Lecture Notes for 201A Fall 2019

Adityanand Guntuboyina

August - December 2019






Contents

1 Review of Undergraduate Probability 9
1.1 Sample spaces, Events, Probability . . . . . . .. .. ... ... L. 9
1.2 Conditional Probability and Independence of Events . . . . . . ... ... ... ..... 10
1.3 Bayes Rule . . . . . . . e 11
1.4 Random Variables . . . . . . . . .. 14
1.5 Expectations of Random Variables . . . . . . .. ... .. ... .. ... ......... 15
1.6 Variance . . . . . . ... e 17
1.7 Independence of Random Variables . . . . . . . . ... .. ... .. .. .......... 18
1.8 Common Distributions . . . . . . . . ... 19

1.8.1 Bernoulli Ber(p) Distribution . . . . . . ... ... .. L o 19
1.8.2 Binomial Bin(n,p) Distribution . . . ... ... ... . . L0 L. 19
1.8.3 Poisson Distribution . . . . . . . . .. o 20
1.8.4 Geometric Distribution . . . . . . .. ..o o 22
1.8.5 Negative Binomial Distribution . . . . . . . . . ... .. ... ... ... ... 23
1.9 Continuous Distributions . . . . . . .. ..o 23
1.9.1 Normal or Gaussian Distribution . . . . . . .. .. ... ... 000 24
1.9.2  Uniform Distribution . . . . . . . . . ... 24
1.9.3 The Exponential Distribution . . . . . .. ... ... 0o 0. 24



4 CONTENTS

1.9.4 The Gamma Density . . . . . . . . . . . L 25
1.10 Variable Transformations . . . . . . . . . . . .. . o 26
1.11 Quantiles and The Quantile Transform . . . . . . .. ... . ... ... ... ... ... 28
1.12 Joint Densities . . . . . . . . . 30
1.13 Joint Densities under Transformations . . . . . . . . . . ... ... .. . 31
1.13.1 Detour to Convolutions . . . . . . . .. .. . 32
1.14 Joint Densities under transformations . . . . . . .. ... .o Lo 33
1.14.1 Linear Transformations . . . . . . . . .. ... ... .. ... ... 34
1.14.2 Invertible Linear Transformations . . . . . . . . . . .. . . ... ... ... .... 34
1.14.3 General Invertible Transformations . . . . . . . . . . .. ... ... ... ..... 36
1.15 Joint Densities under general invertible transformations . . . . . .. .. ... ... ... 37
1.16 Joint Densities under Non-Invertible Transformations . . . . . .. ... ... ... ... 39
1.17 Joint Density of Order Statistics . . . . . . . . . .. ... L 40
1.18 More on Order Statistics: The density of X(;) forafixedd . . . ... ... ... .. ... 41
1.18.1 Method One . . . . . . . . . . . e 42
1.18.2 Method Two . . . . . . . . . e 42
1.18.3 Method Three . . . . . . . . . . . e 43
1.19 Order Statistics . . . . . . . . . o o e 43
1.19.1 Uniform Order Statistics . . . . . . . . .. . . . . 44
1.19.2 Maximum of Independent Uniforms . . . . . . .. ... .. ... ... ...... 44
1.19.3 Minimum of Independent Exponentials . . . . . . . . .. . ... ... .. ..... 45
1.19.4 Minimum of Independent Non-Identically Distributed Exponentials . . . . . . . . 45
1.19.5 Minimum of Independent Non-identically distributed Geometrics . . . . . . . . . 45
1.20 Covariance, Correlation and Regression . . . . . . . . . ... ... .. ... .. ..... 46

2 Conditioning 49



CONTENTS 5

2.0.1 Basics . . . ..o e e e e e e 49

2.0.2 Conditional Distributions, Law of Total Probability and Bayes Rule for Discrete

Random Variables . . . . . . . . .. . 50

2.1 Conditional Densities for Continuous Random Variables . . . . . .. ... .. ... ... 52
2.2 Conditional Densities for Continuous Random Variables . . . . . . ... ... ... ... 54
2.3 Conditional Density is Proportional to Joint Density . . . . . . ... ... ... .. ... 56
2.4 Conditional Densities and Independence . . . . . . . . .. ... ... ... ... 57
2.5 Law of Total Probability for Continuous Random Variables . . . .. ... .. ... ... 58
2.6 Bayes Rule for Continuous Random Variables . . . . . .. ... ... ... .. ...... 60
2.7 LTP and Bayes Rule for general random variables . . . . .. ... ... .. ... .... 62
2.7.1 X and © are both discrete . . . . . . ... ... 62
2.7.2 X and © are both continuous . . . . . . .. ..o Lo 62
2.7.3 X is discrete while © is continuous . . . . . .. ... Lo oL 62
2.7.4 X is continuous while © is discrete . . . . . . . ... 62

2.8 Conditional Joint Distributions . . . . . . . . .. ... oL 64
2.9 Conditional Joint Densities . . . . . . . . . . . ... 67
2.9.1 Application to the Normal prior-Normal data model . . . . . .. ... ... ... 68

2.10 Conditional Expectation . . . . . . . . .. .. L 70
2.10.1 Law of Iterated/Total Expectation . . . . . . . . .. ... ... ... ....... 70

2.11 Law of Iterated/Total Expectation . . . . . . ... ... ... ... ... ... ... . 72

2.11.1 Application of the Law of Total Expectation to Statistical Risk Minimization . . 73

2.12 Conditional Variance . . . . . . . . . . . 76
3 The Central Limit Theorem 79
3.1 Convergence in Distribution . . . . . . . ... oL oo 81

3.2 Moment Generating Functions . . . . . .. ... .. L o 83



CONTENTS

3.3 Proof of the CLT using MGFs . . . . . . . . . . . . . 85
3.4 Two Remarksonthe CLT . . . . . . . . . . . . . . . 86
3.5  Convergence in Distribution and Convergence in Probability . . . . . . . ... ... ... 87
3.6 Examples of Convergence in Probability . . . . . ... .. ... ... ... ... 89
3.6.1 The Weak Law of Large Numbers . . . . ... ... ... .. ... ........ 89
3.6.2 A sufficient condition for convergence in probability in terms of mean and variance 89
3.6.3 Consistency and examples . . . . . . .. Lo Lo 90
3.7 Slutsky’s Theorem, Continuous Mapping Theorem and Applications . . . .. .. .. .. 91
3.8 Delta Method . . . . . . . . . 95
3.9 Application of the Delta Method to Variance Stabilizing Transformations . . . . . . .. 97
3.9.1 Motivating Variance Stabilizing Transformations . . . . . . ... ... ... ... 97
3.9.2  Construction of the Variance Stabilizing Transformation . . . . . . . . .. .. .. 97
3.9.3 Back to the Bernoulli Example . . . . . ... ... 0000 98
3.9.4 Back to the Poisson Example . . . . . . .. ... 00 99
3.9.5 Chi-squared Example . . . . . .. ... 100
3.9.6 Geometric Example . . . .. ..o 100
3.10 Delta Method when ¢’(8) =0 . . . . . . . .. ... 101
Second Order Theory of Random Vectors 103
4.1 Random Vectors . . . . . . . . . . e 103
4.2 Detour — Spectral Theorem for Symmetric Matrices . . . . .. ... .. ... ... ... 104
4.2.1 Orthonormal Basis . . . . . . . . . ... 105
4.2.2 Spectral Theorem . . . . . . . . ... 106
4.2.3 Three Applications of the Spectral Theorem . . . . . . . . ... ... ... .... 107
4.3 Best Linear Predictor . . . . . . . .. . 109
4.4 Residual . . . . . oL 112



CONTENTS 7

4.5 Detour: Schur Complements . . . . . . . . . . . .. . L 112
4.6 Partial Correlation . . . . . . . . . L 113
4.7 Partial Correlation and Inverse Covariance . . . . . . . . . . .. ... .. ... .. .... 115
4.8 Partial Correlation and Best Linear Predictor . . . . . . . ... .. ... .. ... .... 117
4.9 BLP when Y is arandom vector . . . . . . . ... ... 119
5 The Multivariate Normal Distribution 121
5.1 Moment Generating Functions of Random Vectors . . . . .. .. ... ... ..... ... 121
5.2 The Multivariate Normal Distribution . . . . . . . . ... .. ... ... ... ... ... 122
5.2.1 Moment Generating Function of a Multivariate Normal . . . . .. ... ... .. 122
5.2.2  Connection to i.i.d N(0,1) random variables . . . ... ... .. ... ...... 123

5.3 Joint Density of the Multivariate Normal Distribution . . . . . ... ... .. ... ... 123
5.4 Properties of Multivariate Normal Random Variables . . . . . ... ... ... ... ... 124
5.5 Idempotent Matrices and Chi-Squared distributions . . . . . .. .. ... ... .. ... 125
5.6 Additional Remarks on Multivariate Normals and Chi-Squared Distributions . . . . . . 129

5.7 Conditional Distributions of Multivariate Normals . . . . . . . ... ... ... ... .. 131



CONTENTS



Chapter 1

Review of Undergraduate
Probability

We will start the course by a review of undergraduate probability material. The review will be fairly

quick and should be complete in about four weeks.

1.1 Sample spaces, Events, Probability

Probability theory is invoked in situations that are (or can be treated as) chance or random experi-
ments. In such a random experiment, the sample space is the set of all possible outcomes and we shall

denote it by Q.

For example, suppose we are tossing a coin 2 times. Then a reasonable sample space is
{hh, ht,th,tt}.

Subsets of the sample space are called Fvents. For example, in the above example, {hh, ht} is an
Event and it represents the event that the first of the two tosses results in a heads. Similary, the event

that at least one of the two tosses results in a heads is represented by {hh, ht,th}.

Given a collection of events Ay, As, ...,

1. A§ denotes the event that A; does not happen. We say that A is the complement of the event
A

2. U;>14; denotes the event that at least one of Ay, Ag,... happens.

3. N;>14; denotes the event that all of A;, As,... happen.
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Probability is defined as a function that maps (or associates) events to real numbers between 0 and
1 and which satisfies certain natural consistency properties. Specifically P is a probability provided:

1. 0 <P(A) <1 for every event A.

2. For the empty subset ® (= the “impossible event”), P(®) =0

3. For the whole sample space (= the “certain event”), P(2) = 1.

4. If an event A is a disjoint union of a sequence of events Ay, As, ... (this means that every point
in A belongs to exactly one of the sets Ay, Az,...), then P(A) =>.o, P(4;).

Example 1.1.1 (Nontransitive Dice). Consider the following set of dice:

1. Die A has sides 2, 2, 4, 4, 9, 9.
2. Die B has sides 1, 1, 6, 6, 8, 8.
8. Die C has sides 3, 3, 5, 5, 7, 7.
What is the probability that A rolls a higher number than B? What is the probability that B rolls higher

than C? What is the probability that C rolls higher than A? Assume that, in any roll of dice, all

outcomes are equally likely.

1.2 Conditional Probability and Independence of Events

Consider a probability P and an event B for which P(B) > 0. We can then define P(A|B) for every

event A as
P(AN B)

=5 (1.1)

P(A|B) :=
P(A|B) is called the conditional probability of A given B. A straightforward consequence of the
definition (1.1) is the formula
P(AN B) =P(A|B)P(B). (1.2)
We say that two events A and B are independent (under the probability P) if
P(A|B) = P(A).
Equivalently, independence is given by P(AN B) = P(A)P(B) or P(B|A) = P(B).

Here are two very interesting problems from Mosteller’s delightful book (titled Fifty Challenging

Problems in Probability) illustrating the use of conditional probabilities.
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Example 1.2.1 (From Mosteller’s book (Problem 13; The Prisoner’s Dilemma)). Three prisoners, A,
B, and C, with apparently equally good records have applied for parole. The parole board has decided to
release two of the three, and the prisoners know this but not which two. A warder friend of prisoner
A knows who are to be released. Prisoner A realizes that it would be unethical to ask the warder if he,
A, is to be released, but thinks of asking for the name of one prisoner other than himself who is to be
released. He thinks that before he asks, his chances of release are 2/3. He thinks that if the warder says
"B will be released,” his own chances have now gone down to 1/2, because either A and B or B and C
are to be released. And so A decides not to reduce his chances by asking. However, A is mistaken in

his calculations. Ezxplain.

Example 1.2.2 (The Monty Hall Problem). Suppose you’re on a game show, and you’re given the
choice of three doors: Behind one door is a car; behind the others, goats. You pick a door, say No. 1,
and the host, who knows what’s behind the doors, opens another door, say No. 8, which has a goat. He

then says to you, “Do you want to pick door No. 22”7 Is it to your advantage to switch your choice?

Example 1.2.3 (From Mosteller’s book (Problem 20: The Three-Cornered Duel)). A, B, and C are
to fight a three-cornered pistol duel. All know that A’s chance of hitting his target is 0.3, C’s is 0.5,
and B never misses. They are to fire at their choice of target in succession in the order A, B, C,
cyclically (but a hit man loses further turns and is no longer shot at) until only one man is left unhit.
What should A’s strategy be?

1.3 Bayes Rule

A very important formula involving conditional probabilities is the Bayes rule. This is arguably the
most important formula in all of probability and statistics. At a high level, the Bayes rule tells us how
to compute P(B|A) in terms of P(A|B) and other terms. Note that these two conditional probabilities
can be quite different. For example. consider this: “What is the probability of obtaining a dead person
(D) given that the person was hanged (H); that is, in symbol form, what is p(D|H)? Obviously, it will
be very high, perhaps .97 or higher. Now, let us reverse the question: What is the probability that a
person has been hanged (H) given that the person is dead (D); that is, what is p(H|D)? This time the
probability will undoubtedly be very low, perhaps .01 or lower.” (this comes from one of the quotes

here: http://www.indiana.edu/~stigtsts/quotsagn.html).
Formally Bayes rule says that

P(A|B)P(B)
(A|B)P(B) + P(A|B)P(B)’

P(B|4) = - (1.3)

Note that B¢ in the right hand side above represents the complement of the event B defined as the

event where B does not happen. The Bayes rule (1.3) is easily derived from the definition of conditional


http://www.indiana.edu/~stigtsts/quotsagn.html
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probability in the following way:

P(B|A) = W
_ P(AnB) P(AB)P(B) P(A|B)P(B) _ P(A|B)P(B)
- PA) P(A)  PANB)+PANBe)  P(AB)P(B) + P(A|B)P(B¢)’

The Bayes rule may be simple to derive but it has quite nontrivial consequences. For example,

consider this simple problem.

