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Abstract

The main results in this paper are about the full coalescence time C of a system of
coalescing random walks over a finite graph G. Letting m(G) denote the mean meeting
time of two such walkers, we give sufficient conditions under which E[C] =~ 2m(G)
and C/m(G) has approximatelly the same law as in the “mean field” setting of a large
complete graph. One of our theorems is that mean field behavior occurs over all vertex-
transitive graphs whose mixing times are much smaller than m(G); this nearly solves
an open problem of Aldous and Fill and also generalizes results of Cox for discrete tori
in d > 2 dimensions. Other results apply to non-reversible walks and also generalize
previous theorems of Durrett and Cooper et al. Slight extensions of these results apply
to voter model consensus times, which are related to coalescing random walks via
duality.

Our main proof ideas are a strenghtening of the usual approximation of hitting times
by exponential random variables, which give results for non-stationary initial states;
and a new general set of conditions under which we can prove that the hitting time of a
union of sets behaves like a minimum of independent exponentials. In particular, this
will, show that the first meeting time among k random walkers has mean ~ m(G)/ (g)

1 Introduction

Start a continuous-time random walk from each vertex of a finite, connected graph G. The
walkers evolve independently, except that when two walkers meet — ie. lie on the same vertex
at the same time —, they coalesce into one. One may easily show that there will almost surely
be a finite time at which only one walk will remain in this system. The first such time is
called the full coalescence time for G and is denoted by C.

The main goal of this paper is to show that one can estimate the law of C for a large family
of graphs GG, and that this law only depends on G through a single rescaling parameter. More
precisely, we will prove results of the following form: if the mizing time TS, of G (defined

in Section [2]) is “small”, then there exists a parameter m(G) > 0 such that the law C/m(G)
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takes a universal shape. Slight extensions of these results will be used to study the so-called
voter model consensus time on G.

The universal shape of C/m(G) comes from a mean field computation over a large com-
plete graph K,,. In this case the distribution of C can be computed exactly (cf. [4, Chapter

14]):
(TLT —d Z ZZ7

where: i
Zy,73,Z,...are independent and Vi >2,t >0 : P(Z, > t) = (2, (1)

In words, C is a rescaled sum of independent exponential random variables with means 1/ (;),
2< 1< n.

The scaling factor (n — 1)/2 is the expected meeting time of two independent random
walks over K, and we see that

_E[C
—>w Z; and — 2 when n grows.
<n— ) Z n—1)/2

Thus the general problem we address in this paper is:

General problem: Given a graph G, let m(G) denote the expected meeting
time of two independent random walks over GG, both started from stationarity.
Give sufficient conditons on G under which C has mean-field behavior, that is:

Law (C/m(G)) ~ Law (Z Z; ) (2)

1>2

and

E[C] ~

E Zzi] = 2m(Q). (3)

1>2

A version of this problem was posed in Aldous and Fill’s 1994 draft [4, Chapter 14] and
much more recently by Aldous [2]. However, as far as we know there are only two families
of examples the problem has been fully solved. Discrete tori G = (Z/mZ)* with with d > 2
fixed and m > 1 were considered in Cox’s 1989 paper [6]. More recently, Cooper, Frieze
and Radzik [5] proved mean field behavior in large random d-regular graphs (d bounded).
Partial results were also obtained by Durrett [7, [§] for certain models of large networks.

We note that mean-field behaviour is not universal over all large graphs: counterexamples
include one-dimensional tori [6] and large stars []

n this case C is lower bounded by the time the last edge of the star is crossed by some walker, which is
about logn. This is much larger than m(G), which is bounded.



1.1 Main results

Our results in this paper address (2) and (8]) simultaneously by proing approximation bounds
in L; Wasserstein distance, which implies closeness of first moments (cf. Section 2.2)). The
first theorem implies that mean field behaviour occurs whenever G is vertex-transitive and
its mizing time (defined in Section 2] is much smaller than m(G). This generalizes Cox’s
result for discrete tori and nearly solves an Open problem 12 in [4, Chapter 14|, where it
was conjectured that it would suffice for the relazation time to be small relative to m(Q) )

The natural setting for this first theorem is that of walkers evolving according to the
same reversible, transitive Markov chain (the definition of C easily generalizes to this case),
where transitive means that for any two states x and y one can find a permutation of the
state space mapping x to y and leaving the transition rates invariant. (Clearly, random walk
on a vertex-transitive graph is transitive in this sense.)

Notational convention 1 In this paper we will use ‘b = O (a)” in the following sense:
there ezist universal constants C,& > 0 such that |a| < & = |b] < C'al.

Theorem 1.1 (Mean field for transitive, reversible chains) Let Q) be the (generator
of a) transitive, reversible, irreducible Markov chain over a finite state space V , with mizing
time Tﬁix. Define m(Q) to be the expected meeting time of two independent continuous-time
random walks over V that evolve according to Q, both started from the uniform (stationary)
distribution. Denote by C be the full coalescence time , ie. the first time in the coalescing

random walks process defined in termos of (Q at which only one walker remains. Finally, let
{Z;}£5 be in (). Then:

o o (255w (52)) - (i ()] )

_ TQ'

and dy denotes Ly Wasserstein distance. In particular,

E[C] = {2 e ([m@) In (@)] UG)} m(Q).

We also have results on coalescing random walks evolving according to arbitrary gener-
ators (Q on finite state spaces V. Again, we only require that the mixing time Tfflix of Q) be
sufficiently small relative to other parameters of the chain. This is partially motivated by
recent attempts by Durrett [7, [§] to understand coalescing random walks and voter models
over models of large networks, such as CHKWS random graphs and random graphs with

prescribed degrees.

where:

2Mixing and relaxation times have the same order of magnitude over discrete tori. In general, the
relaxation time is at most O (In|V]) times smaller than the mixing time, where |V| is the number of vertices.



Theorem 1.2 (Mean field for general Markov chains) Let Q) denote (the generator of)
a mixing Markov chain over a finite set 'V, with unique stationary distribution w. Denote
by qumax the maximum transition rate from any xr € V and by myax the maximum stationary
probability of an element of V. Let m(Q) denote the expected meeting time of two random
walks evolving according to QQ, both started from 7. Finally, let C denote the full coalescence
time of random walks evolving in 'V according to (). Then:

(i (i) o (52)) o (oo () wm) )

where
a(Q) = (1 + Gmax TEi) Tmax

and dy again denotes L' Wasserstein distance. In particular,

E[C] = {2 +0 ([Q(Q) In (@) In |V|] 1/6> } m(Q).

We note that this theorem does not imply Theorem [Tt for instance, it does not work for
two-dimensional discrete tori. However, it applies for discrete tori in any larger dimension,
to supercritical percolation clusters in such tori, to expanders, and to all other graphs with
T¢. < |V|/In*|[V|Inln|V|, where the ratio of maximal to average degree is bounded. More

generally, we have the following cololary:

Corollary 1.1 Assume G is a connected graph with vertex set V and that ¢ € ([V]7',1) is

such that:
( max,cv degq(z) ) o €| V]
Tmix S 4 .
V|~ ev degg(x) In® |V]Inln | V|

dw (Law (%) ,Law (2 z)) =0 ([e (1 + %)} 1/6) .

We do not prove this corollary explicitly, but note that it follows directly from the well-
known formula for the stationary distribution of random walks on graphs. This corollary
brings us back to the aforementioned results of Durrett in [7, §]. In all of the examples
of networks he considered one has T, _of order polylogarithmic in [V| and the maximum
degree is less than |V|1™" for some 0 < n < 1. Our result proves mean field behavior in
all those cases with error bounds of the form |V|~6t°("). This is a stronger result than
what Durrett obtained since he could only control a bounded number of coalescing random
walkers on a given graph. More subtly, our result uses very little specific information about
the network itself. This is important because recent measurements of real-life social networks
[9] suggest that known models of large networks are very innacurate with respect to most

network characteristics outside of degree distributions and conductance. In fairness, we

Then
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should note that coalescing random walks and voter models over large networks are not
particularly realistic either, but at the very least we know that mean field behavior is not
an artifact of a particular class of models. We also observe that our Theorem also works
for non-reversible chains, eg. random walks on directed graphs.

1.2 Results for the voter model

The voter model is a very well-known process in the Interacting Particle Systems literature
[10]. The configuration space for the voter model is the power set OV of functions n : V.— O,
where V is some non-empty set and O is a non-empty set of possible opinions. The evolution
of the process is determined by numbers ¢(x,y) (z,y € V,z # y) and is informally described
as follows: at rate ¢(x,y), node x copies y’s opinion. That is, there is a transition at rate
q(z,y) from any state n: V — O to the corresponding state <Y, where:

vy oy - ) W), T =y
" (z) = { n(z), zeV\{z}. °

A classical duality result relates this voter model to a system of coalescing random walks
with transition rates ¢(-,--) and corresponding generator ). More precisely, suppose that
V = {z(1),...,2(n)} and that (X;(i))i>01<i<n is a system of coalescing random walks
evolving according to @ with X(i) = x(i) for each 1 < i < n.

