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Abstract

We consider the problem of proving the existence of an L2-cutoff for families of ergodic Markov pro-
cesses started from given initial distributions and associated with reversible (more, generally, normal)
Markov semigroups. This includes classical examples such as families of finite reversible Markov chains
and Brownian motion on compact Riemannian manifolds. We give conditions that are equivalent to the
existence of an L2-cutoff and describe the L2-cutoff time in terms of the spectral decomposition. This is
illustrated by several examples including the Ehrenfest process and the biased (p, g)-random walk on the
non-negative integers, both started from an arbitrary point.
© 2009 Elsevier Inc. All rights reserved.

Keywords: L2-cutoff; Markov semigroups; Normal operators

1. Introduction

Consider a (time-homogeneous) Markov chain on a finite set £2 with one-step transition ker-
nel K. Let K!(x,-) denote the probability distribution of this chain at time / starting from the
state x. Assuming irreducibility and aperiodicity, it is known that

lim K'(x,)=n
[—00
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where 7 is the unique invariant probability of K on §2. Set kfc = K'(x,-)/m, the relative density
of Kl(x, S wrt. . For 1 < p < o0, set

l .
, max, (kL () — 11} if p = oo,
Dp(x’l):”kx_lHEP(rr)Z klx _ 1P Up if1<
oy ke () = 1Pr(y) VP if 1< p < oo,
For p = 1, this is exactly twice the total variation distance between K (x,-) and 7 and, for p=2,
it is the so-called chi-square distance. For any € > 0, set

Tp(x,e)=min{l > 1: D,(x,]) <e}. (1.1)

The concept of cutoff was introduced by Aldous and Diaconis in [1-3] to capture the fact that
many ergodic Markov processes appear to converge abruptly to their stationary measure. We
refer the reader to [5,6,15,19] for detailed discussions and the description of various examples.
In its simplest form, the cutoff phenomenon in L for a family of finite ergodic Markov chains
(with given starting points) (£2,,, x,, K, ;) is defined as follows. There is an L2-cutoff with
cutoff sequence t, if

0 ifae,o0),
0o ifae(0,1).

nl—i>Holo Dn,Z(xm at,) = {
Here D, > denotes the chi-square distance on £2, relative to 7.

In [5], the authors discussed a number of variants of this definition and produced, in the
reversible case, a necessary and sufficient condition for the existence of a max-L2-cutoff, that is,
a cutoff for max,c D7 (x, -) (some of the results in [5] holds for L?, 1 < p < 00).

The aim of the present paper is twofold. Our first goal is to establish a criterion for the exis-
tence of an L2-cutoff for families of Markov processes starting from specific initial distributions
when the associated semigroup is normal (i.e., commutes with its adjoint on a proper Hilbert
space). Our second goal is to derive formulas for the L?-cutoff time sequence using spectral
information. To attain these two goals, we will take advantage of the very specific structure of
the chi-square distance and its direct relationship with spectral decomposition. This is in contrast
to the techniques and results of [5] which do not involve much spectral theory and treats L”-
distances, 1 < p < 0o as well as L2. The following theorem illustrates the goals outled above.

Theorem 1.1. Let 2 = {0, 1,2, ...} and K be the Markov kernel of the birth and death chain on
§2 with uniform birth rate p € (0, 1/2), uniform death rate 1 — p and K(0,0) =1 — p. Let x,, be
a sequence of states in §2. Then, the discrete time family of birth and death chains with respective
starting states X1, Xy, . . . presents an L?-cutoff if and only if x,, tends to infinity. Moreover, if there
is a cutoff then

_ log(1 —p) —logp
"7 —logdp(l — p))

n

is a cutoff time sequence as n — oo.

We will also obtain variants of this result that involve finite state spaces 2, = {0, 1,...,n}
and birth and death rates (p,, g,,) that are allowed to depend on n. Our second main example is
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the Ehrenfest chain, treated in Theorem 6.3. The treatment of these examples occupies the bulk
of the paper and illustrates very well the delicacies of the cutoff phenomenon in the context of
specified starting distributions.

This paper is organized as follows. In Section 2, we recall various notions of cutoffs and
quote useful results from [5]. In Section 3, we give criteria for the existence of a cutoff as well
as formulas for the cutoff times in the case of families of Laplace transforms. The main result of
Section 3 is Theorem 3.5 which is the technical cornerstone of this work. In Section 4, we observe
that the chi-square distance between the distribution of a normal Markov process and its invariant
probability measure can be expressed as a Laplace transform. This gives criteria and formula for
cutoffs of families of ergodic normal Markov processes (normal here means that the generator is
a normal operator, i.e., commutes with its adjoint). In Section 5, we spell out the results in the
case of families of finite Markov chains (in discrete and continuous time). See Theorems 5.1,
5.3 and Theorems 5.4, 5.5. In Section 6, we apply these results to study the cutoff phenomenon
for the Ehrenfest chain started at an arbitrary point. See Theorems 6.3, 6.5. In Section 7, we
prove Theorem 1.1 and a number of related results. In Section 8, we study a family of birth and
death chains on {—n, ..., n} containing examples whose stationary measure has either a unique
maximum or a unique minimum at 0.

2. Cutoff terminology

In this section, we recall various notions of cutoffs and a series of related results from [5].
The notion of cutoff can be developed for any family of non-increasing functions taking values
in [0, oo]. The following definition treats functions defined on the natural integers. We refer the
reader to [5] for additional details and examples.

Definition 2.1. Let N be the set of non-negative integers. For n > 1, let f,, : N — [0, oc] be
a non-increasing function vanishing at infinity. Assume that

M =Ilimsup f,(0) > 0.

n—o0

Then the family F = {f,: n=1,2,...} is said to present:

(1) A precutoff if there exist a sequence of positive numbers #, and constants b > a > 0 such
that

lim f,(k,) =0, liminf £, (,) > 0,
n—o00 n—oo

where k, =min{j > 0: j > bt,} and [, = max{j > 0: j < at,}.
(i1) A cutoff if there exists a sequence of positive numbers #, such that, for all € € (0, 1),

Tim f(ka(©) =0, lim f,(ku(—€)) = M,

where k, () =min{j >0: j > (1 +€)t,} and ky(€) =max{j >0: j < (1 +€)t}.
(i) A (t,, by)-cutoff ift, >0, b, >0, b, = o(t,) and

lim F(c)=0, lim F(¢)=M,
c—> 00 c—>—00
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where, for c € R, k(n, ¢) = min{j e N: j > 1, +cby}, k(n,c) =max{j e N: j <t, + cb,}
and

F(c) =limsup f,(k(n, ¢)), E@:@Egﬁ@moy (2.1

n—0oo

This definition agrees with the one used in [5]. In (ii) and (iii), (#,){° is referred to as a cutoff
sequence and b, as a window with respect to #,. Obviously, (iii) = (ii)) = (i).

Remark 2.1. When the f;,’s are functions on [0, 00), cutoffs are defined in a similar way. For
a precutoff, we set [, = at, and k,, = bt,,. For a cutoff, k, and k, are replaced respectively by
(14¢)t, and (1 —¢€)t,,. These notions of precutoff, cutoff and their cutoff sequences coincide with
the notion in [5]. For a (¢,, b,)-cutoff in continuous time, we require b, > 0 and use k(n,c) =
k(n,c) =t, 4+ cb,. Assuming b, > 0, this agrees with the (#,, b,)-cutoff of [5].

In Definition 2.1(iii), the window of a cutoff captures explicitly how sharp the cutoff is. It is
quite sensitive to the choice of the cutoff sequence #,,. Window optimality is addressed in the
following definition (when b,, > 0 this definition is equivalent to the one in [5]).

Definition 2.2. Let 7 and M be as in Definition 2.1. Assume that F presents a (,, b, )-cutoff.
Then, the cutoff is called:

(i) weakly optimal if, for any (#,, d,,)-cutoff for F, one has b, = O(d,),
(i1) optimal if, for any (s,, d,)-cutoff for F, we have b, = O(d,). In this case, b, is called an
optimal window for the cutoff,
(iii) strongly optimal if

0<F()<F(—¢)<M VYc=>0.

Remark 2.2. An optimal window is a minimal window (in the sense of order) over all cutoff
sequences and, hence, an optimal cutoff is also a weakly optimal cutoff, i.e. (ii) =(@1). If a (¢,,, by,)-
cutoff is strongly optimal, it is easy to see that b,, > 0 for all n and that inf, b,, > 0 if the domain
of the functions in F is N (b, may tend to O when the domain is [0, c0)). Hence, a strongly
optimal (¢,, b,)-cutoff implies that for any —oco < ¢| < ¢z < 0o we have

0 < fulth +c2by) < fulty +c1by) <M

for n large enough. This implies that if (s,, d,,) is another cutoff sequence for F, then the window
d, has order at least b,,, and thus (iii) = (ii).

Remark 2.3. Let F be a family of functions defined on N. If F has a (¢,, b,,)-cutoff with b,, — 0,
instead of looking for the optimal window, it is better to determine the limsup and liminf of the
sequences f,([t,]), where [¢] is any integerin [t — 1,1 + 1].

Remark 2.4. For any family {f,, : T — [0,00], n =1,2,...} with T = [0, 00), a necessary
condition for a strongly optimal (¢,, b, )-cutoff is that

0 < liminf £, (¢,) <limsup f,(t,) < M.
n— oo

n—oQ
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When T = N, we need instead
0< liminffn([tnl) < lim sup fn(l_tnj) <M.

The cutoff phenomenon and its optimality are closely related to the way the functions in F
converge to 0. This is captured by the following simple concept.

Definition 2.3. Let f be an extended real-valued non-negative function defined on 7', which is
either N or [0, 00). For € > 0, set

T(f, ¢€) =inf{t eT: f(t) < e}
if the right-hand side above is non-empty and let 7'(f, €) = oo otherwise.

In the context of ergodic Markov chains, T'(f, €) is interpreted as the e-mixing time. The
simplest relationship with the notions of cutoff discussed above is as follows. Let 7 = {f, :
T — [0,00]: n=1,2,...} be a family of non-increasing functions vanishing at infinity. Assume
that M = limsup,,_, o, f,(0) > 0. Then F has a cutoff if and only if

Vene©.M),  lim T(fu,€)/T(fum)=1.

See [5, Propositions 2.3-2.4] for further relationships and details.

We end this section with a technical result concerning cutoffs and optimality which is useful
in either proving or disproving a cutoff and its optimality when the cutoff or window sequences
contain both bounded and unbounded subsequences. The proof is straightforward and is omitted.

Proposition 2.1. Let T be [0, 00) or N. Consider F ={f, : T — [0,00], n=1,2,...} as a fam-
ily of non-increasing functions vanishing at infinity. For any subsequence & = (§;) of positive in-
tegers, denote by F¢ the subfamily {fe,, i =1,2,...}. Assume that M =limsup,,_, o, f,(0) > 0.
For T =10, 00), the following are equivalent.

(i-1) F has a cutoff (resp. (t,, b,)-cutoff).

(i-2) For any subsequence & = (&;), the family F¢ has a cutoff (resp. (te,, bg,)-cutoff).

(i-3) For any subsequence & = (&;), we may choose a further subsequence &' = (Si/ ) such that
the family F¢' has a cutoff (resp. (tg), bg;)-cutoff).

Moreover, assume that F has a (t,, by)-cutoff- Then the following are equivalent.

(ii-1) F has an optimal (resp. weakly, strongly optimal) (t,, b,)-cutoff.

(ii-2) For any subsequence & = (&;), the family F¢ has an optimal (resp. weakly, strongly opti-
mal) (tg,, bg, )-cutoff.

(ii-3) For any subsequence & = (&), we may choose a further subsequence &' = (&/) such that
the family F¢: has an optimal (resp. weakly, strongly optimal ) (tg/ , be))-cutoff.

For T =N, all equivalences remain true if t,, — oo, liminf,,_, », b, > 0 and, for some § € (0, M),
T (fn,d) = oo.
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3. Cutoffs for Laplace transforms

In this section, we deal with cutoffs for family of functions which are Lebesgue—Stieltjes
integral of exponential functions, that is, generalized Laplace transforms. Such functions appear
naturally in the context of chi-square distance for reversible Markov process. More precisely, if
the infinitesimal generator is self-adjoint and the initial distribution has an L? Radon-Nikodym
derivative w.r.t. the invariant probability measure, then the square of the chi-square distance to
stationarity is such an integral. This will be discussed in details in Section 4.

3.1. Laplace transforms

Forn > 1,let V, : (0, o0) — (0, o0) be a non-decreasing and right-continuous function. Con-
sider f; as a Lebesgue—Stieltjes integral defined by

o) = / e dv,(A) Vit =0. (3.1)
(0,00)

It is easy to see that f;, is non-increasing. Observe that sums of exponential functions are of this
special type. For example, let

@)=Y anie?i V20,
i1

where a,; >0 and A, ;41 > A, >0 forn >1,i > 1. Then f, is of the form in (3.1) with
an,o=n0=0,4, =4, and

j—1 j—1 J
Vi) =) ani, for D hni<t<Y Ayi andj>1.
i=0 i=0 i=0

Lemma 3.1. Let V : (0, 00) — (0, 00) be a non-decreasing and right-continuous function and
let f be a function on [0, 00) defined by

f@) = / e dV ().
(0,00)
Assume that V is bounded. Then f is analytic on (0, 00).

Proof. See [21, Theorem 5, p.57]. O

The following is an application of the above lemma which is helpful when examining cutoffs
and their optimality.

Lemma 3.2. For n > 1, let f, be a function on [0,00) defined by (3.1). Assume that
sup,, f»(0) < co. Then, for any sequence of positive numbers (t,){°, there exists a subsequence
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(ta Jk>1 such that the sequence gy : a — fy, (aty,) converges uniformly on any compact subset
of (0, 00) to an analytic function on (0, 00). Moreover, if ¢y, is such that |c,, | = o(t,,), then

Va>0, lim f, (aty +cy) = lim fy, (aty,).
k—o00 k—o00
Proof. See Appendix A. O

Remark 3.1. Let f, be the function as in Lemma 3.2 and let 7, be any sequence of positive
numbers. If #, tends to infinity, we may choose a subsequence (n k)‘lx’ such that a — f,,, ([at,, 1)
converges to a function analytic on (0, co), where [¢] is any integer in [t — 1, ¢ + 1].

The following two corollaries are simple applications of Lemma 3.2.

Corollary 3.3. Let ( f,,)cl>o be as in Lemma 3.2 such that f,(0) is bounded. For any sequence of
positive numbers t,, set

F1(a) =limsup f;, (at,), F>(a) =liminf f,(at,), Va > 0.
n—oo

n—oo

Then F| and F, are continuous on (0, 00). Furthermore, either Fy > 0 (resp. F> > 0) or F1 =0
(resp. F, =0).

Proof. See Appendix A. O

Remark 3.2. By Remark 3.1, if 1, — oo, Corollary 3.3 also holds with the following replace-
ments

Fi(a) =limsup f,(lata]),  Fa(a) =liminf f, ([at,]),

n—0o0o
where [¢] is any integer in [t — 1, ¢ + 1].

Corollary 3.4. Let F = {f, :[0,00) — [0,00]: n =1,2,...} be a family of functions defined
by (3.1). Assume that F has a (t,, by)-cutoff with b, > 0 and let F, F be functions in (2.1).

() If F(0) < oo, then, on the set (0, 00), either F > 0 (resp. F > 0) or F =0 (resp. F =0).
(i) Assume that F(0) > 0. If F(c) =0 (resp. F(c)=0) for some ¢ > 0, then F(c) =00 (resp.
F(c) =00)forall c <O.
(i) If t, = T (fy, 8), then the conclusions in (i) and (ii) hold true without the assumptions on
F(0) and F(0). That is, for (i), either F > 0 (resp. F > 0) or F =0 (resp. F = 0). For (ii),
if F(c) =0 (resp. F(c) =0) for some ¢ > 0, then F(c) = oo (resp. F(c) = 00) forall ¢ <0.

Proof. See Appendix A. O

Remark 3.3. By Remarks 3.1-3.2, Corollary 3.4 also holds for families of functions defined on
N if one assumes that b,, — o0.
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3.2. Cutoffs for Laplace transforms
The following theorem is one of the main technical results of this paper. It provides a simple
criterion to inspect cutoffs. If V is a non-decreasing and right-continuous function on (0, c0), we

also denote by V the measure on (0, co) such that V((a, b]) = V(b) — V(a).

Theorem 3.5. For n > 1, let f, : [0, 00) — [0, o0] be a function defined by (3.1) and set M =
lim E},ffn (0). Assume that f,(t) vanishes at infinity forn > 1.
n—

(1) If M < oo, then the family has no precutoff.
(i) If M = o0, let t,, = T (f, ) and

An = An(C) =inf{r: V,((0,1]) > C}. (3.2)
Then the family has a cutoff if and only if there exist constants §, €, C € (0, 00) such that

(a) tyA, — oo.
®) [,y € HdVar) — 0.

Furthermore, if (a) and (b) hold, then the family has a (t,, A, 1)-cutoﬁ‘.
Proof. See Appendix A. O
Remark 3.4. If there is a cutoff for (f, ‘1’0, then (a) and (b) hold for any positive triple (8, €, C).

Remark 3.5. It follows from the proof of this result that if f;, is an extended real-valued function
defined on N, then Theorem 3.5(i) can fail.

The next theorem is a discrete time version of Theorem 3.5.

Theorem 3.6. For n > 1, let f,, : N — [0, 00] be a function defined by (3.1) and set M =
liminf f,,(0) and t, = T (f,, §). Assume that f, (t) vanishes at infinity for alln > 1 and t,, — oo
n—>oo

for some § > 0.
(1) If M < oo, then the family has no precutoff.
@ii) If M = oo, then the family has a cutoff if and only if there exists C > 0 and € > 0 such that
Theorem 3.5 (a)—(b) hold true.

Furthermore, if Theorem 3.5 (a)—(b) are satisfied, then the family has a (t,, yn_l)-cumﬁ‘, where
Yo = min{i,, 1).