Example 1.3.1. Consider a clinical test for cancer that can yield either a positive (+) or negative (-)
result. Suppose that a patient who truly has cancer has a 1% chance of slipping past the test undetected.
On the other hand, suppose that a cancer-free patient has a 5% probabiliity of getting a positive test
result. Suppose also that 2% of the population has cancer. Assuming that a patient who has been given

the test got a positive test result, what is the probability that they have cancer?

Suppose C' and C¢ are the events that the patient has cancer and does not have cancer respectively.
Also suppose that + and — are the events that the test yields a positive and negative result respectively.

By the information given, we have
P(—|C)=0.01 P(+|C°) =0.05 P(C)=0.02.

We need to compute P(C|+). By Bayes rule, we have

P(+|C)P(C) B 0.99 * 0.02
(+|C)P(C) + P(+]|C)P(C<) ~ 0.99 % 0.02 + 0.05 * 0.98

PCl+) =5 — 0.2878.

Therefore the probability that this patient has cancer (given that the test gave a positive result) is about
29%. This means, in particular, that it is still unlikely that they have cancer even though the test gave

a positive result (note though that the probability of cancer increased from 2% to 29%).

Another interesting aspect of the above calculation is that
P(+) = P(+|C)P(C) + P(+|C°)P(C°) = 0.99 % 0.02 + 0.05 * 0.98 = 0.0688.

This means that test will yield a positive result about 7% of the time (note that only 2% of the population

has cancer).

Suppose now that P(C) = 0.001 (as opposed to P(C) = 0.02) and assume that P(—|C) and P(+|C°)
stay at 0.01 and 0.05 as before. Then

P(+) = P(+|C)P(C) + P(+|C%)P(C®) = 0.99 % 0.001 + 0.05 % 0.999 = 0.0509.

Here the true cancer rate of 0.001 has yielded in an apparent rate of 0.05 (which is an increase by a
factor of 50). Think about this in the setting where the National Rifle Association is taking a survey
by asking a sample of citizens whether they used a gun in self-defense during the past year. Take C to
be true usage and + to be reported usage. If only one person in a thousand had truly used a gun in
self-defense, it will appear that one in twenty did. These examples are taken from the amazing book

titled “Understanding Uncertainty” by Dennis Lindley.
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Example 1.3.2. This example is taken from the book “A tutorial introduction to Bayesian Analysis”
by James Stone. Suppose you are a doctor confronted with a patient who is covered in spots. The
patient’s symptoms are consistent with chickenpox but they are also consistent with another, more
dangerous, disease, smallpox. Suppose that you know that 80% of the people which chickenpox have
spots, but also that 90% of people with smallpox have spots. Suppose that you know that chickenpox
is a relatively common disease with an incidence rate of 10% while smallpox is much rarer with an
incidence rate of 0.1%. Based on all this information, how will you decide what disease the patient

probably has?

Example 1.3.3 (Monty Hall Problem via Bayes rule). Recall the Monty Hall problem: Suppose you’re
on a game show, and you’re given the choice of three doors: Behind one door is a car; behind the others,
goats. You pick a door, say No. 1, and the host, who knows what’s behind the doors, opens another
door, say No. 3, which has a goat. He then says to you, “Do you want to pick door No. 22”7 Is it to

your advantage to switch your choice?

We can use Bayes rule to solve this problem in the following way. Let us suppose that I always

pick Door 1 to start the game. I then need to calculate the conditional probability:
P {car in door 2|host opened door 3} .

By Bayes rule,

P {host door 3|car door 2} P {car door 2}
P {host door 3|car door 2} P{car door 2} + P {host door 3|car door 1} P {car door 1}

P {car door 2|host door 8} =
Plugging in

1

P {host door 3|car door 2} =1 and P {host door 3|car door 1} = B

and also

1
P {car door 1} = P {car door 2} = 3

we get

B 1% (1/3) _ 2
P {car door 2lhost door 3} = 1+ (1/3)+ (1/2) % (1/3) 3

and since this probability is more than 0.5, it makes sense for me to switch to door 2 from my original

selction of door 1.

Example 1.3.4 (The Blinky Monty Hall problem). Here is a very interesting variant on the Monty
Hall problem that I found on the internet (here: http://allendouwney. blogspot. com/2011/10/
blinky-monty-problem. html ). The problem is as follows. Consider the same setting as the usual
Monty Hall problem. Suppose I pick door 1 to start with and the host reveals the goat behind door 3.
Suppose also that before the host opened door 3, the host blinked. Based on watching this game show
previously many times, I note that the host blinks with probability 0.6 when the contestant picks the


http://allendowney.blogspot.com/2011/10/blinky-monty-problem.html
http://allendowney.blogspot.com/2011/10/blinky-monty-problem.html
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correct door and with probability 0.25 when the contestant picks the wrong door. With this additional

information, will it still be to my advantage to switch my choice from door 1 to door 27

We now need to calculate
P {car in door 2|host opened door 3 and blinked} .

Again by Bayes rule

P {host 3, blinked|car 2} P{car 2}

P 2lhost 3, blinked} =
{ear 2lhost 3, blinked} P {host 3, blinked|car 1} P{car 1} + P{host 3, blinked|car 2} P {car 2}

With the given information, it makes sense to take
P {host opened 3, blinked|car 2} = 0.25 and P{host opened 3, blinked|car 1} = (0.5)(0.6) = 0.3.

This gives

0.25  (1/3)
(0.25) * (1/3) + (0.3) = (1/3)

P {car in door 2 host opened door 3 and blinked} = ~ 0.45.

Since this probability is less than 0.5, it makes sense for me to stay with my original choice of door 1

and not switch.

1.4 Random Variables

A random variable is a function that attaches a number to each element of the sample space. In other

words, it is a function mapping the sample space to real numbers.

For example, in the chance experiment of tossing a coin 50 times, the number of heads is a random
variable. Another random variable is the number of heads before the first tail. Another random

variable is the number of times the pattern hththt is seen.

Many real-life quantities such as (a) The average temperature in Berkeley tomorrow, (b) The height
of a randomly chosen student in this room, (c) the number of phone calls that I will receive tomorrow,
(d) the number of accidents that will occur on Hearst avenue in September, etc. can be treated as

random variables.

For every event A (recall that events are subsets of the sample space), one can associate a random
variable which take the value 1 if A occurs and 0 if A does not occur. This is called the indicator

random variable corresponding to the event A and is denoted by I(A).

The distribution of a random variable is, informally, a description of the set of values that the

random variable takes and the probabilities with which it takes those values.

If a random variable X takes a finite or countably infinte set of possible values (in this case, we say

that X is a discrete random variable), its distribution is described by a listing of the values a1, aq, . . .
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that it takes together with a specification of the probabilities:
P{X =a;} fori=1,2,....
The function which maps a; to P{X = a;} is called the probability mass function (pmf) of the discrete

random variable X.

If a random variable X takes a continuous set of values, its distribution is often described by a
function called the probability density function (pdf). The pdf is a function f on R that satisfies
f(z) >0 for every € R and

[ O; Flo)da = 1.

The pdf f of a random variable can be used to calculate P{X € A} for every set A via

P{X € A} = /A F(@)da.

Note that if X has density f, then for every y € R,
Yy
P{X =y} = / f(z)dz = 0.
Yy

It is important to remember that a density function f(z) of a random variable does not represent
probability (in particular, it is quite common for f(z) to take values much larger than one). Instead,
the value f(x) can be thought of as a constant of proportionality. This is because usually (as long as
f is continuous at x):

1
lim -P{z < X < = .
im <P{z < X < w+0} = f(2)
The cumulative distribution function (cdf) of a random variable X is the function defined as

F(z) =P{X <z} for —oo < 2 < 0.

This is defined for all random variables discrete or continuous. If the random variable X has a density,

then its cdf is given by B
F(x) :/ f(t)dt.
The cdf of every random variable has the following properties: (a) It is non-decreasing, (b) right-

continuous, (c¢) lim,| o F(x) = 0 and lim44 F(x) = 1.

The cdf of a continuous random variable is continuous and differentiable and its derivative is the

pdf of the random variable.

1.5 Expectations of Random Variables

Let X be a discrete random variable and let g be a real-valued function on the range of X. The

expectation of g(X) is defined as

Eg(X) := Zg(w)]P’{X =2} <o (1.4)
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where the summation is over all possible values x of X.

Analogously, if X is a continuous random variable with density (pdf) f, the expectation of g(X)

is defined as

By(x) = [ " g(@)f()da. (15)

It is important to keep in mind that it is possible for Eg(X) to be 400 or —co or undefined. A

famous example for when the expectation is +o0 is the following.

Example 1.5.1 (Petersburg Paradox). A casino offers a game of chance for a single player in which
a fair coin is tossed at each stage. The initial stake starts at 2 dollars and is doubled every time heads
appears. The first time tails appears, the game ends and the player wins whatever is in the pot. Thus
the player wins 2 dollars if tails appears on the first toss, 4 dollars if heads appears on the first toss
and tails on the second, 8 dollars if heads appears on the first two tosses and tails on the third, and so
on. Mathematically, the player wins 2°k dollars, where k equals number of tosses (k must be a whole

number and greater than zero). Suppose that X denotes the money that the player wins. What is EX ¢
The pmf of the random variable X is clearly given by
P{X=2F}=2"%  fork=1,2,....

As a result,

o0 o0
EX = szzf’ﬂ - Zl = 400.
k=1 k=1

It is similarly easy to construct a random variable whose expectation is —oo.

Sometimes, the expectation is neither finite, nor +0o0 or —oo, it is simply undefined. To see
this, consider a discrete random variable X which takes the values ..., —3,—2,—1,1,2,3,... with
probabilities

P{X =i} = % 1
0

2'2

fori e Z,i #0.

Then

i
1€7Z:i7£0

which can not be made any sense of.
If a random variable takes only nonnegative values, then its expectation is either finite or +oc.

If A is an event, then recall that I(A) denotes the corresponding indicator random variable that
equals 1 when A holds and 0 when A does not hold. It is convenient to note that the expectation of
I(A) precisely equals P(A).

An important thing to remember is that Expectation is a linear operator i.e.,

E(aX +0Y) = aE(X) + DE(Y)
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for any two random variables X and Y with finite expectations and real numbers a¢ and b. An
implication of this is that if
X=U+---+U,

then EX = EU; + ...EU,. This trick is sometimes useful for calculating expectations.

Example 1.5.2. Suppose I have an urn with 10000 balls labeled 1,2, ...,10000. Suppose I draw a
sample of 500 balls at random with replacement. What is the expected number of balls that will not

appear in the sample?

We need to calculate EX where X is the number of balls that do mot appear in the sample. For
each i = 1,...,10000, let U; be the indicator random variable of the event that the ball labeled i does

not appear in the sample. Then clearly
X =U1+ -+ Uioooo
and by linearity of expectation, we have
EX =EU; + ... EUig000-

To calculate EU;, note that as U; takes only the values 0 and 1, we have

1 500
EU; = P{U; = 1} = P{ball i is not picked in the 500 draws} = <1 - 10000) :

As a result

500
EX =1 1—— = 9512.27.
0000< 10000) 95 7

The Expectation of a random variable X has the following variational property: it is the value of

2

a that minimizes the quantity E(X — a)? over all real numbers a. Do you know how to prove this?

1.6 Variance

A random variable X is said to have finite variance if X2 has finite expectation (do you know that
when X? has finite expectation, X also will have finite expectation? how will you prove this?). In

that case, the variance of X2 is defined as
Var(X) == E(X — ux)? =E(X?) —p%  where ux := E(X).

It is clear from the definition that Variance of a random variable X measures the average squared

variability in the values taken by X around its mean E(X).

Suppose X is a discrete random variables taking finitely many values x4, ..., x, with equal proba-

bilities. Then what is the variance of X7
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The square root of the variance of X is called the standard deviation of X and is often denoted by

SD(X).

If the variance of a random variable X is small, then X cannot deviate much from its mean

(=E(X) = p). This can be made precise by Chebyshev’s inequality which states the following.

Chebyshev’s Inequality: Let X be a random variable with finite variance and mean p. Then
for every € > 0, the following inequality holds:

Var(X
PAIX 2 e < LR

In other words, the probability that X deviates by more than e from its mean is bounded from above
by Var(X)/e.

Proof of Chebyshev’s inequality: Just argue that

(X —p)?

X —pl 2 e} < 5

and take expectations on both sides (on the left hand side, we have the Indicator random variable that

takes the value 1 when | X — p| > € and 0 otherwise).

1.7 Independence of Random Variables

We say that two random variables X and Y are independent if conditioning on any event involving Y

does not change the probability of any event involving X i.e.,
P{X € A]Y € B} =P{X € A}
for every A and B.
Equivalently, independence of X and Y is same as
P{X € A Y € B} =P{X € A}P{Y € B}
for every A and B.

The following are consequences of independence. If X and Y are independent, then

1. g(X) and h(Y) are independent for every pair of functions g and h.

2. E(g(X)h(Y)) = Eg(X)Eh(Y) for every pair of functions g and h.

More generally, we say that random variables Xi,..., X} are (mutually) independent if, for every
1 <4 <k, conditioning on any event involving X, j # ¢ does not change the probability of any event

involving X;. From here one can easily derive properties of independence such as

]P){Xl € Al, o, Xg € Ak} = ]P){Xl S Al}]P){XQ S AQ} . ]P){Xk € Ak}
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for all possible choices of events Ay, ..., Ag.

1.8 Common Distributions

1.8.1 Bernoulli Ber(p) Distribution

A random variable X is said to have the Ber(p) (Bernoulli with parameter p) distribution if it takes
the two values 0 and 1 with P{X =1} = p.

Note then that EX = p and Var(X) = p(1 — p). For what value of p is X most variable? least

variable?

1.8.2 Binomial Bin(n,p) Distribution

A random variable X is said to have the Binomial distribution with parameters n and p (n is a positive

integer and p € [0,1]) if it takes the values 0, 1,...,n with pmf given by

P{X =k} = (Z)pk(l —p)nF for every k=0,1,...,n.

(%) = m

The main example of a Bin(n,p) random variable is the number of heads obtained in n independent

Here (7) is the binomial coefficient:

tosses of a coin with probability of heads equalling p.

Here is an interesting problem about the Binomial distribution from Mosteller’s book (you can

easily calculate these probabilities in R for example).

Example 1.8.1 (From Mosteller’s book (Problem 19: Issac Newton helps Samuel Pepys)). Pepys
wrote Newton to ask which of three events is more likely: that a person get (a) at least 1 six when 6
dice are rolled, (b) at least 2 sizes when 12 dice are rolled, or (c) at least 3 sizes when 18 dice are
rolled. What is the answer?