Duality: Choose 1y € OV. Then the configuration
o x(i) € Vi no(Xy(i) € O (1<i<n)

has the same distribution as the state 7; of the voter model at time ¢, when the
initial state is n9. In particular, the consensus time for the voter model:

T=inf{t >0 : Yo,w € V, n,(i) = m(5)}
satisfies E [7] < E[C] < +o0.

Now assume that the initial state gy € OV is random and that the random variables
{no(x)}zev are iid and have common law g which is not a point mass. In this case one can
show via duality that the law of the consensus time 7 is that of Cx ., where K is a N-valued
random variable independent of the coalescing random walks, defined by:

K =max{i € N : U; = U}, where Uy,Us,Us ..., are iid draws from pu
and foreach 1 <k <n
Co =min{t >0 : {X:(i) : 1 <i<n}| =k}

Thus the key step in analyzing the voter model via our techniques is to prove approximations
for the distribution of C;. Theorems [L.1] and imply mean-field behavior for C = C;. A
quick inspection of the proofs reveals that the same bounds for Wasserstein distance can be
obtained for C; for any 1 < k < n. It follows that:
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Theorem 1.3 (Proof omitted) Let V,O and p be as above, and consider the voter model
defined by V, O and by the generator Q) corresponding to transition rates q(x,y). Assume
that the sequence {Z;};>2 is defined as in (1), and also that K has the law described above
and is independent from the Z;. Define p(Q) and «(Q) as in Theorems[I1 and[L2. Then
the consensus time T for this voter model satisfies:

0 ((p(@) W(1/p(@))") .
T B if QQ is reversible and transitive;
w (Law (@) L (;12» ] 0((a(@ m(1/a(@) m* v) "),

otherwise.

1.3 Main proof ideas

Our proofs of Theorems [Tl and both start from the formula () for the terms in the
distribution of C over K. Crucially, each term Z; has a specific meaning: Z; is the time it
takes for a system with ¢ particles to evolve to a system with ¢ — 1 particles, rescaled by the
expected meeting time of two walkers. For ¢ = 2, this is just the (rescaled) meeting time
of a pair of particles, which is an exponential random variable with mean 1. For i > 2, we
are looking at the first meeting time amoung (;) pairs of particles. It turns out that these
pairwise meeting times are independent; since the minimum of £ independent exponential
random variables with mean g is an exponential r.v. with mean p/k, we deduce that Z; is
exponential with mean 1/(;)

The bulk of our proof consists of proving something similar for more general chains Q).
Fix some such @), with state space V, and let C; denote the time it takes for a system of
coalescing random walks evolving acording to () to have 7 uncoalesced particles. Clearly,
M = C; — Cy is the meeting time of a pair of particles, which is the hitting time of the
diagonal set:

A={(z,z) : z €V}

by the Markov chain Q® given by a pair of independent realizations of Q. More generally,
MO+ = C; — C;4q is the hitting time of

AD = {(x(1),...,2())) : I <iy <iy <i+1, z(iy) = x(iz) }.

The mean-field picture suggestes that each M1 should be close in distribution to Z;. In-
deed, it is easy to show that M is approximately exponentially distributed if E [M D] >
T%_. This is a general meta-result for small subsets of the state space of a Markov chain;
precise versions (with different quantitative bounds) are proven in [3| [I] when the chain
starts from the stationary distribution. However, we face a few difficulties when trying to

use these off-the-shelf results.

1. For each i, MU+ is the first hitting time of AG*D after time C;,1. The random walkers
are not stationary at this random time, so we need to “do” exponential approximation
from non-stationary starting points.



2. In order to get Wasserstein approximation, we need better control of the tail of M+1);

3. To prove that Z; and MU /m(Q) are close, we must show something like that
E [MWD] ~ E[M]/("]"), ie that M+D behaves like the minimum of (*}') inde-
pendent exponentials.

4. Finally, we should not expect the exponential approximation to hold when ACGFD is
too large. That means that the “big bang” phase (to use Durrett’s phrase) at the
beginning of the process has to be controlled by other means.

It turns out that we can deal with points 1 and 2 via a different kind exponential ap-
proximation result, stated as Theorem [B.I]. This result will give bounds of the following
form:

P, (Hs>1t) = (1+0(1)) exp <_(1 — (f))E [HA]) it T, < E[Ha]. (4)

This holds even for non stationary starting points z if P, (H a < Tﬁix> < 1. This is treated
in Section 3 below. We also take some time in that section to develop a specific notion of “near
exponential random variable”. Although this takes up some space, we believe it provides a
useful framework for tackling other problems. We note that a version of Theorem [3.1] for
stationary initial states result is implicit in [IJ.

We now turn to point 3. The key difficulty in our setting is that, unlike Cox [6] or Cooper
et al. [5], we do not have a good “local” description of the graphs under consideration which
we could use to compute E [M (”1)] directly. We use instead a simple general idea, which we
believe to be new, to address this point. Clearly, M(*1) is a minimum (”1

5 ) hitting times.
Let us consider the general problem of understanding the law of:

Hp = min Hp, where B = U'_ B;,
1<i<t
under the assumption that E[Hp,] = p does not depend on ¢ when the initial distribu-
tion is stationary (this covers the case of MU*V).  Assume also that (@) holds for all
A €{B, By, Bs,...,Bs}. Then the following holds for € in a suitable range:

VAE{B,Bl,BQ,...,Bg} : P(HASEE[HA])%E

Morally speaking, this means that € [H 4] is the e-quantile of H4 for all A as above; this is
implicit in [I] and is made explicit in our own Theorem Bl Now apply this to A = B, with
e replaced by eu/E [Hg|, and obtains:

€l
E [Hp]

~P(Hp <eu)=P (Ule{HBi < eu}).

If we can show that the pairwise correlations between the events { Hp, < eu} are sufficiently
small, then we may obtain:

V4
U (U (M, < ) = 3P (i, < i) = L

1=1




This gives:

1
E|Hg| ~ -
[ B] E?

as if the times Hp,, ..., Hp, were independent exponentials. The reasoning presented here

is made rigorous and quantitative in Theorem below.

Finally, we need to take care of point 4, ie. the “big bang” phase. The case of Theorem [
is covered by a result in [I1]. The setting of Theorem can be dealt with just using our
results on the coalescence times of smaller number of particles, at the cost of a logarithmic
factor. Incidentally, the differences in th bounds of the two theorems come from the fact
that in the reversible/transitive we have a better control of correlations of pairwise meeting
times, as well as a better bound for the expected length of the “big bang phase”.

1.4 Outline

The remainder of the paper is organized as follows. Section 2l contains several preliminaries.
Section [3] contains a general discussion of random variables with nearly exponential distri-
bution and our general approximation results for hitting times. In Section 4 we apply these
results to the first meeting time among k particles, after proving some technical estimates.
Section [3] contains the formal definition of the coalescing random walks process and proves
mean field behavior for a moderate initial number of walkers. Finally, Section [6] contains the
proofs of Theorems [T and [.2l Related results and open problems are discussed in the final
sections.

2 Preliminaries

2.1 Basic notation

We write N for non-negative integers and [k| = {1,2,...,k} for any k& € N\{0}.

We will often speak of universal constants C' > 0. These are numbers that do not depend
on any of the parameters or mathematical objects under consideration in a given problem.
We will also use the notation “a = O (b)” in the universal sense prescribed in Notational
convention [Il In this way we can write down expressions such as:

e’ =1+b+0 (b°) and ln< ):b+0(b2) =0 (b).

1—-b

Given a finite set S, we let M;(S) denote the set of all probability measures over S.
Given p,q € M;(S5), their total variation disance is defined as follows.

drv(p.a) = 5 3 I9(s) — als)] = supp(A) — g(4),
z€S c

where p(A) = > c4p(a). For S not finite, M;(S) will denote the set of all probability
measures over the “natural” o-field over S. For instance, for S = R we consider the Borel



o-field, and for S = D([0, +00), V) (see Section 2.3.1] for a definition) we use the o-field
generated by projections.

If X is a random variable taking values over S, we let Law (X) € M;(S) denote the
distribution (or law) of X. Here we again assume that there is a “natural” o-field to work
with.

2.2 Wasserstein distance

The L, Wasserstein distance (or simply Wasserstein distance) is a metric over probability
measures over R with finite first moments, given by:

dw()\l,)\g) = / ‘)\1(5(3, +OO] — >\2(LU, +OO]| dx ()\1,)\2 S Ml(R>)

A classical duality result gives:

dy (M1, Ao) :sup{ /R Fla) M\ (dz) — /R fl@)ho(dz) : f R R 1-Lipschitz.}

Notational convention 2 Whenever we compute Wasserstein distances, we will assume
that the distributions involved have first moments. This can be checked in each particular
case.

