ONE, TWO AND THREE TIMES logn/n FOR PATHS IN A
COMPLETE GRAPH WITH RANDOM WEIGHTS

SVANTE JANSON

ABSTRACT. Consider the minimal weights of paths between two points in
a complete graph K, with random weights on the edges, the weights being
e.g. uniformly distributed. It is shown that, asymptotically, this is logn/n
for two given points, that the maximum if one point is fixed and the other
varies is 2log n/n, and that the maximum over all pairs of points is 3log n/n.

Some further related results are given too, including results on asymp-
totic distributions and moments, and on the number of edges in the minimal
weight paths.

1. INTRODUCTION

Let a random weight T;; be assigned to every edge 75 of the complete graph
K,. (Thus T;; = T;;. We do not define T;; for i = j.) We assume that the
(;) weights T35, 1 <4 < j < m, are independent and identically distributed;
moreover we assume that they are non-negative and that their distribution
function P(7;; < t) =t + o(t) as t \, 0; the main examples being the uniform
U(0,1) and the exponential Exp(1) distributions.

Let, for two vertices 7 and j, Xj; be the minimal total weight of a path
between ¢ and 7. Our main theorem is a set of three different asymptotic

results for X;;. (log denotes the natural logarithm.)

Theorem 1. Under the assumptions above, as n — 00:
(i) For any fized i and j,
X,
(ii) For any fized i,
max;<p X;j p

— 2.
logn/n

(iii)
maXij<n Xij p o
logn/n
Hence, with high probability, X;; is about log n/n for any fixed (or random)
pair of vertices, but there are pairs of vertices for which it is larger; up to
2logn/n if i is fixed and up to 3logn/n globally.
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Similarly, defining ¥; = max;<, X;;, we see from (ii) and (iii) that Y; typ-
ically is about 2logn/n, but that it is larger for a few vertices with max; Y;
being about 3logn/n. A companion result shows that, in contrast, Y; is not

significantly smaller than 2logn/n for any vertex i.

Theorem 2. Asn — oo,

min;<, maxX;<, X;; p

— 2.

logn/n

In other words, interpreting the weights as distances, most pairs of vertices
are at a distance of about logn/n, the radius of the graph is about 2logn/n
and the diameter is about 3logn/n.

Remark 1. Theorem 1(i),(ii) may alternatively be stated in terms of first-
passage percolation on the complete graph (the time to reach a given vertex
is about logn/n and the time to reach all is 2logn/n).

For completeness and comparison, we also state the corresponding simple
(and well-known) results for the minimal distance from a vertex. In this case
there is less concentration and we obtain convergence (in distribution) to a
non-degenerate random variable instead of to a constant.

Theorem 3. Let Z; = min;y; X;; = min;z; T;;. Asn — oo:
(i) For any fized 1,

nZ; % Exp(1).

: : d
n*min Z; = n” min T;; — Exp(2).
i<n ij<n "

maxign Zz
logn/n
U

The proofs of (i) and (ii) are simple exercises, while (iii) is, in disguise, the
well-known threshold for existence of isolated vertices in a random graph [1,
Exercise II1.2]; consider the graph with edges {ij : T;; < t}. We leave the
details to the reader. (Note that if T;; € Exp(1), then (n —1)Y; € Exp(1) and
n(n — 1) min; Y; € Exp(2) exactly.)

Using Theorem 3(iii), we can give a simple informal explanation of the dis-
crepancy between the three parts of Theorem 1 as follows, interpreting the
weights as travel times: Most vertices are connected by efficient highways,
which take you to almost any other vertex within about logn/n (but rarely
much quicker). Some vertices, however, are remote villages (like Oberwolfach),
from which it takes up to logn/n to get to any other vertex at all. Hence,
starting at a typical vertex, most travel times are about logn/n, but it takes
an extra logn/n (just for the final step in the path) to reach a few remote ver-
tices. Similarly, if we start at one of the very remote vertices, it takes about
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logn/n to get to any other vertex at all, 2logn/n to get to most other vertices
and 3logn/n to get to the other very remote vertices.

Some further results on asymptotic distributions and moments are given in
Section 3. The lengths of the minimum weight paths are studied in Section 4.