Proof. See Appendix A. O

Remark 3.6. As in Remark 3.4, if, in Theorem 3.6, there is a cutoff for the family ( fn)‘l’O with
cutoff time tending to infinity, then (a) and (b) are true for any positive constants C, 6, €.

Remark 3.7. It has been implicitly proved in the appendix that, for the family of functions f,
defined on [0, c0), Theorem 3.6 applied to the family of restricted functions { f;,|n: n=1,2, ...}
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still holds true if t, = T'(f;|n, &) is replaced by T (f;;, §) defined in Theorem 3.5. Furthermore,

Remark 3.6 is also true under this replacement.

The next proposition is concerned with the optimality of cutoffs for Laplace transforms.

Proposition 3.7. Let F = {f, : T — [0,00] | n = 1,2,...} be a family of functions of the
form (3.1). Assume that F has a (t,, b,)-cutoff where t,, = T (fy, 8) for alln > 1 with § € (0, 00)

and b, > 0. Let F and F be functions in (2.1). For T = [0, 00), the (t,, by)-cutoff is

() weakly optimal iff it is optimal iff F (c) > 0 for some ¢ > 0,
(ii) strongly optimal iff F(c) < oo for all ¢ <0.

For T =N, the above remains true if b,, — oo.
Proof. See Appendix A. O

3.3. The cutoff time of Laplace transforms

Theorems 3.5 and 3.6 can be used to examine the existence of a cutoff by checking whether
the product of T'(f;,§) and A, tends to infinity or not. By Remarks 3.4 and 3.6, the constant
C appearing in the definition of A, can be taken to be any positive number and, hence, the only
unknown term that needs to be studied is the §-mixing time 7 ( f,;, §). Understanding this quantity
with any precision is a difficult task. In this section, we describe potential cutoff time sequences

in different terms.

Theorem 3.8. Let F = {f,, : [0,00) — [0,00]: n =1, 2,...} be a family of functions defined by
(3.1) which vanish at infinity. For n > 1 and C > 0, let ., = A, (C) be the constant defined in

(3.2) and set

T, = 7,(C) = sup {

log(1 + V,((0, A])) }
A '

A
Then F has a cutoff if and only if, for some C > 0 and € > 0,

(@) Ay, — 00,
®) S0 e~ gV, (A) — 0.

Moreover, if (a) and (b) hold true, then F has a (t,, b,)-cutoff with
Ih =1y, b, = )\,le(l—n)\n)a
where w : (0, 00) — (0, 00) is any function satisfying

w(t) _

lim == =0,  liminfe"® (1 -7 /) > 0,

t—00 t — 00

In particular, w(t) =logt is a function qualified for (3.4) and b, = )»;1 log(tyAn).

(3.3)

(3.4)
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Proof. See Appendix A. O
Remark 3.8. It is shown in the proof of Theorem 3.8 that t,,(C) < T (f3, CLH)’ C>0.

Remark 3.9. In contrast with Theorem 3.5, Theorem 3.8 does not require explicitly that
fn(0) — oo (i.e., M = o0) for a cutoff. However, this is in fact contained implicitly in Theo-
rem 3.8(a).

Remark 3.10. What is proved in the appendix is that, if a family has a cutoff then the conditions
(a)—(b) hold for any C > 0, € > 0. This means that either (a)—(b) hold for all positive constants
C, € or one of (a) or (b) must fail for all C, €. Hence, when using Theorem 3.8 to inspect the
existence of a cutoff, one needs to check (a) and (b) only for one arbitrary pair (C, €). In practice,
this is a very important remark.

Remark 3.11. The second condition in (3.4) implies lim;_, ,c w(#) = co. It follows that the win-
dow given by Theorem 3.8 has order strictly larger than that the one in Theorem 3.5 and, hence,
cannot be optimal.

The following is a discrete time version of Theorem 3.8.

Theorem 3.9. For n > 1, let f,, : N — [0, oo] be the function defined by (3.1). For C > 0, let
A = Ay (C) and 1, = 1, (C) be the quantities defined by (3.2) and (3.3). Assume that either, for
some C >0, t, — 00 or, for some § > 0, T(f,,8) — oo. Then F has a cutoff if and only if
Theorem 3.8 (a) and (b) hold for some C > 0 and € > 0. Moreover; if (a) and (b) hold, then F
has a (t,, by)-cutoff with

ty = Tp, bn:max{k,;lw(rnkn),l},
where w is a function satisfying (3.4).
Proof. See Appendix A. O
Remark 3.12. Remark 3.8 holds true in discrete time cases.

Remark 3.13. Concerning functions defined on [0, co) and their restriction to the natural inte-
gers, the proof of Theorem 3.9 shows that under the assumption of t, — oo, the existence of
cutoff in Theorems 3.8 and 3.9 are equivalent and both families share the same cutoff type if
the window is at least 1. Thus, by Remark 3.10, if the family in Theorem 3.9 has a cutoff, then
Theorem 3.8(a), (b) (in both discrete time and continuous time setting) hold true for all C > 0
and € > 0.

4. The main results

Spectral theory is a standard tool to study the L2-convergence of Markov processes to their
stationarity. In particular, in the general context of reversible Markov processes, the square of the
chi-square distance can be expressed in terms of the spectral decomposition of the infinitesimal
generator and written in the form of (3.1). In the following, we start by recalling the definition of
ergodic Markov processes discussed in [5].
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4.1. Markov processes and transition functions

In what follows, let the time to be either N = {0, 1, 2, ...} or [0, 00). A Markov transition
function on a space §2 equipped with a o -algebra B, is a family of probability measures p(z, x, -)
indexed by r € T (T =[0, oo0) or N) and x € £2 such that p(0, x, 2\ {x}) =0 and, foreacht € T
and A € B, p(t, x, A) is B-measurable and satisfies

P(t+s,x,A)=/p(s,y,A)p(l,x,dy)~
2

We say that a Markov process X = (X;,t € T) with filtration F; = o (X;: s <) C B admits
p(t,x,-),t €T, x € $2, as transition function if

E(foX, |fl>=/f<y>p(s—r,xt,dy>
2

forall 0 <t < s < oo and all bounded measurable f. The measure up(A) = P(Xg € A) is called
the initial distribution of the process X. All finite dimensional marginals of X can be expressed
in terms of w( and the transition function. In particular,

J(A) = P(X, eA>=fp(r,x,A)uo(dx>.

Given a Markov transition function p(¢,x,-), t € T, x € §2, for any bounded measurable
function f, set

Pifx)= / Fp, x.dy). 4.1

For any measure v on (§2, B) with finite total mass, set

VP (A) = / p(t,x, A)v(dx).

We say that a probability measure 5 is invariant if w P, = for all # € T. In the general setting,
invariant measures are not necessarily unique.

4.2. L?-distances, mixing time and cutoffs

The Markov processes of interest in this paper are ergodic in the sense that, for some initial
measure p of interest, the sequence u; converges (in some sense) to a probability measure as
t tends to infinity. A simple argument shows that this limit must be an invariant probability
measure.

We now introduce the chi-square distance measuring the convergence to stationarity. Let p;
be a Markov transition function on £2 with invariant probability measure 7. Let © be another
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probability measure on (£2, B). For ¢ > 0, if u P; is absolutely continuous with respect to 7 with
density h(t, u, -), we set

172
Do, 1) = (/|h(t,u,x) _ 1|2n(dx)) . (4.2)
2

In the case that such a density does not exist, Dy (i, t) is set to be infinity. It is an exercise to
show that the absolute continuity of pP; w.r.t & implies that of P for all s > 0. Moreover,
the map 7 — D> (u, t) is non-increasing (see., e.g., [5]).

Definition 4.1 (Mixing time). For any € > 0, set
Ty(n,€) =T (Da(u, 1), €) =inf{t € T: Dy(p,1) <e}.
If the infimum is taken over an empty set, 7> (i, €) = 00.

This quantity, the so-called L>-mixing time of a Markov transition function with initial distri-
bution u, plays an important role in the quantitative analysis of ergodic Markov processes.

For any Markov transition function p(z, x,-),t € T and x € £2, let P, be the operator defined
in (4.1). Extend P; as a bounded operator on the Hilbert space L2(82, 7).

Definition 4.2. The spectral gap A of p(t,x,-), t € T, is the supremum of all constants ¢ such
that

Vfel*R,m),VteT, |[(Pi—m)f],<e lfl2

Remark 4.1. If 7 = [0,00) and P; is a strongly continuous semigroup of contractions on
L2(.Q, 1), then A can be characterized using the infinitesimal generator A of P; = e’ That
is,

L=inf{(=Af. f): f €Dom(A), real-valued, w(f)=0, = (f?)=1}.

In general, X is not in the spectrum of A but, assuming that Dom(A) = Dom(A*) = D then X is
in the spectrum of any self-adjoint extension of the symmetric operator (% (A+ A%), D).

Remark 4.2. If 7 = N, then ¢ is the second largest singular value of the operator P; on
LZ(Q, 1), namely,

A=—10g(I1P1 — 7l 12020y 12(2.7))-

Consider a family of measurable spaces (£2,,, 13,) indexed by n = 1,2, .... For each, n, let
pn(t,x,-) withr € T, x € §2,,, be a Markov transition function with invariant measure 7, and
spectral gap A,. Fix a sequence of probability measures w, on §2, and let f,(#) = D, 2(tn, t)
be the L2-distance defined in (4.2). Then, the family {p, (¢, u,,-): n > 1} is said to have an
L2-cutoff (resp. L2-precut0ff and (t,, b,)—L?-cutoff) if { f,: n > 1} has a cutoff (resp. precutoff
and (t,, b,)-cutoff) in the sense of Definition 2.1. The following proposition gives a sufficient
condition for the L2-cutoff.
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Proposition 4.1. (See [5, Theorem 3.3].) Referring to the setting and notation introduced
above, assume that Dy(ii,,t) vanishes as t tends to infinity and set t, = T, 2(ln,€) =
inf{t € T: Dy 2(uun,t) <€)

(i) Assume that T = [0,00) and t ), — oo. Then the family {p,(t, iy, ): n > 1} has a
(ta, A, D-L2-cutoff.

(ii) Assume that T =N and t,y, — oo where y, = max{A,, 1}. Then the family {p,(t, i, -):
n > 1} has a (,, yn_l)-Lz-cutoﬁ.

We refer the reader to [4,5] for further results in this direction. The goal of the present work
is to provide a necessary and sufficient condition for an L?-cutoff and to describe the cutoff time
using spectral theory.

4.3. The L?-distance for normal Markov kernels

Let T = [0, co) or N. A Markov transition function p(t, -,-), t € T, with invariant probability
measure 7 is called normal if, for € T N[0, 1], the operator P; : L2(2,7) — L%($2, ) defined
by (4.1) is normal, that is, P; P = P, P; on L2(82, 7). In the case that P, is a strongly continuous
semigroup with infinitesimal generator A, the normality of p(¢, -,-) is equivalent to that of A.
When P; is normal,

—A
”PI _ﬂ”LZ(Q,T[)—)LZ(Q,T[) =e t, vVt > 0.

Our next goal is to obtain a spectral formula for the chi-square distance. See Theorems 4.4—4.5
below.

Lemma 4.2. Let {P;: t > 0} be a strongly continuous semigroup of contractions associated to a
transition function p(t, x,-), x € £2,t >0, by (4.1). Let A be its infinitesimal generator. Assume
that A is normal and let {Ep: B € B(C)} be a resolution of the identity corresponding to —A,
where B(C) is the Borel algebra over C. Set

Co={bi: b eR}, Ci={a+bi:a>0, beR}.
Then, for g € LZ(.Q, ),
Am [ Pgllz = 1 Ecogll2-
o0

In particular, if | Prg — m(g)|l2 — 0 as t tends to infinity, then Ec,g = m(g) and

|Pig — (g2 = / R G ¢ g
Cy

Proof. Let C = Co U Cy. Since (Py);~0 are contractions, the spectrum of —A is contained in C.
By the spectral theorem, for all g € Lz(.Q, ),

IPgl3= / e 2R A(E, g, 8)n = IEc,gll + / e 2R A(E, g, g)r.
C C

For a reference on the resolution of the identity for normal operators, see [18]. O
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Lemma 4.3. Let {P;: 1 > 0} be as in Lemma 4.2 with infinitesimal generator A and spectral gap
M. Let 0 (—A) be the spectrum of —A and A = inf{Re(c): Re(c) > 0, ¢ € 0(—A)}, where Re(c)
denotes the real part of c. Then,

i) A<
(ii) Assume that V is a dense subspace of L*(§2, ) and the following limit holds

tl_l)IgO” Pig —J'[(g)”2 =0, VgeV.

Then . = . In particular, if . > 0, then A = .

Remark 4.3. The converse of Lemma 4.3(i) is not always true and a typical example is to con-
sider reducible finite Markov chains.

Proof of Lemma 4.3. For the spectrum of —A, since P; is a contraction for t > 0, 0 (—A) is
a subset of the half plane {a + bi: a > 0, b € R}. In the case that P; is normal, we may choose,
by the spectral decomposition, a resolution of the identity {Ep: B € B(C)} corresponding to —A
such that

(—Ag,g) = / yd{E, g, 8)n, YgeD(A), 4.3)
o(—A)

where B(C) is the Borel algebra over C and D(A) is the domain of A. By Remark 4.1, A can be
obtained by the formula

inf{(—Ag. g)x: g € D(A), 7(g) =0, 7(g?) =1}.

For (i), note that if A = 0, then obviously A < . We now assume that A > 0. Fix § € O, 1)
and let Bs = {c € C: 0 <Re(c) < 8} and T = Ep,. Using (4.3), one may easily compute that,
for g €e D(A) with w(g) =0,

(T(~A—8)g.8), =((~A—=8)(Tg), Tg)_ > (L —dITgl3>0
and
(r-a=0.8), = [ = DdlEz.0)x
Bs
Since (T (—A — 8)g, g)r is real, the above identity can be rewritten as
(T(-A—8)g.5), = / [Re(y) — 8] d(Ey g, 8)x <0.
Bs

Combining the above three inequalities, we obtain that Eg;g = 0 for g € D(A) satisfying
m(g) =0. It is also clear that Ep;1 =0 (since 0 ¢ Bs and 1 is contained in the range of E{).
Thus, using the fact D(A) = L2(.Q, ), we have Eg;, =0 on LZ(Q, 7). Finally, because o (—A)
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is exactly the essential range of the function vU(t)=twrt. {Ep: BeB(C)}, Bsand o (—A) are
mutually disjoint, which implies § < 7 for 8 € (0, 2). This proves the first part.

For (ii), it remains to show that *< A Obviously, this inequality holds for %= 0. For the case
%>0,weset Cj = {a + bi: a>n b e R}. By Lemma 4.2,

) B e
VeV, |Pg-n(e)|>= / RO 4B g o) <P g2
Cy
Since V is dense in LZ(Q, 1), the above holds true on L2(.{2, ). Thus, x <A O

We are now ready to compute the L2-distance, D (1, 1), using the spectral information of the
infinitesimal generator A of P;.

Theorem 4.4. Let {P;: t > 0} be as in Lemma 4.2 with infinitesimal generator A and spectral
gap A > 0. Assume that A is normal and {Ep: B € B(C)} is a resolution of identity for —A. If
is a probability measure with an L*-density f w.rt. 7, then

Day(p, 1) = / e 2RI A(E, £, f)x.
c(n)
where C(L) = {c € C: Re(c) > A}.
Proof. Let d(uP,) = f;dm. Then for g € L>(2, 1),

(8. fidr = (WP)(Q) = n(Pig) = (Pig, )z =(g. P} f),.

where P;* denotes the adjoint operator of P;. This implies that f; = P;* f. Since P; is normal, it
is obvious that || P;gllo = || P/gll> forall g € L%(£2, ) and, hence,

D)2 = |PF(f = D|3=|Pf — ()3 = / e 2RI QU f. )
c)

where the last equality uses Lemmas 4.2 and 4.3. O
The discrete time version for Theorem 4.4 is as follows. The proof is similar.

Theorem 4.5. Let {P;: t € N} be the family of contractions on L*>(2, 1) defined in (4.1) with
spectral gap A > 0. Assume that Py is a normal operator whose corresponding resolution of the
identity is {Eg: B € B(C))}. If w is a probability measure with an L*-density f w.r.t. &, then for
teN,

Dau.1)? = / Y2 d(Ey f. [

)

where 5(A) ={ceC: |c| <AL
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4.4. The L*-cutoff time for families of normal Markov kernels

Now, we shall assume that the initial probability has an L?-density (with respect to the invari-
ant probability). In this case, Theorems 4.4 and 4.5 imply that the L2-distance between a normal
Markov transition function and its stationary measure is a Laplace transform. Thus, the results
in Section 3 are applicable. In detail, let (£2,,, 3,) be a measurable space and p, (¢, x,-),t €T
(T =10, 00) or N) and x € £2,,, be a Markov transition function on §2,, with invariant probability
measure 77,. Let P, ; be the operator defined by

Pyig(x) = / gpa(t,x,dy), VgeL*(2y,m), teT, (4.4)
§2n
and u, be a probability on (£2,, B,) with L2—density fn WL T,

e For T = [0, 00), assume that P, ; is normal, strongly continuous, with positive spectral gap
An, and that the infinitesimal generator of P, ; has resolution of the identity {E, p: B €
B(C)}, where B(C) is the Borel algebra over C. For A > 0, let S, be the strip {c € C: Re(c) €
(0, A1} and set

Vn()t) = <En,SAfna fn)rr,l' (4'5)

e For T =N, assume that P, ; is normal with positive spectral gap A, and resolution of the
identity {E, p: B € B(C)}. For A > 0, let A; be the annulus {c € C: |c| € [e™*, 1)} and set

‘/;1()L)=<En,AAfn, fn)n,,' (4'6)
As a consequence of Theorems 4.4 and 4.5, the L2-distance is given by
Doatnt?= [ e av,o.
[An,00)

To state the main results of this paper, for § > 0 and C > 0, set

a(8) = T 2(4tn, 0) =inf{t €T: Dno(pn,t) < 5},
)»n(C) = ll’lf{)\, Vn([)\'n’ )\.]) . C},
7(C) = sup{ log1+ Vohn: D).