Remark 1 If 7, Z5 are random variables, we sometimes write
dw (21, Zs) instead of dw (Law (Z7) , Law (Z3)).

Note that:
R

Also notice that:
|E[Z1] — E[Zs] | < dw(Z1, Z3).

This is an equality if Z1 > 0 a.s. and Zy = C' Zy for some constant C' > 0:
VC € R, dw(Z,,CZy) = [C = 1|E[Z4], (5)
since |f(C Zy) — f(Z1)| < |C — 1| Zy for every 1-Lipschitz function f:R — R.

We note here three useful lemmas on Wasserstein distance. These are probably standard,
but we could not find references for them, so we provide proofs for the latter two lemmas in
Section [Al of the Appendix. The first lemma is immediate.

Lemma 2.1 (Sum lemma for Wasserstein distance; proof omitted) For any two ran-
dom variables X,Y with finite first moments and defined on the same probability space:

dw (X, X +Y) <E[Y]].



For the next lemma, recall that, given two R-valued random variables X, Y, we say that
X is stochastically dominated by Y, and write X <; YV, if P(X >¢) < P(Y > t) for all
teR.

Lemma 2.2 (Sandwich lemma for Wasserstein distance) Let Z,Z_, 7. W be R-valued
random variables and assume Z_ <4 Z <4 Z,. Then:

dw (Z,W) < dw(Z_, W) + du (Zy, W).

Lemma 2.3 (Conditional Lemma for Wasserstein distance) Let Wy, Wy, Zy, Zy be
real-valued random variables with finite first moments. Assume that Z1 and Zo independent
and that Wy is G-measurable for some sub-o-field G. Then:

dw(LaW (Wl + Wg) ,LaW (Zl + ZQ))
< dw(Law (W;) ,Law (Z1)) + E [dw (Law (W5 | G) , Law (Z))]

Remark 2 Here we are implicitly assuming that Law (Wy | G) is given by some regular
conditional probability distribution

2.3 Continuous-time Markov chains
2.3.1 State space and trajectories

Let V be some non-empty finite set, called the state space. We write D = ([0, +00), V) for
the set of all paths:
w:t>0—w eV

for which there exist 0 =tg <ty <ty <---<t, <... with ¢, /" +00 and w constant over
each interval [t,,,t,+1) (n € N). Such paths will sometimes be called cadlag.

For each t > 0, we let X; : D — V be the projection map sending w to w;. We also define
X = (Xi)i>0 as the identity map over . Whenever we speak about probability measures
and events over I, we will implicitly use the o-field o(D) generated by the maps X, t > 0.
We define an associated filtration as follows:

Fi=o{X;:0<s<t} (t>0).
We also define the time-shift operators:

Or:w)eD—w(-+T)eD (T >0).

2.3.2 Markov chains and their generators

Let g(z,y) be non-negative real numbers for each pair (z,y) € V? with x # y. Define a
linear operator ) : RY — RV, which maps f € RY to Qf € RV satisfying:

@N@) =Y ale,y)(f(z) = fy) (z € V).

yeV\{z}
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It is a well-known result that there exists a unique family of probability measures {P, },cv
with the properties listed below:

1. forallz € V, P, (Xo =z) = 1;
2. for all distinct z,y € V, lime o w =q(x,y);

3. Markov property: for any x € V and T" > 0, the conditional law of X o O given
Fr under measure P, is given by Px,.

The family {P,}.cv satisfying these properties is the Markov chain with generator (). We
will often abuse notation and omit any distinction between a Markov chain and its generator
in its notation.

For A € M;(V), P, denotes the mixture:

Py=> Mz)P,.
zeV

This corresponds to starting the process from a random state distributed according to A.
Forz € Vor A € Mi(E) and Y : D — S a random variable, we let Law, (Y) or Law, (V)
denote the law (or distribution) of Y under P, or P,.

2.3.3 Stationary measures and mixing

Any Markov chain @) as above has at least one stationary measure m € M;(V); this is a
measure such that for any 7" > 0,

Law, (X 0 ©7) = Law, (X).

We will be only interested in mizing Markov chains, which are those ) with a unique
stationary measure that satisfy the following condition:

Yo € (0,1), 37T =T (o) >0,V € V,VS C V : |P, (X € 5) — 7(5)| < o

mix

The value T

mix

(«) is called the a-mixing time of (). By the Markov property, we also have:

Ya € (0,1),¥t > T (a),Vzr € V,VSCV : [P, (X; € S) —n(S)| < o

T =T (1/2e) is also called the mixing time of Q. We note that for all e € (0,1/2):
Tgix(E) < C 11’1(1/6) Tglix

where C' > ( is universal.
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2.3.4 Product chains

Letting () be as above, we may consider the joint trajectory of k independent realizations of

Q:
X = (X,(1),..., Xu(k)) (t>0)

where each (X¢(7))¢>0 has law Py(;). It turns out that this corresponds to a Markov chain
Q™ on V¥ with transition probabilities:

) (20 8y — { q(z(i),y(i)), if x(i) # y(i) AVF € [K\{i}, =(j) = y(j);

0, otherwise.

The following well-known results on Q*) will often be useful:

Fact 1 Assume Q is mizing and has (unique) stationary distribution «. Then QW) is also
mizing, and the product measure T®* is its (unique) stationary distribution. Moreover, the
miazing times of QW) satisfy:

Va € (0,1/2), T% (a) < T, (a/k) < C In(k/a) TS,

mix mix
with C > 0 universal.

Remark 3 In what follows we will always denote elements of V¥ (resp. My (V¥) by symbols
like z®) y®) . (resp. AR p®) ) We will then denote the distribution of Q%) started
from %) or X&) by P_oy or Pyw . This is a slight abouse of our convention for the Q chain,
but the initial state/distribution will always make it clear that we are referring to the product
chain.

3 Nearly-exponential random variables and hitting times
of Markov chains

3.1 Basic definitions

We first recall a standard definition: the exponential distribution with mean m > 0, denoted
by Exp(m), is the unique probabilty dstribution p € M;(R) such that, if Z is a random
variable with law p,

P(Z>t)=e ™ A1 (t>0).

We write Z =4 Exp(m) when Z is a random variable with Law (Z) = Exp(m).

Similarly, given m > 0 as above and parameters o > 0, € (0, 1), we say that a measure
1 € Mi(R) has distribution Exp(m, a, 8) if it is the law of a random variable Z with Z > 0
almost surely and for all t > 0:

(L-a)se ™75 <P(Z>t) < (1+a)e T
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We will write u = Exp(m, «, ) or 7 =4 Exp(m, a, ) as a shorthand for this. Notice that
Exp(m, «, 5) does not denote a single distribution, but rather a family of distributions that
obey the above property, but we will mostly neglect this minor issue.

Random variables with law Exp(m, a, ) will naturally appear in our study of hitting times
of Markov chains. We compile here some simple results about them. The first proposition
is trivial and we omit its proof.

Proposition 3.1 (Proof omitted) If u € M;(R) satisfies p = Exp(m,«, 5) and m' >
0,7 € (0,1) are such that 5+ v+ By < 1,

(I=y)m' <m < (147)m,

then
p=Exp(m, o, 4+~ + B7)

We now show that random variables Exp(m, «, §) are close to the corresponding expo-
nentials.

Lemma 3.1 (Wasserstein distance error for Exp(m,a, 3)) We have the following in-
equality for all o, B > 0:

dw (Exp(m), Exp(m, «, B)) < 2(a + ) m.

That is, sz =4 Exp(m, a, ), the Wasserstein distance between Law (2) and Exp(m) is at
most 2am + 25 m.

Proof: Assume Z =, Exp(m, a, 8) and Z =, Exp(m) are given. By convexity:

dw (7, 7) = /O+OO P (2 > t) e dt

< / max |(1+ fa)+e_<1+§6>m — e m|dt
0

66{_17"’_1}

g/ (1 + a)e” T om _e—&|dt+/ (1—a)pe Tom — e m|dt
0 0

= (I)+ (II). (6)

For the first term in the RHS, we note that
V>0, (1+a)e Tom —e™m >0,

hence: -
(I):/ {(1+a)e_m—e_%}dt:[a—l—ﬂﬂLaﬁ]m-
0
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Similarly, for term (17) we have:

VE>0, (1—a)ye Tom —e m <0

hence: -
(11) :/ (7% — (1—a)se ™57} dt < [a+ 8 — af)m.
0
Hence: B
dw(Z,Z) < (I)+ (1) = 2(a+ B) m.
O

3.2 Hitting times are nearly exponential

In this section we consider a mixing continuous-time Markov chain {P,},cv taking values
over a finite state space V, with unique stationary distribution 7. Given a nonempty A C 'V
with 7m(A) > 0, we define the hitting time of A to be:

Ha(w)=inf{t >0 : w(t) € A} (w € D(]0, +00), V).