Acknowledgements. Most of this work was done during the meeting Ran-
dom Graphs and Combinatorial Structures at Oberwolfach, September Octo-
ber 1997; I thank several participants, in particular Jim Fill and Johan Hastad,
for their helpful comments and questions. The proof of the main theorem was
completed a few weeks later, while I tried to get my daughter Sofie back to
sleep one night; I thank her for giving me this opportunity.

2. PROOFS

We first observe that the distribution of T;; does not affect the results, as
long as it satisfies the condition above. This is seen by the following standard
coupling argument, which we include for completeness.

Let F~1:[0,1) — [0, 00) be the inverse function of the distribution function
F(t) = P(T;; <t) of T;;. If Uj; € U(0,1) are independent uniform random
variables, then F~'(U;;) has the same distribution as 7Tj;, so we may without
loss of generality assume that T;; = F~'(U;;). By assumption, F(t)/t — 1
as t \, 0, and thus also F~'(t)/t — 1. Let ¢ > 0. If X;; < 10logn/n,
say, for some ¢ and j, then Ty = F~'(Uy) < 10logn/n for each edge ki in
the minimum weight path from ¢ to j, and thus, provided n is large enough,
1—¢e <Ty/Uy < 1+¢e. Consequently, the sum of the Uy, for the same path is
at most (1 — 5)’1Xz~j, and thus, using Xi'j to denote the minimal path weight
defined by {Uy;}, Xj; < (1 —&)~'X;;. Conversely, by the same argument, if
Xj; <10logn/n then Xj; < (1+4¢)X[,. If follows that if either Xj; < 9logn/n
or Xj; < 9logn/n, and n is large enough, then both X;; < 10logn/n and
X;; < 10logn/n hold, and moreover (1 — £)X;; < Xj; < (1 +¢)X[,. It now
follows immediately that if any part of Theorem 1 or 2 holds either for T;;
or for the uniform Uj;, then it holds for both. In particular, a proof of these
results for any distribution with F'(¢)/t — 1 as ¢t N\, 0 implies the same results
for U(0,1), and then for any other such distribution.

We may thus choose a convenient distribution of T;;; we use the exponential
distribution because of its excellent Markov properties. Hence, in the sequel
we assume that T;; € Exp(1).

Proof of Theorem 1. For parts (i) and (ii), we may assume that i = 1. We
adopt the first-passage percolation viewpoint (see Remark 1), so we regard
vertex 1 as initially infected, and assume that the infection spreads along each
edge with an Exp(1)-distributed waiting time. We first study when the other
vertices get infected, considering them in order of infection and ignoring their
labels.

Since there are n — 1 neighbours of the initially infected vertex, the time V}
until the second vertex is infected is exponentially distributed with expectation
1/(n —1). More generally, when k < n vertices have been infected, there are



4 SVANTE JANSON

k(n — k) edges connecting the infected and non-infected vertices, and thus
the time Vj, until the next vertex is infected is Exp(1/(k(n — k)); moreover,
this time is independent of Vi, ..., Vi ;. In other words, the time S,, until m
vertices have become infected can be written

m—1
Sm = _ Vi
1

where Vi, ..., V,_; are independent with V; € Exp(1/(k(n — k)).
The times {S,,}},— are just the minimal path weights {X,;}}_,, arranged
in increasing order. In particular,

n—1
Yi = max Xy; = S, = Zjvk. (1)
Hence
n—1 n—1 1 1 n—1 1 1 9 n—1 1
BN =R =Y g e Gt aE) TR g
logn 1
:20gn+0(—> (2)
n n
and similarly
n—1 n—1 1 9 n/2 1
Varyi =} VarVi = Z(k(n k)) <2}, 20— k)2
1 1 1
n/2
8 1 7
< ST O(n?). (3)
1

(i) now follows by Chebyshev’s inequality.
For (i), fix further j = 2. Observe that if N is the number of vertices infected
before vertex 2, then

N
Xig =Sy = Z Vi, (4)
1

where, by symmetry, N is uniformly distributed over 1,...,n — 1 and inde-
pendent of Vi,...,V,_;. We rewrite this equation as X5 = ?‘71 1[N > K|V,
using indicator functions to eliminate the random summation limit. Hence,

n—1

EX;, =Y EQ[N > kVi) = ni]P(N > k)EV;

n—1 n—1

n—k 1 1
_Zn—mm—k) _z]:k(n—l)
zloi”+o(%). (5)
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In order to estimate the variance, we further rewrite the sum as

