
STATISTICS 150 Homework problems on martingales

1. In a Galton-Watson branching process, starting from one individual, let
Z(n) be the population size in generation n and let 0 < q < 1 be the
probability of eventual extinction. Show that

Mn = qZ(n)

is a martingale.
[Hint: recall the equation that determines q]

2. Suppose (Xn) and (Yn) are martingales with respect to the same filtration.
Are the following processes necessarily martingales?
(a) Zn = Xn + Yn
(b) Wn = max(Xn, Yn)

3. Suppose (Xn, 0 ≤ n <∞) are adapted to (Fn) and satisfy

E(Xn+1|Fn) = αXn + βXn−1, n ≥ 1

for constants α, β > 0 with α + β = 1. Find a constant a such that, for
Y0 = X0 and

Yn = aXn +Xn−1, n ≥ 1

the process (Yn) is a martingale.
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