The condition 7(A) > 0 ensures that E, [Ha] < 400 for all z € V.
Our first result in this section presents sufficient conditions on A and p € M;(V) that
ensure that H, is approximately exponentially distributed.

Theorem 3.1 There exists a universal constant Cy > 0 such that the following holds. In
the above Markov chain setting, assume that 0 < e < § < 1/5 are such that:

P, (Ha < Thix(d€)) < de.

Let t.(A) be the e-quantile of Law, (Hga), ie. the unique number t.(A) € [0,+00) with
P, (Ha <t(A)) = € (this is well-defined since P, (Hs <t) is a continuous and strictly
increasing function of t in our setting). Given A\ € My(V), write:

™ = IP))\ (HA < Tmix(5€)> .

Then: 4
Law)y (Ha) = Exp (tE(E ),O (€) +2ry, O (5)) :
Moreover,
EEW [HA]
Al ) <
T <ow
and:

Lawy (Ha) =4 Exp (E; [Ha], O (€) + 27,0 (9)) .

14



We emphasize that results similar to this are not new in the literature [1l, 3], but the
lower-tail part of our result does not seem to be explicitly anywhere. The proof is strongly
related to that in [I], but we wish to stress the relationship between the quantile ¢.(A) and
the exponential approximation, which we will need below.

The second result considers what happens when we have an union of events

A=A UAyU---UA,.

As described in the introduction, we give a sufficient condition under which the hitting time
H 4 behaves like a minimum of independent exponentials.

Theorem 3.2 Assume that the set A considered above can be written as:

l
A=J4A
=1

where the sets Ay, ..., Ay are non-empty and
m = E; [HAl] =E- [HA2] =---=E; [HAz] :
Assume 0 < § < 1/5, 0 < e </l are such that for all 1 <i < {:
o
Vi € [0], Py (Ha, < Tonix(6€/2)) < 35'

Then for all A € M, (V),
m
LmuUﬁ):Em(z3%A+OM@AD®+ED
where
T\ = IP))\ (HA S Tmix(5€)> )
and:
> Pr(Ha <em, Hy <em).

1<i<j<e

Remark 4 If the H,, are in fact independent, then & = O (ef).

1
$= 7

The remainder of the section is devoted to the proof of these two results.

3.3 Hitting time of a single set: proofs

We first present the proof of Theorem [B.1lmodulo two important Lemmas, and subsequently
prove those Lemmas.
Proof: [of Theorem B.1]

Let A € M;(V) be arbitrary. Throughout the proof we will assume implicitly that
0 + 7\ + € is smaller than some sufficiently small absolute constant; the remaining case is
easy to handle by increasing the value of Cj if necessary.

We begin with an upper bound for Py (H4 > t) in terms of ¢.(A).

15



Lemma 3.2 (Proven in Section B.3.1]) Under the assumptions of Theorem[31],

_e(+0@)t

Vi>0,Pyx(Ha>t) < (1+0(e))e =™

In particular, this implies:

V€ My(V), B, [Ha) = /+OO P, (Hy>t) dt < (1+0()) tf(EA). (7)

It turns out that the upper bound in the above Lemma can be nearly reversed if we start
from some distribution that is “far” from A.

Lemma 3.3 (Proven in Section B.3.2]) With the assumptions of Theorem [31, if 2¢ +
ry <1 / 2:

_e(1+0@))t

vVt >0, PA(HAZt)Z(l—O(E)—TA)_i_e te(A)

Notice that the combination of these two lemmas already implies the first statement in the
proof, as it shows that:

Vi >0, Py (Ha > 1) € [(1— O (€) = 2ry) e @00, (140 (6)) e 05060

To see this, notice that the upper bound is always valid by Lemma For the lower bound,
we use Lemma [B.3]if 2¢ + ), < 1/2, and note that the lower bound is 0 if 2¢ + 7, > 1/2 and
the constant in the O (€) term is at least 4.

We now prove the assertion about expectations in the Theorem. We use Lemma [3.1] and
deduce:

Ex [Ha] — € Mt (A)| < dw(Law, (Ha),Exp(e 1t (A))) < O (0 +75) € "t (A)
and the assertion follows from dividing by ¢ '¢.(A) and
Tr = ]P)ﬂ (HA S Tmix(ée)) S 56

by assumption. The final assertion in the Theorem then follows from Proposition 3.1l O

3.3.1 Proof of Lemma
Proof: Set T' = Tpix(d€). We note for later reference that T < t.(A), since

P, (Hs<T)<ode<e=P,(Hs <t(A)).
Our main goal will be to show the following inequality:

Goal :Vk e N, Py (Ha > (k+ 1)t(A)) < (1 — e+ 20€) Py (Ha > kt.(A)). (8)

16



Once established, this goal will imply:
Vk €N, Py (Hy > kt(A)) < (1 — e+ 26¢)*

and )

V>0, Py (Hy>t) < e €(1+0(9)) Lt ] — (140 (e) 6_7(1+0(f5§)t6(14)7

which is the desired result. To achieve the goal, we fix some k € N and use T' < ¢.(A) to
bound:

P, (HA > (]f + 1)t€(A)) < Py (HA > ktE(A), Hyo @kte(A)—i-T > te(A) - T) (9)
(Markov prop.) = E, []I{HA>kt5(A)} Py ayir (Ha > t(A) — T)] ~

Since T' = Thix(de), the conditional law of Xjy (a)+r given Fig (a) is de-close to m. Since
{HA > k‘tE(A)} € fkté(A) that:

Ex H{HA>kts(A)} IP)thE(A)+T (HA > tE(A) - T)]

< E. [H{HA>kte(A)} (Pﬂ (HA > tE(A) — T) + 56)}
=P, (HA > k’tE(A)) (]P)7r (HA > te(A) — T) + 56)

Now:

Pr(Ha>t(A)—T) <P, (Ha>t(A)+Pr(Hy € (t.(A) =T, t.(A)])
P, (HA > te(A)) + P, (HA o @te(A)—T < T)
<e+P,(Hs <T) (using 7 stationary + defn. of t.(A))

< €+ de (by the assumption on P, (Hs < T))

<
<

and plugging this into the previous equation gives:
Py(Ha> (k+1)t(A) < (1—€(1=29))Py(Ha >kt (A)),

as desired. O

3.3.2 Proof of Lemma [3.3]

Proof: The general scheme of the proof is similar to that of Lemma 3.2 but we will need to
be a bit more careful in our estimates. In particular, we will need that (1 + 50)e < 1/2 and
2e + 1y < 1/2.
Define T' = T (0€) as in the proof of Lemma in Section B.3.1l Again observe that
T < t(A). Define:
F(k) = Py (Ha > K(A) (k€ N).

Clearly, f(0) =1 and:
f(l) Z]P))\(HAO@T ZtE(A))—P)\(HA ST) Z 1—6—56—7’)\ 21—26—7”)\ (10)
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since T' = T (d€) and by the properties of mixing times:

Py (Hyo0Op >t (A)) > P, (Ha > t(A)) — de.
We now claim that:
Claim 3.1 For all k € N\{0},

f(k+1)
f(k)

Notice that the Claim and (I0) imply:

> (1 — € — 5de).

Vt >0, Py (Ha > t) > f([t/t(A)])
>(1—2e—1m\)(1—€— 556)(%&)1_1
—(1=0(e) = 1) (1 —€—556)7™ > (1—0 () — ry) e 1HOaTry

which is precisely the bound we wish to prove. We spend the rest of this proof proving the
Claim.
Fix some k£ > 1 and notice that:

f(k+1) =Py (Ha > kte(A), Hy0 Oy ay > T, Ha 0 Oy (aysr > te(A) = T)
> P (Ha > kte(A), Ha 0 O (aysr > t(A) = T)
- P, (HA > ktE(A), Hjo @kts(A) < T) . (11)

We bound the two terms in the RHS of (1) separately. The first term is lower bounded by:

Py (Ha = kt(4), HaoOpiayir = 1e(4) = B Tz, 40P, yr (Ha = L(A)]

we used the Markov property for the second inequality. Since T = Tyc(€d), the law of
Xt (a)+7 conditioned Fiy, 4y is within distance de from 7. Since {Ha > kt(A)} € Fii (a),
we deduce:

Py (Ha > kt.(A), Ha o O ayrr > te(A) = T)
> B Lkt 4y} (Pr (Ha > t(A)) — d¢)] = (e — be) f(k). (12)

We now upper bound the second term in (II]). Notice that (again because of the Markov
property):

Pr (Ha > kt(A), HaoOpa) <T) <Pr(Ha > (k—1)te(A), Ha o Oy ay < T)
= Er [H{HAzw—l)te(A)}PXWA) (Ha < T)} :

18



Recalling that t.(A) > T' = Ty (d€), we see that the law of Xp, (a) given Fp_1)s(a) is de-far
from w. Moreover, we have assumed that P, (H4 <T) < de. We deduce:

P, (HA > /{Jte(A), Hyo @kte(A) < T) <E, [H{HAZ(k—l)te(A)}(Pw (HA < T) + (56)]
< 2de f(k—1).
Combining (I2) and (III), we obtain:
Vk € N\{0,1} f(k+1) > f(k)(1 — e — de) — f(k — 1)(2d¢).