X —ZN:(V—EV)JFXN:E(LF ! )
12 — k k : n\k n—k

1

1
n

—Z(VkIEVk)+%(10gN+lognlog(nN))+O< ) (6)

We consider the three terms on the right hand side separately. Since N, Vj,...,
V,_1 are independent,

Var(i(vk _ EVk)) — E(i(vk — ]EVk)>2 _ E(i\/arvo

1

n—I1 n—I1
1
< ZVarVk - Z K2(n — k)?
1 1

<"/2 4y _of ]!
_;anQ—i_%nQ(n—k)?_ (ﬁ)

For the second term, we observe that

N \? !
1) — / (log7)? dz < oo
Jo

n —

E(logN — log(n — 1))2 = E(log

as n — oo. Hence Var(log N) = Var(log(n — N)) = O(1), and it follows that
the variance of the second term in (6) also is O(n~2). The same is trivially
true for the third term.

Consequently, Var X5 = O(n~?), which together with (5) yields (i).

The proof of (iii) is divided into two parts, considering upper and lower
bounds separately. First, by (1), for —oc <t < 1—1/n,

n—1

n—1
1t -1
E tnYq — E ntVy, — (1 - n ) ) 7
=l =10y "

Hence, for every a > 0, choosing t =1 —1/logn (n > 3),

n—1
tnY1—talogn __ _—talogn nt -1
P(Y; > alogn/n) <Ee B = ¢ 11108 H<1_7k(n—k)>
n—2
nt \ 2 nt
(1) e (—tatogn+ 3 —log(1 - )
( T exp aogn+; og K — k)

<(1- ﬁl)QeXp(_mlogsz(ls(:ﬁ B (k(nni k)>2)>

=(1-t+ O(n’]))*2 exp(—talogn + 2tlogn 4+ O(1)) = O(n* “log’n).
(8)
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This evidently implies
P(maxY; > alogn/n) < nP(Y; > alogn/n) = O(n* “log’ n),

which tends to 0 as n — oo for every fixed a > 3.

For the lower bound, let £ > 0 be small. Partition the vertex set {1,...,n} of
K, into the sets A = {1,...,na} and B = {ns+1,...,n}, where ny = [n'].
Let ng = |B| =n — na.

For i € A, let U; = minjeg T;j. Then the random variables U;, 1 € A, are
independent with U; € Exp(1/ng). In particular,

P(U; > (1 — 2¢)logn/n) = exp(—(1 — 25)77;7—3 logn)
> exp(—(1 — 2¢) l(;g n) =n""
and thus
P(U; < (1~ 2¢)logn/n for every i € A) < (1 — n%*])nks <e ™. (9

Let, for k € A, & be the event that U, > (1 — 2¢)logn/n but U; < (1 —
2e)logn/n for i < k. Then the events & are disjoint and, by (9),

S PE)=P(J&)>1 e, (10)

The idea of the proof is to show that conditioned on &, Y} is with high prob-
ability close to 3logn/n; in fact, as is shown in detail below, conditioning on
Ur > (1 — 2¢)logn/n typically increases Yy (which usually is about 2logn/n)
by (1—2¢)logn/n, while conditioning on U; < (1—2¢) logn/n for i < k hardly
affects the result.

We will use the following lemma.

Lemma 1. Suppose that p, b >0 and X € Exp(u), and define
fz) = —plog(e™H + (1 — eM/mye /),

(i) The distribution of f(X) equals the conditional distribution of X given
X <.
(ii) If further 0 < a < 1 and b/p > (1 —loga)/(1 — ), then f(z) > ax
when 0 < x < a b — pu. Consequently,
P(f(X)<aX)<P(X >a 'b—p)=¢ @ Wk

Proof. We may for simplicity, by homogeneity, assume that g = 1. Then e=*
is uniformly distributed on [0, 1], and thus for 0 < ¢ < b,

P(f(X)<t)=Ple"+(1—e)e ™ 2e)=Ple ™ > %)
_ ot
— LT _R(X <t X <),
1—e?

which proves (i).
For (ii) we observe that (when p = 1) f(z) > az if and only if

e V(1 —et)e ™ <e (11)
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Letting y = e *, the left hand side of (11) is a linear function of y, while the
right hand side y® is concave; hence, in order to verify (11) for the interval
0 <z <a 'h—1,it suffices to verify it for the endpoints.