Let X denote the number of heads in n independent tosses of a coin with probability of heads being
p. Then we know that X ~ Bin(n,p). If, now, X; denotes the binary random variable that takes 1 if

the it" toss is a heads and 0 if the i*" toss is a tail, then it should be clear that
X=X1+ +X,.

Note that each X; is a Ber(p) random variable and that Xi,...,X,, are independent. Therefore

Bin(n,p) random variables can be viewed as sums of n independent Ber(p) random variables. The
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Central Limit Theorem (which we will study in detail later in the class) implies that the sum of a large
number of i.i.d (what is i.i.d?) random variables is approximately normal. This means that when n is
large and p is held fixed, the Bin(n,p) distribution looks like a normal distribution. We shall make this
precise later. In particular, this means that Binomial probabilities can be approximately calculated
via normal probabilities for n large and p fixed. From this point of view, what is the probability of

getting k or more sixes from 6k rolls of a die when k is large?

What is the mean of the Bin(n,p) distribution? What is the variance of Bin(n,p)?

1.8.3 Poisson Distribution

A random variable X is said to have the Poisson distribution with parameter A\ > 0 (denoted by
Poi()N)) if X takes the values 0,1,2,... with pmf given by

k

P{X:k}:e*’\% for k=0,1,2,....

The main utility of the Poisson distribution comes from the following fact:

Fact: The binomial distribution Bin(n, p) is well-approximated by the Poisson distribution Poi(np)
provided that the quantity np? small.

To intuitively see why this is true, just see that

P{Bin(n,p) = 0} = (1 —p)" = exp (nlog(l —p)).

Note now that np? being small implies that p is small (note that p can be written as \/np?/n < \/np?
so small np? will necessarily mean that p is small). When p is small, we can approximate log(1 — p) as

—p — p?/2 so we get
P{Bin(n,p) = 0} = exp (nlog(1l — p)) ~ exp (—np) exp (—np?/2) .

Now because np? is small, we can ignore the second term above to obtain that P{Bin(n,p) = 0} is
approximated by exp(—np) which is precisely equal to P{Poi(np) = 0}. One can similarly approximate
P{Bin(n,p) = k} by P{Poi(np) = k} for every fixed k =0,1,2,....

There is a formal theorem (known as Le Cam’s theorem) which rigorously proves that Bin(n,p) ~
Poi(np) when np? is small. This is stated without proof below (its proof is beyond the scope of this

class).

Theorem 1.8.2 (Le Cam’s Theorem). Suppose Xi,...,X, are independent random variables such
that X; ~ Ber(p;) for some p; € [0,1] fori=1,...,n. Let X = X1+ -+ X, and A =p1 +...pn.
Then

oo

D [P{X =k} — P{Poi()) = k}| < Qip?.

k=0
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In the special case when p; = --- = p, = p, the above theorem says that
Z |P{Bin(n,p) = k} — P{Poi(np) = k}| < 2np*
k=0

and thus when np? is small, the probability P{Bin(n,p) = k} is close to P{Poi(np) = k} for each
k=0,1,....

An implication of this fact is that for every fixed A > 0, we have
. ) A .
Poi(\) = Bin | n, — when n is large.
n

This is because when p = \/n, we have np? = \?/n which will be small when n is large.

This approximation property of the Poisson distribution is the reason why the Poisson distribution
is used to model counts of rare events. For example, the number of phone calls a telephone operator
receives in a day, the number of accidents in a particular street in a day, the number of typos found in
a book, the number of goals scored in a football game can all be modelled as Poi()) for some A > 0.

Can you justify why these real-life random quantities can be modeled by the Poisson distribution?

The following example presents another situation where the Poisson distribution provides a good

approximation.
Example 1.8.3. Consider n letters numbered 1,...,n and n envelopes numbered 1,...,n. The right
envelope for letter i is the envelope i. Suppose that I take a random permutation o1,...,0, of 1,....n

and then place the letter o; in the envelope i. Let X denote the number of letters which are in their

right envelopes. What is the distribution of X ?

Let X; be the random variable which takes the value 1 when the it letter is in the it" envelope and
0 otherwise. Then clearly X = X1+ ---+ X,,. Note that

1
P{X, =1} =— foreachi=1,...,n.
n
This is because the it" letter is equally likely to be in any of the n envelopes. This means therefore that
X; ~ Ber(1/n) fori=1,...,n.

If the X;’s were also independent, then X = X1 + -+ + X, will be Bin(n,1/n) which is very close to
Poi(1) for large n. But the X;’s are not independent here because for i # j,

PX,= 11X, =1} = —— 21 _p(x,—1}.

n—1 n_

However, the dependence is relatively weak and it turns out that the distribution of X is quite close to
Poi(1). We shall demonstrate this by showing that P{X = 0} is approzimately equal to P{Poi(1) =
0} = e~ '. I will leave as an exercise to show that P{X = k} ~ P{Poi(1) = k} for every fived k. To
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compute P{X = 0}, we can write

P(x =0} = P{][(1 - X)) = 1)

i=1

= ]Eﬁ(l - X;)

=EQC1-> Xi+> XiX;— > XiX;Xp+-+(-1)"X;... X,
i=1

1<j i<j<k

=1-) E(X)+ Y EX:X;)— > E(XX;Xp) 4+ () "E(Xq,..., X,).
i i<j i<j<k

Note now that for every iy < --- < i, we have

EX:, X, ... Xs, =P{X;, =1, X, =1,...,X;, =1} =

k

This gives

Q

PLX =0} = 3 (-1 (Z) (n =kt _ Z(—l)k% e~ = P{Poi(1) = 0}.
k=0

n!
k=0

It is an easy exercise to show that the expectation and variance of a Poi(\) random variable are

both equal to A. This also makes sense because of the connection:
Poi(\) = Bin(n,\/n)
as

E(Bin(n,A\/n)) =X and wvar(Bin(n,A\/n)) = n% (1 - 2) — Aasn — oo.

When modeling count data via the Poisson distribution, it is possible to empirically check the assump-
tion that the variance is equal to the mean. If the empirical variance seems much higher than the
mean, then it is said that there is overdispersion in which case Poisson may not be a good model for
the data.

1.8.4 Geometric Distribution

We say that X has the Geometric distribution with parameter p € [0, 1] (written as X ~ Geo(p)) if X
takes the values 1,2,... with the probabilities:

P{X=k}=(1-p)"1p for k=1,2,....

It is easy to see that the number of independent tosses (of a coin with probability of heads p) required
to get the first head has the Geo(p) distribution.
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The Geo(p) distribution has the interesting property of memorylessness i.e., if X ~ Geo(p), then
P{X >m+n|X >n} =P{X >m}. (1.6)

This is easy to check as P{X > m} = (1 — p)™. It is also interesting that the Geometric distribution
is the only distribution on {1,2,...} which satisfies the memorylessness property (1.6). To see this,
suppose that X is a random variable satisfying (1.6) which takes values in {1,2,...}. Let G(m) :=
P{X > m} for m =1,2,.... Then (1.6) is the same as

G(m+n) = G(m)G(n).

This clearly gives G(m) = (G(1))™ for each m =1,2,.... Now G(1) =P{X > 1} =1-P{X =1}. If
p=P{X =1}, then

which means that P{X =k} = P{X > k— 1} —P{X > k} = p(1 —p)*~! for every k > 1 meaning that
X is Geo(p).

1.8.5 Negative Binomial Distribution

Let X denote the number of tosses (of a coin with probability of heads p) required to get the k** head.
The distribution of X is then given by the following. X takes the values k,k+ 1,... and

P{X =k+i} = <k+§_1>p’“(1p)i

(kti=)(k+i=2). (k4 Dk

- (1-p)
(k) (k= 1)(—k—2) ... (~k—i+1)
il

= (=1)° <_.k>p’“(1 —p)'  fori=0,1,2,....
(3

P —p)

This is called the Negative Binomial distribution with parameters k and p (denoted by NB(k,p)). If
G1,..., G} are independent Geo(p) random variables, then Gy + - - - + G ~ NB(k,p) (can you prove
this?).

1.9 Continuous Distributions

Next we shall look at continuous distributions.
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1.9.1 Normal or Gaussian Distribution

A random variable X has the normal distribution with mean p and variance 0? > 0 if it has the

following pdf:

1 (z — p)?
. 2y . _
¢($7/1’70- ) T Wexp ( 20_2 .
We write X ~ N(u,0%). When = 0 and 0% = 1, we say that X has the standard normal distribution
and the standard normal pdf is simply denote by ¢(-):

o) = =oxp (—9“2) |

Do you know why ¢(-) is a valid density i.e., why [ e~ /2dy = /277

The standard normal cdf is denoted by ®(z):
T
O(x) = / o(t)dt.
—o0

If X ~ N(p,0?), then E(X) = p and Var(X) = 2. See the corresponding wikipedia page for a list of
numerous properties of the normal distribution. The Central Limit Theorem is the main reason why

the normal distribution is the most prominent distribution in statistics.

1.9.2 Uniform Distribution

A random variable U is said to have the uniform distribution on (0, 1) if it has the following pdf:
1 0<z <1
fz) =
0 :for all other z
We write U ~ U[0, 1]. What is the mean of U? What is the variance of U? Where do uniform distri-

butions arise in statistics? The p-values under the null distribution are usually distributed according
to the U[0, 1] distribution (more on this later).

More generally, given an interval (a, b), we say that a random variable U has the uniform distribution
on (a,b) if it has the following pdf:

L ra<x<b
fl@)y=4 "
0 : for all other =

We write this as U ~ U(a, b).

1.9.3 The Exponential Distribution

The exponential distribution is given by the exponential density. The exponential density with rate

parameter A > 0 (denoted by Fxp())) is given by
f(x) = xe™I{z > 0}.
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It is arguably the simplest density for modeling random quantities that are constrained to be nonneg-
ative. It is used to model things such as the time of the first phone call that a telephone operator

receives starting from now (this can be justified via a discretization argument).

The cdf of Exp()) is easily seen to be

F(z) = / e Mdp =1 — e M for x > 0.
0

The exponential density has the memorylessness property (just like the Geometric distribution).

Indeed,
P{X >a+b} e Nath |
P{X bl X > b} = = = ¢ =P{X .
{X >a+bX > b} BX > 0] P e {X >a}

In fact, the exponential density is the only density on (0,00) that has the memorylessness property

(proof left as exercise). In this sense, the Exponential distributionx can be treated as the continuous

analogue of the Geometric distribution.

1.9.4 The Gamma Density

It is customary to talk about the Gamma density after the exponential density. The Gamma density

with shape parameter a > 0 and rate parameter A > 0 is given by
f(x) o 22 e[ {z > 0}. (1.7)
To find the proportionality constant above, we need to evaluate

oo 1 oo
22 e My = — u* e %du.
0 A* Jo

Now the function -
[a):= / u*te T du for a >0
0
is called the Gamma function in mathematics. So the constant of proportionality in (1.7) is given by

AO/,
I'(«)

so that the Gamma density has the formula:

)\(X

a—1_—Ax
F(a)x e " I{x > 0}.

fx) =

We shall refer to this as the Gamma(a, \) density.

Note that the Gamma(a, \) density reduces to the Exzp(\) density when o = 1. Therefore, Gamma
densities can be treated as a generalization of the Exponential density. In fact, the Gamma density
can be seen as the continuous analogue of the negative binomial distribution because if Xi,..., X

are independent Exzp(\) random variables, then Xy + --- + X,, ~ Gamma(k, A) (thus the Gamma
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distribution arises as the sum of i.i.d exponentials just as the Negative Binomial distribution arises as

the sum of i.i.d Geometric random variables).

Here are some elementary properties of the Gamma function that will be useful to us later. The
Gamma function does not have a closed form expression for arbitrary o > 0. However when « is a

positive integer, it can be shown that
T(n)=(n-1)! for n > 1. (1.8)
The above inequality is a consequence of the property
IMNa+1)=al'(a) for a >0 (1.9)
and the trivial fact that T'(1) = 1. You can easily verify (1.9) by integration by parts.

Another easy fact about the Gamma function is that I'(1/2) = /7 (this is a consequence of the
fact that fe_”z/Qda; =+/2m).

1.10 Variable Transformations

It is often common to take functions or transformations of random variables. Consider a random
variable X and apply a function u(-) to X to transform X into another random variable Y = u(X).
How does one find the distribution of ¥ = u(X) from the distribution of X?

If X is a discrete random variable, then ¥ = «(X) will also be discrete and then the pmf of ¥ can

be written directly in terms of the pmf of X:

PLY =y} =Pu(X) =y} = Y F{X=uz)

zu(z)=y

If X is a continuous random variable with density f and wu(-) is a smooth function, then it is fairly
straightforward to write down the density of Y = «(X) in terms of f. There are some general formulae
for doing this but it is better to learn how to do it from first principles. I will illustrate the general

idea using the following two examples.

Example 1.10.1. Suppose X ~ U(—n/2,7/2). What is the density of Y = tan(X)? Here is the
method for doing this from first principles. Note that the range of tan(x) as x ranges over (—mw /2,7 /2)
is R so fix y € R and we shall find below the density g of Y at y.

The formula for g(y) is
o1
9(y) zlgﬁ)lgp{y <Y <y+6}

so that
Ply<Y <y+6}~g(y)d when § is small. (1.10)
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Now for small 6,

Ply<Y <y+0} =Py <tan(X) <y + 4}
= P{arctan(y) < X < arctan(y + J)}
~ P{arctan(y) < X < arctan(y) + 5arctan’(y)}

= P{arctan(y) < X < arctan(y) + T 2}
Y

~ f(arctan(y)) W

where f is the density of X. Comparing the above with (1.10), we can conclude that

9(y) = f(arCtan(y))ﬁyg
Using now the density of X ~ U(—7/2,7/2), we deduce that
1

_ c R.
T S

9(y) =

This is the Cauchy density.

The answer derived in the above example is a special case of the following formula:

dT—(y)
froo(y) = fx(T° )‘dy‘

which makes sense as long as T is invertible and 7! is differentiable. The method used in the example
is more general however and also applies when T is non-invertible. We shall see such an example in

the next class.

Example 1.10.2. Suppose X ~ N(0,1) so that X has the standard normal density ¢(-). What is
the density of Y = X292 The following method does this from first principles. The range of X2 as X
ranges over (—oo0,00) is [0,00) so let us firy > 0. We shall find the density g of Y aty. Write

Ply<Y <y+06}=P{,g< X <Vy+}+P{—\y+d<X < -y}
%P{@<X<@+5M}+P{—@_5M<X<—¢g}

ZP{\/@<X<\/§+7}+ P{—vy - f<X< -V}
N KB 5 _ o(W)
~ oI5z + oV g s = P
This gives
gly) = oY) = (27r)_1/2y_1/2e_y/2 fory > 0.