One can argue inductively that f(k)/f(k — 1) > 1/2 for all £ > 1. Indeed, this holds for
k > 2 by the Claim applied to &k — 1. For k = 1 we may use (I0) and the assumption on
2¢ + r) to deduce the same result. Applying this to the previous inequality we obtain

VE € N\{0} f(k+1) > f(k)(1 — e — 5d¢),

which finishes the proof of the Claim and of the Lemma. 0O

3.4 Hitting times of a union of sets: proofs

We present the proof of Theorem below.
Proof: [of Theorem [B.2] There are three main steps in the proof, here outlined in a slightly
oversimplified way.

1. We show that Theorem [B.1]is applicable to the hitting times of Ay,..., Ay,. In partic-
ular, this shows that P, (H4, < em) ~ €.
2. We show that ,
P, (Ha<em)= Z P, (Ha, < em) =~ L,
i=1

so that t,(A) =~ em.

3. Finally, we apply Theorem B.1lto H 4 and deduce that this random variable is approx-
imately exponential with mean:

Er[Hal = ty(A)/el = m/L.

The actual proof is only slightly more complicated than this outline. We begin with a
claim corresponding to step 1 above.

Claim 3.2 Foralll <i </,

& =P, (Ha, <em)=(1+0(9))e.
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Proof: [of the Claim] Consider some € € [€/2,2¢]. Notice that Tpx(0€’) < Thix(d€/2) and
therefore:

)
By (Hy, < Tuin(0€)) < 5 < 6¢.

This shows that Theorem [B.1lis applicable with A; replacing A and ¢ replacing e. We deduce
in particular that:

E,EW [HAZ]

v (A

IA

€ < 2

)

—1‘§0(5+a)20(5).

NN

In particular, there exists a universal constant ¢ > 0 such that if ¢ < (1 — ¢d)e, then
te(A;) < €l [Ha,], whereas if € > (14 cd)e, ta(A;) > €Er [Ha,]. In other words,

(1—cd)e <P, (Ha, <eE.[Ha]) < (14 cde.

O

We now come to the second part of the proof.

Claim 3.3 Let £ be as in the statement of Theorem[3 3. Then:
P,(Hya<em)=(1+0(5+E))le
In particular, there exists a number n = (14 O (0 + §))le with em = t,(A).

Proof: To see this, we note that:

{Ha<em} = | J{Ha <em}.

i=1

The union bound gives:

P, (Hs <em) < (Ha, <em) < (1+0(6)) le.

||MN

A lower bound can be obtained via the Bonferroni inequality:

~

P, (Hqs <em) > Z (Ha, <em) — Z PW(HAigem,HAjgem)

i—1 1<i<j<e

=(14+0(6+¢)) e

using the definition of £&. O
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We now need to show that the assumptions of Theorem [B.1] are apphcable to H4, with the
value of 77 in Claim B3 replacing e. Indeed, we note that > /2 and T<, (6n) < T, (J¢/2)
(here we are assuming that £ + 0 is small enough). Therefore,

¢
Pr(Ha < Tui(0n)) <Y Pr(Ha, < Tuix(0€/2)) < £oe/2 < bn.
=1

We deduce from Theorem B.1] that for any A € M;(V),

Lawy (Ha) = Exp(t,(A)/n,0 (n) +rx, 0 (6 +£)).
To finish the proof, we note that n = O (fe),

ty(A)/n=em/(1+0(+&)le=(14+0(0+¢))

m
14
and apply Proposition 3.1l O

4 Meeting times of multiple random walks

We now put our two exponential approximation results to use, showing that the meeting
times we are interested in are well-approximated by exponential random variables. Much
of the work needed for this is contained in technical estimates whose proofs can be safely
skipped in a first reading.

4.1 Basic definitions

For the remainder of this section, V is a finite set and () is the generator of a mixing Markov
chain over V with mixing times T, (-) and stationary measure 7. For each k € N\{0,1}
we will also consider the Markov chains Q) over V¥ that correspond to k independent
realizations of () from prescribed initial states, as defined in Section 2.3.4. We will also
follow the notation from that section.

For k = 2, we define the first meeting time:

M=inf{t >0 : X;(1) = Xy(2)} (13)
and the parameters:
m(Q) = Eﬂ‘g’z [M] ) (14)
TQ
Q) = (15)

We also define an extra prameter err(()) which will appear as an error term in our
Lemmas. Ths parameter err(Q)) is defined as

err(Q) = co /p(Q)In(1/p(Q)) if Q is reversible and transitive. (16)
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For other @), we define it as:

1
err =c 14+ mangix Tmax 1 . 17
(@) = e1 4| (1 + G TS, < T Wmax) (17)

The numbers ¢g, ¢; > 0 are universal constants that we do not specify explicitly. We choose
them so as to satisfy Propositions [Z.1], 1.4 and below.
We now take k > 2 and consider the process Q) with trajectories

(X7 = (Xi(1), Xo(2), ..., Xi(K)))izo

corresponding to k independent realizations of @ (cf. Section 2:334]). This has stationary
distribution 7®F,
We write M®) for the first meeting time among these random walks:

M® =inf{t>0:31<i<j<k X,(i)=X,(j)}. (18)
One may note that
M(k) = min Mi,j
{i.aye('3)
where for 1 <i < j <k:

is distributed as M for a realization of Q® starting from (X (i), Xo(j)).

4.2 Technical estimates for reversible and transitive chains

In this subsection we collect the estimates that we will use in the case of chains that are
reversible and transitive.

Proposition 4.1 Assume Q is reversible and transitive and define err(Q) accordingly. If
err(Q)) < 1/4, then:

Proz (M < TS, (er(Q)?) < err(Q)*,

Remark 5 The proof is entirely general, but we will only use this estimate in the transi-
tive /reversible case.

Proof: We will prove a result in contrapositive form: if 0 < § < 1/4 is such that:

Prex (M < TE,(8)) > 6.

then 8 > c2p(Q)In(1/p(Q)) for some universal ¢y > 0.
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Notice that for any 2 € V2,

P (M > Tgix(ﬁ/4) + Tﬁm(ﬁ)) < P (M © O B4 = Tr?lix(ﬁ)>

mix

< Pres (M > Tfﬁix(ﬁ)) + 5/2

< (1-5/2),
where the last inequality follows from the fact that Tgix(ﬁ /4) is an upper bound for the

(/2-mixing time of Q® (cf. Remark ??). A standard argument using the Markov property
implies that for any k € N,

Poor (M > k(T2 (8/4) + T2.(8))) < (1= B/2),

so that: ) )
Tos T=. 4
m(Q) = E,e: [M] < C mix(B) +5 mix (8/4)
Since Tgix(a) < Cln(l/a) Tfflix, we deduce that:
s
cm(1/5) p(Q),

which implies the desired result. O

We now prove an estimate on correlations.

Proposition 4.2 Assume @ is transitive. Then for all t,s > 0 and {i,j},{¢,r} C 'V with
{i,g} #{r.{},

IP)W@k (MLJ S t, Mgﬂn S S) S 2]P)7r®2 (M S S) ]P)W®2 (M S t).

Proof: If {i,j} N{¢,r} = 0, the events {M;; < t} and {M,, < t} are independent. Since
the laws of both M; ; and M, under 7®* are equal to the law of M under 7®2, we obtain:

P ok (Mm' <, ME,T < 8) <P, g2 (M < S) P o2 (M < t)

in this case. Assume now {7, 5} N {¢,r} has one element. Without loss of generality we may
assume k =3, {i,7} = {1,2} and {¢,r} = {1,3}. We have:

Pres (Mo <t, Myg < 5) <IPres (M1,2 <t,Mi300y,, < S)
+ ]P)ﬂ®3 (M173 S S, MLQ o (9]\/[1’3 S t) . (20)

Consider the first term in the RHS. By the Markov property:

Pres (Ml,g <t,Mi300y,, < S) =Pre2 (M <t) Py (M <)
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where A is the law of Xy, (1), Xa ,(3) conditionally on M;, < ¢. Since (X;(3)), is
stationary and independent from this event, A®? = X\ ® 7 for some A € M;(V) which is the
law of Xy, ,(1) under Pre2. The transitivity of ¢ (which implies that 7 is uniform) implies
that A = 7 and therefore:

Pros (Mo <t,My300y,, <) =Prea (M <t) Proz (M < s).