For z = 0, (11) is a trivial identity, while for z = a~'b — 1, it is

e b+ (1- efb)efa*1b+1 < e bte (12)
Now, by assumption, a b =b+b(1 — a)a! > b+ 1 —loga, and thus
e b +€fa’1b+1 < e by gbtloga (1+ a)efb < eaefb;
this implies (12), which completes the proof of the lemma. O

Continuing with the proof of Theorem 1(iii), let £ € A be fixed, let f be as
in Lemma 1 with 4 = 1/ng and b = (1 — 2¢) logn/n, and define

f(Uv); i<k7
U =U, +b, i=k,

Then, by Lemma 1(i) for i < k and the standard lack-of-memory property of
exponential distributions for ¢ = k, the distribution of U] equals the conditional
distribution of U; given & for every + € A; moreover, by our independence as-
sumptions, this extends to the joint distribution. Furthermore, by the same
lack-of-memory property, the family of random variables {T;; — U;}ep is in-
dependent of U;, for each i € A separately and thus for all i € A jointly too;
hence the joint distribution of {7}; — U, }ica, jes is not affected by conditioning
on &. It follows that if we define 7}, for 1 <i < j <n by

T, — U, ' 4e€Aand jEB
Tz"j_{m U +U, 1€ Aandj € B, (13)

T; otherwise,

]
and let T}; = T}; for j > 4, then the family {7};} has the same distribution as
the conditional distribution of {T3;} given &;. Note in particular that T}, =
Tkj + b when j € B.

Suppose that {T;;} are such that

U > (1 —2e)U; forevery i€ A, (14)
Ty > 310571 for every i € A (15)
and
Y, > (2 5)105”. (16)
We observe first that, by (13) and k14), then
T;; > (1 —2¢)T;; for every i and j # i. (17)

Now consider the minimal path weights X;; defined by the edge weights

T;; and the corresponding Y/ = max; X;;. By (16), there exists a vertex

[ such that every path i = k,iy,...,4, = [ from k to [ has weight W =
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ST i, > (2 —¢)logn/n. Consider such a path and the corresponding
weight W' = Y77 ;. Either iy € A, and then, by (13) and (15), W' >
Ty, = Tii, > 3logn/n, or iy € B, and then Ty; = Tj,;, + b, which together
with (17) yields

logn

logn logn

W'>b+ (1 —-2)W > (1 —2e¢) +(1—-2e)(2—e)—— > (3—Tg)

n n n

Hence W' > (3 — 7¢)logn/n for every path from k to [, and thus X}, >
(3 —Te) logn/n and finally Y, > X}, > (3 — 7¢) logn/n.

We have shown that if (14) (16) hold, then Y, > (3 — 7¢)logn/n. Conse-
quently,

P(Y: > (3 —72)logn/n | &) = P(Y, > (3 — 7z)logn/n)
> P((14)—(16) hold).

Let ¢ denote the probability that (14)-(16) hold. We have so far kept k
fixed, but ¢ is independent of £, and summing over k£ we obtain

IP’(maXY > (3~ 7e)logn/n) ZIP’ (Vi > (83— Te)logn/n | &) P(Ek)

keA

>q Z P(&).
keA (18)

Now, by Lemma 1(ii) with o = 1 — 2¢, if n is large enough,

IP’ fallq Z]P’ U’ (1— 25)U) < nye!nBlogn/n
€A

_()( 1-e ’1) = o(1).
Similarly,

logn

P((15) fails) < 3" P(7Ti <3

1€EA

n

while P((16) fails) = o(1) by the already proven part (ii) of the theorem.
Consequently, ¢ = 1 — o(1), which by (18) and (10) yields ]P’(max,;Y,; >
(3~ 72)logn/n) — 1 as n — oc. This completes the proof of (iii). O
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Proof of Theorem 2. We use (7), replacing t by —t, and obtain for every a and
t>0

n—1

—1
P(Yv] < UlOg’I’l/??) S Eetalognftnyl S eta]ogn | |( k))
7" J—
1

= exp<ta10gn+§_log<l + #ﬁk)))

<exp<f010g”+z< (n”t k) +%<k(nnt k)>2)>

= Xp<atlogn —2tlogn+ O(t) + O(tQ)).