4.7)

A >AW(C)}.

Further, set

Yo = (C)71, by =21, (C) ' og(2n(C)14(C)) if T =10, 00),
v =max{1, 2,(C)7'}, b, =max{1, 1,(C)"log(1,(C)1,(C))} if T =N.

If T =N, we assume in addition that either t,(C) or #,(§) tends to infinity, for some C or
some §.
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Theorem 4.6. Referring to the setup and notation described in (4.4)—(4.7),

@) Ifliminfrrn(fnz) < o0, then {py(t, jin,-): n > 1} has no L*-precutoff.
n—o0

@Gi) If my( fnz) — 00, then the following are equivalent.
@) {pnlt, n,): t €[0,00)} has an L*-cutoff.
(b) For some positive constants C, §, €,

lim #,(8)A,(C) = o0, lim / e~ gy, (0 =0.
n—0o0 n—>oo
[An,An (C))
(c) For some positive constants C, €,
lim 7, (C)A,(C) = o0, lim / e~ O gy, (n) =0.
n—00 n— 00
[An,An (C))

Further,
— If (b) holds, then {p,(t, Ly, -): n > 1} has a (t,(5), )/,,)-Lz-cutoﬁc.
— If (c) holds, then {p, (t, n,-): n > 1} has a (1,(C), bn)—Lz—cutoﬂ

Proof. Immediate from Theorems 3.5 and 3.8 O

Remark 4.4. By Remark 3.4, if the family {p, (¢, un,-): t € [0,00)} has an L2-cutoff, then
Theorem 4.6 (b) and (c) hold for any positive C, §, €. Similarly, by Remark 3.6, if the family
{pn(t, tn,-): t € N} has an L>-cutoff with the L?-mixing time 7> (i, 8) tending to infinity, then
Theorem 4.6 (b) and (c) are true for any positive C, 8, €.

5. Applications to finite Markov chains

In this section, we spell out how our main results apply to normal Markov chains on finite
state spaces. Let £2 be a finite set and K be an irreducible Markov kernel on 2 with invari-
ant probability measure 7. Denote by p?(z, -,-) the associated discrete time Markov transition
function, that is, pd (t,x,y) = K"(x,y), t € N. Let p°(t, -,-) be the associated continuous time
Markov transition function defined by

X n

—1(I— _ t
Pt x, ="K y)y=e ’ZEK"(x,y), t>0. (5.1)
n=0 "

To facilitate applications, we discuss continuous and discrete time separately.

Forn > 1, let £2,, be a finite set and K,, be an irreducible Markov kernel on £2,, with invariant
probability 7,,. Let u, be some given initial distribution with density f,, with respect to 7,,. We
assume that K, is normal. Its eigenvalues and eigenfunctions will be ordered in different ways
in the discrete and continuous time cases. We let py (¢, x, y), pﬁf (t, x,y) be the corresponding
continuous and discrete time transition functions.
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5.1. Continuous time

Let Buo=1,Bu1,---,Bn,02,—1 be the eigenvalues of K, with orthonormal eigenvectors
Yno=1,Yu1,..., ¥n,|2,—1 0N LZ(.Qn, my,), ordered in such a way that

ReB, ;i >RepBuiv1, V1<i<|2,]—2.

Let A,; =1 —Re B, ; and set, for C > 0,

J
. . . . 2
Jn=1n(C)=mm=J>1: Z|Mn(wn,i)| >C} (5.2)
i=1
and
lo J NE
rn:t,,(C):max{ g(z,:()“lvn(Wn,lN )} (5.3)
JZin 2hn,j
Note that
5 1/2
Dy 5 (pn,t) = <Z|M(1/fn,i)| e‘”"-"‘) (5.4)
i>1
and set
tn =12(8) =Ty 5 (1an, 8) = inf{t > 0: Df ,(1n. 1) <8} (5.5)

Theorem 4.6 yields the following result.
Theorem 5.1. Referring to the above setting and notation,

(i) Ifliminf, oo 7, (f2) < 00, then {p(t, fn,-): n > 1} has no L?-precutoff.
@Gi) If my( fnz) — 00, then the following are equivalent.

(@) {pS(t, pin, -): n = 1} has an L?-cutoff.

(b) For some positive constants C, €, §,

.in_l
. . 2 _ )
lim #,A, j, = 00, lim E |tn (Wn,i)| e €hndni — (),
n—00 n—00 4 "
1=
(c) For some positive constants C, €,
Jn—1

. . 2 _ .
lim Tnxns]'n =00, lim E ‘Mn(l/fn‘l)’ e €Tnni =0.
n—oQ i1
i=

n—oo

Furthermore, in case (ii), if (b)/(c) holds, then {p;(t, iy, ): n =1} has a (t,,,)»rzljn)—Lz—
cutoff and a (ty, bn)—L2—cutoﬁwith b, = )»;1].” log(TnAn, j,)-
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Remark 5.1. By Remark 3.8, 7,(C) < TZC(/,L,,, CLH) for C > 0.

Remark 5.2. Theorem 5.1 is useful in proving an L>-cutoff if there is indeed one but, as stated,
in order to disprove the existence of an L?-cutoff, one has to show that Theorem 5.1 (b) and (c)
fail for all C, §, €. In fact, as stated in Remark 4.4, a stronger version of Theorem 5.1 says that
if p¢ has an L?-cutoff, then (b) holds for any triple (C, €, 8) and (c) holds for any pair (C, €).
Hence, to disprove the existence of an L2-cutoff, we only need to check that (b) or (c) fails for
some constants C, €, 8.

The following is a simple application of Theorem 5.1 which deals with the L2-cutoff for
a specific class of chains, those whose spectral gap is bounded away from O as in the case of
expander graphs. The notation is as above.
Corollary 5.2. Assume that K, is normal and k;l is bounded. Then the family {p§(t, pn, -):
n > 1} has an L*-cutoff if and only ifrr,,(fnz) — 00.

Furthermore, if my, (fnz) — 00, then the family {p§(t, Ly, -): n > 1} presents a strongly opti-

mal (t,, 1)-L?-cutoff, where t, is the constant in (5.5) and 8 is any positive constant.

Proof. The first part of this corollary is obvious from Theorem 5.1 whereas the second part
follows from

8¢ < DS 5 (tn. tn +¢) <8e™M, ¥ —t, <c<0
and
Se~Mn < Dﬁ,z(Mn, th + ck;l) <8e %, Ve>0. O
5.2. Discrete time

To treat the discrete time case, order the eigenvalues 8,0 =1, Bu1, ..., Bn,2,—1 and or-
thonormal eigenvectors ¥, 0 =1, ¥ 1, . .., ¥n, 2,1 in such a way that

|ﬁn,i| = |,8n,i+l|a V1 <i < |~Qn| -2.

Set A, ; = —log|B, ;| and define j, = j,(C) and 7, = 7,(C) by (5.2). The L?-distance takes the
form
5 172
DY ), 1) = (Zm(wn,»! |ﬁn,i|2f> : (5.6)
i>1
For § > 0, set
tn = 12(8) = Ty (un, 8) = inf{1 > 0: DI (. 1) < 8. 5.7

Theorem 5.3. Referring to the above setting and notation and assuming that either t,,(§) — 0o
for some § > 0 or t,(C) — oo for some C > 0, we have:



G.-Y. Chen, L. Saloff-Coste / Journal of Functional Analysis 258 (2010) 2246-2315 2265

(i) Ifliminf, o0 7, (f2) < 00, then {pe(t, wn, -): n =1} has no L*-precutoff.
@{i) If ma( fnz) — 00, then the following are equivalent.

(@) {pd(t, wn,-): n =1} has an L*-cutoff.

(b) For some positive constants C, €, §,

jn_l
. . 2
lim #,A,,j, = 00, m Y s ()| | Bi | = 0.
n— 00 n—00 4 !
1=
(c) For some positive constants C, €,
jn_l 2
lim Tn)\n,jn =00, lim E |Mn(l/fn,i)’ |,3n,i|an =0.
n—00 n—00 4 .
1=

In case (ii), if (b)/(c) holds, then {pd(t, un,-): n = 1} has a (ty, y, ")~L>-cutoff with v, =
min{A, j,, 1} and a (7, bn)—Lz—cutoﬁ‘with b, = max{k;ljn log(tuhn,j,), 1}

Remark 5.3. Remarks 5.1 and 5.2 remain true in discrete time cases. One also easily obtains a
discrete version of Corollary 5.2 under the assumption that the eigenvalues g, ;, 0 <i < [£2,|—1,
Bn.o =1 of the normal operator K, satisfy inf{1 — |B,;|, |Bn,il: 1 <i <[|2,| =1, n > 1} > 0.

5.3. Invariant kernels

Next, we specialize Theorems 5.1-5.3 to the case when the kernels K, are invariant under
some transitive group action, i.e., for each n, there is a group G, acting transitively on £2,, and
such that

Ky(gx,gy)=K,(x,y) VgeG,, x,y€82,. (5.8)

If |£2,| - oo, then the families {p§ (¢, x,,-): n > 1} and p,‘f(t,xn, -) have no L?-precutoff so
we assume that |£2,,| — oo. The notable contribution of these results is in the explicit spectral
description of the cutoff time t,,.

Theorem 5.4 (Continuous time). Assume that |$2,,| — oo and that K, satisfies (5.8) and is ir-
reducible normal with eigenvalues B,0=1, Bu,1, ..., Bn,|2,-1, ReBni ZRe By iqx1, VI <i <
|$2,| —2. Let Ay ; =1 —ReBy.i, An = Ap,1 and set

log(j +1) }

T, = sup{ th =T, ,(xs,8). (5.9)
izl 22 ’

The following properties are equivalent.
(@ {pS@t,x,,-): n>1} hasa L2-cutoff.

(b) t,An — 00 for some § > 0.
(©) Ay — oo
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Furthermore, if (b)/(c) holds, then {pS(t, x,, ): n = 1} has a (t,, A, ')-L*-cutoff and a (t,, by)-
Lz-cutoﬁwith b, = k;] log(tpAn).

Theorem 5.5 (Discrete time). Assume that |§2,| — oo and that K, satisfies (5.8) and is ir-
reducible normal with eigenvalues |Bn.i| = |Bn.i+1], 0 <i < |2, — 2. Set Ay ; = —1og|Bn.il,
An = Apn,1, and let T, be defined in terms of these A, ; as in (5.9). Set also t, = n‘{z(xn, 8).
Assume that either t, — 00 for some § > 0 or t,, — 00. Then the following are equivalent.

(a) {pfll(t, Xn,): n =1} has an Lz-cutoﬁ‘.
(b) tyA, — oo for some § > 0.

(¢) Ay, — o0.

Furthermore, if (b)/(c) holds, then {pﬁ(t,xn, ): n > 1} has a (t,, yn_l)-Lz-cutoﬁ with y, =
min{A,, 1} and a (t,, by)-L>-cutoff with b, = max{A;, ' log(t,A,), 1}.

6. The Ehrenfest chain

The Ehrenfest chain is one of the most celebrated example of finite Markov chain. Its state

space is £2, = {0, ..., n} and its kernel is given by
.. i . . i+1 )
K,G,i+1)=1——, K,i+1,i)= , YO<i<n. 6.1)
n n
It is clear that K, is irreducible with stationary distribution 7,(i) = (})27", i € {0, 1,...,n}.

Note that K, is periodic. The L?-distance of the Ehrenfest chain to its stationary measure has
been studied by many authors. By lifting the chain to a walk on the hypercube, the representation
theory of (Z,)" can be used to identify the eigenvalues and eigenvectors of the Ehrenfest chain
and to compute the L>-distance. The following well-known result gives a description on the
eigenvalues and eigenvectors of K.

Theorem 6.1. The matrix K,, defined in (6.1) has eigenvalues

2i .
Bni=1——, 0<i<n,
n

with L*(r,)-normalized right eigenvectors

172 _
wn,,'(x)=<':> Z(‘l)k@)(?_ ,f) 0<i,x<n. 62)
k=0

Proof. See, e.g., [7]. The vectors v, ; are in fact the Krawtchouk polynomials (up to a constant
multiple) and the desired properties are the orthogonality and recurrence relation of Krawtchouk
polynomials. See [14,16]. O
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To apply our main result using the above spectral information, we need to study ¥, ;. Recall
the classical notation
a
F(
bi, ..., b

where, for a € R and n > 0, (a), is the Pochhammer symbol defined by

) i(al)k (ar) F
< (b (b k!

k=

(@)o=1, (@p=a@+1)---(a+n—-1), Vn>1.

Using this notation, Krawtchouk polynomials are defined by

—i,—x|1
- p
fori =0, 1,...,n. Then, the eigenvector ¥, ; of K,, can be rewritten as
2\ 172
Yn,i(x) = (l> Pi(x,1/2,n). (6.3)
The recurrence relation for P;(j, 1/2,n) is
(n=2x)Pi(x,1/2,n) = —i)Piy1(x,1/2,n) +iPi_1(x,1/2,n). (6.4

Note that this is exactly saying that 8, ; and v, ; are eigenvalues and eigenvectors for K,,. Using
the above identity, we are able to apply the results from Section 5 to the Ehrenfest chain.

6.1. The continuous time Ehrenfest process

The transition function of the continuous time Ehrenfest process is given by pg (¢, -,) =
—t(I—Ky)
e .

Theorem 6.2. Given starting states x,, the family F. of the continuous time Ehrenfest chains
{po(t,xn,-), n=1,2,...} has an Lz—cutoﬁifand only if

. n—2x,] _

Our second result concerns the L2-cutoff time and the optimality of window sequences.

Theorem 6.3. Referring to the Ehrenfest family F., Assume that (6.5) holds and let

-2

2%

Then, there exist universal positive constants A, N such that for alln > N

e—2c < Dn,Z(xm In +cn) < Ae—267
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where the first inequality holds true for all real c with t, 4+ cn > 0 and the second inequality is
true for ¢ > 0.

Remark 6.1. By Proposition 3.7, this result says that there is an optimal (f,, n)—L>-cutoff. In
fact, the (t,,, n)—L>-cutoff is strongly optimal.

Using the relation between the first and the second eigenvectors of K,,, we also obtain a result
concerning the total variation cutoff or equivalently, the L'-cutoff. The details of the proof are
omitted.

Theorem 6.4. Referring to the Ehrenfest family F., let D, v (xy,, t) be the total variation dis-
tance between the distribution of the nth chain at time t starting from x, and m,. Then, for all
n > 1 and all ¢ such that t, + cn > 0, we have

Dy v (X, ty 4 cn) > 1 — 8¢,
Remark 6.2. By Theorems 6.3-6.4, if (6.5) holds, then there is a (#,, n)-total variation cutoff.

Before proving these results, we make some analysis on the eigenvectors v, ;. Let x, =
%(n + y,) with |y,| < n. Using (6.3), the recurrence relation of Krawtchouk polynomials in
(6.4) yields the following identity

e | S N G e s VR
N T R KR T
= _An,ibnan,i - Bn,ian,ifl (6.6)

where ap i = VY i (Xn), by = yn/+/n and

A= | — " = [ iHD 6.7)
' @+D@m—1i) ' G+Dm—1i)

To compute a, ; using the above iterative formula, one needs the boundary conditions a,  and
ap,2, which can be easily determined using the formula given in Theorem 6.1. They are

n
n :_bn’ n2 = A, < bz_l . 6.8
an,1 an2 ‘/2(n—1)(” ) (6.8)

Concerning the L2-distance, the symmetry of the chain implies that there is no loss of gen-
erality in assuming x, > n/2, that is, y, > 0. (Otherwise, one only needs to replace x, with
n — x, without any change on the L”-distance.) From now on, we assume that x, > n/2. Before
starting the proofs, let A, ;, j,(C) and t,(C) be as in Theorem 5.1. It can be easily seen from
Theorem 6.1 that A, ; = 2i/n. Also, note that (6.5) is equivalent to b, — o0.
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Proof of Theorem 6.2. We first prove that (6.5) implies an L>-cutoff. Since |¥,.1(x,)| =
b, — oo, we have j, (1) =1 for n large enough. This implies that

log|an,1]

7, (1) >
n(1) oot

and, hence, A, 17, > log|a,, 1| = oo as n — oo. By Theorem 5.1, F. has an L?-cutoff.
Suppose now that b,, - co. By Proposition 2.1, we can assume that b, is bounded from above,
say by B. Observe that, by (6.8),

a2, +a, =D+ (b2 —1)*>1/2.

WD
This implies that j,(1/2) < 2 for all n. Also, it is obvious from (6.7) that

A, <1, B,; <1, YO<i<n.
By setting y = sup,, b, V 1 using these inequalities and (6.6), one derives that

lan,iv1|l < ylanil +lani-1l, VI<i<n, n21.

Then, an inductive argument along with the fact |a, 1| < B and |a, 2| < B2 forn > 1 implies
that

lanil <B*(y + D', VI<i<n,
which gives
i j _ .
Y lanilP <BYY (v + D < By + DY, vji<a
i=0 i=0

Hence,

2j+1
7 (/2,072 <log B +log(y + 1) sup ==
1<j<n J

<0

By Theorem 5.1, this shows there is no L>-cutoff. 0O

Proof of Theorem 6.3. Assume that b, — oo and set f,,(c) = Dy 2(x,, t, +cby) where 1, is the
sequence defined in Theorem 6.3, that is, #,, = %n log b,,. To prove the desired result, we need to
investigate a, ; or instead A, ; and B, ;. The following claim is the only fact we need.