The same bound can be shown for the other term in the RHS of (20)), and this implies the
Proposition. O

4.3 Technical estimates for the general case

We will need the following general result:
Proposition 4.3 For any A € My1(V) and T' > 0
P)\@T( (M S T) S (1 + 2T qmax) Tmax -

Proof: Let (X;); be a single realization of (). One may imagine that the trajectory of (X;):>o
is sampled as follows. First, let P be a Poisson process with intensity ¢un., independent from
the initial state Xy. At each time t € P, one updates the value of X; as follows: if X, =z
for s immediately before ¢, one sets:

X; = y with probability a(z.y) (y € V\{z})

max

and X; = x with the remaining probability. This implies that, at the points of the Poisson
process, X; is updated as in the discrete-time Markov chain with matrix P = (I + Q/qmax),
and it is easy to see that 7 is stationary for this chain.

Now let X;(1), X¢(2) be independent trajectories of @), with X;(1) started from A and
X:(2) started from the stationary distribution w. We will imagine that each X,(i) has its
own Poisson process P(i) and was generated in the way described above. It then follows
that:

Prgr (M < T [P(1),P(2)) < Prgr (Xo(1) = Xo(2))
+ > Pror (X¢(1) = X4(2) | P(1),P(2))

te(P(1)UP(2))N(0,T]

since the processes can only change values at the times of the two Poisson processes. At
time 0 we have:

Paor (Xo(1) = X0(2)) = > AM@)m(x) < > AM@) Tmax < s

zeV z€V
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For t € P(1) UP(2), the law of X;(1), X;(2) equals:
(AP") & (r P*)

where k; = |P(i) N (0,¢]] (i = 1,2). Crucially, 7 is stationary for P, hence m P** = 7 and we
obtain:
Paar (Xi(1) = Xi(2) | P(1),P(2)) = Y (A P")(@)7(7) < Tonax

eV
as for t = 0. We deduce:

Prer (M < T [ P(1),P(2)) < (1+|(P(1) UP(2)) N (0, T]|) Tinas-
The Proposition follows from taking expectations on both sides and noticing that:
E[[(P(1)UP(2)) N (0,T][] = 2T gmax-

O

We now prove an estimate corresponding to Proposition 1] in this general setting.

Proposition 4.4 Assume err(Q) is as defined in ({17). Then:

P, o2 (M < Tfflix(err(Q)Q)) <err(Q)>

Proof: The previous proposition implies:

Proz (M < TS (er(Q)?)) < (1+ 2T, (err(Q)) ) Tina
< C(14+2T% Gmax) Tmax In(1/err(Q)).

This is < err(Q)? by definition of this quantity, if we choose ¢; in (I7) to be large enough.
O

We now prove an estimate on correlations that is similar to Proposition 4.2] but with an
extra term.

Proposition 4.5 For any mizing Markov chain Q, if one defines err(Q) as in (17), we have
the following inequality for k > 3 and all distinct pairs {i,j},{¢,r} € (U;]):

Prex (M;; <t, My, < s) < 2Prs2 (M < t)Pree (M <s) + O (err(Q)?).
Proof: The case {i,j} N {¢,r} = 0 follows as in the proof of Proposition L2 In case

{i,7} N {¢,r} has one element, we may again assume that ¢ = £ = 1, j = 2 and r = 3.
Equation (20) still applies, so we proceed to bound:

Pros (Mo <t,My300y,, <s),
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which is upper bounded by:
Pros (Mo <t,Myz00y,, <s)
< ]P)7r®3 <M1,2 < t, M1,3 o @M1,2 < TQ (U))

4 Pres (ML2 <t,M300,, 10 o< s) — () + (1) (21)
for some 1 € (0,1/4) to be chosen later.
Term (/) is equal to:

mix

P,es (M < 1) Py (M < T9 (n))

where A®) is the law of (X, ,(2), X, ,(3)) conditionally on {M;, < t}. As in the previous
proof, (X;(3)); is stationary and independent from the conditioning, hence A?) = A ® 7 for
some A € M;(V). We use Proposition to deduce:

(I) < Pros (Myy < t) O ((1 + T (1) Ganax) Wmax)
The analysis of term (1) is simpler: we have
(1) =Pres (M2 < t)Py,gn (M < s)
for some A\, € M;(V) which is the law of X conditionally on {M; < t}. The
time shift by T (n) implies that A, is 7-close to stationary, hence:
(IT) < Pres (Myo <t)(n+ Prez (M < s)).
We deduce from (21]) that:

My 2 +T2, (n)

mix

]P)W®3 (MLQ < t,MLg o @MI,Z < S) < (I) + ([I)

< Pret (M < t) P2 (M < S)
P (M <1) O (n (14T () oae) 7rmax> . (22)

mix

Recall T%

(n) < CT9. In(1/n) for some universal C' > 0. If
Mo = (1 + Gmax Trcr?lix) Tmax S 1/2
we may take 1 = 7 to obtain:

Pros (Mo <t,Myz00y,, <s)
<P e (M < t) P2 (M < S)

1
+Pron (M <) O (14 T, Gmax) Tmax 10 . (23
®2 ( ) (( q ) <(1 n Tﬁix Qmax) Wmax)) ( )

The case of g > 1/2 is covered “automatically” by the big-oh notation.
An analogous bound can be obtained with the roles of (¢,2) and (s, 3) reversed. Plugging
these into (20)) gives the desired bound. O
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4.4 Exponential approximation for a pair of particles

We now come back to the setting of Section 4.1l and show M is approximatelly exponentially
distributed.

Lemma 4.1 Define err(Q) as in (18) (if Q is reversible and transitive) or as in (I7) (if
not) and assume that err(Q) < 1/10. Then YA® € M;(V®):

Lawje (M) = Exp(m(Q), O (err(Q)) + 2Py (M < TS, (rr(Q)?)) , O (err(Q)).
Proof: This is a direct application of Theorem [3.1] to the hitting time of the diagonal set
A={(r,x) : 7€V} CV?

by the chain with generator Q® defined in Section B and with € = err(Q), § = 2err(Q). All
we need to show is that: .
P, oo (M < T2 (56)) < eb

mix

where T, (-) denotes the mixing times of Q). This inequality follows from

mix

T (2err(Q)?) < T (err(Q)?) (Fact )

mix mix

and
Pro2 (M < Tﬁix(err(Q)2)> <err(Q)?* < Je,

which follows from Proposition 1] in the reversible/transitive case and Proposition [£4] in
the general case. O

4.5 Exponential approximation for many random walkers

We now consider the more complex problem of bounding the meeting times among k£ > 2
particles. We take the notation in Section 1] for granted.

Lemma 4.2 Let { = (’;) > 0 and assume that the quantity err(Q) defined in (14) (if Q

is reversible and transitive) or as in (17) (if not) satisfies £ < 1/100. Then for all \*) €
M, (VH),

Law ) (M(k)) = Exp (@, O (K*err(Q)) + 2rym), O (l{:Qerr(Q)))

where (k) = ]P))\(k) (M(k) S TQ (err(Q)2)> and

mix

& = k2 err(Q).
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Proof: M®) is the hitting time of a union of ¢ sets.
AP = U Agijy where Ay y = {o®) € VP 1 2B (5) = 20 (4)}.
{igre(3)
We will apply Theorem applied to the product chain Q) to show that this hitting time

is approximatelly exponential. We set § = 2kerr(Q), € = err(Q)) and verify the conditions of
the Theorem:

e 0 <d<1/5, 0<e<1/5l: These conditions follow from err(Q) < 1/10¢.

o P ek (M” < ngi) (56/2)) < d¢/3. To prove this we simply observe that:

T (6¢/2) < T (err(Q)?) (Fact M and defn. of €, 8)

and that: S 5
< Q 2 < 2 _ _E _6
Bros (M < T9,(err(Q)) <em(Q)? = 32 < 3

by Proposition 1] (in the reversible/transitive case) or by Proposition [£4] (in general).
o E n [HA{M}} = m(Q) is the same for all {i,j} € ([g}): this is obvious.

The Lemma will then follow once we show that the ¢ quantity in Theorem satisfies:

1
§=7 D Prar (Mg Sem(@) Miy < em(Q) = O ().
{ig)Aery in ()

To start, we go back to Claim in the proof of Theorem and observe that, whenever
the assumptions of that Theorem hold,

Pﬂ.®k (M{m} < em(Q)) =0 (6) (24)

Now note that Proposition [4.2] (in the reversible/transitive case) and Proposition .5l (in the
general case) imply that each term in the sum defining ¢ is O (err(Q)?). We deduce:

O (%) (;

§o < 7e ) <O (le) =0 (K err(Q)) .

5 Coalescing random walks: basics

In this section we formally define the coalesing random walks process. We then show that, if
the initial number of particles is not large, mean field behaviour follows from the exponential
approximation of meeting times.
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5.1 Definitions

Fix a Markov chain @) on a finite state space V. Given a number k € [|[V|]\{1} and an
initial state (¥} € V¥, consider a realization of Q(k)

(X®)n0 = (X3(1), ..., Xi(k))es0.

We build the coalescing random walks process from X*) by defining the trajectories of the
k walkers one by one. We first set:

X:(1) = Xy(1), t > 0.