VY
This is the density of the chi-squared random variable with 1 degree of freedom (or the Gamma random

variable with shape parameter oo = 1/2 and scale parameter f =1/2).
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1.11 Quantiles and The Quantile Transform

The Quantiles of a distribution frequently come up in statistics. Given a random variable X and a

number u € (0, 1), the u-quantile of the distribution of X is given by a real number ¢x (u) satisfying
P{X < gx(u)} =u (1.11)

provided such a number gx(u) exists uniquely. If Fx is the cdf of X, the equation (1.11) simply

becomes
Fx(gx(u)) =u

SO we can write

Here are some simple examples.

Example 1.11.1 (Uniform). Suppose X has the uniform distribution on (0,1). Then Fx(x) = x for
x € (0,1) and thus Fx'(u) ewists uniquely for every u € (0,1) and equals u. We thus have qx(u) = u
for every u € (0,1).

Example 1.11.2 (Normal). Suppose X has the standard normal distribution. Then Fx(z) = ®(x)

uhere d(z) = /; o(t)dt = /;(%)1/2 Xp (52) .

There is no closed form expression for ® but its values can be obtained in R (for example) using
the function pnorm. ® is a strictly increasing function from (—oo,00) to (0,1) so its inverse exists

uniquely and we thus have
qx (u) = &7 (u) for every u € (0,1).

There is no closed form expression for gx = ®~' but its values can be obtained from R by the function

qnorm.

Example 1.11.3 (Cauchy). Suppose X has the standard Cauchy density:

1 1
w14 22

fx(l') =

for —oo < x < 0.
Its cdf is given by

1 dt 1 i 1 1
Fx(z) = /_oo e arctan(t) . = arctan(z) + 3
It is easy to see that this is a strictly increasing function from (0o, 00) to (0,1) and its inverse is given
by
Fit(u) = tan (7 (u — 0.5)).

Thus the quantile function for the Cauchy distribution is given by

gx (u) = tan (7 (u — 0.5)) for every u € (0,1).
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How to define the u-quantile when there is no solution or multiple solutions to the equation Fx (q) =
u? No solutions for F'x(q) = u can happen for discrete distributions (for example, for X ~ Ber(0.5)
and u = 0.25, there is no ¢ satisfying P{X < ¢} = wu). Multiple solutions can also happen. For
example, if X is uniformly distributed on the set [0, 1]U[2, 3] and u = 0.5, then every ¢ € [1, 2] satisfies

Fx(q) = 0.5. In such cases, it is customary to define the u-quantile via
gx(u) :=inf{x € R: Fx(z) > u}. (1.12)

This can be seen as a generalization of F)El(u). Indeed, if there is a unique g such that Fx(¢) = u, it

is easy to see then that ¢x(u) = q.

The function gx : (0,1) — (—o0, 00) defined by (1.12) is called the quantile function or the quantile
transform of the random variable X. It can be checked that the definition (1.12) ensures that

P{X <gx(u)} >u and P{X <gx(u)} <u. (1.13)

The following result is a big reason why the quantile transform is important.

Proposition 1.11.4. The following two statements are true.

1. Suppose U is a random variable distributed according to the uniform distribution on (0,1). Then
qx (U) has the same distribution as X. In other words, the function qx transforms the uniform
distribution to the distribution of X.

2. Suppose X is a random variable with a continuous cdf Fx. Then Fx(X) has the uniform
distribution on (0,1). In other words, the function Fx transforms the distribution of X into the

Unif(0,1) distribution (provided the distribution of X is continuous).

If you want to see proofs of (1.13) and Proposition 1.11.4, you can refer to last year’s notes. The

proofs are not really necessary for this course.

Example 1.11.5 (Cauchy). We have just seen that for a standard Cauchy random variable, qx (u) =
tan(m(u — 0.5)). The above result then gives that if U ~ Unif(0,1), then

tan(w(U — 0.5)) ~ Cauchy.

Example 1.11.6 (p-values corresponding to test statistics having continuous distributions have uni-
form distributions under the null hypothesis). Statistical hypothesis testing problems are usually formed
by calculating a relevant test statistic based on data. Suppose Tops is the observed value of the statistic
calculated from the data. The p-value corresponding to the test is defined as the probability, under the
null hypothesis, of observing a value for the statistic that is more extreme compared to Tops. Usually
this is calculated as
p=1—Fo(Tobs)

where Fy is the cdf of the test statistic under the null hypothesis. If Fy is a continuous cdf, then it
should be clear that p is distributed according to U(0,1) when Tops ~ Fo. In other words, under the

null distribution (i.e., Tops ~ Fp), the p-value has the standard uniform distribution.
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1.12 Joint Densities

Joint densities are used to describe the distribution of a finite set of continuous random variables. We
focus on bivariate joint densities (i.e., when there are two continuous variables X and Y'). The ideas

are the same for the case of more than two variables.

The following are the main points to remember about joint densities:

1. f(+,-) is called a joint density if
flz,y) >0 forallz,y and / / f(z,y)dzdy = 1.

2. We say that two random variables X and Y have joint density f(-,-) if

PUXY) ey = [ [ faadedy= [ [ ) € B sy
for every subset B of R?. We shall often denote the joint density of (X,Y) by fx.y.

3. If A is a small region in R? around a point (zg,%,), we have (under some regularity condition on

the behavior of fx y at (zo,%0))
P{(X,Y) € A} = (area of A) fx y (2o, o)

More formally,
P{(X,Y)e A

Al(zo,yo)  area of A = Fx.v (w0, %0)

where the limit is taken as A shrinks to (zg, yo).

4. If (X,Y) have joint density fx,y, then the density of X is given by fx and the density of Y is

fy where
fx(z) :/fX,Y(mvy)dy and  fy(y) :/fX,Y(x,y)de

The densities fx and fy are referred to as the marginal densities of X and Y respectively.
5. Independence and Joint Densities: The following statements are equivalent:

(a) The random variables X and Y are independent.

(b) The joint density fx, y(x) factorizes into the product of a function depending on z alone

and a function depending on y alone.
(c) fxy(z,y) = fx(z)fy(y) for all z,y.

Example 1.12.1. Consider the function

1 :0<z<1land0<y<1
f(l‘,y)={

0 : otherwise
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Check that this is indeed a density function. This density takes the value 1 on the unit square. If the
random variables X and Y have this density f, then we say that they are uniformly distributed on the

unit square. Using indicator functions, we can write this density also as:
fla,) =1{0<z<1,0<y<1}=I1{0<z <1}I[{0<y <1}

The factorization above immediately says that if f = fxy, then X and Y are independent. The

marginal densities of X and 'Y are uniform densities on [0, 1].
Question: If X,Y have this density f, calculate P{X? +Y? < 1} (Ans: w/4).
Example 1.12.2. Suppose X,Y have the joint density
Py (o) = THa? 447 < 1),
Show that the marginal density of X is given by
fx(z) = %MI{—l <z <1}

Are X andY independent? (Ans: No. Why?)

1.13 Joint Densities under Transformations

We address the following general question. Suppose X and Y have the joint density fx y. Suppose

now that we consider two new random variables defined by
(U.V) = T(X,Y)

where T : R* — R? is a differentiable and invertible function. What is the joint density fy .y of U,V

in terms of fx y?
The following simple example will nicely motivate the general ideas.

Example 1.13.1. Suppose X,Y have joint density fx,y. What is the joint density of U and V where
U=XandV=X+Y?

We see that (U, V) = T(X,Y) where T(x,y) = (z,z+y). This transformation T is clearly invertible
and its inverse is given by S(u,v) = T~ (u,v) = (u,v —u). In order to determine the joint density of

(U, V) at a point (u,v), let us consider
P{u <U <u+6v<V <v+e}=defuy(u,v). (1.14)

Let R denote the rectangle joining the points (u,v), (u + §,v), (u,v + €) and (u+ 6,v +€). Then the

above probability is the same as

P{(U,V) e R} =P{(X,Y) € S(R)}.
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What is the region S(R)? It is easy to see that this is the parallelogram joining the points (u,v —
u), (u+6,v—u—9), (u,v—u+e) and (u+0,v —u+e—J9). When d and € are small, S(R) is clearly

a small region around (u,v — w) which allows us to write
P{(U,V) e R} =P{(X,Y) € S(R)} = fx,y(u,v —u) (area of S(R)).

The area of the parallelogram S(R) can be computed to be de (using the formula that the area of a

parallelogram equals base times height) so that
P{(U,V) € R} = fxy(u,v — u)de.
Comparing with (1.14), we obtain
fov(u,v) = fxy(u,v—u).

This gives the formula for the joint density of (U, V') in terms of the joint density of (X,Y).

1.13.1 Detour to Convolutions

We shall come back to the general problem of finding densities of transformations after taking a short

detour to convolutions.
We proved in the above example the joint density of U = X and V = X + Y is given by
fov(u,v) = fxy(u,v—u)

where fx y is the joint density of (X,Y’). As a consequence, we see that the density of V =X +Y is
given by

(oo} o0
fx+y () = / fov(u,v)du = / Ixy(u,v —u)du.
— 0o — 0o
Suppose now that X and Y are independent. Then fx v (z,y) = fx(z)fy(y) and consequently
fx+y(v) = / fx@)fy(v—u)du= / fx(—w)fy(w)dw (1.15)
where the last equality is a consequence of a simple change of variable v — u = w.

Definition 1.13.2 (Convolution). Given two densities fi and fa, we define their convolution, fi * fo

to be the density:

(f1 % f2) (v) :z/fl(u)fg(v—u)du:/fl(v—u)fg(u)du.

The equation (1.15) therefore says, in words, that the density of X +Y, where X ~ fx and Y ~ fy

are independent, equals the convolution of fx and fy.
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Example 1.13.3. Suppose X and Y are independent random variables which are exponentially dis-

tributed with rate parameter A. What is the distribution of X +Y ?

By the convolution formula,
fx+y(v) = / fx () fy (v —u)du

= / e 2 {u > 03 e ™2 [{v —u > 0}du

— 00

= / Me M0 < u < vidu = N2ve M I{v > 0}.

— 00

This shows that X +Y has the Gamma distribution with shape parameter 2 and rate parameter \.

Example 1.13.4. Suppose X and Y are independent random variables that are uniformly distributed
on [0,1]. What is the density of X +Y ¢

By the convolution formula,
frovo) = [ Fx(fv(o - wdu
:/I{Ogugl}l{ogv—ugl}du

:/ IH{o<u<1,0<v—u<1}du

— 00

= / I{max(v —1,0) < u < min(v, 1) }du.

This integral is non-zero only when max(v — 1,0) < min(v, 1) which is easily seen to be equivalent to

0<v<2. When 0 <wv <2, we have
fx+v(v) =min(v,1) — max(v — 1,0)

which can be simplified as

v :0<v <1
fxiv(W) =4 2—v :1<0v<2
0 . otherwise

This is called the triangular density.

1.14 Joint Densities under transformations

In the last class, we calculated the joint density of (X +Y,Y) in terms of the joint density of (X,Y).
In this lecture, we generalize the idea behind that calculation by first calculating the joint density of
a linear and invertible transformation of a pair of random variables. We also deal with the case of a

non-linear and invertible transformation.

In the next subsection, we shall recall some standard properties of linear transformations.
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1.14.1 Linear Transformations

By a linear transformation L : R? — R2?, we mean a function that is given by
x
L(z,y) =M < ) +c (1.16)
Y

where M is a 2 X 2 matrix and c is a 2 X 1 vector. The first term on the right hand side above involves

multiplication of the 2 x 2 matrix M with the 2 x 1 vector with components x and .

We shall refer to the 2 x 2 matrix M as the matrix corresponding to the linear transformation L

and often write M, for the matrix M.

The linear transformation L in (1.16) is invertible if and only if the matrix M is invertible. We
shall only deal with invertible linear transformations in the sequel. The following are two standard

properties of linear transformations that you need to familiar with for the sequel.

1. If P is a parallelogram in R?, then L(P) is also a parallelogram in R?. In other words, linear

transformations map parallelograms to parallelograms.

2. For every parallelogram P, the following identity holds:

area of L(P)

area of P | det(My)]

In other words, the ratio of the areas of L(P) to that of P is given by the absolute value of the

determinant of the matrix M7,.

1.14.2 Invertible Linear Transformations

Suppose X,Y have joint density fxy and let (U, V) = T'(X,Y) for a linear and invertible transfor-
mation T : R? — R2. Let the inverse transformation of T' be denoted by S. In the example of the
previous lecture, we hacd T'(x,y) = (z,z + y) and S(u,v) = (u,v — u). The fact that T is assumed to

be linear and invertible means that S is also linear and invertible.

To compute fy v at a point (u,v), we consider
P{u <U <u+d,v<V <v+e} = fuv(u,v)de

for small 6 and e. Let R denote the rectangle joining the points (u, v), (u+96,v), (u, v+€) and (u+4, v+e).
Then the above probability is the same as

P{(U,V) € R} = P{(X,Y) € S(R)}.

What is the region S(R)? Clearly now S(R) is a small region (as ¢ and € are small) around the point
S(u,v) so that

P{(U,V) e R} =P{(X,Y) € S(R)} = fx,y(S(u,v)) (area of S(R)).
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By the facts mentioned in the previous subsection, we now note that S(R) is a parallelogram whose

area equals |det(Mg)| multiplied by the area of R (note that the area of R equals de). We thus have
fov(u,v)de = P{(U,V) € R} =P{(X,Y) € S(R)} = fx,v(S(u,v))| det(Mg)|de
which allows us to deduce that

ny(u,v) = fX7y(S(u, v)) |det Mg . (1.17)

It is helpful to remember here that Mg is the 2 x 2 matrix corresponding to the linear transformation

S.

Example 1.14.1. Suppose X and Y are independent standard normal random wvariables. Find the
joint density of U =X +Y and V=X -Y.

We can use the formula (1.17) with T(x,y) = (v + y,x — y) whose inverse transformation is

212y
1/2 —-1/2) ‘

S(u,v) = (“*2'”, “52) and clearly the matriz corresponding to S is given by Mg = (
formula (1.17) then gives

u+v u—v

fU,V(uv'U)_fX,Y< 5

U+v u—v /2 1/2 1 u+v u—v
fX,Y( 7 )|det<1/2 1/2>|2fx,y< 5 >

Because X and 'Y are independent standard normals, we have

—(? +y2))

) |det M|

1
fX,Y(iF,y)Qﬂ_eXp< B)

so that

1
fU,V(Ua 1)) _ Eefu2/4e—v2/4.