If 0 < a < 2, we thus obtain for any constant ¢

P(minY; < alogn/n) < nP(Y; < alogn/n) = O(n' 72",

which is o(1) provided ¢ > 1/(2—a). On the other hand, Theorem 1(ii) implies
P(minY; > (2+¢)logn/n) < P(Y; > (2+¢)logn/n) — 0

for every € > 0, and the proof is complete. O

3. ASYMPTOTIC DISTRIBUTIONS AND MOMENTS

The method above also yields the asymptotic distributions of X;; and Y;
these are not normal. More precisely, we have the following result. (We have to
impose a slightly stronger condition on the distribution of the T};; the condition
is satisfied for the exponential and uniform distributions.)

Theorem 4. Suppose that the distribution function P(T;; < t) = t+o(t/|logt|)
ast ;0. Then, as n — oo,

nX;; — logn—v—)Z%fk—l (19)
and
nY; — 2logn — 2y — Z% & — 1) +Z%§k—1 (20)
1 1

where v is Euler’s constant, and the random variables &, &, k > 1, and ¢ are
independent with &, &, € Exp(1) while ¢ has the logistic distribution P(¢ <

xz)=€e"/(1+e").

Proof. By a slight modification of the coupling argument in the proof of The-
orem 1, it suffices to consider the case T;; € Exp(1); we omit the details.
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We write A, &~ B, to mean that E(A, — B,)* = o(1) as n — oco. In the
exponential case, (4) and (1) imply that

N N

d n n N 1
nXlQZmek:z]:m(fk—l)+z]:(E+

N
1
zZE & — 1) +log N + v+ logn — log(n — N)
1
1 N/n
~ —(& —1) +log ——— +1
Z:kfk +0g1—N/ +logn + 7,
and
n—1 n n—1 11
d ),
Y = _ = —1 —
1 1 1
/2 el
~ Zg(fk”‘” Z —n_k(fk—l)—l—Qlogn—i-ny
1 In/2]+1
In/2] n/2]-1

[

Z E(gk -1+ Z %(f}c — 1)+ 2logn + 27.

1 ’ 1

The result follows, since N/n - 5, where n € U(0, 1), and ¢ = log(n/(1—mn))
has the logistic distribution. O

Since the moment generating function E e+ of & equals (1 —¢)" !, Ret < 1,
it follows that the moment generating function of Y (& — 1) is

o n ]{,‘
- -1 —t/k _ 13 _
[Ja-t/k) e fm 11 P

— lim F(TL + I)F(l — t) eftlognft'y+o(1)
nsoo  T'(n+1-—t)

=T(1—t)e ", Ret < 1;

1
3 k=1 %

hence the moment generating function of W =Y~ (& — 1)+ equals T'(1 —¢),
Ret < 1. Now, if T € Exp(1), then —logT has the moment generating
function Eet'¢” = BT = [¥az7'¢e“dx = I'(1 —t) too. Thus W 4
—logT. (Recall that the restriction of the moment generating function to
the imaginary axis yields the characteristic function, which determines the
distribution.) Hence,

P(W <2)=P(logT > —2) =P(T >e ") =¢° ", —oo <z < oo, (21)
which is one of the standard extreme value distributions [2].
Consequently, the right hand side of (20) can be written W +W'—2~, where
W and W’ are independent random variables with the distribution (21).
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Moreover, the logistic distribution has the moment generating function, for
|Ret| < 1, with n € U(0, 1) as above,

1
I etlos(n/(1=m) — / ' (1 —x)tde =Bl +t1-t)=TA+HT(1 1),
J0

which equals the moment generating function of the symmetrization W — W',
Thus ¢ S W — W,

We can now restate Theorem 4 as follows.