Given j € [k]\{1}, assume that X (i) has bee defined for all 1 <7 < j and t > 0. We let T}
be the first time ¢t > 0 at which X,(j) = X({;) for some 1 < [; <4, and then set:

~N [\ — Xt(])a t< irjv
i) = { Xi(ly), t =T

Intuitively, this says that as soon as j encounters a walker with lower index, it starts moving
along with it. The process:

(k) _ .

(Xt izo = (Xe(4))e=0
is what we call the coalescing random walks process based on @, with initial state 2(®.
Remark 6 For any j > 3, there might be more than one index i < j such that X, (i) =
Xr,(j). However, it is easy to see that all such i will have the same trajectory after time

T}, because they must have met by that time. This implies that there is no ambiguity in the
definition of X(j) for any j.

We also define: B
Ci=inf{t >0 : {X:(4) : j€[k]} <i}

and C = C;. The fact that we are working in continous time implies:

Proposition 5.1 (Proof omitted) Assume that the initial state x*) = (x(1), 2(2),..., 2(k))
is such that x(i) # x(j) for all1 < i < j <k. Then C, =0 < C1 < G < --- < (g
almost surely.

It is sometimes useful to view the coalescing random walks process as a process with
killings. Define a random 2*-valued process (A;)i>o as follows.

o 1 € A, for all t;

e proceeding recursively, for each j € [k]\{1}, we have j € A; if and only if 7; < ¢, where
7; is the first time ¢t at which X;(i) = X,(j) for some i < j with i € A,.
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Intuitively, A; is the set of all walkers that are “alive” at time ¢ > 0, and a walker dies
at the first time it meets an alive walker with smaller index. One may check that coalescing
random walks is equivalent to the killed process in the following sense.

Proposition 5.2 (Proof omitted) We have 7; =T} for all j € [E]\{1}. Moreover, for all
t > 0 we have:

{X:(5) : 7€ Ay = {Xu(j) + j € [K]}.
Finally, for alli € [k — 1]
Ci=inf{t >0 : |4 <i}.

Recall that M, ; is the meeting time between walkers ¢ and j (cf. (I9)). We have the
following simple proposition.

Proposition 5.3 (Proof omitted) Assume that the initial state
29 = (2(1), 2(2), . .., 3(k))
is such that x(i) = x(j) for all1 <i < j <k. Then for each 1 <p <k —1,

Cp — Cp+1 = min Mz,] (0] @C

.o p+1°
{7‘7.]}CACP+1

Moreover, each time C, equals M, ; for some {i,j} € (U;]).

5.2 Mean-field behavior for moderately large k

We now prove a mean-field-like result for an initial number of particles k£ that is not too
large, assuming that meeting times of up to k walkers sasitfy our exponential appoximation

property

Lemma 5.1 There exists a universal constant C' > 0 such that the following holds. Assume
that Q, err(Q) and k satisfy the assumptions of Lemma [[.3. Let ) € V*. Then for all
p €[k —1]

C, F ) _ O (Kerr(Q)) +125(z™)
dy <Lawx<k> (m) , Law ( > z)) = :

i=p+1 p

where
n(x®) =Pa (MP® < Thilerr(Q)?))
+ Pk (El{z',j}, {t,r} € <[§]), {60} #{i, 5} but M;;00y,, < Tmix(err(Q)2))
and the Z; are the random variables described in ().
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Proof: Write 2®) = (2(1),...,z(k)). We will prove the similar bound:

1 <i<j<ka(i) #2(j) =

W S aw : ' _ O (kK?err(Q)) + 4n(x™)
v (La o () <Z Z)) - (25)

i=p+1 p

To see how this implies the general result, consider some z(*) such that some of its coordinates
are equal, so that in particular n(x*)) > 1. One still has the trivial bound:

dyy <Lawx(k) (%) ,Law (;l z)) < E,w {%} +E i z,-] .

i=p+1
The second term in the RHS is < 2/p. For the first term, let y¥) = (y(1),...,y(j)) € VI
have distinct coordinates with:

Then clearly:

If p > 5 the RHS is 0. If not, it can be upper bounded using the Lemma:

E,0 [@} <E Zk: Zi| +dw (La"vy”) (%) e (; Z))

i=p+1
< 2+ 4n(yY)) + O (kK?err(Q))
— p .

Since n(z®) > 1 > n(y¥))/2 in this case, we obtain

C, b | 120(z®) + O (K2err(Q))
dw (Lawx(k) <m) , Law ( Z Z,)) < .

i=p+1

for such ) with repetitions, which gives the Lemma in general.

We prove (25]) by reverse induction on p. The case p = k — 1 is trivial: Ci_; is simply
M® and n(z™*) is an upper bound for rs (s SO we may apply Lemma 4.2 to deduce the
desired bound. :

For the inductive step, consider pg < k — 1 and assume the result is true for all py <
p <k —1. We will use the easily proven fact that C, 4; is a stopping time for the process
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(Xt(k))tzo process. Consider the corresponding o-field Fc, ,,. We will apply Lemma[2.3 with:

k
Zo= ) 7,

1=po+2
Z2 = Zpo-i-la
Cpot1
Wl — Po+ :
m(Q)
W C C min{ivj}CAcp+1 szj © @CP+1
2 = “po T “po+l — )
m(Q)
G = Fep

(We used Proposition 5.3 to obtain the second expression for W, above.) Applying the
Lemma in conjunction with the induction hypothesis gives:

Cpo | o O(KPerr(Q)) + dn(=™)
dW (Lawx(k) <m(Q)) s Z Z,) S

i=po+1 po+1
min{i,j}CAc Mi,j e} @c +1
—+ Ex(k) dW (Lan(k) ( Pr(:L(lQ) p200] fcp0+1 7Zp0+1 . (26)
Note that Ac, ., is Fc, ,-measurable. Therefore the strong Markov property for Q" im-

plies:

ming jicac, ., Mij©0Oc,,p
Law ) m(Q)

]:Cpo+1>
mingjpcac, , Mi;
= LaWX(k) .
Cpo+1 m(Q)

Now define Y+ as the vectors whose coordinates are the py + 1 distinct points Xcyyia(0)
with i € A, 41 (the order of the coordinates does not matter). Clearly,

ming jycac .. Mij N (po+1)
L rots = Lawy(o+1) | —=— | . 27
anS;@( m(Q) ) wone () o

By assumption, this last law satisfies:

(po+1)
Lawy (v+1) (%) = Exp (ﬁ, O (K*err(Q)) + 275 0y O (K err(Q))) ,
2

and Lemma [B.1] gives:

N (Po+1) O (Kerr(Q)) + 475,
dy | Lawy (pg+1 Z < y(rotl)
v ( v ( m(Q) ) p0+1) N po(po +1)
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Using the definition of TS, i1y WE obtain from (26]) the following inequality:

rr + dp(z®
dw (w( ) 3 z> Ker(@) + 4o

1=po+1

O (K%err(Q)) + 4E, ) |:]P)Y(po+1) (M(pOH) < Tgix(e"(Q)z))b
po(po + 1)

To finish, we need to show that the expected value in the RHS is < n(z®). For this we
recall (27) note that

+ (28)

Py o1 (M(p°+1 < Tﬁlx(err(Q)2)>

=P X ( min  M;;00c,,, < Tﬁix(err(Qf))

Cpg+1 \ {67}CAc, 1y
(use Prop. B3 + strong Markov) = P, (Cpo — Cpor1 < T (err(Q)?) | ]:cpoﬂ> .
Averaging gives:
B, |Pyor (M < TS (em(Q)) | = Pows (Coo = Gt < T2 (er(@)?))
and Proposition (5.3 implies:
Poos (oo = Copr < TS (@) <Py | U {Miy 0O, < T(em(Q)?))

{i.g}y#{er}
SInce the RHS is < n(x™®)), we are done. O

6 Proofs of the main theorems

6.1 The full coalescence time in the transitive case

In this section we prove Theorem [Tl
Proof: [of Theorem [[I] Recall that C = C1 by definition. Lemma [A.2] gives the following
bound for any k < \/1/4err(Q) A [V| and z*) € V*

dw <Lawx(k) ( ) Z Z; ) <129(z®)+0 (Kerr(Q)) .
Notice that:

dy <éz§z) <E [’Z z]

>k+1
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hence:
1
dw (Lawx(@ ( ) Z Z; ) =127(z™) + 0 (l{:Qerr(Q) + E) :
Convexity of dy, implies:

Proposition 6.1 Under the assumptions of Theorem [L1, if err(Q) < 1/4, the following
holds for k < \/1/4err(Q) A | V| and ) € M, (V*):

i (1w (557) 322
<12 / n(z®) d\® (z®) + O <k2err(Q) + %) . (29)

Notice that our control of C; gets worse as k increases, and we cannot use the above bound
to approximate the law of C; started with one particle at each vertex of V. What we use
instead is a truncation argument combined with the Sandwich Lemma for dy, (Lemma 2.2]
above). For this we need to find two random variables

C_=aC 2 Co

such that both C_/m(Q) and C, /m(Q) are close to > ;"% Z;. More specifically, we will show
that:

o (e 27)

Before we continue, let us show how this last bound implies our result. Lemma [2.2] then
gives:

0 (k err(Q) + Kerr(Q) + 1 + (@) 1n<1/p<@>>). (30)

( = Z Z, ) (k2 err(Q) + k*err(Q)? + k—il + p(Q) ln(l/p(Q))) .

