)

PUC,w)) =
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Ad ii) = iii): Suppose (4.3) holds for all w and we prove iii) by
induction on £,,,,x(C) = 15162.2( llcall-

In case lmax(C) = 1, both sides of (4.5) are one. Assume iii) holds
for all codes C' with lrnax(C') < L—1 and let fiax(C) = L.Letl: (C)
and U (C) be as in the proof of (1.11) and let C(.,) be the prefix code
for the source with alphabet I{(,) (C) and distribution Py such that
for all w € Uy (C) and X' = {cu : v € U (C)}

Ploy(u) = P Uy (C)) P

Then (4.3) and (4.4) imply that ii) holds for all C(.), « € 141 (C), and
for all 5 € U (C)

Ps = UL ()| ™' P(UL(C)). @.7)

Next, we apply (4.3) to all w with ¢/(C,w) and ||w|| = 1 and obtain

Pr(U ¢ Us(C)) = (¢ — U1 (C)])g ™" 4.8)
which with (4.7) yields for all 3 € U4, (C)
Py=q". 4.9)

Moreover, by the induction hypothesis for all C(O) and P,
a € U1 (C)

q 2
LQ(Q)(P(O(),P(&)) = q—i]_ 1— (_1) (410)

>, B
UEU(4)(C)
as by (4.3)
PULC)=q7" 4.11)

forall e € X* = X\ {cu : u € Ui (C)} (say).
Finally, like in the proof of (1.11), we have

Le(P,P)=1+4 Y P* (U)(0) ey (Pays Poy)

aExXA
=1+ 1-4° P’
Yt ¥
wEX UWEU( ()
N el B I Y
_1 _ u
al¢g=1) ¢ waio)
g —th(C)] 2
=1+ pP?
a(g—1) q—luze;/

q N —2
+ = 1|M1 (C)lq

=1 < Z P2> , thatis (4.5)

wEU
where the second equality holds by (4.10), the third equality holds,
because {141 (C),U(a)(C), o € X'} is a partition of ¢4, and the fourth
equality follows from (4.9) and the definition of X2

Ad iii) = 1i') : Again we proceed by induction on the maximum
length of codewords.

Suppose first that for a code Ciux(C) = 1. Then Le(P,P) = 1
and |I/| < q. Applying (4.2) to the ID-entropy we get

q_l (1—21{‘) < —(1—|z4|*

u€EU

with equality iff P is the uniform distribution. On the other hand, since
] <q, A5 (1= d|7") < “45(1 = 2) = 1, and the equality holds

iff |U/| = ¢. Then (4.5) holds iff P is uniform and /| = ¢, i.e., (4.6).
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Assume now that the implication iii) = i') holds for all codes with
maximum lengths < L — 1 and that C is a prefix code of maximum
length {1,.<(C) = L.

Without loss of generality, we can assume that C is complete, be-
cause otherwise we can add “dummy” symbols with O probability to I/
and assign to them suitable codewords so that the Kraft sum equals 1,
but this does not change equality (4.5).

Having completeness, we can assume that for (ak) < ¢=~! there are
kg symbols u(i,j) (1 <i < k,0<j <q—1)inld with |[c, jl| =
L and such that ¢, (; 05 Cu(i,1)5 - - - » Cu(i,q—1) Share aprefix w; of length

L—1fori=1,2,... k.
Let u(1),...,u(k) be k “new symbols” not in the original ¢/ and
consider
= U {u(i ) 1<i<kO<j<q—1}Ufu(i):1<i<k}
and the probability distribution P’ defined by
[ P, ifu euntd 412
W P » Pyigy, ifu’ = u(i)for somei. “.12)

Next we define a prefix code C’ for the source (I/', P') by using C as

follows:

/ cor, ifud €UNY

Cal = 413

Cu {wi, if u’ = u(i) for some i. *.13)
Thlenforu' euntd',lle,/ll = llewlland [ley, Il = eyl = -+ =
llewmll = L = L.

Therefore, by induction hypothesis

12
1 (1— > p ) (4.14)

w'eu’

Le/(P', P') >

and equality holds iff P, = ¢~ !"*»! foru € 4 N’ and
ZP“(, h=Puy =" fori=1,2,... k.

