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(B(t),0 < t < o) is standard Brownian motion (BM),
Consider M(t) = maxg<s<: B(s). The joint density of (M(t), B(t)) is

2(2a—b
.0 (2,0) = 27 92 expl-(2a - P /(20); 220, a2 b

This formula is complicated, but there are two interesting consequences.

Proposition

P(M; > a|B(1) = 0) = exp(—2a°), a > 0.
P(B(1) < —b|M(1) = 0) = exp(—b*/2), b > 0.
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Other calculations we can do involve
L=sup{t<1: B(t)=0}; R=inf{t>1: B(t)=0}.

(Jargon: the excursion containing time 1 happens over the interval
[L,R].) The results are

1
frt) = ————, 1<t<
R() W(t*1)1/2f7 o0
P(L <s)=2rtarcsins'/?, 0 <s < 1. (1)
1

fi(s) 0<s<1 (arcsine distribution).

- 7si/2(1 — s)1/2’

On the board | will show

P(L<s)— / " g (x)0(x) dx

— o0

gs(x) =P(T), > 1—5)=1-20(|x|/V1—35s), ¢s(-) is density of B(s).

Then (1) is a hard calculus exercise!
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