Claim: There exists N > 0 such that

i+1 i+1

An,i+ﬁ3n,,-b;2< 1, V2<i<n—-3,n>=N.
i
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To prove this claim, set 6 € (1,4/3). Then, for2 <i < (1 —1/0)n,

i+1
s An,i=
l l

\/9(1'.+1)X\/ n <J3_9<1

On—i) = 2

and, for (1 —1/0)n <i <n/2,

i+1 6 62
—An i< |1+ < -
i ’ @+Dn)@OB+1n n

[\

Summarizing, we get

sup Api=a<l.
2<i<n/2,n>3

When i > n/2, since (i 4+ 1)/i is decreasing in i and A, ; = A, ,—i—1, the same bound holds.
The claim is then proved by choosing N large enough so that

1
l,+1B,,,,»b;2<3b;2<1—a, Vi > N.
-

Returning to the proof of Theorem 6.3, we apply the triangle inequality in (6.6) to get
|an,i+l| < An,ibnan,i + Bn,ian,i—l- (6.9)

Let N be the integer chosen in the claim above. Then, this iterative inequality and induction
yields

7
lani| < <b,, 1<i<n—2,n>=N.
l

Using (6.9) fori =n — 2 and n — 1 implies that
B

lanil < =bi, 1<i<n,n>N,
i

for some B bigger than 2. To finish the proof, recall that

n
Dy, »(x, t)2 = Z|¢n,i(xn)|2€_2”“”vi_

i=1

Hence, forc >0andn > N,

oo
1
D ,t 2 g 2 _ —46’
n,2(xn w +cn) (.3 ;_1 i2>g
andforceRandn > 1,

2 - —
Dn,Z(xn, I +cn)2 2 |wn’1(xn)| e 2(ty+cn)hp,1 —e 4C. 0
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Proof of Remark 6.1. (The cutoff is strongly optimal.) The proof is similar to that of Theo-
rem 6.3. Fix ¢ < 0 and choose N = N(¢) > 0 such that

_ [ 2 ~
| )
e = ol l—i—e ‘b,"<1 Vn>=N.

Note that, for N <i<n—N—1andn > 2N,

n n 2
< < .
i+1Dmn—-i) (N+1)(n—N) N+1

Combining the above two inequalities then gives
¢ XA, i+ B, b7 <1 YN<i<n—N, n>2N.

As before, the iterative inequality (6.9) implies that |an,l| Beci bi for all 1 <i < n and
n > 2N, where 8 is a universal constant only depending on ¢. Hence, for ¢>73,

o0
Dﬂ,2(xnv th + Cn)2 < ﬁ2 264(0—0)1 < 0.
i=1

By Proposition 3.7, the family has a strongly optimal (z,, n)—L>-cutoff. 0
6.2. Discrete time Ehrenfest chains

Let K, be the Markov kernel obtained by

n
K, = I K 6.10

n n+1 n+1 + n+1 n ( )

where K, is the Ehrenfest kernel and I, is the n x n identity matrix. As a consequence of
Theorem 6.1, K, has eigenvalues ,B;l’i =1- nzﬁ with corresponding eigenvectors v, ; given

by (6.2).
To apply Theorem 5.3 to this chain, we need to reorder the eigenvalues. For 1 <i <n/2, let

2i
M 2ic1 = Py oi = —log<1 T 1>, U 2i1 = Ynn—i+1, Y oi = Vi (6.11)

Then, the L2-distance D, , in the discrete time case is given by

n
D) .0y = v )P, (6.12)

i=1
Write (6.3) in the form

—2x

wn l+1(x) \/ﬁ

nlwnt(x) n,iwn,i—l(x)a 1<i<n,
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and

0 =" o) ="y @
W,HC— «/E 1pn,Oxv wn,n—lx— «/E Wn,nX,

where ¥,.0 = 1, Y0 (x) = (=) with

Api=|—T = [0 IED
' @+Dm—1i) ' G+Dm—1i)

Note that for 1 <i <n/2,

An,n—i = An,i/Bn,ia Bn,n—i = 1/Bn,i~
This implies
n—2x
wn,n—i—l(x) = _—An,iWn,n—i(x) - Bn,iwn,n—i+l(x)~
Jn

Since ¥y ;+1 and ¥y, ,—;—1 are derived by the same iterative formulae with respective initial
values 1 and (—1)%, they are related as follows.

Ynn—i () = (=D i(x) Vx,i€f{0,1,....n}
This identity implies
Vo 0l =1, [ 5] =W 0 0] VI<i<n/2, (6.13)
This discussion will be used for the proof of the following theorem.

Theorem 6.5. Let 2, ={0,1,...,n} and F' = {($2,, K}, wn): n =1,2,...} be the family of
Markov chains given by (6.10) with starting states (x,)°. Then, the following are equivalent.

(@) In—2xp|//n— o0;
(ii) The family F' has an L*-cutoff.

Furthermore, if (i) holds true, then F' has a strongly optimal (t,,, n)—Lz—cutoﬁ and a (t,, n)-total
variation cutoff, where
n [n — 2x,|

th==1
L

Proof. The standard way to prove the above result would be to apply Theorem 5.3. Here, instead,
we bound D;l , using the L2-distance, D, >, of the Ehrenfest process discussed in Theorem 6.3.
In detail, by (6.11), (6.12) and (6.13), we have

[n/2]
_ 93/ 2 o . _ 93/
D), 5, 1) e Pt 423 [y (0] et < el 4 Dy o (x, 1)

i=1
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Where the last inequality uses the fact log(l — ¢) < —¢ for all # € (0, 1), which implies that
A, ‘o =2i/n=1—p,; and B, ; is the term defined in Theorem 6.1. For the lower bound, we

use the second term in the series of D,; ;(x, t)z, that is,

2
D)1 > [y e oot = P20 2
By writing )»;172 =2/n(1 4 ¢,), it can be easily shown that ¢, = O(1/n).

Recall that x,, = (n + v,)/2 with 0 < y,, < n. By Theorem 6.3, if y,/+/n is bounded, then
there exists € > 0 such that the e-mixing time Td 5 (%Xn, €) of D’ 2 is of order at most n. (In fact,
it is of order n using the lower bound obtalned above ) Let j, (C ) be the integer in Theorem 5.3.
It is clear that j, (1) =1 and, hence, A nl = = n.2 and

T2, 1 = 0 x (1 +0) = 01,

By Theorem 5.3, F’ has no L?-cutoff. In the case y,//n — oo, Theorem 6.3 and Remark 6.1
imply that

limsup Dy, 2(x,, t, 4+ cn)

n—o0

<0 ifc <O,
< Ae % ife>0,

where A is a constant and #, = (n/2) log(y,/+/n). Using the bounds for D;,’z established above,
we get

limsup D, (v, g+ cny =0 e=0
Xn, cn .
n—)oop n,2% g Ae_zc lfC > 0

and

11”13ng;,2()¢,,, th+cn)=e > VeeR.

This implies that F” has a strongly optimal (#,, n)—L?-cutoff. The proof of the total variation
cutoff is as in the continuous time case. 0O

7. Constant rate birth and death chains

This section applies the main results of this paper to the study of constant rate birth and
death chains. Finding the L?-cutoff of family of Markov chains from arbitrary starting points is a
difficult task that requires a great deal of spectral information. The following examples illustrate
this very well. First, we treat families of finite constant rate birth and death chains on {0, ..., n}
with n tending to infinity and arbitrary constant rates p,, g,. Second, we discuss the case when
the state space is the countable set {0, 1, ...}.
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7.1. Chains of finite length

Karlin and McGregor [12,13] observed that the spectral analysis of any given birth and death
chain can be treated as an orthogonal polynomial problem. This sometimes leads to the exact
computation of the spectrum. See, e.g., [10,12,13,20] and also [17] for a somewhat different
approach based on continued fractions.

The families of interest here are of the following simple type. Forn > 1,let £2, = {0, 1, ..., n}
and let K, be the Markov kernel of a birth and death chain on §2,, with constant rates

Pn(X) = p, gn(x) =gn=1—pn, YO<x<n, (7.1)
where p, (x) and g, (x) denote respectively the birth rate and the death rate with the usual conven-

tion that g, (0) = r,,(0), p,(n) = r,(n) are holding probabilities. This has stationary (reversible)
distribution m, given by

X n+l19—1
7, (x) = cn<&> . withe, = (1 - ﬁ) [1 — (&> ] . (7.2)
qn qn qn

jm
n+1

Set

Brno=1, Bn.j =2+/Pngn cos , VI<j<n, (7.3)

and let v/, ; be a vector on §2,, defined by v, 0 =1 and, for 1 < j <n and x € £2,,

(x+1)/2 ; 1 (x+2)/2 .
V() = Cy { (q—”) sin L DT _ (q—”> sin L0 } (7.4)
Pn n+1 Pn n+1

where Cn_i =c,(n + l)ann,j/(Zp,%) and A, ; =1 — By ;. Then, B, ; is an eigenvalue of K,
with corresponding normalized eigenvector v, ;. See [9, Chapter XVI.3].

Let x,, € £2,, n > 1, be a sequence of initial states and set as before D,};g(x,,, 1),y €{c,d},
to be the L>-distance for the nth chain starting from x, (¢ denotes the continuous time case and
d stands for the discrete time case). Then, by Theorem 5.1(i) and Theorem 5.3(i), a necessary
condition for the family {D:;z(xn, 1), n=1,2,...}, y € {c,d}, to have a cutoff is 7, (x,) — 0
as n — 0o. The following lemma gives an equivalent condition for such a limit using p, and x,,.

Lemma 7.1. For n > 1, let 7w, (-) be the probability defined in (7.2) with p, € (0, 1/2). Then, for
xp €{0,1,...,n}, m,(x,) — 0 if and only if

. 1 Xn
lim + — ) =o0.
i (= 3)

Proof. Set, forn > 1, b, = (p,/qn)™. Then, m,(x,) = b,c,,. Assume that ,,(x,) — 0. Using
the fact log(1 + ¢) < ¢, we have

logc, = _IOg(l +pn/gn+---+ (Pn/CIH)n) z—(gn — Pn)_l
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and

logb, = —x, log<1 + M) > —x—n.

n

Thus, b,c, — 0 implies x,,/ p,, + 1/(gn — pn) — o0 as desired.

For the other direction, assume that limsup,,_, . 7, (x,) > 0. Since b, < 1 and ¢, < 1, we may
choose a subsequence (ny)r>1 such that infy b,, > 0 and infy ¢,, > 0. Consider the following
identity.

1—co=(pn/qn)(1 = ca(pu/an)").
This implies that
a—0 & p,—1/2
and, hence,

limsup p,, = p < 1/2.

k—o00

Using the last observation and the fact infy b,, > 0, it is clear that x,, has to be bounded. Con-
cerning the value of x,,, let A = {ny: x,, =0} ={n: k> 1}and B={nx: k=1,2,.. }\ A=
{n}: k> 1}. Observe that |A| = 0o or |B| = oo must hold. In the former case, it is easy to see
that

. 1 Xn . 1 1
liminf + — ) <limsup < < 00.
n=00 \1=2p, = pn k—oo 1 =2py ~1-=2p

In the latter case, since Xy 2 1 and infy an > infy b,, > 0, it must be true that infy Py > 0.
Hence, we obtain

.. 1 Xn . 1 . xn}{
liminf + — ) <limsup ———— + limsup
n—o0o \1=2p, = py e T k—oo Pn]
1 SUPg Xpy

< + < 00. O
S 1-2p infe py

The next theorem concerns the L2-cutoff for these birth and death chains and the associated
cutoff time.

Theorem 7.2. Referring to the setting introduced above, for n > 1 and y € {c,d}, let p} (¢, -,-)
be the (continuous/discrete) associated Markov transition function. Fix a sequence of states
Xp € 82,. Assume that 0 < p, < 1/2. Then, for y € {c, d}, the family {p,){ (t,x5,-): n > 1} has an
L2-cutoff if and only if

lim x, (q—” — 1) = 0. (1.5)

n—oo p}’l
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Moreover, if the above condition holds, then, for y € {c, d}, the family p,}; (t,Xxn, ) hasa (), b})-
L>-cutoff where

o Xn (loggn —log py)

d_ {xn(logqn — 10gpn)J

20 -2Pugn) " —1og(4pngn)
and
b — loglog(qn/pn)™" d_ loglog(gn/pn)™
! 1 —2./Pngn ' " —log(4pngn)

Remark 7.1. Note that the cutoff time (if there is an L2-cutoff) is independent of the size of the
state space.

Remark 7.2. Concerning the case p, = p € (0, 1/2), by Theorem 7.2, the existence of the L-
cutoff for p} (t, x,,-), ¥ € {c,d}, is equivalent to the condition x, — 0o. As a consequence of
Theorem 7.2, if x,, — o0, the family pﬂf (t,xn,"), T €{c,d},hasa (), bl )—L2-cutoff with

c_Uogg—logpn g (ogg Zlogp)an e a0y
" 2(1-2ypg) " —log(4pg) T "

Diaconis and Saloff-Coste proved in [8] that both families p¢ (¢, n, -) and p;‘f (t,n, -) have a sep-
aration cutoff at time One can check that

n
q—p"°

logg —logp logg —log p

v 0,1/2). 7.6
20 -2gp)  —log@pg) q—p L (70

Thus, ¢ > t,‘f and the L2-cutoff occurs later than the separation cutoff (this is not always true).
Note that the window given here is not optimal. For example, in continuous time case, it can
be proved directly using the expression in (5.4) and the formulas (7.3), (7.4) that py, (¢, n, -) has
a strongly optimal (z, 1)—L?-cutoff, where the strong optimality uses Corollary 5.2. Similarly,
for any integer m, the L2-distance between pf,[ (t,‘f + m,n,-) and m, always converges to O as
n— oo.

Remark 7.3. In the case p, — 0, the equivalent condition for the existence of the L>-cutoff is
X, — oo. If this holds true, then the family p,){ (t,xn, ) has a (t), b} )—L?-cutoff with

1 .
1= 3 log(1/py), b;, =logx,

and

d_ log x,
! log(1/px)

d
tn = Xn,

Note that £¢ and ¢¢ are of different order.
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Remark 7.4. In the case p, — 1/2, write p, = % — 5—", where §, = o(n). By Theorem 7.2, for

n
y €{c,d}, p,’{ (t, x5, -) has an L2-cutoff if and only if x,8,/n — co. Moreover, if x,3,/n — oo,
then both families in continuous time and discrete time cases have a (¢, b, )—L>2-cutoff with

2
nx n Xp0
= —2, b, =x, + — log n

5 52

Theorem 7.2 also holds in the case p, = g, = 1/2 where there is no cutoff. This is well known
and we omit the details.

Proof of Theorem 7.2. The proof of Theorem 7.2 involves considering several cases. We shall
use the convention that, for any two sequences of positive numbers sy, #,,

Sp~t, if limy— oo 8y /1 = 1;
sn Sty if limsup,,_, o {sn/tn} < 00; (7.7
Sp =ty ifs, <t,, t, <sy,.

~ ~

Set p, = % — %” and let x,, € {0, 1, ..., n}. Then, for any sequence of pairs (x,, p,), there exists
a subsequence ny such that the conjunction of one A (i) and one B(j) holds, where

A(1): 8y, = 0(1); B(1): x,, =0;

AQ2): op <1, B(2): x,, < 1;

AQ): 8y = 00, by, =o0(nk); B3): xy — 00, Xy 8y =o0(nk);
A4): 8y, /g — 6 €(0,1/2); B(4): xp, — 00, Xy 8p, X ng;
A): by /i — 1/2; B(5): xp, — 00, ng=0(xn;0pn;).

Let R(i, j) denote the case when A(i) and B(j) hold. Clearly, R(1,4), R(1,5), R(2,5), R(4,3),
R(4,4), R(5,3) and R(5,4) can not happen. By Lemma 7.1, it is easy to see that 7, (x,) < 1 is
equivalent to cases R(4, 1), R(4,2) and R(5, 1). Thus, by Theorem 5.1, the family of continuous
time chains has no L?-cutoff in those cases. For the family of discrete time chains, we can show
that

(0,0, - 2
lim nn<‘M —1 ):o in RG5,1)
n—00 7 (+)
and
d 2
t,0,- .
Vt >0 liminfm, M -1 >0 inR(4,1)and R4,2).
n— 00 775, (+)

This implies that no L2-cutoff exists, where the case R(5, 1) uses the first equality and cases
R(4,1) and R(4,2) use the second inequality and Corollary 3.3.

Let & = {ny: k > 1} and F¢ be the subfamily of F indexed by &. By Proposition 2.1, to prove
Theorem 7.2, in cases R(3,5), R(4,5), R(5,2) and R(5,5), it suffices to show that F¢ has an
L?%-cutoff. In cases R(i, j) with i, j € {1,2,3} and R(2,4), R(3,4), it suffices to show that F¢
has no L?-cutoff. To simplify the notations, we write F for Fe. Let w,f) 0= Wfll,o = | and set

Mpi =2 ni=1=PBui, Vni=Vni, YI<i<n, (7.8)
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and, for 1 <i < [(n+1)/2],

A= = —logBui, Y =i Vs = Yt (7.9)

As before, ¢ and d represent the continuous time and discrete time cases, and F. and F; are the
corresponding families.

Necessity of (7.5). Consider the cases R(1, j) with 1 < j <3 and R(i, j) with i € {2,3} and
j €{1,2,3,4}. Rewrite (7.4) as follows.

2

2 7
’ n,i ' | n
‘ s 1 g < ] 71
wn,l(xn) = (n 1)7tn(xn))nn,i l ( )

% — /gn sin ”fﬂ Note that, for 0 < s <7/2 and 0 <t < 7 with

where A, ; = /pn sin
s <t,

(t* —5%).

N =

1 5 2
§(t —s57) < coss —cost <

This implies that, for 1 <i < n,

(qn — pn)? ( in ) {>an i/5,
Mmi=————"—+2./ 1 —cos ’ 7.11
n,i («/E‘F«/P_n)z Pndn nrl <SOan ( )

where

ani=—(82+i%[1-2).
i n2<n n2

Note also that, for j € {1, 2, 3, 4},

I/n for R(1, j), R(2, j),

7n (Xn) = {5,,/11 for R(3, j). (7.12)

Now, we are going to disprove the existence of L?-cutoff using Theorems 5.1-5.3. We first
treat the continuous time cases. For C > 0, let j,(C), t,(C) be as defined in (5.2), (5.3). Step 1
and Step 2 below treat the cases R(1, j) with j € {1,2,3} and R(2, j) with j € {1,2, 3,4},
whereas Step 3 and Step 4 discuss the cases R(3, j) with 1 < j <4.