Furthermore, it follows from (4.2) and the definition of L¢ (P, P) and
Le/(P', P') that

k q—1
Lc(P, P) = Lc/(P”P/) + Z <Z Pu(i,j))

i=1 \j=0

Le(P, P)+ZPu()

q
Zq_1<1 1}%/17’))*213()
_ 4 (1 > P“>+Z<1—>Pu()
¢—1 wednid! 1
2
:qgl{ > PLL—ZW (Zpuo n)
uEUNU'

q 2
> - .
_q_l{l > P (4.15)

u€EU

By (4. 13) the first inequality holds iff P, = ¢ °*l foru € 4 N’
andz 70 Puijy=a ~(=D fori = 1,2,.. ., kit follows from (4.2)
that the last inequality holds and with equality iff

-Pu(i‘(]) = -Pu(ij) == -Pu(i,q71)7 fori = 1,2,.. ,k‘

In order to have

Le(P.P)= 1 - {1— S

ueld
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the two inequalities in (4.15) must be equalities. However, this is equiv-
alent with (4.6), i.e., i').

V. A GLOBAL BALANCE PRINCIPLE TO FIND GOOD CODES

Incase U and V' are independent and identically distributed, there is
no gain in using the local unbalance principle (LUP). But in this case,
Corollary 1 and (4.2) provide a way to find a good code. We first rewrite
Corollary 1 as

EWe(U,V) =) > Pr(U €U(C,w),V €UC,w)).
n wEX™
By the assumptions on U and V' with their distribution P

=22 r

n weAmn

2U(C, w) (5.1)

Notice that in case

Poc® Y PU(C

wEA™
is a constant Y. P*(¢4(C.w)) is minimized by choosing the
P(U(C,w))’s uniformly. This gives us a global balance principle
(GBT) for finding good codes.

We shall see the roles of both, the LUP and the GBP in the proof of
the following coding theorem for discrete memoryless sources (DMSs).

Theorem 3: For a DMS (U™, V™), with generic distribution
Prrv = PQ, i.e., the generic random variables U and V' are indepen-

dentand Py = P, Py =
1, ifP#Q
s L(P". O™ — : 52
s (P, Q") {q%l itP=0qQ. 62

Proof: Trivially, L¢(P, Q) > 1 and by Corollary 2, Tisa

lower bound to 1im L(P", P"). Hence, we only have to construct
codes to achieve asymptotlcally the bounds in (5.2).
Case P # @ : We choose a 6 > 0 so that for sufficiently large n

TEsNTGs=10 (5.3)

and forafd > 0

P(TFs)>1-2"" and Q(T5s5) >1-2"". (54
Partition /™ into two parts Uy and f; such that Uy D 77 and
Uy D T4 5.

To simplify matters, we assume ¢ = 2. This does not loose generality
since enlarging the alphabet cannot make things worse.

Let{; = [log [U;|] and ¢; : U; — 2l forj = 1, 2. Then we define
acode C by cun = (i,9;(u™)) if u™ € U; and show that L¢e(P", Q™)
is arbitrarily close to one if » is sufficiently large. Actually, it immedi-
ately follows from Proposition 1

Le(P,Q") = Z P" (cun)Q™ (cym )ep(cun, Cym)
u u/neun

= Z Z P (cun)Q" (cum )ep(cun, cym)

um €Uy u'™ Uy

+ Z Z P (cun)Q" (cym )ep(cun, cyrm)

um €Uy u'mely

+ Z Z P (cun)Q" (cum)ep(cun, cyrm)

um €Uy u'm €Uy

+ Z E P"(cyn)Q" (cym )ep(cun, cyrm)

umeUy u'neldy

< Lo Z P"(cun) Z Q" (cym)

un €Uy u'm €U,
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+ ) Peun) > Q"(cuy)

u™ €Uy u'nEUy
+ Y Plen) Y QMewn)
u el u/mEUy
+ {4 Z P"(cyn) Z Q" (cym)
un eUy w/meUy
< | YD Plewn) DD QUewn) + DY Pleun)
u™ EUy u/mEU un €Uy
> QM (cwn) | + [mlog U] | > (cun)
w/m EUy um €Uy
X Z Q" (cym) + E P"(cun) E Q" (cym)
u/mEUy um el u/mEUy
<1+ nlogldll | D Q"(curn)+ Y P(cum)
w/mEUy um el

and therefore,

Le(P", Q") <14 [nlog127 "t =1, as n— oo (5.5)

where the second inequality holds because

; = Mlog |Us|] < [log ™[], fori=0,1
and the last inequality follows from (5.4).

Case P = Q:Now welet P = Q.For(0 < oo < H(P) let P, (> o)
be the set of n-types (n-empirical distributions) P on ¢ with |7 2>
2™ Then there is a positive ¢ such that the empirical distribution of
the output U™ (resp., V™) is in PP, (> «) with probability larger than
1 — 2"% Next we choose an integer ¢,, such that for

1 n g .
e Jmin(6.a), 237 < g < 2P, (5.6)
Label sequences in T" for P € Pu(> o) by 0,1,.... |73 "| —1and
let ¥'; be a mapping from U" to X*, where X = J0, 1,...,q -1}

as follows.