This implies that U and V are independent N(0,2) random variables.

Example 1.14.2. Suppose X and Y are independent standard normal random variables. Then what
is the distribution of (U, V) =T(X,Y) where

T(z,y) = (xcosf — ysinb, zsin @ + y cos ).

Geometrically the transformation T corresponds to rotating the point (x,y) by an angle 0 in the counter

clockwise direction. The inverse transformation S := T~ of T is given by
S(u,v) = (ucosh + vsinf, —usinf + v cos )

and this corresponds to rotating the point (u,v) clockwise by an angle 8. The matriz corresponding to

S s
cosf  sinf
Mg =
—sinf cos6
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The formula (1.17) then gives

fov(u,v) = fxy(ucosf +vsind, —usind + v cos )

cosf sinf
det
—sinf cosf
1

1 1 1 22
= —exp | —=(ucosf +wvsinf)? — —(—usinf +vcosh)? | = — exp _L v,
2 2 2 2

This means that U and V' are independent random variables each having the standard normal distri-

bution.

We shall next study the problem of obtaining the joint densities under differentiable and invertible

transformations that are not necessarily linear.

1.14.3 General Invertible Transformations

Let (X,Y) have joint density fxy. We transform (X,Y’) to two new random variables (U, V) via
(U, V) =T(X,Y). What is the joint density fyy? Suppose that T is invertible (having an inverse

S = T~1) and differentiable. Note that S and T are not necessarily linear transformations.

In order to compute fyy at a point (u,v), we consider
Plu<U<u+d6,v<V <v+e}= fuy(u,v)de

for small 6 and e. Let R denote the rectangle joining the points (u, v), (u+6,v), (u, v+€) and (u+4, v+e).
Then the above probability is the same as

P{(U,V) € R} = P{(X,Y) € S(R)}.

What is the region S(R)? If S is linear then S(R) (as we have seen previously) will be a parallelogram.
For general S, the main idea is that, as long as § and € are small, the region S(R) can be approximated
by a parallelogram. This is because S itself can be approximated by a linear transformation on the
region R. To see this, let us write the function S(a,b) as (Si(a,b), S2(a,b)) where S; and Sz map
points in R? to R. Assuming that S; and S, are differentiable, we can approximate Si(a,b) for (a,b)

near (u,v) by

0 0 a—u 0 0
Si(a,b) ~ Sl(u,v)—&—(ausl(u,v), %Sl(u, 11)) (b B v) = Sl(u,v)—&—(a—u)%Sl(u, v)+(b—v)%sl(u,v).
Similarly, we can approximate Ss(a,b) for (a,b) near (u,v) by

Sa(a,b) ~ Sa(u,v) + (aausQ(u,u), %sg(u, m) (‘; - “) .

Putting the above two equations together, we obtain that, for (a,b) close to (u,v),

S(a,b) ~ S(u,v) + <£51(u,v) aavSl(u,v)> (a — u) |

%Sg(u,v) %SQ(U,U) b—w
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Therefore S can be appromixated by a linear transformation with matrix given by

Js(u, v) = (aELSl(U’U) 251 (u, v))

%SQ(U,U) %SZ(/UH U)

for (a,b) near (u,v). Note that, in particular, when § and e are small, that this linear appximation
for S is valid over the region R. The matrix Jg(u,v) is called the Jacobian matrix of S(u,v) =

(S1(u,v), Sa(u,v)) at the point (u,v).
Because of the above linear approximation, we can write
P{(X,Y) e S(R)} = fx,v(S(u,v))|det(Js(u,v))| (area of R)
This gives us the important formula

fov(u,v) = fxy (S(u,v)) |det Js(u, v)|. (1.18)

We will see some examples of calculations using the above formula in the next class.

1.15 Joint Densities under general invertible transformations

Let (X,Y) have joint density fxy. We transform (X,Y’) to two new random variables (U, V) via
(U, V) =T(X,Y). What is the joint density fyy? Suppose that T is invertible (having an inverse

S = T-1) and differentiable. Note that S and T' are not necessarily linear transformations.

In order to compute fy,y at a point (u,v), we consider
P{lu<U<u+6v<V<v+e}= fuv(u,v)de

for small 6 and e. Let R denote the rectangle joining the points (u, v), (u+6,v), (u, v+e€) and (u+9, v+e).
Then the above probability is the same as

P{(U,V) € R} = P{(X,Y) € S(R)}.

What is the region S(R)? If S is linear then S(R) (as we have seen previously) will be a parallelogram.
For general S, the main idea is that, as long as § and € are small, the region S(R) can be approximated
by a parallelogram. This is because S itself can be approximated by a linear transformation on the
region R. To see this, let us write the function S(a,b) as (Si(a,bd), S2(a,b)) where S; and Sz map
points in R? to R. Assuming that S; and S, are differentiable, we can approximate Si(a,b) for (a,b)

near (u,v) by

a—1u

) = S1(u, v)—{—(a—u)%& (u, 11)+(b—v)%$1 (u,v).

Si(a,b) ~ Sl(u,v)—&—(iSl(u,v), %Sl(u, 11)) (

— v
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Similarly, we can approximate Sa(a,b) for (a,b) near (u,v) by

b—v

Sa(a,b) ~ Sa(u,v) + (isz(u,v), %Sz(u, v)> (“ - “) :

Putting the above two equations together, we obtain that, for (a,b) close to (u,v),

S(a,b) =~ S(u,v) + <£5 (u,v) £)51(u,v)> (a—u> |

%Sg(u,v) %Sg(u,v) b—wv
Therefore S can be appromixated by a linear transformation with matrix given by

%5’1 (u,v) %Sl (u,v)
(%5’2 (u,v) %52 (u,v)

Js(u,v) = (

for (a,b) near (u,v). Note that, in particular, when ¢ and e are small, that this linear appximation
for S is valid over the region R. The matrix Jg(u,v) is called the Jacobian matrix of S(u,v) =
(S1(u,v), S2(u,v)) at the point (u,v).

Because of the above linear approximation, we can write
P{(X,Y) € S(R)} = fx,v(S(u,v))|det(Js(u,v))| (area of R)
This gives us the important formula
fuvu,v) = fxy(S(u,v)) |det Js(u,v)]|. (1.19)

Example 1.15.1. Suppose X and Y have joint density fx y. What is the joint density of U = X/Y
andV =Y ?

We need to compute the joint density of (U, V) =T(X,Y) where T(z,y) = (x/y,y). The inverse

of this transformation is S(u,v) = (uv,v). Then formula (1.19) gives

det <g ?)‘ = fx,y(uv,v)|v|.

As a consequence, the marginal density of U = X/Y is given by

fov(u,v) = fxy(uv,v)

fu(u) :/fU,v(um)dvZ/fx,y(uv7v)|v\dv.

In the special case when X and Y are independent standard normal random variables, the density of
U=X/Y is given by

Ju(u) = /OO iexp (—W) |v|dv

e} 2\,,2
:2/ SRR U o Linl P
0 27 2 (1 + u?)

This is the standard Cauchy density.
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Example 1.15.2. Suppose X and Y are independent standard normal random variables. Let R :=
VX2 +Y? and let © denote the angle made by the vector (X,Y) with the positive X -azxis in the plane.
What is the joint density of (R, ©)?

Clearly (R,©) = T(X,Y) where the inverse of T is given by S(r,8) = (rcosf,rsind). The density
of f (R,©) at (r,0) is zero unless r >0 and 0 < 0 < 2w. The formula (1.19) then gives

cos) —rsinf
det
sinf rcosf

It is easy to see from here that © is uniformly distributed on (0,27) and R has the density

1
= —e 720 I{r > 0}I{0 < 0 < 27}

fre(r,0) = fxy(rcos,rsinb) 5
™

fr(r) = re*’ug/zl{r > 0}.
Moreover R and © are independent. The density of R is called the Rayleigh density.

Example 1.15.3. Here is an important fact about Gamma distributions: Suppose X ~ Gamma(ay, \)
andY ~ Gamma(ag, ) are independent, then X +Y ~ Gamma(ay +ag, \). This can be proved using
the convolution formula for densities of sums of independent random variables. A different formula
uses the Jacobian formula to derive the joint density of U and V where V.= X/(X +Y). The relevant

inverse transformation here S(u,v) = (uv,u — uv) so that the Jacobian formula gives:
fov(u,v) = fxy (uo,u(l —v))u = fx (uv) fy (u(l —v))u.

Plugging in the relevant Gamma densities for fx and fy, we can deduce that

P! +az

1 —x Flog +a2) ,
ua1+o<2 16 )\ul uw>0 a;—1
F(Otl + 012) { }F

(1)l (a2)

This implies that U ~ Gamma(ay + e, X). It also implies that V' ~ Beta(ay,as), that U and V are

independent as well as

fov(u,v) = (1—wv)2 '1{0 <v <1}

I'(an)T (o)
B(ay, ) = ————==

( 1 2) F(Ozl I 042)
where, on the right hand side above, we have the Beta function. Note that because I'(n) = (n —1)! for
when n is an integer, the above formiula gives us a way to calculate the Beta function B(ay,ag) when

ay and ag are positive integers.

1.16 Joint Densities under Non-Invertible Transformations

In the last class, we looked at the Jacobian formula for calculating the joint density of a transformed
set of continuous random variables in terms of the joint density of the original random variables. This
formula assumed that the transformation is invertible. In other words, the formula does not work if
the transformation is non-invertible. However, the general method based on first principles (that we

used to derive the Jacobian formula) works fine. This is illustrated in the following example.
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Example 1.16.1 (Order Statistics). Suppose X and Y have joint density fxy. What is the joint
density of U = min(X,Y) and V = max(X,Y)?

Let us find the joint density of (U, V) at (u,v). Since U <V, the density fu v (u,v) will be zero

when u > v. So let u <v. For § and € small, let us consider
P{u<U<u+dv<V <v+e}
If § and € are much smaller compared to v — u, then the above probability equals
Plu<X<u+d,v<Y<v+e}+Pu<Y<u+dv<X<v+e¢}
which is further approzimately equal to
fxv(u,v)de + fx v (v,u)de.

We have thus proved that

fx,v(u,v) + fx,y(v,u) tu < v
fU,V(u7 U) = )
0 . otherwise
We can generalize this to the case of more than two random variables. Suppose Xi,...,X,, are
random variables having a joint density fx,. . x,(z1,...,%n). Let Xay < -+ < Xy denote the
order statistics of Xi,..., X, i.e., X(1) is the smallest value among X1, ..., Xy, X(z) is the next

smallest value and so on with X,y denoting the largest value. What then is the joint distribution
of X(1),---,X(n). The calculation above for the case of the two variables can be easily generalized to

obtain

waxl,-~7xn(u7l'17'"auﬂ'n,) tU <u2<'“<u”

0 : otherwise

FX X (01 10n) = {

where the sum is over all permutations w (i.e, one-one and onto functions mapping {1,...,n} to

{1,...,n}).

When the variables X1,..., X, are i.i.d (independent and identically distributed), then it follows
from the above that

(M) fx,(u1) .. fx, (up) up <ug <+ <y

0 . otherwise

fX(l) ..... X(n)(ula"'uun): {

1.17 Joint Density of Order Statistics

In the last class, we looked at the Jacobian formula for calculating the joint density of a transformed
set of continuous random variables in terms of the joint density of the original random variables. This
formula assumed that the transformation is invertible. In other words, the formula does not work if
the transformation is non-invertible. However, the general method based on first principles (that we

used to derive the Jacobian formula) works fine. This is illustrated in the following example.
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Example 1.17.1 (Order Statistics). Suppose X and Y have joint density fxy. What is the joint
density of U = min(X,Y) and V = max(X,Y)?

Let us find the joint density of (U, V) at (u,v). Since U <V, the density fu v (u,v) will be zero

when u > v. So let u <v. For § and € small, let us consider
Plu<U<u+v<V <v+e}
If 6 and € are much smaller compared to v — u, then the above probability equals
Plu<X<u+0,v<Y <v+e}+Pu<Y<u+dv<X<v+e¢}
which is further approximately equal to
fx,y(u,v)de + fxy(v,u)de.

We have thus proved that

fxy(u,v) + fxy(v,u) cu < v
fU,V(u7 U) = .
0 . otherwise
We can generalize this to the case of more than two random wvariables. Suppose X1,...,X, are
random variables having a joint density fx,. . x,(z1,...,2n). Let Xy < - < X denote the
order statistics of Xi,..., X, i.e., X is the smallest value among Xi,..., Xy, X2y is the next

smallest value and so on with X,y denoting the largest value. What then is the joint distribution

of X(1),---,X(n)- The calculation above for the case of the two variables can be easily generalized to
obtain
f (u u ) Zﬂfxlw_7xn(um,...,uwn) U < U < e < Up
X1y Xy ULy - o 5 = .
@ s " 0 . otherwise
where the sum is over all permutations w (i.e, one-one and onto functions mapping {1,...,n} to

1,....n}).

When the variables X1,..., X, are i.i.d (independent and identically distributed), then it follows
from the above that

(n!)le(u1)~~-an(Un) U < ug < - < Uy

0 . otherwise

fX(l)7"')X(n) (ula SR un) = {

1.18 More on Order Statistics: The density of X(; for a fixed

7

Assume now that Xi,..., X, are i.i.d random variables with a common density f and cdf F. In the

previous section, we derived the joint density of the order statistics X(1),..., X(,). Here we focus on
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the problem of determining the density of X(;y for a fixed i. The answer is given by

n! it i
o= Fe) (0= F)™ fw). (1.20)

and there are three standard methods for deriving this.

fX(i,) (u) =

1.18.1 Method One

The first method integrates the joint density fx(l),m’x(n)(ul,...7ui,17u,ui+1,...un) over

Up, .. Uin1, Uit 1, - - -, Upn tO Obtain fx, (u). More precisely,

fxo, () = / : ‘/n!f(ul) v fluim) fu) f(uigr) o f(un) I{ur < - <uplduy ... dui_rdugyy ... duy

Integrate the above first with respect to u; (in the range (—oo,us2)), then with respect to ug (in the
range of (—oo, u3)) and all the way up to the integral with respect to u;—1. Then integrate with respect

to up, then with respect to u,—1 and all the way to ;1. This will lead to (1.22).

1.18.2 Method Two

This method uses multinomial probabilities. Suppose that we repeat an experiment n times and that
the outcomes of the n repetitions are independent. Suppose that each individual experiment has k
outcomes which we denote by O1,...,0 and let the probabilities of these outcomes be given by

D1, .., Pk (note that these are nonnegative numbers which sum to one).