Step 1: There exists Cy > 0 such that j, (Cp) < 1.
Note that A(1) or A(2) implies p,, — 1/2 and 8, = O(1). When A(1) holds, by writing

i(x, +Dm i X,

An,iz‘/p,,(sin o —sinn+1>+(4/pn—4/qn)sin

iX,TT
n+1’

(7.13)

we have |A, 1| < 1/nand |A, 2] S 1/n. In a detailed computation, one can get

|Apa] = 1/n if x,/n €[0,3/81U[5/8, 1],
{|An,2|x1/n if x,/n € [3/8,5/8].
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Thus, Ai L+ Aﬁ 5y X n~2. When A(2) holds, we may choose a constant € € (0, 1/2) such that

|An1l 2 1/n, Vx, €[0,en]U[n/2,n]. (7.14)

Clearly, for all k > 1, |Ay k| S 1/n using (7.13). To get a similar bound as in A(1), observe that
for fixed k > 1, if x,, € [n/(2k), n/k], then

k(x, + D
n+1

. kxym . (kxy+ D
24/pn<smn_zl—s1n IZ—i—l )—l—(dqn )sm

. kxpmw . kxym
|An,k|=\/pn(31nn_i1_31n >+(VQH_VPH)Slnn_zl

T >
1 /n

where the last asymptotic inequality is given by (7.14). Consequently, by setting K = [1/(2¢)],
we have
Ap i+ A e=n2

Hence, in either case of A(1) and A(2), Z,K:1 A’% ;X n=2. Plugging this result, (7.11) and (7.12)
into (7.10) then gives

2(A2 A2
E I/I,El(xn) = ( + - K)
im1 ’ (n + 1)7Tn(xn))\n,K

This proves Step 1.

Step 2: Let Cy be as in Step 1. Then, 7,,(Cp) < n2.
In order to prove this fact, we need the following computations.

Ci(xp+ D Cix DT

[An,il < v/Pu|sin 1:~|—1 — sin 2% + (Van — /P )sm 1‘

j 4x,6 14+48,)mi

<Z<1+ n n>§( + n)j'”. (7.15)
n n n
Using the last inequality and (7.10)—(7.12), we obtain
1072 (1 + 48,)%i%/n? 10772(1 4 45,,)?

[ZREDIES d <

(n + Dy (x) ot i (n+ Dy (x,)4/1 — 482/n

where the last asymptotic relation is uniform for 1 < i < n. This implies that

sup{wn,(xn) 1<i<n, nz1}=M<oc
and, hence,

log(1 + C log(1 + Mi

an,jn(co) 1<i<n 2hni

This proves Step 2.
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It is immediate from Step 1 and Step 2 that A, j, (c,) Tz (Co) < 1 and then, by Theorem 5.1, the
family {pC (¢, x,,-): n=1,2,...} has no L?-cutoff.
In Step 3 and Step 4, we treat the cases R(3, j) with 1 < j < 4.

Step 3: There exists C; > 0 such that j,(C) < §,.
To see the detail, recall those identities introduced in (7.10)—(7.12). It is an immediate result
of (7.11) that if A(3) holds, then
Ani = (82 +i*)n~2,  uniformly for 1 <i <n. (7.16)

We first consider R(3, j) with j € {1, 2, 3}. In these cases, it is obvious that x,,6,, = o(n). Using
this fact, one can easily compute
X0, i
= =ol-),
n2 n

where < and o(-) are uniform for 1 <i < (n + 1)/(4(x, + 1)). This implies

X,
n+1

i(xp, + 1D iX,7 i

arl il T (Van = /pn)

sin

A = i2/n2, uniformly for 1 <i < 4. (7.17)

n,i

By replacing corresponding terms in (7.10) with (7.12), (7.16) and (7.17), we obtain

2
W,f,i(xn) = ;—3 uniformly for 1 <i < §,.
n

Thus, for C small enough, j,(C) < §,.
We now consider the case R(3, 4), that is, §,, — 00, x, — 00 and §,,x, < n. As before, apply-
ing (7.12), (7.15) and (7.16) to (7.10) gives

-2

i
—_— iformly for 1 <i <n. 7.18
5n(5,21+i2) uniformly for i<n ( )

Y2 () S

This implies j,(C) 2 8, for all C > 0. To see the inverse direction, observe that for % <i<

n+1
Xp

i(xp,+ 1D L IxuT

1 s |t W= V)

sin

| Al = /Pa|sin ’xfl ‘ (7.19)

n
This can be easily seen from (7.13). To analyze the right side summation, we compute that

Vn+1<ig3(n+l), Sinlxnﬂ>l> 2xpl ’
2x;, 4x, n+1" 27 3(n+1)

and

v3(n+l)<i ’

n—+1 i+ D Lo ixym i
< sin —————— —sin > .
4xy Xn n+1 n+1 2(n+1)
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Putting these two inequalities back to (7.19) gives

n+1 n+1
|Ay.il 2 i/n, uniformly for + <i< + .
Xn Xn

Hence, by applying this result with (7.10), (7.12) and (7.16), we get

L2t =y =y

Xn Xn Xn )
l
Y Yri) = Y Yr )z Y —o—— =<1
: ’ ’ 8, (85 + i)
=1 =I5 =g "

This implies j, (C) < n/x, =< 8, for C small enough. Consequently, in R(3,4), j,(C) < §, for
C small enough.

Step 4: Let Cy be as in Step 3. Then, 7,,(Cy) < n2/8,%.
Note that, in cases B(1)-B(4), x,8,/n < 1. By the second inequality of (7.15), this implies

|Ani|l Si/n uniformly for 1 <i <n.
As before, applying this result with (7.10), (7.12) and (7.16) gives
sup{llf,f’i(xn)én: 1<i<n, nz21}=N<o0.
Thus, we have

2 log(1+C log(1 +iN/8 2
n xog(+ 1)<Tn(cl)< max og(l +i /n)xn

82 An,jn(Ch) n(CN<i<n An,i 82

As a consequence of Step 3 and Step 4, we have A, j,(c;)7:(C1) < 1. By Theorem 5.1, this
implies that the family {py, (¢, x,,-): n=1,2, ...} has no L?-cutoff.

The proof for discrete time cases goes in a similar way. Recall in the following the spectral
information displayed in (7.9) using the setting given by (7.3) and (7.4). For 1 <i <n/2,

Vi =Vnie Vi = Vg1, (7.20)
and
)‘z,zi—l = )‘Z,Zi = —logBy,i.
Note that
Vi<isn, —logfui=—log(l —A,;) = Ani

and, for all L > 2,

—logB,,; <Ay, uniformly for 1 <i <n/L.

Using the above comparison relationship, it is easy to show from the definition of j,(C) and
7,(C) given in (5.2) and (5.3) that Step 1 and Step 2 remain true in cases R(1, j) with j =
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1,2,3 and R(2, j) with j =1, 2,3, 4. As a consequence of Theorem 5.3, the family {p,‘f (t, xn,):
n=1,2,...} hasno L2 _cutoff.

For cases R(3,j) with j € {1,2,3,4}, let C; be the constant for families of continuous
time chains selected in Step 3. Using (7.20), one can easily show that, for discrete time chains,
Jn(C1) < 8, whereas (7.18) gives j,(C) = 8, for all C > 0. This implies j,(C1) < &,. A sim-
ilar proof as that for Step 4 implies 7,(C) =< nz/aﬁ. By Theorem 5.3, the family { p,‘f (t, xpn, ):
n=1,2,...} hasno L2-cutoff.

Sufficiency of (7.5). First of all, recall the notations defined in (7.2)—(7.4) and (7.7)-(7.9), and
rewrite (7.10) and A, ; in the following way.

2sin?((22 + Gn,»ﬂ{ (7.21)
(n~+ Dy, (x,)

VI<i<n, Yl =

where 6, ; € (1/2, 1) is such that

/P sin X /Pncos o —
sin(@,7) = YPUNEL - og(g, ) = YL gL T VA (7.22)
)\n,i vV An,i
and
i
Vi<i<n, hni=(/Pn _\/QI1)2+2\/pnCIn<l —coanr 1)
482 2 )
- ¢<1 + 0(’—2)) (7.23)
14+2/Pngn 5;

where O is uniform for 1 <i < n. According to the discussion in the beginning of the proof,
only cases R(3,5), R(4,5), R(5,2) and R(5,5) are needed to be considered. Obviously, either
of them implies

5
lim 8, = oo, lim 222 — oo
n—00 n—oo n
and further that
25 x
7 (x) ~ =20 (ﬂ) . (7.24)
ngn \ 4n

We will prove the sufficiency of (7.5) using Theorems 5.1-5.3. For C > 0, let j) (C) and
7/ (C), y € {c, d}, be as defined in (5.2) and (5.3). In what follows, Steps 5, 6 and 7 deal with
cases R(3,5), R(4,5) and R(5,5), whereas Step 8 consider R(S5, 2).

Step 5: For C > 0, j/(C) <2/ (C) — L and j{(C) < [84(pn/qn)™/1.
Clearly, the first inequality follows from the setting I/fizl»_l = @[frf’ ;- To see the second one,
observe that

+ /
1—6,;~ w X uniformly for 1 <i < n/x,.

i
Sn
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2283
This can be proved without difficulty using (7.23). By this fact, one can show that
P i =1~ uniformly for 1 <i < —.
n+1 n Xn
Hence, we have
ix ixn \ 2
sin2<< u +9n,i)7r) = <—n) uniformly for 1 <i <n/(2x,). (7.25)
n+1 n

As the above result can hold only for x,, < n/2, we consider two subcases.

Case 1: x,, < n/2. In this case, one may use (7.25) to show that for 1 < j <n/(2x,),

j Xp 3.2
log(Dw;‘,,-F(xn)) =10g<<z—") é ;2> +0). (7.26)
i=1 n n

Using the inequality log(1 + ) > %(t A1) for t > 0, we obtain

This implies

n

). (7.27)
Xn
Hence, for C > 0,

; Xn/3 Sn 2\ 1/3 . Xn/3
wer<|() G) =l=(3) |

n qn
Case 2: x,, > n/2. In this case, we go back to (7.10). Note that for x,, > n/2,

L XpTT . G+ D .
|An,1|=\/Pn<Slnnn+1—SIHI;T>+(V5]n—\/Pn)5m

XpTT
+1

where the right side is a sum of positive terms. In a few computations, one can show that for
pn<1/4o0rx, <3n/4,

n

. XpT 1
(\/Qn_\/pn)suln:_l Z,;
and for p, > 1/4 and x,, > 3n/4,

1 1
\/E(sin x’f —sin G+ Dm )n> =
n
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Thus, |A,.1| = n~". Applying this result with (7.10), (7.23) and (7.24) gives

1,02 (x)>l q_nx”
T~ 83\ pn )

Moreover, using the fact log(1 4 ¢) > %(t A1), we have

log 2 | (xn) > x, log % + 0(log8,) = n[(8,/n) A 1]+ O(logs,), (7.28)

n

where the most right summation tends to infinity. This implies that for any C > 0, jS(C) =1 as
n large enough. Then, Step 5 is an immediate result of (7.27).

Step 6: For C > 0 and y € {c, d},

Xn log(gn/ pn) + O (loglog(gn/pn)*™)

y

7, (C) >
22

n,1

To prove this inequality, we set, forn > 1,
-1/2
£, = i(xn log q—") .
n pn
Using the first inequality of (7.27), one can show that
Pn /3 n
VvC >0, 8,,(—) =o0(ly), Ly =o<—>. (7.29)
4n n

As the proof for Step 5, we consider the following two cases.
Case 1: x,, < n/2. An immediate result of (7.29) is that for any C > 0,

JC) <[4, < 2n , for n large enough. (7.30)

Xn

Putting this fact with (7.23), (7.26) and (7.27) together gives

Ly
log Y1 15, G _ x,108(an/ pa) + Ologlog(gn/ pu)™)

°(C) > . > .

" 224 10,1 25 1 (14 0(([€,1 = 1)2/82))
_ Xplog(gn/pn) + Ologlog(gn/pn)*™) _ xnlog(qn/pn) a31)
N 22 28, ’

For discrete time chains, one can compute without difficulty that

in (i — 1?2
AZ’ZI.]=A§f’2i=—log<24/—pnqncos +1)=xg’1<1+0< 52 )) (7.32)

n n

where O is uniformly for 1 <i < n/x,. Applying this fact with (7.20) and (7.31), we have
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Yl yd o)l S e )P
2,\32[,3 . md LA+ 0(T] = 1)2/82))

24(C) >

_ xplog(gn/pn) + O(oglog(gn/pn)'™)  xnlog(gn/pn)
= y ~ e (7.33)
24 234,

Case 2: x,, > n/2. It has been shown in Case 2 of Step 5 that for any C > 0, j} (C) =1 for n
large enough. Then, by (7.28), we have

log (¥ 1)) _ X 10g(gn/ pu) + O (10g (s /m)

4
7, (C) >
Q) 27 2.}

This proves Step 6 using the first inequality of (7.27).
To determine the existence of the L?-cutoff using Theorems 5.1 and 5.3, we have to compute

y(c) Using (7.23) and (7.32), one can show that

AZJ. N)‘Z,l uniform for 1 <i < Cn/x,, vy €{c,d}

where C is any positive constant. By Step 5 and (7.29), it is easy to see that j) (C) < n/x,.
Putting these two results together gives

)\’V ~ )\V

e M YO0

Then, by Step 6, we obtain that for y € {c, d},

q
t,’,/(C))»:’jny(C) ~1t) (C)kn | 2 Xn log<p—z> — 00 asn— 00

and
H(©o)-1 S L
Z |wn t(‘x”’)i 672),”1’,1-” ©) < Ce—zxn‘lt,, C) =0 asn— oo.

i=1

As a consequently of Theorems 5.1 and 5.3, the family {p;, Y(t,xp,): n>1}hasa (¢) (C),1})-
L2-cutoff with

16 = (1) Mog (xS (025 ) (7.34)
and
19 = max{1, (Ad ) og(z(0)12 ). (7.35)

This proves the sufficiency of the L2-cutoff for cases R(3,5), R(4,5) and R(5,5). In the next
step, we make a detailed computation on the L>-cutoff times and cutoff windows yielded above.
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Step 7: For C > 0 and y € {c, d},

xn1og(gn/pn) + O (loglog(g,/pn)™)
2,\,{,1 '

7 (C) =

By Step 6, it remains to give an adequate upper bound for 7. (C). Obviously, by (7.2) and
(7.21), we have

W2 (xn) < 2 <1<q">xn V1<i<
(X)) S < — | — S sn.
TS (4 D1y (X)) 80 \ Pa

This implies for y € {c, d},

7/ (C) < max
W (€)<i<n

{xn 102(qn/ pu) +log((i + 1)/8,) } (7.36)

iz
20,

We consider two subcases concerning the value of p,. In the case p, < 1/4, or equivalently
8y = n/4, it is obvious from (7.36) that

1 log4
VC >0, y €{c, d}, T,{(C)gxn og(qgf;n)+ og4.
n,1

In the case p, > 1/4, one can show that there is a constant N > 0 such that, for n large enough,

i2—1

N62

/\Z,i>x,ﬁ,1<1+ ) Vi<isn, yefcd).

2
Using this fact, we may prove that for % <i<n,

xnlog(gn/pn) +log((i +1)/8,) o log(qn/pn) § {w}
24 T i peicn| (2= 1)/52
(xn lo%(Qn/Pn))
ol —=———~"" ).
)“V

n,l

2
Xn ‘sn
n o

Moreover, for 1 <i <

Xu log(gn/ pn) +1log((@ +1)/8,) < Xn log(gn/ pn) +log(x,8, /1))
227 h 21) '

n,i

Consequently, we get

« Xn108(gn/pn) + O(log(xndn/n))

14

7 (C)
22

n,1

This proves Step 7 since 8§, x,/n = O((gn/pn)™).
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Next, we use Step 7 and the conclusion in the end of Step 6 to determine the desired cutoff
times and cutoff windows. Set, forn > 1,

y _ *n10g(gn/pn)
Y

n,1

, v €led},

and

o loglog(gn/pn)™ d_ loglog(gn/pn)™
Wy =—""", w, = max 1,+ .
)\’n,] )\'n,l

In Step 6, the windows for the Lz-mixing time in (7.34) and (7.35) satisfy
1 =<w), vyelcd).

By Step 7, this derives 7, (C) = v} + O(w}) and then, by [5, Corollary 2.5(v)], the family
pr(t, x,, ) has a (v}, w) )—L>-cutoff. Consider the following identities.

c
)”n,l

(1= 2¢/Putn ) (1 + O(/Pn8; 7))

2y = (—log(4pugn)) (% + 0(5;2)) (7.37)

Let £, 14, b¢, b be as in Theorem 7.2. Then, (7.37) implies

n>'n>~ n>~n

! I
R L O R (N . C ) )
(1= 23/Pudn) —57 10g(4pady)

Observe that if p, =< 1, then

26 1)
logq—nzlog(1~|— n>x—n,
Pn Pnh n

and if p, = o(1), then §,, ~n/2 and

log KL —log4pugn =0(1/\/Pn).

n

This implies
/Pnxn10g(qn/ pn) < 1 . o(wc)
831(1 _2\/pnCIn) ~ (1 —2\/Pn6]n) "
and
I 1 1
M S _max{l’ —} = O(wg)
_8n 10g(4pn6]n) O _log(4ann)
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Thus, v}, = t,, + O(w ) for y € {c, d}. Again, by [5, Corollary 2.5(v)], the family p,, Y (t, Xn, ")
presents a (t) , wl)—L?-cutoff.