If u™ has type P in Pn(> a) and has an index ind(u™) with ¢g-ary
representation (g, Tk—1,..., %2, 21), i.e., ind(u") = Zf:(, ziq Tt
for0 < a; < ¢—1, k = [log|7Z]], then let

Wy (u") = (x1,22,. .., %0, ).

If the type of «™ is not in P, (> «), we arbitrarily choose a sequence
in X as vy (u™).

For any fixed t < £,,, P € P,(> ), and " € X* letU(P,x") be
the set of sequences in 72 such that x' is a prefix of 41 (u™). Then it
is not hard to see that for all =*, /" with t < /,,

(5.7

A (Pt = (P2 < 1.

More specifically, for all ¢ < {,, and 2* € X*

(P, ") = E a;g ' or Z |
j=t+1 j=t+1
if |[72] = 2521 aj¢ " with ar, # 0,0 < a; < ¢ — 1 for
j=1l2...k-1 ~
Letl/{ ( ) Uanp UL, x") (here it does not matter whether PP €

P.(> «) or not).

Thus, we partition /™ into ¢' parts as {{/(x') :
t < ly.

By the the asymptotic equipartition property (AEP), the difference
of the conditional probability of the event that the output of U™ is in

' e X'} for
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U(x") given that the type of U™ is in P, (> «) and ¢~! is not larger
than

min  |Tp|7' < 277"

PEPL(>w)

Recalling that with probability 1 — 27" U™ has type in P, (> «) and
the assumption that V™ has the same distribution as U™, we obtain that

Pr(U™ € U(e")) = Pr(V" € U(a")) = P (U(a"))

and for all ' € A

(1 _ 27716’)((1715 _ ana)
S P”(Z/{(/I'L)) S (1 _ 271&9)((]7! 4 27nuz) 4 27719

which implies that for all 2" € A7

P (U(a") —q <22 <27 (58)
when 3 £ 1 min(6, ).

Recall that ¥, is a function from /™ to X'** and that the definition
of U(x'), U(x*") is actually the inverse image of X'*" under ¥y, i.e.
Uy = o7 (xin).

Let furthermore (*(z'7) 2 [log|t/(+")[log ] and let ¥5 be a
function on 4" such that its restriction on 2/(*") is an injection into
XY ) for all 27 . Then our decoding function is defined as

Cc = (\Ifl,\Ifg). (59)

To estimate L¢(P™, P™), we introduce an auxiliary source with al-
phabet X'*» and probability distribution P* such that for all z‘» ¢
xln

Py = P (U™)).

We divide the waiting time for identification with code C into two parts
according to the two components ¥; and ¥» in (5.9), and we let W,
and W, be the random waiting times of the two parts, respectively.
Now let Z be a binary random variable such that

Z:{m
1,

O (U") £ T, (V")
otherwise.

Then

Le(P", P")=E(W) +W,) =E Wi +E(E(W:
=EW,+Pr(Z=1D)E(W>|Z=1)
SR (U =) P (V) :;N}

.T,[’Vl

X E(W|Z =1)

=EW,+ {Z[P” U >>12} E(W2|Z =1).

zin

Z))

—EW:+

(5.10)

Let C* be the code for the auxiliary source with encoding function
¢* = ¥;. Then we have that

EW, = Le- (P, PY) (5.11)
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and with the notation in Corollary 1 U(C*,2") = U(x") and
PrUC,2Y)) = P*(Ua')) for ' € X' witht < (. For all
x' € X' t < {,, we denote

S(at)y = ¢ =" UY).
Then we have for all # < (o 3 icqe o(zh) =

Sat) < 2728,
Now we apply Corollary 1 to estimate

0 and by (5.8)

Le-(P*, P*)

£n
=3 > [Pruet )P
t=0 Ttexi
ln ARE
=3 3 [Prwey)
=0 ptcxt
£
ID WSV
t=0 ptext
tn
= Z |:qt STt = 2¢7! Z szt + Z s(xh)?
t=0 ztext cteXt
& —t & t 5—4ng - —t qé""'l -1 __uinp
<Y+ 2 <D g 2
=0 1=0 =0 -
1 ang
< q + qf,,+12 4,1,3. (5.12)
g—1 q-1
Moreover, by definition of ¥, and W5
. nlog |U|
E(W,|Z=1)) < | —2—
7] )< [ log ¢ w
and in (5.12) we have shown that
) 2 , .
S <o a2
wln
Consequently
S P UE)E YETL | Z=1)
zln €Xtn
< [qfe,l +q€”274"‘3] leog |M|—‘ . (5.13)
log ¢

Finally, by combining (5.10), (5.11), (5.12), and (5.13) with the choice
of 3 in (5.6) we have that

T Le(P",P") < —L
n—00 q — ]_

the desired inequality.