Now let N; denote the number of times (over the n repetitions) that the outcome O; appeared (note

that Ni,..., Nj are nonnegative integers which sum to n). The joint distribution of (Nq,..., Ng) is
known as the multinomial distribution with parameters n and p1,...,pg. It is an exercise to show that
n!
P{N1=n1,N2=n2,...,Nk:nk}:ﬁp?l...pzk (1.21)
ny:... Nk
whenever n1,...,n; are nonnegative integers which sum to n.

Let us now get back to the problem of obtaining the density of X(;). Consider the probability

for a fixed v and small §. If ¢ is small, then this probability can be approximated by the probability of

the event E where E is defined as follows. E is the event where (i — 1) observations among X7, ..., X,

are strictly smaller than u, one observation among X7,..., X, lies in [u,u + ¢] and n — i observations

among X1i,...,X, are strictly larger than u + 6. This latter probability is a special case of the

multinomial probability formula (1.21) and when ¢ is small, we get that this probability equals
e (F) T (f()8) (1~ ()"
(n—0)l(z —1)!

where F' is the cdf corresponding to f. The formula (1.22) then immediately follows.
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1.18.3 Method Three

Here we first compute the cdf of X(;) and then differentiate it to get the pdf. Note that
Fx(x) =P {Xa <=}
=P {at least i of X;,..., X, are <z}

n
= ZIF’{exactly rof Xi,..., X, are <z}

r=%

= Z]P’{Bm (n,F(z))=r} = Z ( ) "(1— F(z)"".

To compute the density, we have to differentiate Fx , with respect to z. This gives (note that the
derivative of F'is f)

M:

) =30 (1) FF@) @)1 = F@)™ = (F@) = )1 = )" 1 (@)}

1

T

<.

n! j

m(}?(‘r))r_ (1—F(x)" " f(z) —

n!

R Fa) ()

[
NE

T

Il
L%

n!

o T r—1 _ AN (x
G 0 ) S -

n!

= ooy )T A= FE)T )

n!

e @) A @) @)

I
1M
M:E.M

T

1

s=1i

+

and thus we again get the formula (1.22).

In the next class, we shall look at some special instances of the formula (1.22) for the density of
individual order statistics.

1.19 Order Statistics

In the last class, we calculated the density of X(;) where X(y),.

-, X(n) are the order statistics of n
i.i.d random variables X7, .

.., X,. If f and F are the common density and cdf of each X;, then
fxiy(u) = B — (F(u)' ™ (1= F(w)"™" f(u) (1.22)
X (n—i)l(i—1)! ' '

We now look at some special instances of the formula (1.22).
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1.19.1 Uniform Order Statistics

Suppose X1, ..., X, are i.i.d having the uniform density on (0, 1). Then the formula (1.22) (by plugging
in f(u) =1 and F(u) = u for 0 < u < 1) gives the following density for X;:

Ixg(u) = (n—z)??('z—l)'uzl(l — )" for 0 <u < 1. (1.23)

This is a Beta density with parameters ¢ and n — i + 1. Generally, a Beta density with parameters
a > 0and S > 0 is given by
w1 — )Pt

fw= fol re1(1 — ﬂc)ﬂfldxl{o <u<l)

The integral in the denominator above is called the Beta function:
1
B(a, 8) ::/ 2711 —2)Pldx for @ > 0,8 > 0.
0

The Beta function does not usually have a closed form expression but we can write it in terms of the

Gamma function via the formula

_ (oI'(B)
Bl = vat 8

that we saw in the last class. This formula allows us to write B(«, ) in closed form when « and g are

integers (note that I'(n) = (n — 1)!). This gives, for example,

(i = D'n—a)!

Bli,n—i+1) = ;
n:

1.19.2 Maximum of Independent Uniforms

Suppose X1, ..., X, are independent random variables having the uniform distribution on the interval
(0,0) for some 6 > 0. It turns out that the maximum order statistic, X, is the maximum likelihood

estimate of . The density of X, is easily seen to be (as a consequence of (1.22)):

’I’Lunil

P (W) = “om {0 < u < 6},

What then is E(X(,))? Using the formula for the density above,

0 n—1 9
EX (n) = / =
0 on n—+1

This means therefore that X,y has a slight negative bias of —f/(n + 1) as an estimator for ¢ and that
((n+1)/n)X(,) is an unbiased estimator of 6.



1.19. ORDER STATISTICS 45

1.19.3 Minimum of Independent Exponentials

Recall that the exponential density with rate parameter A > 0 (denoted by Exp(\)) is given by

f(x) = xe M I{z > 0}.

The cdf of Exp()) is easily seen to be
F(x) = / e Mdr =1—e for z > 0.
0

Suppose now that Xi,..., X, are i.i.d observations from Exp()\). What is the density of X(1)? From
the formula (1.22):

fxy(w) =n(l - F(u)" ! f(u) = (nA)e”("v for u > 0.

Thus X (1) has the Exponential density with rate parameter nA.

1.19.4 Minimum of Independent Non-Identically Distributed Exponentials

Suppose X1i,..., X, are independent random variables with X; having the Fxp();) distribution for
some \; > 0. What then is the distribution of X(;) := min;<;<, X;. We cannot use the formula (1.22)
in this case as the X;’s have different distributions. We can however calculate the cdf of X ;) easily in

the following way. For x > 0, we have

P{Xq) <z} =1-P{X4 >z}
=1-P{X;>uz...,X, >z}
=1-P{X;>z}..P{X,>a}=1—-eM% e ™ =1—exp(—(A\ + -+ \p)2)

Differentiate this with respect to x to obtain
fX(l)(iL‘) = AefAzI{x >0} where A := X\ + -+ + \,.

Thus X1y ~ Exp(A1 + -+ An).

1.19.5 Minimum of Independent Non-identically distributed Geometrics

Suppose X1, ..., X, are independent random variables with X; ~ Geo(p;) for i = 1,...,n. What is
the distribution of X (1) = minj<i<n Xi. Since the random variables involved here are discrete, we

cannot use any formula that we have so far derived. We have to calculate the probability P{X ;) = m}
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for m = 1,2,... from first principles. It is easy to first calculate the cdf:

P{Xq <m}=1-P{Xq) >m}
=1-P{X;>m,...,X, >m}
=1-P{X; >m}...P{X, >m}
=1-(1=p)"...(L=pn)"
=1—[=p)...(A=p)]" =1-(1-P)"
where P:=1— (1 —p1)...(1 —py). This gives

Thus X(y is a Geometric random variable with parameter P =1 — (1 —p1)(1 —p2)...(1 = p,).

1.20 Covariance, Correlation and Regression

Given two random variables X and Y, the covariance between X and Y is denoted by Cov(X,Y’) and
is defined as
Cov(X,Y) =E[(X — pux)(Y — uy)] (1.24)

where pux = E(X) and py := E(Y). In other words, Cov(X,Y) is defined as the Expectation of the
random variable (X — pux)(Y — py).

It is important to note that Covariance is a bilinear operator i.e.,
COU(ZaiXi,ijY}) = ZzaibjCOU(Xi7Y})~ (1.25)
i j i

Can you prove this as a consequence of the definition (1.24) of Covariance and the linearity of the

Expectation operator?

When X =Y, it is easy to see that Cov(X, X) is simply the Variance of X. Using this connection
between Covariance and Variance and (1.25), can you deduce the following standard properties of

Variance:
1. Var(aX +b) = a®*Var(X).
2. Var(3", 0 X;) = >, a?Var(X;) + > iz aia;Cov(X, Xj).
The correlation between two random variables X and Y
Cov(X,)Y) Cov(X,Y)

Py SD(X)SD(Y)  \/Var(X)Var(Y)

If px,y =0, we say that X and Y are uncorrelated.
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Proposition 1.20.1. Two facts about correlation:

1. The correlation pxy always lies between —1 and 1.

2. PaX+beX+d = ﬁﬁpx’y for every a,b,c,d € (—o0,00). In words, correlation is invariant (up to

sign flips) under linear transformations.

Proof. Write

CO’U(X,Y) X—p,X Y—,uy
XY = =E .
VVar(X)Var(Y) VVar(X) /Var(Y)
Use the standard inequality:
2 b2
ab< &t (1.26)
2
with a = (X — pux)/+/Var(X) and b= (Y — py)/+/Var(Y) to obtain
X - 2 Y — 2 X Y
pxy <E X —px)” Y —py)”) | Var(X) | VarlY)
’ 2Var(X) 2Var(Y) 2Var(X)  2Var(Y)
This proves that pxy < 1. To prove that pxy > —1, argue similarly by using
42 bQ
ab> 2 2 (1.27)
2
The fact about correlations and linear functions is left as an exercise. O

Cauchy-Schwartz Inequality: The fact that correlation px y lies between -1 and 1 is sometimes

proved via the Cauchy-Schwartz inequality which states the following: For every pair of random

[E(Z12,)| < \JE(Z7)\/E(Z3) (1.28)

The fact that |px,y| < 1is deduced from the above inequality by taking Z; = X —pux and Zo =Y —py.

variables Z; and Z5, we have

Can you prove the Cauchy-Schwarz inequality (1.28) using (1.26) and (1.27)?

Uncorrelatedness and Independence: The following summarizes the relation between uncor-
relatedness and independence:

1. Two independent random variables X and Y are uncorrelated.

2. There exist numerous examples of pairs of uncorrelated random variables X and Y that are
NOT independent. Can you think of a few?

3. Two random variables X and Y are independent if and only if ¢(X) and h(Y") are uncorrelated

for every pair of functions g and h.
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An important property of px y is that it measures the strength of linear association between X
and Y. This is explained in this section. Consider the problem of approzimating the random variable
Y by a linear function §y + 81X of X. For given numbers 5y and (i, let us measure the accuracy of

approximation of Y by By + 51X by the mean-squared error:
L(Bo, 1) :==E(Y = Bo — /1.X)" .

If By + B1X is a good approximation of Y, then L(fg,31) should be low. Conversely, if 5y + $1X
is a poor approximation of Y, then L(Sy, 81) should be high. What is the smallest possible value of

L(Bo, B1) as Bp and By vary over all real numbers.

It can be shown that
min L(By, 1) = Var(Y) (1 - py) (1.29)

Bo,B1

Do you know how to prove the above?

The fact (1.29) precisely captures the interpretation that correlation measures the strength of linear
association between Y and X. This is because ming, g, L(8y, 81) represents the smallest possible mean
squared error in approximating Y by a linear combination of X and (1.29) says that it is directly related

to the correlation between Y and X.
Can you explicitly write down the values of Sy and 87 which minimize L(Bg, 51)?

Does any of the above remind you of linear regression? In what way?
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Conditioning

Our next main topic is conditioning which is very important for statistics classes.

2.0.1 Basics
Let us first start by looking at the definition of conditional probability. Given two events A and B
with P(A) > 0, we define the conditional probability of B given A as

P(AN B)

P(BIA) = —5p

(2.1)

See Section 1.1 of Lecture 10 of Jim Pitman’s 2016 notes for 201A to get some intuitive justification

for this definition of conditional probability.

Using this definition of conditional probability, we can see that
P(B)=P(BNA)+P(BNA°) =P(B|A)P(A) + P(B|A°)P(A®)

Note here that A and A€ are disjoint events whose union is the entire space of outcomes 2. More

generally, if Ay, Ao, ... are disjoint events whose union is 2, we have
P(B) = ) P(B|A;)P(4)). (2.2)
i>1

This is referred to as the Law of total probability.

Let us now come to Bayes rule which states that

P(B[A)P(A)
(BIA)P(A) + P(B|A°)P(A°)”

P(A|B) =

49
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2.0.2 Conditional Distributions, Law of Total Probability and Bayes Rule

for Discrete Random Variables

Consider two random variables X and ©. Assume that both are discrete random variables. One
can then define the conditional distribution of X given © = 6 simply by defining the conditional

probabilities:
P{X =z,0 =0}
P{® =6}

P{X = 2|0 = 0} = (2.3)

assuming that P{® = 0} > 0. If P{© = 0} = 0, we would not attempt to define P{X = z|© = 6}.

As x varies over all values that the random variable X takes, the probabilities (2.3) determine the
conditional distribution of X given © = . Note that the conditional probability P{X = z|© = 6}
always lies between 0 and 1 and we have ) P{X =z|©0 =60} = 1.

Example 2.0.1. Suppose X andY are independent random variables having the Poi(A1) and Poi(A2)
distributions respectively. For n > 0, what is the conditional distribution of X given X +Y =n?

We need to compute

P{X =ilX+Y =n}

for various values of i. It is clear that the above probability is mon-zero only when i is an integer

between 0 and n. Let us therefore assume that i is an integer between 0 and n. By definition

P{X=iX+Y =n}
P{X+Y =n}

_P{X=iY=n—i}

 P{X+Y=n}

CP{X =i}P{Y =n—i}

N P{X+Y =n}

P{X=ilX+Y =n}=

The numerator above can be evaluated directly as X and Y are independently distributed as Poi(A1)
and Poi()\y) respectively. For the denominator, we use the fact that X +Y is Poi(A1 + X\2) (the proof
of this fact is left as exercise). We thus have
P{X =i}P{Y =n—i}

P{X+Y =n}
B e~ M ()\11/2') e 2 (/\;L_i/(n - z)')
o e~ AttAz (()\1 =+ )\2)"/’[7,!)

- n! )\1 ‘ )\2 i

which means that the conditional distribution of X given X +Y = n is the Binomial distribution with

P{X=iX+Y=n}=

parameters n and p = A1 /(A1 + Az2).
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Let us now look at the law of total probability and Bayes rule for discrete random variables X and

©. As a consequence of (2.2), we have

P{X =z} =) P{X =2(|0 =0}P{O =0} (2.4)

where the summation is over all values of § that are taken by the random variable ©. This formula
allows one to calculate P{X = z} using knowledge of P{X = z|® = 0} and P{O© = 0}. We shall refer
to (2.4) as the Law of Total Probability for discrete random variables.

The Bayes rule is
P{X =z|© =0}P{O© =0}  P{X =2]0=0}P{6 =0}
P{X =z} Y, P{X =20 =0}P{O =0}

The Bayes rule allows one to compute the conditional probabilities of © given X using knowledge of

P{O =0|X =2} =

(2.5)

the conditional probabilities of X given © as well as the marginal probabilities of ©@. We shall refer to

(2.5) as the Bayes Rule for discrete random variables.