To see b}, is the desired cutoff window, note that in case R(3,5), R(4,5) and R(5,5), it is
assumed &, — oo. By (7.37), one has wy, < b, and

1
wff = b,‘f if logx, 2 log<p—>.
n

As a consequence of [5, Corollary 2.5(v)], p; (¢, x, -) presents a (5, bS)— L2-cutoff and, in case

n’>-n
logx, 2 log(1/py,), the family p;‘f (t, xn, -) presents a (t,f, b?)—L2-cutoff. It remains to consider

n
the discrete time case with the condition log x,, = o(log(1/p,)). In cases R(3,5), R(4,5) and
R(5,5), this can happen only if p, — 0 and x,, = o(1/p,). Recall the L2-distance in (5.6) as

follows.

n 2Sin2(szz +0}’l )7T ]7'[ t
Dd ot 2 _ n+1 »J 4 2 ,
[ .2 (Xn )] Z 7t DraGen Pndn c0s” ~ i

j=1

where 6, ; € (0, 1/2) is the term satisfying (7.22). In the assumption p, — 0, it is clear that

Xn
T (X) ~ (ﬂ> . 6u;~1 uniformlyfor 1< j<n. (7.38)
n
By setting s, = %, the former identity of (7.38) implies 7, (x,) ~ (4png,)*" and then

for any € € (0, 1/2),

[A=e)nl » sinz(r{% + 6, j)7

(n + Dy (x,)

. Sn
T
<4pnqncoszn+l) =o(1).

Jj=len]

Thus, we have

tim [DY 060, 5)]" <26 +0(1) Ve € (0,1/2)

n—o0

which yields D4 2(x,,, sp) = 0 as n — oo. To see D4 2(x,,,s,, 1), it loses no generality to
assume that hm,,_>oo xn/n =c €0, 1]. For c € (0, 1/2], we have

[3/(40)] s 20 jXn . . 2(s,—1)
2 1 2 sin”( + 6y, )1 T n
[Diz(xn, sn— D] 2 — Z "+;L cos nJ—}— 1
Py
1 1
= = — O

npn  XnPn

where the second asymptote uses the second identity in (7.37). In a similar reasoning, if ¢ =0,
one has
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[n/(2xn)] s 2( JXn . . 2(sp—1)
1 2sin’ (L% + 0y, )7 jm

DY (xp, 5 — D] = — ot

(D5 2G50 = D] 2 ; p

1

XnPn

~
=

—> OQ.

The proof for ¢ € (1/2, 1] is almost the same using the symmetry of sine and cosine functions
and, consequently, we achieve D;,l,z(xn’ sp — 1) — o0. This proves the desired cutoff.

Step 8: In case R(5, 2), thatis, p, — 0 and x,, < 1, we prove the existence of the L2-cutoff and
determine a cutoff time and a cutoff window by computing the L2-distance in detail instead of
using Theorems 5.1 and 5.3. First, let Dr’:_z(x,,, 1),y €{c,d}, be the L2-distance of the nth chain
at time ¢ starting from x,,. Using (5.4), (5.6) and (7.21), one can derive

" 2sin? ( +6 ) ;
2 F1 1+ 0 jm
D¢ ) = n 2%(1=2
( .2 (%n ) E D Gon) exp{ ( «/pnqncosn l>}

j=1

and

" 2s1n + O, j) it \*
1 — n+1 »J 2 ]
(D250 0)? =" ot D V/Pndn 08—

j=1

Using the second part of (7.38) and the fact x,, < 1, we have, for any M > 0,

Z":sm (,{i’]‘l‘@n;) <co jm )Mx” Z”:sinz(,{% +9n,j)71

S =
ot n+1 n+1 = n+1

Putting all above together, we obtain

D¢ ( Xp log(gn/pn) +c
n,2 s

=e ¢ VeeR
2(1 _2\/ Pndn) )

and

—c/2
n

D;‘f’z(xn,xn—i—c)x YceZ, x, +c > 0.

Consequently, the continuous time family has a strongly optimal (%%, 1)-L2-cutoff and

the discrete time family has a (x,,, c,)—L2-cutoff where (cn)$° is any sequence of positive num-
bers tending to 0. The desired cutoff for discrete time cases is obtained due to the facts

log(4 1
—x, = M =o(1), bg =————=o(). 0

0<t?
—log(4pngn) log(1/py)

n
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7.2. Countable chains

In this section, we consider birth and death chains on £2 = {0, 1, 2, ...} with transition func-
tions p” (¢, -,-), ¥ € {c, d}, associated with the kernel

ify= 1,
Keoyy={? 22=*F (7.39)
q ify=x—lorx=y=0.

Let 7 be a probability measurable on £2 given by

X
Vxef2, nkx)= u<£> .
q q

Here, we assume that p < 1/2 so that there exists a unique invariant probability measure, which is
equal to 7, associated with pY (¢, -,-). In order to investigate the L2 -cutoff for families of birth and
death chains on £2 using Theorems 5.1 and 5.3, one has to compute the spectral information of
this infinite chain and this is given in [11]. Here, we consider another approach without the uses of
spectral information but establishing a relationship on the L?-distances between the distributions
of finite and infinite chains and their stationarity. This is the main thought in this section and is
realized in the following lemma.

Lemma 7.3. Let p?(¢t,-,-), y € {c,d}, be the Markov transition functions given by (7.39) with
p <1/2. Form > 1, let pl,(t,-,-) be a birth and death chain on £2,, ={0, 1, ..., m} with con-
stant birth rate p and constant death rate g =1 — p. For x € §2 and y € §2,,, let DY (x,t) and
Dﬁ,/l(y, 1) be the L*-distances associated with pY(t, x,-) and p,};,(t, v,-). Then, for t > 0 and
x =0 such thatm > x +t,

(DL (x,0)* +1=[(Dx,0))" +1] x [1 = (p/g)" '],

(DY (x,1))” = (DL (x,0)* = [(D(x, ) +1](p/g)" ' [2 = (p/)" ]

Moreover, for m 2 x,

j
(D€ (x, ) = (DS (x, )| <6[(DU(x,0))” +1] ((p/q)’"+1 et Y %)

j>m—x

Proof. Let m, m, be the invariant probabilities associated with p(t, -,-), p (¢, -,-). Then, the
first and second identities follow immediately from the fact 7 (y) = m,, (¥)[1 — (p/q)™*!] for
0<y<mand

x+t

(D4 0)? = (pd e x, 0) /) — 1.,

y=0
X+t

(DL 0) =D (%, 3) () — 1.

y=0
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To see the last inequality, set A ={0,1,...,m — x} and A° = £2 \ A. A simple computation
shows that

(P x. ) (Ze ’—p (lxy)) (Ze ’—p (ny))
icA JjeAC
+2e7 Z

icA,jeA”

ity

PG, x, PG, y).

For the second and third terms on the right side, we may prove using Jensen’s and Cauchy
inequality that

(Ze’i—:pd(i,x,yo (Ze’ > e =G »)?
i€AC ’

i€Ac jeAe
and
( 3 Pl x, y)pl G x, y)>2 . ( 3 (PG x, y))2>( 3 (pdu,x,y))z)
vew 7(y) e T o S 0))
This implies

‘(D"(x,t))z—i-l—Z(Ze P 4, ,y)> ()‘

yeR NieA

<[(D(x,0))* + 1] Ze_tl;—l!.

icAC

Similarly, for the transition functions p§, (¢, -,-) and p,‘f, (t,-,-), we have

i 2
(Do)’ +1- 3 (Ze'i—'pff,(i,x, y))

VESR, “i€A Tm (y)

<3[(D4(x,0)° Ze—f, .

i€A°
Note that
form >x, D%(x,0)=D%(x,0)= ! < ! = D%x,0)
Vra(x) ~ Jmlx)
and

d . .
. i,x, forie A, y<m,

2 x.y) = {pm( y) foricA,y
0 fori e A, y>m.
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Putting all above together and applying the triangle inequality gives

i

2
| | 1
(D@, 0)” = (D e 0)’| < (p/)" ' ) ( X s y)) "0)

yeR “i€eA
+6[(DY(x, 0)* +1] Y e*fi‘
JEAC ’
j
<6[(D(x,0))” + 1]<(p/q)’“+1 +y e’%>,

JjeAc
where the last inequality uses Jensen’s inequality on the summation w.r.t. i. O

The next theorem concerns birth and death chains on non-negative integers and contains The-
orem 7.2.

Theorem 7.4. Let §2 be the set of non-negative integers. Forn > 1, let p, € (0,1/2), g, =1—p,
and let p,J{ (t,-,-), v € {c, d}, be the continuous or discrete time Markov transition function on §2
associated with (7.39) for p = py,. Then, the family p} (t, x,, -) with x, € §2 has an L*-cutoff if
and only if (7.5) holds. Moreover, if (1.5) holds, then for y € {c,d}, pﬂ,/ (¢, xn, ) has a (&), b))
L2-cutoff, where t) and b}, are as defined in Theorem 7.2.

Proof of Theorem 7.4. For n > 1 and y € {c,d}, let D} (r) be the L2-distance between
p,’; (t, xn, -) and its stationary distribution. Let t,’,/ be as in Theorem 7.2 and set

Sn :inf{t >0: D)) <1, ye {c,d}} +1.

Note that, for n > 1, we may choose m, > max{x,, m,_1 + 1} with my = 0 such that

1i Dd 0 2 1 nmpy —2sy S (zsn)i =0
Jim [(fon, 0)” + 1] (pa/g)™ +e72 37 =) =o0.
I1=Mmnp—Xp

Let ﬁ,‘f (¢, -,-) be the transition function on £2,,, satisfying

~ (1 if
Vx,y € 2m,, Pff(l,x, y) = {p,,( ) 1 (6, 7) # (i, min),
Pn lf(an)z(mn’mn)»
and let p5(z, -,-) be the associated continuous time chain. Let 52,’ (¢) be the L2-distance between
Pn (t, x,, -) and its stationary distribution. In the above setting, one may prove using Lemma 7.3
that for 7 € {c, d},

sup | D} (t) — D ()| = o(1). (7.40)
0<t<2sp
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qa/2  q4/2
D'e

Q4E3j231@§;§§>

Fig. 1. This is the graph associated with K4 in (8.2). For undefined arrows, those away from 0 and the loops at 4, —4
have weight g4, whereas those into 0 and the loop at 0 have weight p4.

If (7.5) holds true, then by Theorem 7.2, the family ﬁny (t,x,,-) has a (t,l,/ , b7 )—L2-cutoff. Since
t,f < tf < sy, (7.40) implies that pﬂf (t,xpn,-) also has a (¢}, b} )—L?-cutoff. Conversely, assume
that the family p), (¢, x,,, -) has an L2-cutoff with cutoff time 5,, . In this case, it is clear that

<Y
limsup ™ < 1, fory € {c, d).

n—oo Snp

By (7.5), this implies that 17,); (t, xpn, ) also has an L?-cutoff. As a consequence of Theorem 7.2,
we obtain (7.5). This proves Theorem 7.4. O

8. A peak/valley example
Recall that, by Proposition 4.1, a family of ergodic Markov processes has an L2-cutoff if

lim Th2(pn, €)Ay = 00. (8.1
n— 00

In the normal case, this sufficient condition for an L>-cutoff can be regarded as a special case of
Theorems 5.1 and 5.3 with j,(C) = 1. However, it is possible that an L2-cutoff exists but (8.1)
fails. That is, (8.1) is not a necessary condition. This is illustrated by the examples in this section.

Consider the following birth and death chain. Let n be a positive integer and K, be the Markov
kernelon §2, ={—n,...,—1,0,1,..., n} defined by

Ky(—i,—j)=Kn(,j), Vi=0,j=0,
Ky(i,i+1)=Kn(n,n)=qn, Y0<i<n, Ky(0,1)=g,/2,
Kp(i+1,0)=Kp(0,0)=pn, YO<i<n, (8.2)

where p, + g, = 1. See Fig. 1 for an example of n = 4.
Obviously, K, has invariant probability

x|
7, (0) = ¢y, T (x) = %(%) , VYx#£0 (8.3)

where

n =

{ (L= gn/PIL = (gn/p)" ™71 if py # qn.
1/(n+1) if pp =qn.

Using the method in [9, Chapter XVI], K, has eigenvalues 8,0 =1 and

Bt = { SPnGn(an + a7y if pu/gn <n?/(n+ 1), 54

| 2PnGncosbu1  if pu/gn > n?/(n 4 1)2
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and

2/Pnqncosty, j ifl=2j—land2<j
= - 8.5
Pn. 2/ Pngncos By ifl=2jand 1 <j<n (8.5)
where, for 1 < j <n, 6, ; is a solution to

sinn  [py 0c (G—Dm jm
sinm+ 10 Vg, n n+1

and a, solves f,(t) = +/pn/qn With

P ifr ¢ {0, £1),

M _—n—1
ift =0,
@) =1 , . (3.6)
m lftzl,
% ifr =—1.

Let v, ; be a normalized (in L2(nn)) eigenvector for K, associated with g, ;. Then, ¥, 0 =11is
the constant function with value 1 and

o\ 172 af —a;* if pa/qn <n?/(n+ D32,
wﬂ’l("):CnJ(—n) x if pu/qn =n?/(n+ 1),
" sinx@,.1  if pp/qn >n?/(n+1)?

and
lx1/2
Yn2j—1(x) =Cp2j1 (?) sinx6, ;, 2<j<n,
n
and
|x1/2 : .
p . J(x|+ Dx . Jlxlm
WI’!ZJ(X)—Cn2/<qZ) {anSIHT_”pnsmn{_l
where
2n+l a*Z)l . 2 2
an—ar —Q@n+1] if py/gy <n®/(n+1)7,
) )
C.i=cn\n(m+1)Q2n+1)/6 if pu/qn =n2/(n + 12,
S — SOl if p, gy > n?/(n 4+ 1)?
and
-2 Cn sinn6,_ jcos(n + 1)6, ; o e+ 1D =By, 2,)
n2j-1= 5 |*— : ] ’ Cn 2j =
2 sin@, ; 2
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Clearly, B,,,; = Bn.i+1 forall 1 <i <2n and

max{wn,l [, Iﬂn,2n|} =|Bu,1l Vn.

Remark 8.1. Note that 1, 1 and B, 2j1(x), ¥ 2j—1(x) with1 < j <nandx € {0, 1, ...,n} are
the eigenvalues and eigenfunctions of the transition matrix

Vi<x<n, K@, x+1)=K(n,n)=gqy, K(x,x = 1) = pp, K(0,0) =1,

whereas 1,1 and B, 2;, ¥, 2j(n —x) with 1 < j <n and x € {0, 1, ..., n} are the eigenvalues
and eigenvectors for the transition matrix in (7.1).

With work, the above spectral information leads to the following result.

Theorem 8.1. Let {(§2,, K, my): n=1,2,...} be the family introduced in (8.2) and let x,, be
the initial state of the nth chain. Then, in the continuous and the discrete time cases, if py = qn,
the family has an L*-cutoff if and only if

|xn|<& — 1) — 0. 8.7)
q

n
If pn < qn, then the family has an L*-cutoff if and only if
n(gn — pn) — 00 and |xp|(gn — pn) = 0. (8.8)

Moreover, if there is an L?-cutoff, then the cutoff time is t (|1xx|) if ppn > qn and t} (n — |x,) if
DPn < qn, where ¢ and d represent for continuous time and discrete time cases and

¢ x|log p, —logg,| d x|log p, —loggul
f,(x) = , ty(x) = )
2(1 — \/Pnqn) —log(4pngn)

Remark 8.2. A (non-optimal) window size can be obtained by arguments similar to those in
Theorem 7.2. It is not included because it involves additional long computations.

Remark 8.3. As illustrated in (8.5) and (8.15), except perhaps for the second largest one, the
eigenvalues of K, are distributed in way that is very similar to those of the chains treated in
Theorem 7.2. In the case p, > g, this is true even for the second largest eigenvalue. When p,, <
qn, however, the spectral gap 1 — 8,1 is of much smaller order than for the chain in Theorem 7.2
and 8,1 is separated from the rest of the eigenvalues. In the latter case, it is easy to see from
Theorem 8.1 and (8.15) that if there is an L?-cutoff, then the cutoff time is of order smaller than
the inverse of the spectral gap. This means the optimal window size is not directly related to the
spectral gap but depends on the rest of the eigenvalues.

Remark 8.4. Theorem 8.1 covers two very different cases depending on whether p,, >> g, or
Pn <<{n-

When p, > g,, the stationary distribution has a sharp peak at 0 and this case is not much
different from the one treated in Theorem 7.2. The spectral gap is relatively large in this case
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(bounded away from O when p, /g, > 1 stays bounded away from 1). To reach stationarity, the
walk must have a chance to visit the peak. To present a cutoff, the walk must start far enough
from the peak, just as in Theorem 7.2.

When p, < gy, the stationary measure has a unique valley bottom at 0. In this case, to reach
stationarity, the walk must have a chance to cross the bottom. The bottom creates a bottle neck
which implies that the spectral gap 1 — 8,1 is very close to 0 if p,/g, < 1 stays bounded away
from 1. However, the rest of the spectrum (in the continuous time case, say, i.€., 1 — B, j, j > 1)
is bounded away from 0. In this case, there is no cutoff, except if one starts very close to 0 where
the eigenvector associated with the spectral gap takes very small values. This illustrates one of the
main feature of the central results of this paper: in order to understand the cutoff and the cutoff
time from specified starting points, one may have to drop those eigenvalues (including possibly
the spectral gap) whose eigenvectors take very small values at the specified starting points.

Before proving Theorem 8.1, we make some analysis on 1 — S, 1, where B, 1 is defined
in (8.4). Set p, = 1/2 — 8, /n and assume first that |5, | = o(n). In the case p,/qn > n%/(n+ 1)2,
the fact 8,1 € (0, w/(n + 1)) yields

1 - ﬂn,] =1- 2\/17115]11 “l‘zx/ann(l - COS@n‘l)
{5,2,/712 +02, if 18, = 0(D),

. (8.9)
82/n? if |8, — o0.