It is interesting that the limits of the waiting time of ID-codes on the
left-hand side of (5.2) are independent of the generic distributions P
and @ and only depend on whether they are equal.

In the case that they are not equal, it is even independent of the al-
phabet size. In particular, in the case P # (), we have seen in the proof
that the key step is how to distribute the first symbol and the LUP is
applied in the second step. Moreover, for a good code the random user
with exponentially vanishing probability needs to wait for the second
symbol. So the remaining parts of codewords are not so important.
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Similarly, in the case I = (), where we use instead of the LUP the
GBBP, the key parts of codewords is a relatively small prefix (in the proof
it is the ¢, th prefix) and after that the user with exponentially small
probability has to wait. Thus, again the remaining part of codewords is
less important.

APPENDIX |
COMMENTS ON GENERALIZED ENTROPIES

After the discovery of ID-entropies in [4] work of Tsallis [13] and
also [14] was brought to our attention. The equalities (1) and (2) in
[14] are here (A1) and (A2). The letter ¢ used there corresponds to our
letter «v, because for us ¢ gives the alphabet size. The generalization of
Boltzmann’s entropy

H(P) = —k E P.InP,

is

N
1

So(P)y=k——|1- Py Al

(P)=k—7 < ; ) (AD)
for any real o« # 1. Notice that lim1 S«(P) = H(P), which can be
named S; (P).

One readily verifies that for product distributions P X () for inde-
pendent random variables

(or

S5.(P x Q)= 5.(P)+ 5.(Q) -

“Us.(P)s.@. @
Since in all cases So > 0, @ < 1, « = 1, and v > 1, respectively,
correspond to superadditivity, additivity, and subadditivity (also called
for the purposes in statistical physics superextensitivity, extensitivity,
and subextensitivity).
We recall the grouping identity of [4].
For a partition (U4y,U:) of U = {1,2,...

and P = Lu foru € Ui(i = 1.2)

7*/7\’7}-, Qi = ZLLEI,{1 PLH

P
-) (A3)

HI-,q(P) = HI-,q(Q) + ZQ?HIq( Q
where @ = (Q1,Q2). This implies

Hio(PxQ)=H Q)+ Qi H P
J

and since
1_ 2y _a—1 ¢ (,_ 2
(3]t (o)
=%Hu<cz>
or
Ser=1- )
we get

Hl‘q(P X Q)= HI-,q(Q)"’ HI,q(P)
—";—1H1,q(Q>H1,q(P), (A4)

which is (A2) foraw = 2 and k = —L-.

9
q—1
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We have been told by several experts in physics that the operational
significance of the quantities .S, (for a # 1) in statistical physics is
not undisputed.

In contrast, the significance of identification entropy was demon-
strated in [4] (see Section II), which is formally close to, but essen-
tially different from S, for two reasons: always & = 2 and k = qu1
is uniquely determined and depends on the alphabet size ¢!

We also have discussed the coding theoretical meanings of the fac-
tors 47 and (1 — SN P,

More recently, we learned from referees that already in 1967 Havrda
and Charvat [7] introduced the entropies { Hir } of type «

N
HY(P, Py, ..., Py)=(2""" = 1) (Z PY—1) (A5
=1

(P, Ps,...,Py) € P(IN]),N =2,3,...,0° = 0]

liIIllHi%'(P1,Pg,...,P,\'):H/\,'(P],Pz,...,P;\/),

the Boltzmann/Shannon entropy. So, it is reasonable to define

HN(P,Ps,...,Px)=Hy(P, P, ..., Py).

This is a generalization of the BGS-entropy different from the Rényi
entropies of order « # 1 (which according to [2] were introduced by
Schiitzenberger [9]) given by

N

1 Y

uHN(PhPZv---sPN) = mlOgQ E P
i=1

(P, Py,...,Pn) € P([N]),N =2,3,...].
Comparison shows that

1 —_—o o
= log,[(2' ™" = HX(P1, Ps, ..