Example 2.0.2. Suppose N is a random variable having the Poi()\) distribution. Also suppose thal,
conditional on N = n, the random variable X has the Bin(n,p) distribution. This setting is known
as the Poissonization of the Binomial. Find the marginal distribution of X. Also what is the

conditional distribution of N given X = i?

To find the marginal distribution of X, we need to find P{X = i} for every integer i > 0. For this,
we use the law of total probability which states that

P{X =i} =) P{X =iN =n}P{N =n}.

n=0
Because X|N = n is Bin(n,p), the probability P{X = i|N = n} is non-zero only when 0 < i < n.

Therefore the terms in the sum above are non-zero only when n > i and we obtain

P{X =i} =) P{X =i|N=n}P{N =n}

n=t

e n ) ) AP
i1 — p)nt -
> (l.)p (I —p)" e

epri e (1 _p)nfi
il ; (n—1)!

_ 0w S

i

e *(Ap)* i AL-p)"" e W) aa—p) _ € OW)

! (n—a)! il

n=i

This means that X has the Poi(\p) distribution.

To find the conditional distribution of N given X = i, we need to use Bayes rule which states that
P{X =i|N =n}P{N =n}
P{X =i}

P{N =n|X =i} =
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This is only nonzero when n > i (otherwise P{X = i|N = n} will be zero). And when n > i, we have
P{X =N = n}P{N =n}
P{X =i}
_ (DA —p)nie (A" /n)
e~ ((Ap)'/ih)
_ o—A1-p) A1 —p)]""
(n —1)!

This means that conditional on X = i, the random variable N is distributed as i + Poi(A(1 — p)).

P{N =n|X =i} =

forn > 1.

What is the joint distribution of X and N — X in this example? To compute this, note that
P{X={,N-X=j}=P{X=i,N=i+j}
=P{X=iN=i+j}P{N=i+j}
17\ N G
( . >p (L—pYe

(i +7)!
L)' (A1 =p))
il 51

=€

Note that this factorizes into a term involving only © and a term involving only j. This means therefore
that X and N — X are independent. Also from the expression above, it is easy to deduce that the
marginal distribution of X is Poi(Ap) (which we have already derived via the law of total probability)
and that N — X is Poi(A(1 — p)).

The setting of this example arises when one tosses a coin with probability of heads p independently
a Poi(\) number of times. Then N denotes the total number of tosses, X denotes the number of heads
and N — X denotes the number of tails. We have thus shown that X and N — X are independent and
are distributed according to Poi(Ap) and Poi(\(1 — p)) respectively. Independence of X and N — X
here is especially interesting. When a coin is tossed a fixred number n of times, the number of heads
and tails are obviously not independent (as they have to sum to n). But when the number of tosses is
itself random and has the Poisson distribution, then the number of heads and tails become independent

random variables.

2.1 Conditional Densities for Continuous Random Variables

Consider now two continuous random variables X and © having a joint density fx o(z,6). Recall then
that fx,e(z,0) >0 for all z,0 and [ [ f(x,0)dxdd = 1. Also recall that the marginal densities of X
and © are given by

@ = [ Ixolw0 ad o) = [ frat0)dr

We shall now define the conditional density of X given © = 0 for a fixed value of §. In order to
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define this conditional density at a point x, we need to consider
P{x < X <z+6|0 =0} (2.6)

for a small § > 0. Because P{© = 6} = 0 (note that © is a continuous random variable), we cannot
define this conditional probability using the definition P(B|A) := P(B N A)/P(A). But, intuitively,
conditioning on © = 6 should be equivalent to conditioning on 8 < © < 6 + ¢ for small €. Therefore
we can write

Plz<X<z+60=0} =Pz <X <z+60<O0<0+¢€}

for small e. For the probability on the right hand side above, we can use P(B|A) :=P(BN A)/P(A) to

obtain

< < < <
P{$§X§$+5|0§@§9+6}:P{I_X_I+670_@_9+6} _ fxel(z,0)de  fxeolx,0)0

P0<O<6+¢) T Je@e  fe(0)
We have thus obtained that
fX @(IL‘, 9)5
Plr<X<z+6O=0} —rn——"—
t 0=~ o)
for small 4. This suggests the definition
— fX,@((E> 0)

fX\@:@(x) : (2.7)

fo(0)

for the conditional density of X given © = #. This definition makes sense as long as fo(f) > 0. If
fe(f) =0, we do not attempt to define fx|g—g-

Example 2.1.1. Suppose X and © are independent random variables having the Gamma(a, \) and
Gamma(B, ) distributions respectively. What then is the conditional density of X given X +© = 1.

The definition (2.9) gives
fxxte(z,1)
—(r) ===
fX\X+@ 1( ) fX+@(1)
By the Jacobian formula for calculating densities of transformed random wvariables, it can be checked

that
\o+B

L(a)I'(B)
for 0 <z < 1. We have also seen previously that X + © is distributed as T'(a + B, X). Thus

fxxve(z,1) = fxelz, 1 —2) = fx(z)fo(l - 2) = 21— a) e

A\o+8

Pere) = oy

Therefore

_ fX,X+@(xa 1) _ F(Oé—l—ﬁ) a—1

Ixix+o=1(7) o) F(a)I‘(ﬁ)m (1—z)°1 forO<z<1.

This means therefore that
X|(X +0 =1) ~ Beta(a, ).
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Example 2.1.2. Suppose X and Y are independent Unif(0,1) random variables. What is fyyv—,
where U =min(X,Y) and V =max(X,Y) and 0 <v < 17

Note first that
_ fU,V(u7U)

fU|V:v(U') fV(U)

When 0 < u < v < 1, we know that
fov(u,v) = fxy o)+ fxy@,u) =2.
Also V = max(X,Y) ~ Beta(2,1) so that
fv(v) =20I{0 < v < 1}.

We thus have

2 1
fU|V:U(U):%:; for 0 <u <w.

In other words, U|V = v is uniformly distributed on the interval (0,v).

2.2 Conditional Densities for Continuous Random Variables

Consider now two continuous random variables X and © having a joint density fx o(z,6). Recall then
that fx,e(z,0) >0 for all z,0 and [ [ f(x,0)dxdd = 1. Also recall that the marginal densities of X
and © are given by

@ = [ Ixolw0@ wd o) = [ frale0dr

We shall now define the conditional density of X given ©® = 6 for a fixed value of 6. In order to

define this conditional density at a point x, we need to consider
Ple <X <z+0|0 =0} (2.8)

for a small § > 0. Because P{© = 0} = 0 (note that © is a continuous random variable), we cannot
define this conditional probability using the definition P(B|A) := P(B N A)/P(A). But, intuitively,
conditioning on © = 6 should be equivalent to conditioning on 8 < © < 6 + € for small e. Therefore
we can write

Ple <X <2+60=0t =Pl <X <z+60 <0 <0+¢}
for small e. For the probability on the right hand side above, we can use P(B|A) := P(BN A)/P(A) to

obtain
Ple<X<z+6,0<0<0+¢ _ frolz0)d  fxolr,0)0
P{ <O <6+e} T e fol0)

Plr <X <z+40<O<l+¢}=

We have thus obtained that

fx.e(z,0)0

Plo <X <o+00 =0}~ 200
(]
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for small . This suggests the definition

o fX,@(‘T79)
fX\G):Q(x) = Tw) (2.9)

for the conditional density of X given © = . This definition makes sense as long as fg(0) > 0. If
fe(0) =0, we do not attempt to define fx|o—¢-

Example 2.2.1. Suppose X and © are independent random variables having the Gamma(a, A) and

Gamma(B, ) distributions respectively. What then is the conditional density of X given X +© = 1.

The definition (2.9) gives
[xx+o(r,1)
—(r) ===
Ix|x+0=1() Frio(l)
By the Jacobian formula for calculating densities of transformed random variables, it can be checked

that
A\o+8

L(e)I'(8)
for 0 <z < 1. We have also seen previously that X + © is distributed as T'(a + B, X). Thus

fxxre(z,1) = fxe(z,1-2) = fx(x)fo(l —2) = N

A\o+B

fxte(l) = me_’\

Therefore

feron (@)~ Do) Tt 8) .
res fx+e(1) T()T(B)

(1—x)P~1 foro <z <1

This means therefore that
X|(X + 06 =1) ~ Beta(a, ).

Example 2.2.2. Suppose X and Y are independent Unif(0,1) random variables. What is fy|v—.,
where U = min(X,Y) and V =max(X,Y) and 0 <v < 17

Note first that
U, v
foiv—o(u) = M

fv(v)

When 0 < u < v < 1, we know that
fov(u,v) = fxy(u,v) + fxy(v,u) =2
Also V = max(X,Y) ~ Beta(2,1) so that
fv(v) =20I{0 < v < 1}.
We thus have
_2_1
2w

In other words, U|V = v is uniformly distributed on the interval (0,v).

Juv=o(u) for 0 <u<w.
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Example 2.2.3. Suppose X and © are independent random variables having densities fx and fo
respectively. (a) What is the conditional density of X + © given © = 07 (b) What is the conditional
density of % given © =07

For fx eje=g, write

_ Ixieow0)  fxe(w—0,0) fx(u—0)fe(f)

Srroro=o) =" ) @ dew) O
For f%\@:e(u): write
x olu,d u u
fxio—o(u) = fg.0(0) _ Jxo(d 0l6] _ fx(ub)fo@)lf] _ 10| £x (ub). (2.10)

fe(0) fe(0) fe(0)

2.3 Conditional Density is Proportional to Joint Density

The conditional density

L fX,@(mve)
fX\@:e(x) = Tw) (2.11)

has the following important property. As a function of = (and keeping 6 fixed), fx|o—¢() is a valid

density i.e.,
[ee]
fxje=o(x) >0 for every x and / [xje=o(z)dx = 1.
— 0o
The integral above equals one because

> fx,e(ﬂfﬁ)dx _ 2 fxel(z,0)dx _ fe(®) _ L

oo Jol0) fe(0) fe(0)

/_00 fxje=o(v)dr =

Because fx|o—g(z) integrates to one as a function of x and because the denominator fg(f) in the

definition (2.11) does not depend on z, it is common to write

fX\eze(x) x fx,0(z,0). (2.12)

The symbol o here stands for “proportional to” and the above statement means that fxje—g(z), as a
function of z, is proportional to fx,e(z,8). The proportionality constant then has to be fg(6) because

that is equal to the value of the integral of fx o(z,6) as x ranges over (—o0o,00).

The proportionality statement (2.12) often makes calculations involving conditional densities much

simpler. To illustrate this, let us revisit the calculations in Examples (2.2.1) and (2.2.2) respectively.

Example 2.3.1 (Example 2.2.1 revisited). Suppose X and © are independent random variables having
the Gamma(a, A) and Gamma(B,\) distributions respectively. What then is the conditional density
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of X given X +0© =17 By (2.12),

fxixre=1(z) x fx,x+e(z,1)
= fxo(z,1—2)
= Ix(z)fo(1 - 1)
o e M e > 0}e AT (1 — )7 {1 — 2 > 0}
11 —2)f {0 <z <1}

which immediately implies that X|X + © = 1 has the Beta distribution with parameters « and .

Example 2.3.2 (Example 2.2.2 revisited). Suppose X and Y are independent Unif(0,1) random
variables. What is fyy—, where U = min(X,Y) and V = max(X,Y) and 0 <v < 17

Write

fuv=v(u) < fu,v(u,v)
=2fu(u)fv(v){u < v}
x fu(u)l{u < v}
=I{0<u<1}I{u<v} =I{0 < u < min(v,1)}

Thus for v < 1, the conditional density of U given V = v is the uniform density on [0,v]. For v > 1,
the conditional density of U given V =1 is not defined as the density of V at v > 1 equals 0.

2.4 Conditional Densities and Independence

X and © are independent if and only if fxje—y = fx for every value of 6. This latter statement is
precisely equivalent to fx e(z,0) = fx(x)fe(d). By switching roles of X and O, it also follows that
X and © are independent if and only if fg|x—, = fe for every x.

It is also not hard to see that X and © are independent if and only if the conditional density of X
given © = 0 is the same for all values of @ for which fg(6) > 0.

Example 2.4.1 (Back to the Gamma example). We have previously seen that when X ~ Gamma(a, \)
and Y ~ Gamma(,\), then

X|(X +© =1) ~ Beta(a, B).
This can be also be directly seen (using the observation that X/(X + ©) is distributed as Beta(a, )
and that X/(X 4 O) is independent of X 4+ ©) as follows:

4 X
T X+6

X|(X+e:1)i§|(x+@=1) (X +0 =12 ~ Beta(a, B)

X+06

where £ means “equality in distribution”. Note that we removed the conditioning on X +© =1 in the

last step above because X/(X + O) is independent of X + O.
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Example 2.4.2 (Example 2.2.3 revisited). In Example 2.2.3, we considered two independent random
variables X and © having the densities fx and fo. We then showed that

fxtole=9(u) = fx(u—10) (2.13)
This can also be seen in the following way:
X +0|0=0%X 460 =0%X +0.

Because the density of X +0 is fx19(u) = fx(u—0), this proves (2.13). A similar argument can also
be given for the fact f%‘@ze(u) = |0|fx (ub) (left as an exercise).

2.5 Law of Total Probability for Continuous Random Vari-

ables

Note first that from the definition of fxje—g(z), it directly follows that

Ixo(x,0) = fxjo=o(x)fo(0).

This tells us how to compute the joint density of X and © using knowledge of the marginal of © and
the conditional density of X given O.

From here (and the fact that integrating the joint density with respect to one of the variables gives

the marginal density of the other random variable), it is easy to derive the formula

v) = / Fxlos(x) fo(0)d0. (2.14)

This formula, known as the Law of Total Probability allows us to deduce the marginal density of

X using knowledge of the conditional density of X given © and the marginal density of ©.

The formula (2.17) has interesting consequences. For example, it can be used to rederive the
convolution formula that we have seen previously for the density of the sum of two independent
random variables. Indeed, the convolution formula states that if X ~ fx and © ~ fg are independent

random variables, then
[xve(u / fx(u—0)fo(6)do

This can be derived as a consequence of (2.17) (and (2.13)) via

fxte(u /fX+e\® o(u)fo(0 d9—/fx (u—0)fo(0)dd

We also saw previously that
s (w)= [ Lx(ub)fo(6)/6]ds
This can also be easily derived from (2.17) (and (2.10)) and this is left as exercise.