In the subcase |§,| = O (1), one may use the following identity

sinné, | ez
sin(n + )6y 1 B dn

b

to derive
(n+1)6,1
sinn@nJ( /q—" — 1) =sin(n + 1)6,,1 —sinnb, 1 = / costdt. (8.10)
br ny,1
This implies
0, 2 1 if §, > 0,
6, 1 0,7/2n+1) 1 n > 8.11)
’ /Cn+1),7/(n+1)) ifs, <O.

Thus, by (8.9), if [6,] = O(1) and §,, <O, then 1 — B, 1 < 1/n?. For the further subcase |8,| =
O (1) and §,, > 0, consider the following computations.

(n41)8p,1

. 9 1 ~
Snxsmn ”'1< /q_”_l)z / costdt =cos0,,
On,1 Pn On,1

n6n, 1
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where 5,, € (nBy,1,(n + 1)6,1). Note that the first asymptote uses the fact 6, €
(0,7/(2n + 1)) whereas the first equality applies (8.10). Hence, if 8, — 0 and §, > 0, then
6, — % or equivalently n6, 1 — 7 /2. As a consequence of (8.9), if |6,| = O(1) and 8, > 0, then

82+n%02, 1

1— ﬂn,] = T = n—2

In the case p,,/q, = nz/(n + 1), it is obvious that 8, ~ 1/2and 1 — B, 1 =1—2./pugn ~

282/n* ~ 1/(2n?). In the case p,/q, < n*/(n + 1)?, let a, € (0, 1) be such that f,(a,) =
~/ Pn/qn, Where f,(¢) is the function in (8.6). That is,

Pn a;ll _ an—n B (1-— a%)agn+l
P T =dn — | g2
Then, we have
/ )
O<l—ag,<1-— Pn 20 as n — o0. (8.12)
qn n
Write a,, =1 — %” with ¢, > 0. If |§,] = O(1), then the last asymptote implies that ¢, = O (1)
and
al =exp{g(1+0(D)} <1, 1—a =1—exp{2 (1 +o(1)} = &,
and

1—a"*?=1-a2 —l—ai(l - ai”) =&,
Thus, we have

VPgn(d —ap’a ™t 1
(1 _a2")(1 _a2n+2) - n2 '

1_/3n,1 =

If |6,| — oo or equivalently §, — oo, one can compute

28 1 " 1 —ada\"
1 —ay~ 22, (— /ﬁ) =<1—%) ~1 asn—oo,  (813)
n an\ gn 1 —ap"*

which yields
Pl —ap?a" 882 (p,\"
L= Bn1= n w2y 2\, ) (8.14)
(I —a*") (A —a”"%)  n” \gn

For the case |§,| < n, it is clear that if §,, <0, then 1 — §, 1 < 1 and if §,, > O, then

limsup p, < 1/2.

n—oo
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Note that the function f;, in (8.6) converges uniformly to the identity map on [0, 1]. Thus, in the
case 8, =< n, we have

limsupa, < 1.
n—o0

This implies that the second part of (8.13) holds true and (8.14) becomes
n+1/2
I— .Bn,l = (&> .
qn

Summarizing from the above discussions, we achieve

1 if §, - —oo and |8, | < n,
82/n? if 8, — —oo and |8,| = o(n),
1—Bu1 =1 1/n? if |8,] = O(1), (8.15)

83/ (Pu/qn)" i 84 — 00 and [8,] = o(n),

(Pn/qn)" /> if 8y <n.
Proof of Theorem 8.1. Recall those notations introduced in (7.7). Write p, =1/2 — §,/n. In
this setting, (8.7) is equivalent to

5
Pndul (8.16)

ngqn

and (8.8) becomes

X5 |6
6, —> 00 and 1019

— 0. (8.17)

Due to the symmetry of the transition probabilities about 0, we can assume that x,, > 0. In the
case x, = 0, by binding states i and —i together, the origin chain in (8.2) collapses to the chain
in (7.1) with the exchange of p, and g;. Then, the results in Theorem 7.2 and Remark 7.4 yield
the equivalent conditions in (8.16) and (8.17) and the desired cutoff time. We assume in the
following that x,, > 1 and prove this theorem by considering all possible cases of §, and x;,.

Throughout this proof, we let j) (C) and 7. (C) be those defined in (5.2) and (5.3), where ¢
and d denote respectively continuous time cases and discrete time cases. Let A} i and Az’ i be the
rearrangements of 1 — B, ; and —log|B,, ;| in the way that

S YIS j<2n, y €fe.d).

Similarly, let 1//3:’ ; be the rearrangement of v, ; according to AZ, ;- In this setting, one can see that
;,1 = W,LZJ] = 1)0n,1 and

Ay j=1=Puj VI<j<2n, (8.18)
and

Wy =—loglBuyl. AL, =—log|Buon—js1l VI<j<n. (8.19)
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Case 1: |§,| = O(1). In this case, it is easy to see that none of (8.16) and (8.17) are satisfied
and we shall prove that there is no L>-cutoff. To achieve this conclusion, one needs to compute
7/ (C) and j,i/ (C) and, first of all, the order of 1//3 ;(x) should be determined. In the assumption
18,] = O(1), it is clear that ’

(pn/qn)* =<1 uniformly for |x| < n,
and then the normalizing constant for the stationary distribution 7, satisfies

L—gn/pn 1 1

~

B 1_(‘]n/pn)n+l B L+qn/pn+---+(Gn/p)" T’

n

In the case p,/qn < n?/(n+ 1)%, one may apply (8.12) to get
t* <1 uniformly for |x|<n+1, t € [an,an_l]

and

1

at—af = xtxfldtxx(a; —ay) uniformly for 1 < |x| <n.

an

The last asymptote leads to the following estimations,

n

Cn_% =cp Z(a;x —a,’;)2 = n2(a;] —an)2

x=1
and
2

X .
w,% 1) =< = uniformly for 1 < [x| < n.
' n

Such a conclusion is obviously true for the case p,/q, = n>/(n + 1)>. When p,/q, > n?/
(n + 1), observe that

x6
1 sinn6 cos 1o " 1
—|\n— " - (et D =Zsin2x0, sin? x6 =< — / sin® ¢ dt
2 sin6@ 2]
=l (=10

where the second asymptote holds true uniformly for 8 € (0,7/(n + 1)), x € {1,2,...,n} and
n > 1. Using these observations, we have for 6 € (0, 7/(n + 1)),

no

n
. 1 .
Zsmz)cG = g / sin? ¢ dt = n362.
x=1 0
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Hence, Cn_% = n202 1 and

2 x? :
V() S " uniformly for 1 < |x| < n.

For ¥, 21, the fact 6, ; € [(j — Dm/n, jo/(n + 1)] implies

sinnB, jcos(n + 1)6, ; < 1 < 1 <" +1

< < 8.20
SHA sinfy,, ; — sin iy 2 (8:20)
and, hence, Cn 2j—1 = 1 uniformly for 1 < j < n and
W;%,Zj—l(x) = sin2x9,,,j <1 uniformly for 1 < [x|<n, 1 < j<n.
To estimate v, 2, note that
cn(m+ 1D = Bu2j) . .
C, %] 1 > k] =<1—,2; uniformly for 1< j<n.
By setting
~ sin “=— ~ cos L= — ./
sinb,, ; = M, cosby j = n "H Pn’ (8.21)
vV 1- ﬂn,2j vV 1- ,Bn,Zj
the last asymptote yields
Jlxlm  ~ . .
wnzj(x),\sm Iy + 6y, ) <1 uniformly for 1 <|x[<n, 1< j<n.
n
As a consequence of the above discussions, we have
w,ij(x) <1 uniformly for 1 < |x|<n, 1 <j<n. (8.22)

Now, it is ready to estimate j,’,/ (C) and 7} (C). By (8.5), (8.15), (8.18) and (8.19), one can
compute

2
Mz ’]1—2 uniformly for 1 < j < 2n, y € {c, d}
and
j2
AZ . < — uniformly for 1 < j <n, y €{c,d}.
J7 2

These two facts and (8.22) then lead to

7 (C) <

N

1 i+ 1
M} n? VC >0, y €{c,d}

j>j,¥(6){ 2
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regardless of the initial states (xn)floz |- For j,); (C), we may choose, by Remark 7.4, Remark 8.1
and Step 1 in the proof of Theorem 7.2, two constants Co and N such that

N
ZW,ZZJ»(X)VZCO YO<x<n, n>1, yelcd}.
j=1

This implies for y € {c,d}, j} (Co) <1 and

1
14 - 52 14 v -
7, (Co) = —— =n’, )Lnyjny(co)tn (Cp) < 1.
n.ji (Co)

Hence, by Theorems 5.1 and 5.3, both families in discrete time and continuous time cases have
no L2-cutoffs.

Case 2: §, > —oco and |8,| = o(n). In this case, we will prove that the L2-cutoff exists if
and only if |8, |x,/n — oco. By (8.5) and the conclusion in (8.15), it is easy to see that

sa4j2
)‘Zj 2 = uniformly for 1 < j < 2n, y € {c,d}
. n
and
52 2
Aj: i< L +2J uniformly for 1 < j <n, y € {c,d}.
e n

To estimate the order of |1p,1’ j(x,,)|2, we have to determine the constants C, ;1. First, the
normalizing constant ¢, in (8.3) satisfies

= 1_‘In/pn N2|8n|
T - (Cln/pn)n_H n

For Cp,1, note that the fact §, < 0 implies 6,1 € [r/2n+1),7/(n + 1)] and

2

. X .
sin? X011 =< — uniformly for 1 < x < n/2.
n
This yields
n c n
) —2_Cn )
n> Eosm X0p1 2 n, Cn,l:? Elsln X0 < ncy < |8y).
X= xX=

For C;, 21, observe that the conclusion developed in (8.20) is also valid here. Thus, we have

C;éj—l =< ncy < |6y uniformly for 1 < j <n.

Consequently, the above discussion gives

Kl gin? x0, ;
@) MUY uniformly for 1< j, x| < n. (8.23)

2
|¢n,2]—l(x)| = (q 15,

n
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Consider two subcases, |5, |x, = O(n) and |8, |x,/n — oo. In the former situation, it is easy
to check that

2_ 1 . .
|1p,,,2,-_1(x,,)| < T uniformly for 1 < j < n.
n
This implies
log(1+ 37 1V 5 x)l?) | _ n? log(1+ j/I8 2
sup{ B+ 2 Wi O )}5”—2 w“ {og( +.2J/|2n|>}<n_2 (8.2
1<j<n Mn2j-1 Siigj<nl  1+J7/8; 8

and similarly,

2
< (8.25)

sup S5
n

. d
I<jsn )‘n,4j_3

{log(l + (W G P+ 19 D) }

Recall the conclusions of Step 3 and Step 4 in the proof of Theorem 7.2: There exist M and C
such that

M]3,

3 Wi n)|> = €1
i=1

and
log(1+ Y7 1S 5 (o) 2 ’
sup { ( Zz_cl n,2i ) } < n_2 (8.26)
Mi6 1< i<n Aaj 5
and
log(1+>/_, |‘/f;f,4i—2(x")|2 + |I/’g,4i—1(x")|2) < n?
sup. " ~ 52 (827
M1, << n4j=2 !

The first inequality implies j} (C1) < |8,| and

2
Wy eled). TC)Z =5
n, jn(C1) n

Using the fact log(1 + a + b) < log(1 + a) + log(1 + b) for a, b > 0, one may conclude from
(8.24)~(8.27) that 7} (C1) < n?/82 for y € {c, d}, which yields 7 (Cy) < n?/82 for y € {c,d}.

Consequently, 7} (Cl))LZ iren = 1 and, by Theorems 5.1 and 5.3, both families in discrete time

and continuous time cases have no L2-cutoff.
For the subcase |6, |x,/n — o0, let DZ 5 (xn, 1) be the L2-distance for the nth Markov chain.
Then, for y € {c, d},

(DY 5 (en. ) = L2 [0 + L], (1) (8.28)
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where

n n
2= 2(=Pn2j 2
Lz,l(t)=2|lﬂn,2j—1(xn)| e HU=Puaj-0), Lf’,,l(t)=2|lﬂn,2j—1(xn)| 1Bu2j—11%

J=1 j=1

and

n n
LSS = o) 7e 202D L () = [0 )| 1Bus

j=1 j=1

Note that Ly (2) 1s exactly the square of the L?-distance for the chain in (7.1) starting from x,,.
In the assumptlon of |8,|x,/n — oo, Theorem 7.2 implies that, for y € {c,d}, the family
{L,}:’z(t). n=1,2,...} presents an L2-cutoff with cutoff time nxy,/18,]. Using this fact, it re-

mains to show that {LZ (®:n=1,2,.. .} also possesses an L?-cutoff with the same cutoff time.
In detail, write

3:,‘1"/. =1-Bu2j-1 VYI<j<n
and
Mo =—loglBuaj-1l. A, =—log|Bram—2j1l YI<j<n/2,

and let JV oy be the rearrangement of v, ;1 associated with XZ Iz In this setting, it is clear that

F)‘Cr’;’j I+1f0r1 j<nandy €{c,d} and

n
LZ,I (1) = Z|J')l/J |2 exp{—ZIX,{j}.
j=1

Let j (C) and 7 (C) be those in (5.2) and (5.3) associated with %) ; and ¥ ;. Then, by (8.11)
and (8.23), we have

J Xp 23,2
Z“//,}:,-()Cn)I2 = <&> / x"2 uniformly for 1 < j < ’V " —‘
- q |n|n 2x,

n

Using this, one can compute
[n/2xy] 4%, 5,
log(l + Z }I/f;i(x,l)}z) > %(1 +0(l)) > 00 asn— oo,

which gives };1)/ (C) < n/x, for n large enough and

43,18, /n (1 +0(1) _ 4xaldal/n _ nx,

Y 2
2)\71 [n/xy] 2)‘n,l |8”|

T/ (C) > vC > 0. (8.29)
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~y > xnlfsn
Hence, T, (C)A n Yy~ — oo and
i (©)—1 — B
. y —2z7 )\” 2%, Or, _
nll>ngo Z] iwn](xn” ! <nli>ngoce =0
]:

By Theorems 5.1 and 5.3, both families have an L>-cutoff.
To see nx,/|8,| is a cutoff time, we need the following facts. For some universal constant
N >0,

2

~ ~ Jj =1 .

x,{j>x,{](1+ N52> Vi<j<n, nxl, yelcd}
n

and

~ Inq
174 -(xn)}2 < <&> uniformly for 1 < j < n.
"/ qn 87

The former comes immediate from the definition of Ay _ Whereas the latter is a simple corol-
lary of (8.23). Using these two inequalities, one can prove that

log(1+ Y7y 1) ) ?) _ Xaldal/n + [log(j + 1)/18,]]
2., = LG =1/82

nx
=0<|8 n|> uniformly for 8,%xn/n <j<n.
n

and

log(1+ Y0, 197, (xn)?) < 2 108(pn/gn) +10g(inlél/m) + O(1)
2,\V 2,\V

~

uniformly for 1 < j < xn(S /n.

|8n

As a consequence of the above computations and (8.29), the L>-cutoff time for both families is
nxn /|8n].

Case 3: §,, — 0o and 6, = o(n). In this case, one can use (8.13) to get

a7~ = a2 expldsa(1+o0(1)) oo

n(ay, ' — an) 48,

This implies Cy,,1 ~ 1 and

Xn
|¢n,1(xn)|2'\’ (?) (an—xn _a,);n)Z

2x)2{x1 if x,8,/n 21,

~(1-a? .
=o(l) ifx,8,/n=0(1).

(8.30)
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We discuss the L2-cutoff by considering these two subcase. In the assumption x,,8,/n > 1, one
may choose C; such that

Jjn (C2) =1,
which implies 7, (C2) Z 1/4,, . To find 1) (C2), note that (8.20) implies

n
- 14
C2j2_1 = ne, < 8,,(—”) .
qn

Thus, we have

1 n
W 2j1e)|” S ?(%) uniformly for 1 < j <n. (8.31)
n n

Observe that C ; % i 28,(1 = Bu,2;)(Pn/gn)" uniformly for 1 < j < n. Using the notations in-
troduced at (8.21), one can derive

l n
|Wn,2/(xn)|2 < — <Q_”> uniformly for 1 < j < n. (8.32)
. 3n \ Pn
By the fact
82 )
)\,}: 2 +J uniformly for 1 < j < 2n,
] Y n2
(8.31) and (8.32) yield
2 .
1 1 b}
(€ Sman] o By OB D) e |
n,1 8" 2<j<2n 14 /8n
{ 1 n2} 1
=max{ —, — p x ——
y y
)‘n,l 8” )Ln,l

where the last asymptotic is a result of (8.15). Consequently, 24 (Cz))»Z | < 1fory e{c,d} and,

by Theorems 5.1 and 5.3, there is no L2-cutoff in either case.
In the case x,8,,/n = o(1), recall (8.28). By Theorem 7.2, the family {LZ‘Z: n=1,2,...} has

an L2-cutoff with cutoff time

(n = x0) log(qu/pa) _ 1

Y
217, 5

Vy €{c,d}.

For LZ’] (tN), let XZ j and Jﬁ: j be those defined in Case 3. Note that one may choose a universal

constant N > 0 such that

~ 262 Nj? ,
Moo —14— V2L j<n, yelcd}.
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As before, (8.20) implies

gn\"  enl+oD)
_") = ——— uniformly for I < j <n.

7ol <t
‘wn,](xn)’ ~s, (pn 5,

By setting ,, = n*/8,, we may compute using (8.30) that, for any € > 0 and y € {c, d},

L (1 +e),) = Z|«Z,{j(xn)|2exp{ —2(1+ e)t,,X;j} +o(1)

j=2
1 & {—41%’2}
< — ex +o(1)
ang P17,
]_
1 | J— —4Nj
< 1+ exp{—} +o(1)
./8,,( NS Z Nz
=8

Lk dz) +o(l) =o(l).