1—«

aHJV(qu.P??..../_PJV)

., Pn)+1]
and
HY (P, Ps.....Px)

(P, Py,...,Pn) € P([N]),N =2,3,...].
So, while the entropies of order «v and the entropies of type « are
different for v # 1, we see that the bijection

log, [(2' 7% — Dt +1]

t—

—

connects them. Therefore, we may ask what the advantage is in dealing
with entropies of type a. We meanwhile also learned that the book
[1] gives a comprehensive discussion. Also Daréczy’s contribution [6],
where “type a” is named “degree «,” gives an enlightening analysis.

Note that Rényi entropies (« # 1) are additive, but not subadditive
(except for & = 0) and not recursive, and they have not the branching
property nor the sum property, that is, there exists a measurable func-
tion g on (0, 1) such that

N
HY (P, Poy...,Px) =Y g(P).

i=1

Entropies of type «, on the other hand, are not additive but do have
the subadditivity property and the sum property and furthermore are
additive of degree a:

Hiyn(PQu, PiQs, ..., PLQN, P2Q1, P2Qs, ..., P2QnN,

cees Py @1, Py Qo ..., PyQn)
=Hy (P, Ps,...
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+ (21_“ - 1)H$[(P],P2,. -'ﬂP‘W/)Hﬁr(QMQQﬂ' -'>QN)

.,PM) € ’P([Al]). (Qth,...,Qz\r) € ’P([J\’Y]); M =
2,3,...;N =2,3,...].

sfrong additive of degree «:

H:le\'(P1Q117P1Q125 .- -5P1Q1J\77P.)Q21-,P.)Q227

ces PoQany oo PrrQuat, PraQuazy e ooy Pra Q)
M

=Hy(P,Poy...,Pu)+ ZPJQH,L\‘?(thsza e Q)
=1

(P, P,.... Py) € P(IM]), (Qj1,Qjz,-..,Qin) € P(IN]);
i=12,....M;M=23,..;N=23_..]

recursive of degree a:

Hﬁ(Pl,Pz,...,PAN):Hgvfl(Pl—FP_),Pg,...ﬂP]\r)
@ @ Pl Pz
P+ P)"Hy | ———, ———
HB A+ ) 2<P1+P2’P1+P2>

(P, P,...,Pn) € P(IN]),N =3,4,... with P, + P> > 0].

(In consequence, entropies of type « also have the branching
property.)

It is clear now that for binary alphabet the ID-entropy is exactly the
entropy of type a = 2.

However, prior to [13] there are hardly any applications or opera-
tional justifications of the entropy of type .

Moreover, the g-ary case did not exist at all and therefore the name
ID-entropy is well justified.

We feel that it must be said that in many papers (with several coau-
thors) Tsallis at least developed ideas to promote non-standard-equilib-
rium theory in Statistical Physics using generalized entropies S, and
generalized concepts of inner energy.

Our attention has been drawn also to the papers [5], [11], [12] with
possibilities of connections to our work.

Recently, clear-cut progress was made by C. Heup in his forth-
coming thesis with a generalization of ID-entropy motivated by
L-identification.
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Coding for the Feedback Gel’fand-Pinsker Channel and
the Feedforward Wyner-Ziv Source

Neri Merhav, Fellow, IEEE, and Tsachy Weissman, Member, IEEE

Abstract—We consider both channel coding and source coding, with
perfect past feedback/feedforward, in the presence of side information.
It is first observed that feedback does not increase the capacity of the
Gel’fand-Pinsker channel, nor does feedforward improve the achievable
rate-distortion performance in the Wyner-Ziv problem. We then focus
on the Gaussian case showing that, as in the absence of side information,
feedback/feedforward allows to efficiently attain the respective perfor-
mance limits. In particular, we derive schemes via variations on that of
Schalkwijk and Kailath. These variants, which are as simple as their
origin and require no binning, are shown to achieve, respectively, the
capacity of Costa’s channel, and the Wyner-Ziv rate distortion function.
Finally, we consider the finite-alphabet setting and derive schemes for both
the channel and the source coding problems that attain the fundamental
limits, using variations on schemes of Ahlswede and Ooi and Wornell, and
of Martinian and Wornell, respectively.

Index Terms—Dirty paper, feedback, feedforward, Schalkwijk—Kailath
scheme, side information, source—channel duality.

I. INTRODUCTION

That feedback does not increase the capacity of a memoryless
channel, yet can dramatically simplify the schemes for achieving it,
is a well known fact (cf. [6] and the literature survey therein). More
recently, an analogous phenomenon was shown to hold for the dual
problem of lossy source coding with perfect past feedback, also known
as “feedforward,” at the decoder [12], [7], [5], a problem arising in
contexts as diverse as prediction theory, remote sensing, and control.

In this work, we revisit these problems to accommodate the presence
of side information. As is the case for problems without feedback/feed-
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