Theorem 5. Suppose that the distribution function P(T;; < t) = t+o(t/|logt|)
ast ;0. Then, as n — oo,

TIXZ] — IOg’I’l i) W] + WQ - W3 (22)
and

nY; — 2logn > Wy + W, (23)

where Wi, Wy, W3 are independent random wvariables with the same extreme

T

value distribution P(W; < z)=e° . -

The variables on the right hand sides of (22) and (23) have the moment
generating functions T'(1 — ¢)?T'(1 + ¢), |Ret| < 1, and T'(1 — #)?, Ret < 1,
respectively, and thus the characteristic functions I'(1—4t)?T'(1+4t) and (1 —
it)2. The limit W, + W, in (23) has a density function that can be expressed
using modified Bessel functions as 2e *Ky(2e~%/2), cf. e.g. [3, (5.10.23)]. We
do not know any simple expression for the density function of W; + Wy — Wi,

Using the fact that the variance of the logistic distribution is 7%/3 (which
follows from its moment generating function I'(1 + ¢)['(1 — ¢) = =t/ sin~t,
|Ret| < 1, or from the representation W — W' above), it is easily seen that the
limiting variables in (19) and (20) have expectations 0 and variances > ° k= 2+
m?/3 =m?/2and 23 k~? = n%/3, respectively. Since all approximations and
limits in the proof hold in L? sense, we obtain that these are the limits of the
expectations and variances of the left hand sides in (19) and (20) too, provided
T;; € Exp(1). This carries over to other distributions as well, in particular to
the uniform distribution; we have the following theorem.

Theorem 6. Suppose that the distribution function P(T;; < t) = t+o(t/|logt|)
ast 0, and that ETE < oo for some p > 0. Then all moments converge in
(19), (20), (22) and (23); in particular,

1 1
ogn+7 O( )7

| 2 1
n n

7T2

VarXij ~ 2—712,
2

Vary, ~ W—.
3n?
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Proof. 1t suffices to prove that E(nX;;—logn)™ = O(1) and E(nY;—2logn)™ =
O(1) for every even integer m and n large enough, since this implies conver-
gence of all moments of order < m by a standard result on uniform integrability.

When T;; is exponentially distributed, this can be done as for the case m = 2
in the proof of Theorem 1; we omit the details.

In general, we let @ and b be two constants, to be chosen later, and split the
expectation into three parts. (We treat only X;;; the same argument applies
to Y;.)

First, E((nX;; —logn)™1[X;; < alogn/n]) = O(1) by comparison with the
exponential case, using the coupling argument as in earlier proofs.

Secondly, E((nX;;)™1[alogn/n < X;; < b]) < b™n™P(X;; > alogn/n) =
O(n™*2=%1og” n) by (8); choosing @ = m + 3 this becomes bounded.

Finally, considering only the n — 2 paths of length 2 between 7 and j, we see
that

P(X;; > x) <P(T;, > x/2 or Ty, > x/2 for every k # i, j)
< (2P(T3; > z/2))" .

Now, if ET}; < oo, then 2? P(Tj; > ) — 0 as & — oc; it follows that if b is
large enough, then 2P(T;; > ©/2) < 7? when x > b, and thus

P(X;; > x) < (=2 x> b.

Consequently,
E((nXi;)"1[X;; > b)) = n™b"™ P(X;; > m) +n" / ma™ ' P(X,; > x) dv
Jb

= O(n™b~") = O(1),

provided n > 2+ m/p.
Combining these estimates we find E(nX;; —logn)™ = O(1) as required. O

Remark 2. The asymptotic variances can also be obtained by refining the es-
timates used in the proof of Theorem 1.

Remark 3. The condition that IETf; < oo for some p > 0 is necessary too; if
it fails then Xj;; has no finite moment for any n. In fact, suppose that e.g.
E X;; < oo for some n; then P(X;; > t) < 1/t for large ¢. Since P(X;; > ) >
P(Ty, > t for every k # i) = P(T;; > t)"~!, this yields P(Tj; > t) < ¢t~ /™= (¢

large), and thus for example ]ETZI/77 < o0.
We do not know any similar results for max; ; X;;.

Problem 1. What is the asymptotic distribution of max;; X;; ¢ (Presuming
that some exists.)

Problem 2. What is the order of Var(max; ; X;;)? Is it ~ ¢/n*? If so, what
is the constant c¢?
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4. LENGTHS OF MINIMAL PATHS

We have so far studied the weights of the minimal paths, but one might also
ask how long they are, disregarding their weights, i.e., how many edges they
contain. Let L;; be the length of the path between ¢ and j that has minimal
weight.