/N
=§‘H
N
+
0\8

Consequently, for € € (0, 1) and y € {c, d},

im DY o (xn. (14 €)n?/8,)
: 14 2 ; 14 2
= lim L (L +e)n?/8,) + lim L} ,((1+e)n’/8,) =0

and

lim D} »(x, (1= €)n*/8,) > lim L} 5((1 = e)n?/8,) = oo.

n—o0

This means that both families have an L2-cutoff with cutoff time n? /8, as desired.
Case 4: |6,,| < n. We first deal with the case 8, > 0. Recall that

(qn/pn)” .
2 ~ L
an

Using this fact, it is easy to check

2

[ )| =< (1 —a2) <1,

where the last asymptote uses the assumption x, > 1. Thus, by (8.15), we have AZ‘I =
(pn/‘]n)n+1/2 and
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2n ) .
2 y Ly Y 14
Z\wn,j (x")| exp{_z()”n,l) )”n,j} < 7, () exp{_2)”n,2/)‘n,l }
j=2
<exp{nlog(gn/pa) — C(gn/pa)" " + 0D} = 0(1)
where C is a universal positive constant. This yields
DZ’Z(xn, E/X,’:’l) =<e ¢ Ve>0

which means that both families have no L2-cutoff.

In the case 6, < 0, (8.7) becomes x,/q, — oo. First, assume that x,, /g, = O (1) or equiv-
alently x, = O(1) and 1/g, = O(1). For continuous time cases, since 1/m,(x,) is bounded,
Corollary 5.2 implies that no L?-cutoff exists. For discrete time cases, using the notation
in (8.28), one can show without difficulty that

Vi >0, liminf D, (xy, 1) > liminf Ly 5(1) > 0.

Hence, by Corollary 3.3, these is no L?-cutoff.
To see the sufficiency of x; /g, — oo, set

c_ xn(log pn — logqy) = \‘xn (log pn — IOan)J
21 =2y/padn) ! —log(4pngn)

By Theorem 7.2, the family {L? ,: n =1,2,...} has an L*-cutoff with cutoff time s, . This
implies for € € (0, 1) and y € {c, d},

1}1n%1iong;’2(xn, (1—e)sy) > LZ’Z((I —€)sy ) = o0.
To get an upper bound on the L?-distance, note that

Aoy~ 1= 2/ PuGn, M~ —10g(4pagn).-

This implies, for € > 0,

D! ,(xn, (1 +0)5))’ < exp{—2(1+e)s/ 27 |}

75 (Xn)
— explva(log pr — loggn) —2(1+ )sia) | + 0D}

Hence, in the assumption x, /g, — 0o, we have

d . xu(log py —loggn)
" —log(4pngn)

) xn(Ingn - IOgCIn) — Oos
and, for y € {c,d} and € > 0,

DY 5 (xa, (1 +)sh)* < exp{—2¢(1 + o(1)xy (log pu — logga)} =o(D). O
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Appendix A. Techniques and proofs

Proof of Lemma 3.2. There is no loss of generality in assuming that #, = 1 for all n since one
may always consider the following sequence of functions.

gn(t) = fu(tty) = / e dv!()
(0,00)

where V, (1) = V,,(A/1,). By letting V,,(0) = %\1&} V,(A) and

Vs € (0,1), hy(s) =supfe™: Vu(h) — Vi (0) > s/, (0)},

we may express f, as follows.

Fult) = £2(0) f B (s)ds, Vi >0, A1)

0,1

It is clear that A, is a non-increasing non-negative function bounded from above by 1. Using
the sequential compactness of monotonic functions, we may choose a subsequence ny such that
hy, converges almost surely to a non-increasing function s and f, (0) converges to C > 0.
Consequently, one can show without difficulty that

lim fp,(a)=C / h%(s)ds, VYa=>0.
k—o00
0,1

Using a similar argument as before, one may show that the right-hand side above is in fact
a Laplace transform and then, by Lemma 3.1, is analytic on (0, 00).

It remains to prove that such a convergence is uniform on any compact subset of (0, co). Note
that

|x? — | <é|xa—y“|, Vx,ye O, 1), b>a>0.
a

Using this fact, one can show that

sup ]\fnk B) = fu, D] < [ £ 0) = £, 0)] + £, (0)  sup / |hp (s) — R (s)| ds
1)

be[2a,3a be[2a,3a]
(0,1

< fn©) = Fu ()] +3 £, 0) / 1 () — b ()| ds
0,1
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which converges to 0 as k, [ tends to infinity. This proves that f;;, converges uniformly on [2a, 3a]
for all a > 0 as desired. The last part of this lemma is easy to show using the locally uniform
convergence of f,,, and the continuity of the limiting function. O

Proof of Corollary 3.3. By scaling the time ¢ up to a constant, one only needs to prove the
continuity of Fi, F> at t = 1. We give the proof for F] but omit the similar proof for F,. By
Lemma 3.2, we may choose a subsequence f;,, such that

Jim f, (aty) = f(@) Va>0

and f(1) = F(1), where f is continuous on (0, c0). Clearly, F| and f are non-increasing and
satisfy f < Fp. This implies

Fi(1) = £(1) = lim f(a) < liminf F; (@) < limsup Fy (a) < Fi (1)
all all all

which proves the right-continuity of Fj at 1.
Concerning the left-continuity, set

L =1im Fi(a).
atl
Let mg = 1. For k > 1, we may choose x; € (1 — 27k, 1) and my > my_y such that f,,, (xxty,) €
(L —1/k, L + 1/k). Referring to the subsequence sequence my, we may choose by Lemma 3.2

a further subsequence ) such that the function a — fm;( (atm;() converges uniformly to a con-
tinuous function g on any compact subset of (0, co). This implies

L= lim fo, (vetyy) = lim g(x) = g(1).
k—o0 " Tk k k—00
Again, since F] is non-increasing and g < Fj, we get
Fi(1) < L=g() < Fi(D),
that is, F is left-continuous.
For the second part of this corollary, assume that F;(c) > O for some ¢ > 0. As before, we
may choose, by Lemma 3.2, a subsequence ny such that f,,, converges to an analytic function f

and f(c) = Fi(c) > 0. Clearly, F| > f and then, by the analyticity of f on (0,00), F1 >0. O

Proof of Corollary 3.4. Set g,(s) = f,,(t, + 5). It is clear that

gn(s) = fu(tn) / e *dV,(n) fors >0,
(0,00)

where V is a probability distribution defined by

Yy > 0.
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Part (i) is then obtained by applying Corollary 3.3 to g, and b,. In the first case of (ii), assume
the inverse that F(cy) < oo for some ¢g < 0. For n > 1, let g,(s) = f, (¢, + cob, + ). Since F
has a (¢,, b,)-cutoff, h, is well-defined on [0, co) for n large enough. For ¢ > 0, let

G(c) =1liminfg, (cby,).
n—oo
Obviously,
G(c) = F(c+ o), G(—co)=F(0) >0, H(0) < F(co) < oo.

As a consequence of Corollary 3.3, the analyticity of H implies that G > 0 on (0, co) or equiv-
alently F > 0 on (cg, 00). This contradicts the assumption that F(c) =0 for some ¢ > 0. Thus,
F =00 on (—00, 0). In the second case of (ii), we prove as before by contradiction. Assume the
inverse that F(c1) < oo for some ¢ < 0. This is equivalent to the existence of a subsequence
such that f,, (c1) is bounded. By considering the subsequence f,,,, a similar proof as that of the
first case will derive a confliction. Hence, F = 0o on (—o00, 0).

For (iii), let t, = T (f,, §) with 6 > 0 and set

F.(c)=F(c+e), Fc(c)=F(c+¢€), VeelR.
According to the definition of the §-mixing time, it can be easily shown that
F(0)=F(e) <8 <00, Ve>D0,
and
F(0)=F(e)>26§>0, Ve<DO.

By [5, Corollary 2.4], the family F also presents a (t, + €b,,, b, )-cutoff for all € € R. Using the
former inequality in the above, we may conclude from (i) that, for € > 0, either Fe>00rFe=0
on (0, 00). This is equivalent to say that either ¥ > 0 or F =0 on (0, 00). The proof for (ii) in
this case is similar to that of (i) using the latter inequality. O

Proof of Theorem 3.5. Part (i) is an immediate result of Corollary 3.3. For (ii), we assume that
there is a cutoff for 7 = {f,: n=1,2,...}. By [5, Corollary 2.5(i)], the cutoff time sequence
can be chosen to be t,, = T (f,, §) for any 6 > 0. Let C be any positive number and A, = A, (C)
be the constant defined in (3.2). Note that, forn > 1,

FuRty) > / e”lndvn()\»max{cﬂ“’n, / ewndvn(x)}.
0,2x,] (0,An)

Then, the existence of the cutoff for F implies that f;(2t,) — 0 as n — oco. This proves (a) and
(b) with arbitrary C > 0, § > 0 and € = 2. In fact, (c) is true for all € > 0. To see this, let V, be
a function defined by

Vi (2) if 2 € (0, An),

/ —
Va ) = {nm,m Vo () if A €Ay, 00)
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and set

gn(t) = / e MdVI(A) = f e MdV,(L).
(0,00) (0,31)

Clearly, g,(0) = V,((0,A,)) < C foralln > 1 and

limsup g, (2t,) =0.

n—oo

By Corollary 3.3, we obtain

limsup g, (et,) =0 Ve > 0.

n—oo

For the other direction, assume that C, §, € are positive constants such that (a) and (b) hold
and let

tn:T(fm 3), bnzl/)\nzl/)‘n(c)-

In this setting, one can show that for ¢ > 0and n > N = N(c),

fu(tn +cby) < / e M2 qv,(\) + Se~¢/?
O:3n)

and

Fu(ty — cby) = e/? (8 — f e‘“ﬂﬂdvn(/\)).
(0,20)

By Corollary 3.3, (b) implies f(o,x,,)e_M”/ 2dV,(,) = 0 as n — oo. Consequently, F has
a (t,, by)-cutoff as desired. O

Proof of Theorem 3.6. Part (i) is immediate from Remark 3.2. For (ii), let T9(f,,8) and
T°(fn,8) be respectively the mixing time for f, with domain N and [0, c0). By Defini-
tion 2.3, |Td(fn,5) — T°(fn,8)] <1 and using the assumption Td(fn,a) — 00, we know
that T9(f,,8) ~ T¢(f,,8) for all § > 0. This implies that Theorem 3.5 (a)—~(b) hold for
T°(fn, ), An(C) if and only if they are true for T9(f,,8), An(C). Also [5, Propositions 2.3-2.4],
{fn:[0,00) = [0,00] |n=1,2,...} has a cutoff if and only if {f;, : N — [0,00] |n=1,2,...}
has a cutoff. Consequently, Theorem 3.6 is then a corollary of Theorem 3.5.

To see a cutoff window, note that, by Theorem 3.5, {f,, : [0,00) — [0,00] |n=1,2,...}
has a (T€(fy,8), A, 1)-cutoff. Recall the fact |T¢(f,, 8) — T(fy,8)| < 1. Then, by [5, Proposi-
tions 2.3-2.4], {f, : N — [0,00] |[n = 1,2,...} has a (T (f,, 8), v, H)-cutoff. O

Proof of Proposition 3.7. We only consider the case where the domain of f, is [0, 00). To see

why the assumption b,, — oo arises in the case of discrete domain, confer [5, Remark 2.9].
Since F has a cutoff, Theorem 3.5 implies that M = limsup,, f,(0) = oo. Let F, F be func-

tions in (2.1). Part (ii) is an immediate result of Corollary 3.4. For (i), we first assume that
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F(c) > 0 for some ¢ > 0. From the definition of mixing time and the monotonicity of f,, it is
clear that F(c /2) < 8. Then, by [5, Proposition 2.2], the (t,, b, )-cutoff is optimal. Since an opti-
mal cutoff must be a weakly optimal cutoff, it remains to show that if there is a weakly optimal
cutoff, then F(c) > 0 for some ¢ > 0, which is equivalent to F(c) > 0 for all ¢ > 0 using Corol-
lary 3.4. Assume the inverse that F(cg) = 0 for some ¢y > 0 and let n; be a subsequence such
that f,, (t,, + coby,) — 0 as k — oo. Consider the subfamily G = { f,;,: k > 1} and let

G(©) = iminf fo, (4, +cby).  G(c) = Hmsup fo, (, +cby,).
0 k—

o0
Obviously, G(cp) = G (co) =0 and, by Corollary 3.4, this implies
Q(c):@(c):O Ve >0, Q(c):é(c):oo Ve < 0.

Then, by [5, Proposition 2.2], the (t,,, by, )-cutoft for G can not be weakly optimal and this
contradicts Proposition 2.1. O

Proof of Theorem 3.8. We first assume that (a) and (b) hold for some positive constants C, €.
Note that (a) restricts us to case (ii) of Theorem 3.5 because one may choose a sequence A/, > A,
such that

log(1 4 V,((0, A1) S
)\‘;1 > 1,/2.

This implies
Thhn < Tk, < 210g(1 + Vn((O, k;,])) < 210g(1 + Vv, (0, oo)) — 00,

as n — oo. By Corollary 3.3, (b) is true for all € > 0. Note that, for n > 1, we may choose a
non-decreasing sequence ()»,,,k),fi | such that

_ log(1+ Va(© Ana])

Ank 2 An Vk>1, T'n,k
An,k

T, ask— oo.

In this setting, it is easy to see that, for k > 1,

Fulrm) > / AV (R) S € MY, (0, A i])
(Oa)\n,k]
_ V(@) Va(©@MD) €
1+ Va0, kn k) ~ 14+ V(0,2 ~ 1+C”

By letting c=C /(1 + C), we obtain from the above computations that 7, < T (f;,, C). Conse-
quently,

lim T(f,, C)A, > lim 1,4, =00
n—00 n—>o0
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and

/ e MU0 gy, (1) < / e dV, () = 0.
0,An) 0,21)
By Theorem 3.5, F presents a cutoff.

For the inverse direction, assume the existence of the cutoff for 7. By Theorem 3.5 and
Remark 3.4, the following are true for any positive constants C, §, €.

M8 o0 [ IRy, -0
(0,2n)
where A, = A, (C) is the constant defined in (3.2). Using these facts, it remains to show that, for
some § > 0, T(fn,d8) = O(1y). Let C > 0 and 1, = 7,(C) be the quantity defined in (3.3). For

n>0andn>1,welet A, ; =[A,(1+ M7, ka(1 + n)/*1Y) for j > 0. Consider the following
computations.

no= [ eHavm<cs Y [ eHavio

(0,00) 7204, ;

< C + Ze—)\n(l'f'ﬂ)jtvn((o’}"n(l + n)j+l))
=0

<C+ Y exp{=ra L+ Tt/ + ) — 1)}
>0

By letting 1 = (1 + 1)1, we have

exp{—nTuin}
1- exp{_rlzfn)\n} ’

(A +mP) <C+ (A.2)

Let v : (0, c0) — (0, 00) be any function satisfying

sup{v(®)/t: t = log(1+ C)} < oo, inf " (1 — e’“z(’)/’) =L>0.

t>0
If one puts n = v(t,1,) /(T 1y) in (A.2), then there exists some positive constant N such that
Vi N, fu(ta+dy) <C,
where
C=C+2/L, dy=2b,(1+b,/1)).  by=1;"v(mhn).
Thus, T ( fy, 5) < 1, +d, for n > N. To derive the desired identity T ( f;,, 5) = O(1y), it suffices

to show that b, = O(t,), which can be easily computed out using the fact 7, A, > log(1+C) > 0.
For a realization of v, one may choose v(t) = /2,



2314 G.-Y. Chen, L. Saloff-Coste / Journal of Functional Analysis 258 (2010) 2246-2315

To see a cutoff sequence, assume that F has a cutoff or, equivalently, Theorem 3.8 (a)—(b)
hold. In this case, one may go through all arguments in the above to choose positive constants
C, C such that

T (fa, 5) —d, <1 <T(fy, E) for n large enough, (A.3)

where d, = 2b,(1 4+ b, /1), by = A;lw(rnkn) and w : (0, 00) — (0, 00) is a function satisfying

t
limsup 22 <00, liminfe?® (1 — =0/ 5 0, (A4)

1—00 t —>00

Thus, 7, is a cutoff sequence for F if and only if there exists a function w satisfying (A.4) such
that d,, = o(t,,). This is equivalent to b, = o(t,) or w(t) = o(t) as t — oco. As one can see that
w(t) =112 is qualified for (3.4), 1, is a cutoff sequence.

To get a window sequence corresponding to 7,, assume that w is a function satisfying (3.4).
By Theorem 3.5, F has a (T'(fy, 5), k;l)-cutoff for any § > 0 and, by [5, Proposition 2.3], there
exists C; > 0 such that

T (fn, C) < T (fn, 5) + Clk;l for n large enough.
Putting this inequality and (A.3) together gives
|t0 — T(fu, O)| = O(ba +2,") = O (A (w(Tahn) + 1))

Note that thg second condition of (3.4) implies that w(¢) — oo as t — oo. This implies
|tn — T (fn, C)| = O(by,) and then, by [5, Corollary 2.5(v)], F has a (t,, b,)-cutoff. O

Proof of Theorem 3.9. Let 7. and F, be families in Theorems 3.8 and 3.9 and, for § > 0, let
T¢(f,,8) and T4(f,,8) be respectively their mixing time sequences. In this setting, it is clear
that

T(fnr 8) ST (S0 8) ST (S, 8) + 1. (A.5)
Recall in the proof of Theorem 3.8 that
(C) < T(fn,C/(C+1)) YVC>0,n>1.
This implies
(C) =00 = Tfy,C/(C+1))— oo.

Thus, in Theorem 3.9, we always have i (fn,8) — oo for some & > 0. Consequently, by
[5, Propositions 2.3-2.4], the above fact and (A.5) imply

Fchasacutoff < Fy has a cutoff

and, for b, such that inf,, b,, > 0,

Fehasa (t,, by)-cutoff <« Fyhasa (t,, b,)-cutoff.

Hence, Theorem 3.9 is an immediate result of Theorem 3.8. O
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