1>2

Since p(Q) In(1/p(Q)) = O (err(Q)), we may choose k = (err(Q))~'/3 (which works for err(Q)
sufficiently small) to obtain:

and this is precisely the bound we seek because err(Q) = O <\/ p(Q) In(1/p( ))) We now
construct C_, C, and prove that they have the requlred properties.
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Construction of C_: pick z(1),...,z(k) € V from distribution 7, independently and
with replacement. Let C_ denote the full coalescence time for k£ walkers started from these
positions. This might be degenerate: there might be more than one walker starting from
some element of V, but this only means those particles will coalesce instantly.

Clearly, C_ <; Cy. Moreover,

o (5 e (5)

Therefore by Proposition [G.1]

dyy <Law (%) 22) = dy (Lavvw@k (%) 22)
= 0 </ n(z®) dr® (™) + E? err(Q) + %) .

Notice that the integral in the RHS is at most:

Y Pra (Mi,j < Tgix(e”(Q)z))
{igre(y)
+ 3 P, o (Mm- 0Oy, < Tﬁix(err(Q)2)> = 0 (Klerr(Q)?). (31)
(gt erye(§): iat#{ery
as can be deduced from the proofs of Propositions 4.2l and [£.1l We conclude that:

dyw <Law (%) ,Law (Z z)) =0 <k4err(Q)2 + k2err(Q) + %H) : (32)

1>2

Construction of C,: we will use the following simple stochastic domination result,
which we describe in the language of the process with killings. Let 7 < ¢ be stopping times
for the X®) process. If all killings are supressed between time 7 and o, the resulting full
coalescence time C, stochastically dominates C;. We will use this result, whose proof we
omit, with the following choice of 7 and o:

7=C,and 0 = Cp +T% (err(Q)?).

Lemma [2.1] implies:
( . G o@g> Elo] E[C] T%, (err(Q)?)
dw ; < = .
m(@)" m(Q) m(@) m(Q) m(Q)
Since () is transitive, m(Q), can be bounded from below in terms of the maximal hitting

time in @ [4, Chapter 14]. Theorem 1.2 in [11] implies:

E[C] <
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for some universal C' > 0. Recalling the definition of p(Q) in (IH), we obtain:

i) =01 +19)

Moreover, we alse have

T2, (err(Q)?) = O (In(1/err(Q) T2, ) = O (T2, n(1/p(Q)))

hence:
C. CoO,\ (1 :
(5 280 ) — 0 (@) 1/01Q))).
This shows:
TN | Cio8,
dw <m,gzz) =0 <E +0(Q) hl(l/P(Q))) + dw < m(Q) >;Zi> -

Now consider the time C; o ©,. Since all killings were supressed between times 7 = C; and
oc=C,+TY (err(Q)?), there are k alive particles at time o_. Letting A*) denote their law,

we have: " C oo c
1995\ 1
o (S ) = (i)

and Proposition implies:

Co®, ¢ ) 1
dy (W, ; Zi) =0 (/ n(z®) d\® (™) + Kerr(Q) + k——i-l)

Now observe that "

T, (err(Q)?) < T%.. (kerr(Q)?) (cf. Fact ),
hence the law of the k particles at time Cj + T, (err(Q)?) is kerr(Q)2-close to stationary,
irrespective of their states at time Cj,. We deduce that A*) is kerr(Q)?-close to stationary,
and deduce:

k

The integral in the RHS was estimated in (31I), and we deduce:

K
dw (ﬂ, Zz:; ZZ-) =0 <k2 err(Q) + k*err(Q)* + %)

m(Q)

and we deduce:

duy <c+, > zi> ~0 (k err(Q) + Ker(Q)? + 1 + (@) 1n<1/p<@>>) .

|
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6.2 The general setting

Proof: The proof is essentially the same as in the reversible/transitive case, with the defini-
tion of err(Q) given in ([I7). The only point at which we need a different strategy is that, in
the analysis of C,, we need to bound E [C] by different means.

We use the following simple strategy: C; > tif and only if there exist distinct y(1),...,y(k) €
V such that there is no coalescence among the walkers started from these vertices. The
probability of this “no coalescence event” for a given choice of y(i)’s is P,x) (M (k) > t) for
y*) = (y(1),...,y(k)). Therefore,

P(Ce>t)< | > Py (MP>t)] AL

y(F) evk
By Lemma [4.2] each term in the RHS satisfies:

(5)

P, (M®) > ) < Ce trotm@ym@
for some universal C' > 0. SInce there are < |V|* terms in the sum, we have:

¢ (k
P(C>t) < (C\V|k6_%> AL

Integrating the RHS gives:

E[Cd _  In|V|
m@Q) =k

for a potentially different, but still universal C'. One may check that this new bound changes

[30) into:

C:t 2 4 2 hl V
dw (W;Z> =0 (k err(Q) + k'err(Q)? + ﬁ) : (33)

We deduce as in the previous proof that:

i ( % , ;z) -0 (1& err(Q) + k'err(Q)* + 1;'—:?) -

We choose k = O ((In|V|/err(Q))"/?) to finish the proof, at least if this is smaller than

1/54/err(Q). But the bound in the Theorem is trivial if that is not the case, so we are done.
]
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Final remarks

Recall that the original Open Problem 12 in [4, Chapter 14] was to prove an analogue
of Theorem [T with the relaxation time replacing T, . Is this true? In fact, we do
not even know of an explicit vertex-transitive graph with relaxation time much smaller
than the mixing times.

Cooper et al. [5] consider many other processes besides coalescing random walks. It is
not hard to modify our analysis to study those processes over more general graphs, at
least when the initial number of random walks is not too large (this restriction is also
present in [5]).

Our Theorems [3.1land [3.2] can be used to study other problems related to hitting times.
We are in the process of writing a preprint where we prove that the fluctuations of
cover times over certain vertex-transitive graphs follow the Gumbel law. This is another
instance of “mean-field behavior”, as the Gumbel law is the limiting distribution over
large complete graphs as well.

Proofs of techncal results on L; Wasserstein distance

Proof of Sandwich Lemma (Lemma [2.2])

Notice that for all ¢t € R,

P(Z_>1)<P(Z>t)<P(Z, >t).

By convexity, this implies:

P(Z21) —PW=t)[<[P(Z-2t)=P(W=1)|+[P(Z, 21) -P(W =1)].

Integrate both sides to obtain the result.

A.2 Proof of Conditional Lemma (Lemma [2.3))

First notice that the sigma field o (W) generated by W) is contained in G. This implies that
for all t € R:

E[P(W,2t]G) =P(Ze2t) || =E[E[P(W,>1]|G) —P (2, 2 1)] [ o(W1)]

>E[PWy=t|o(Wh)) —P(Z = 1)]].

Integrating both sides in ¢t and applying Fubini-Tonelli gives:

E [dy (Law (Wa | G) , Law (Z2))] > E [dy (Law (Ws | o(W1)), Law (Z2))]
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Therefore it suffices to prove the Theorem in the case G = o(W7). For simplicity, we
will assume that (27, Zo, Wi, Ws) are all defined in the same probability space, with (27, Z,)
independent from (W3, Ws). Let f: R — R be 1-Lipschitz. We have:

E[f(Wl +W2) ‘ W1 = wl] = /f(w1 +w2)IP’(W2 € dw2 ‘ W1 = wl) .

By the duality version of dy,, we have:

/f(w1 + 'UJQ)]P)(WQ - dwg | Wl = ’LUl)
< /f(w1 + ZQ) P (Zg c dZQ) + dw(LaW (W2 | W, = wl) ,Law (Zg))

Integrating over W7 = w; and using the fact that Z5 is independent from W;, we obtain:
E[f(Wy +Wo)] <E[f(W1 + Z2)] + dw (Law (W | W), Law (Z5)).
But we also have:
E[fWi+ 22) | Zo = 2] = E[f(W1 + 22)] SE[f(Z1 + 22)] + dw (W1, Z1),
and the independence of 7, Z5 implies:
E[f(Wi + Zo)] < E[f(Z1 + %)) + dw(Wh, Zy).
We conclude:
E[f(W, +Wy)| <E[f(Z1 4+ Z3)] + dw (W1, Z1) + dw (Law (Wy | W1), Law (Z3)).

Since f is an arbitrary 1-Lipschitz function, we are done.
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