For the case of exponentially distributed 7j;, these lengths can be studied
by observing that the proof of Theorem 1 shows that the collection of minimal
weight paths from a given vertex, 1 say, form a tree (rooted at 1) which can
be constructed as follows: Begin with a single root and add n — 1 vertices one
by one, each time joining the new vertex to a (uniformly) randomly chosen old
vertex. This type of random tree is known as a random recursive tree, and it
is known that if Dj, is the depth of the kth vertex, then D, /logn = 1 [4] and
maxy<, Di./logn = e [5] as n — oo; see also the survey [6].

This leads to the following result; our condition on the distribution of T;; is
presumably much stronger than really required.

Theorem 7. Suppose that T;; has a density function f(t) = 1+0(t) fort > 0.
Then, as n — oo:

(i) For any fized i and j,

L
L5

log
(ii) For any fized i,

max‘<nL,;- P
S—C
logn

Proof. The case when T;; € Exp(1) follows from the discussion before the
theorem; we have L;; = Dy, where N is uniformly distributed over 2,... n,
and max;<, L;; = max,<, Dy.

In general, we first observe that we may, for a given n, modify the distri-
bution of T;; on the interval ¢ > 5logn/n without affecting the result, since,
by Theorem 1, edges with such large weights hardly ever are used. Hence
we may assume that its density function is 1 + O(logn/n) times the density
function e of the exponential distribution, uniformly for all ¢ > 0. It is
now easy to see that the minimum weight paths from ¢ = 1 form a random
tree, obtained by adding vertices one by one as above, with the modification
that the probability that the kth vertex (in order of insertion) is joined to the
Ith, for I < k, may depend on the previous history of the tree but always is
(1 + O(logn/n))/(k —1). We may couple this random tree growing process
with the one with equal probabilities 1/(k — 1) in such a way that the proba-
bility that a vertex k is joined to different preceding vertices in the two trees
is O(logn/n), even if we condition on the previous history. It follows that if
we fix the end vertex j, the path from ¢ = 1 to j is the same in both trees
with probability 1 —O(log? n/n), which, by the result for the exponential case,
implies (i) for a general distribution.
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For (ii) we observe that if Dy is the depth of the kth vertex (in order
of insertion) in the tree, and Dy, is the depth in the random recursive tree
with uniformly chosen ancestors, then, by the above, D, = D, for every
k < n; = n/log’n with probability 1 — O(n;logn/n) = 1 — O(1/logn).
Since maxy<,,, Di/logn, > e by the result quoted above [5], it follows that
for every £ > 0, with probability 1 — o(1),

Il?gas(Dk > max Dy = max Dy > (e —¢)logn; = (e — ¢ — o(1)) logn,

which by max;<, L;; = max<, Dy proves one half of the result.
For the opposite half, define the generating functions

Fu(t)=E> "
k=1
and
Fu(t)=E) P
k=1

The recursive definition of the tree yields E¢Pm+1 = LE_(#) and thus

_ N\ -
Fo (1) = (1 —)Fm 1),
+1(t) + ) Ful?)
which together with D; = 0 yields
_ L(im+t
Fo(t) = D
[(m)[(1+t)

Choosing t = e we obtain, for every a > e,

t
m

D | D a —a 7 —a-+te
]P(Iilsazka > alogn) SP(;e E>nt) <n Fu(e) ~n T T(e+1)

which tends to 0 as n — oo.
For D, we similarly obtain the inequalities, for some C' < oo and all ¢t > 0,

t )Funlt)

|
Et i < —(1 +o280
t |
Foia(t) < (14 = (14 0222) ) B0,
m

m
n

and thus

F(t) < Fm(t(l n Clog")).

n
which yields, similarly as above,

P(I??X Dy, > alogn) <n "F,(e) < n “F,(e + Celogn/n) ~ n "t /T (e + 1)

which tends to 0 as n — oo for a > e. O

Problem 3. How large is max; ; L;; ?
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We can show that, if a ~ 3.591 is defined by aloga — a = 1, then for
every ¢ > 0, P(e — ¢ < max; ; L;;/logn < a+¢) — 1. Hence it is natural
to conjecture that max;; L;;/logn converges in probability to a constant in

le, a]. Which’
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