Here are two other applications of the Law of Total Probability.
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Example 2.5.1. Suppose © ~ Exp(1/2) (i.e., fo(0) = 0.5e=21{6 > 0}) and X|© = 6 ~ N(0,0).
Then the marginal density of X is the Double Exponential density (also known as the Laplace density):

fx(x)= %e_lx‘ for all x € (—o0, 00). (2.15)

To show this, first use the Law of Total Probability which gives

fx(@) = / Fxomo() fo (6)d6.

Plugging in the formulae for fxje—¢ and fo, we get

<1 22\ 1 0
fx(@) = /o Jord exp (29> 2 oxXP <—2> de.

The following trick can be used to evaluate this integral. First do the change of variable 8 = u? to get

u

fx(@) = \/% /OOO exp (—;; - ;) du. (2.16)

Note first that when x = 0, we have fx(0) = (2m)~Y/2 [© e~ 2du = 1/2. So let us assume that
x # 0. The trick to evaluate fx(x) involves differentiating the formula (2.16) with respect to x. This

, 1 oo 2 2 _
fx(z) = E/o exp <_;Lﬂ — 1;) (7;) du

Izl
u

gives

Let us now do the change of variable v = . It is easy to see that this gives

-1 z [ 2 u?
L) = — = ex (——) dv.
fX( ) /727‘_ |.T‘ 0 b 2’LL2 2
We thus have

—X

fx(z) = mfx(l”)
or equivalently,

d —x

%logfx(x) R

From here (and the fact fx(0) = 1/2), it is straightforward to derive (2.15).

Example 2.5.2. Suppose © ~ N(pu,72) and X|© = 0 ~ N(0,0?). It then follows that X ~ N(u, 72+

0?). We shall derive this in the next class.

In the last class, we discussed the law of total probability for continuous random variables:

fx(@) = / Fxioo(z) fo(6)db. (2.17)

This formula allows us to deduce the marginal density of X using knowledge of the conditional density

of X given © and the marginal density of ©.

We started discussing the following example last class.
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Example 2.5.3. Suppose © ~ N(pu,72) and X|© = 0 ~ N(0,02). It then follows that X ~ N(u, 7>+
02). We shall derive this now. We use the LTP which says

fx(a) = / fxio—(x) fo (6)d0
Now

2nTo T

fx10=0(2) fo(0) = L o (_; {(9 —zu)Q E: —29)2 })

The term in the exponent above can be simplified as

(O-p? , @=0? _(O-ata—p? (-0

= (- 2) <1+ 1>+2(9_33)(33—u)+(a:—u)2

T2 o2

(1 AN [y Y e
S \r2 g2 1/0241/72 T2 4 o2

where I skipped a few steps to get to the last equality (complete the square and simplify the resulting

expressions).

As a result

fxje=0(7)fo(0) =

1 1/1 1 x)o? + p)r? ? (z — p)?
e <_2 (72 +02> (0_ 1/02+1/72 xp _2(72+02)
Consequently,

o= [ om (<5 (5 2) (- 22 202) Yo (ot ) w

- f;f;;) /exp (—; (:2 + 012) (9 - Wf) d

which gives

X ~ N(0,7% 4 0?).

2.6 Bayes Rule for Continuous Random Variables

Next we shall discuss the Bayes rule which tells us how to derive the conditional density of © given
X = zx using information on the conditional density of X given © = # and the marginal density of ©.

The Bayes rule says:
fxje=0(2)fo(0)

fe\x:;c(9) - ffX|@:9($)f(—)(9)d9.
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The denominator in the above formula does not depend on 6 (as 6 is integrated out) and thus

Joix=«(0) < fxjo=0(z) fo(0).

Here are two applications of the Bayes rule for continous variables.

Example 2.6.1. Suppose © ~ N(u,72) and X|© =0 ~ N(0,02). What is the conditional density of
O X =z?

To obtain fo|x—z(0), we use the Bayes rule:

 fxje=s(@)fe(d) VPt o2 1/1 1 /0% + p/72\’
foix=«(0) = p ( (72 02> (9 - 1/02+1/72> >

Ix(x) © V2rr2o? o

2

which means that

x/o? + /2 1
X=x~N .
ol v (1/02+1/72’1/02+1/72

For a normal density with mean m and variance v?, the inverse of the variance 1/v? is called the
precision. The above calculation therefore reveals that the precision of the conditional distribution of ©

given X equals the sum of the precisions of the distribution of © and the distribution of X respectively.

In statistical terminology, it is common to call:

1. the marginal distribution of © as the prior distribution of the unknown parameter 6.

2. the conditional distribution of X|© = 0 as the distribution of the data conditioned on the value

of the true parameter.

3. the conditional distribution of ©|X = x as the posterior distribution of © given the data.

In this particular example, the mean of the posterior distribution is a weighted linear combination of
the prior mean as well as the data where the weights are proportional to the precisions. Also, posterior
precision equals the sum of the prior precision and the data precision which informally means, in

particular, that the posterior is more precise than the prior.
Example 2.6.2. Suppose © ~ Gamma(a,\) and X|© = 0 ~ Exp(0) . What is the conditional
density of © given X = x? We can argue via proportionality that

foix=«(0) < fxjo=0()fo(0)

A® —A0pa—1
F(a)e 0 I{6 > 0}

=g~ MDO119 > 0}

= ge 0"

which means that
O|X =z ~ Gamma(a + 1, + ).

Note that ) \ .
o+ o x
E@X =)= Atz /\+:EX+/\+1:;
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2.7 LTP and Bayes Rule for general random variables

The LTP describes how to compute the distribution of X based on knowledge of the conditional
distribution of X given © = 6 as well as the conditional distribution of ©. The Bayes rule describes
how to compute the conditional distribution of © given X = x based on the same knowledge of the
conditional distribution of X given © = 6 as well as the conditional distribution of ©®. We have so far
looked at the LTP and Bayes rule when X and © are both discrete or when they are both continuous.

Now we shall also consider the cases when one of them is discrete and the other is continuous.

2.7.1 X and O are both discrete

In this case, we have seen that the LTP is
P{X =a} =) P{X =2(0 =0}P{O =0}
0
and the Bayes rule is
P{X =z[©@=0}P{© =0}  P{X =2]|0=0}P{0 =0}

P{©=0|X =2} = PIX = 2] " Y, P{X =z[0 =0}P{O =0}

2.7.2 X and O are both continuous

Here LTP is
fx(@) = [ Fxia=ao)fo()ds

and Bayes rule is
f. (0) = fx|@:9(x)f@(9) _ fX\@:G(l‘)fe(e)
o= fx(x) ffX|@:9($)f@(9)dx'

2.7.3 X is discrete while O is continuous

LTP is
P{X = 2} — /IP’{X — 210 = 0} fo (0)d
and Bayes rule is

forxon(®) = EIX =210 =0}0(6) | _F{X =26 =0}/o(6)

P{X =z} T [P{X = 2|0 =6} fo(0)dd’

2.7.4 X is continuous while O is discrete

LTP is
Fx(@) =" fxjo=o(x)P{O = 6}
6
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and Bayes rule is

fxje=o(x)P{O© =0}  fxjo=o(z)P{O = 6}

P{O© =0|X =x} = fx (@) © Yp fxje—o(z)P{O = 0}

These formulae are useful when the conditional distribution of X given © = 6 as well as the
marginal distribution of © are easy to determine (or are given as part of the model specification) and
the goal is to determine the marginal distribution of X as well as the conditional distribution of ©

given X = x.

We shall now look at two applications of the LTP and Bayes Rule to when one of X and © is

discrete and the other is continuous.

Example 2.7.1. Suppose that © is the uniformly distributed on (0,1) and let X|© = 0 has the binomial
distribution with parameters n and 0 (i.e., conditioned on © = 0, the random variable X is distributed
as the number of successes in n independent tosses of a coin with probability of success 8). What then

18 the marginal distribution of X as well as the conditional distribution of © given X = x?

Note that this is a situation where X is discrete (taking values in 0,1,...,n) and © is continuous
(taking values in the interval (0,1)). To compute the marginal distribution of X, we use the appropriate
LTP to write (forx =0,1,...,n)

P{X — o} — /]P’{X — 2|0 = 0} fo (0)d6

_ /01 (;‘) 6% (1 — 6)"*df

= <n)Beta(x +1ln—a+1)
x

(n)F(xH)F(an) nl o aln—z)! 1

X

I'(n+2) C(n—o)z! n+1)! n+l

which means that X is (discrete) uniformly distributed on the finite set {0,1,...,n}.

Let us now calculate the posterior distribution of © given X = x. Using the Bayes rule, we obtain

_ P{X =20 =0}fo(0)

f@\X:z(e)_ ]P{X:l‘}
_@ea-enr s
BV CES x 67(1—0)

for 0 <0 < 1. From here, it immediately follows that
O|X =z ~ Beta(z+1,n —x + 1).

The mean of the Beta(a, B) distribution is o/ (a+ ). Therefore the mean of the conditional distribution

of © given X = x (also known as the posterior mean) equals

rz+1
n+2

EO|X =z) =
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As the prior mean equals 1/2 and we can write

r+1 n E_,_ 2 1
n+2 \n+2/)n n+2)2’

it follows that the posterior mean falls between the prior mean and z/n. As n becomes large, the

posterior mean approaches x/n.

We shall start with an example of the LTP and Bayes Rule when © is a discrete random variable

and X is continuous. Recall that in this case, the formulae are
fx(x) = Z fxje=o(x)P{O = 0}
0

and

fX|@:0(9C)P{9 =0} _ fX|®:9($)P{@ =0}
fx(x) >0 fxje=0(z)P{© = 0}

Example 2.7.2 (Statistical Classification). In a statistical classification problem, the random variable

P{O = 0|X = 2} =

O is discrete and X is usually continuous. The simplest situation is when © is binary. Let us say that
P{O=1}=p and P{O=0}=1-0p.

Also assume that the conditional density of X given © = 0 is fo and that the conditional density of X
given © =1 is fy i.e.,

Using the LTP, we see that the marginal density of X equals

fx=0-p)fo+pfi

In other words, fx is a mixture of fo and fi with the mixing weights being equal to the marginal
probabilities of ©.

According to the Bayes rule, the conditional distribution of © given X = x is given by

oy oo e @PO=0} (1 pfo(a)
HO=0X =0y == @ 0 0h@ 1 oh@
and

(1 =p)fo(z) + pfi(z)

These are also referred to as the posterior probabilities of © given X = x.

2.8 Conditional Joint Distributions

Given random variables X1, ..., X, Y1, ..., Y, how do we describe the joint distribution of Y7,..., Y}
given X1 = x1,...,X;, = Tp,. If all these random variables are discrete, then one can simply specify
all the values (y1,...,yx) that Y7,..., Y, take together with the probabilities:

]P){Yl :yl,...,Yk:yk|X1 :xl,...,Xm:xm}.
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Here is an example of this.

Example 2.8.1. Suppose Ni,...,Np have the multinomial distribution with parameters n and
D1,y - .-, Dk (where p1,...,px are nonnegative numbers summing to one). What is the conditional joint
distribution of Na,..., Ny given Ny = n1? Given N1 = ny, Ny,..., Ny will take values ns,...,ny

which are nonnegative integers such that no + -+ 4+ nr =n —ny. The probabilities are given by

- - - - ]P){Nl :TL17...,Nk :’I’Lk} - (n—nl)' P2 2 Pk Tk
[P’{Nz—n2,...,Nk—nk|N1—nl}— P{lenl} —n2'nk‘ ]_—p1 ]_—p1 .

This means that

D2 Dk
).

(NQ,,Nk)|N1:7’LlNM’U,lt<n yoeey
I—m

71*1171

When the random variables are continuous, the conditional joint distribution will be given by a
density. Given continuous random variables Xi,..., X, Y1,...,Ys, the conditional joint density of

Yi,..., Y, given X1 = 21, X9 = x9,...,X,, = x,, is defined as

le oy X, Y1 ...Yk(3317~-~7$ma2/17~-~,yk)
I¥i o Vi Ximarseo Xnmag (Y15 - ooy Yp) 1= s
e k‘ 1T * ( le ..... Xm(xlv"~7xm)
provided z1, ...,z are such that fx,  x, (z1,...,2m) > 0.
Example 2.8.2. Suppose Ui, ...,U, are independent observations having the uniform density on

(0,1). What is the conditional joint density of Uy, ...,Uy—1) given Uy = u?

By definition,

fU(l),...,U(n) (U17 A 7u’ﬂ717 ’LL)
fU(l)7"'7U(7L71)‘U(n):u(U’l? e 7un71) = fU(n) (u) .

By the joint distribution of order statistics that we worked out previously, it follows first that the above

quantity is non-zero only when 0 < u; < -+ < up_1 < u <1 and it is then equal to

n!

TU0y Uy Uy=u (U1, s Upm1) = g

For the denominator above, we used the fact that U,y ~ Beta(n,1). We have thus proved that

1 n—1
fU(l),...,U(n,l)\U(n):u(ula - 7un_1) = (’Il — 1)' <u) fOT O<uy < <Up_1 <u<l.

Note that the right hand side above is the joint density of the order statistics of (n—1) i.i.d observations
drawn from the uniform distribution on the interval (0,u). We have therefore proved that, conditioned
on Uy = u, the joint density of Uy, ..., Un—1) is the same as the joint density of the order statistics

of (n — 1) i.i.d observations drawn from the uniform distribution on (0,u).

Here are some simple but important properties of conditional joint densities.
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1. For every x1,...,%m, Y1, .., Yk, Wwe have
le,...,Xm,YL.A.,Yk (xla sy Tmy Y1y .- ayk‘) = le,.A.,Yk\X1:$1,4..,Xm:wm (y17 e 7yk)fX1,...,Xm (Ila s axm)'
2. The joint density of every set of random variables Y7,...,Y,, satisfies the following:

Iy Ya W1 Un) = JynYizyreo Yoo =yn—1 Un) Yo Y=yt Y1 =yn—o (Un—1) « - [ya)vi=y, (¥2) fyi (Y1)
3. This is a generalization of the previous fact. The conditional joint density
le,...,Yn|X1:m1,...,Xm:zm (3/17 ce. ,yn)
of Y1,...,Y, given X; = x1,...,X,, = x,, equals the product

n
H in\Y1=y1,-<<7Y1'71=y1'717X1=9217---,Xm=96m (yl)
=1

4. This can be viewed as a law of total conditional probability: For random variables
Yi,..., Y, X1, ..., X, and O, we have

Tt Y| Xa =21, X (Yo -+ 5 Yk) :/le,...,Yk|®:9,X1=ac1,...,szacm(ylv~~',yk)f@\X1=a:1,...,Xm:xm(0)d9~

Here is an application of the above facts.

Example 2.8.3 (Joint density of an autoregressive process). Suppose Xi,Za,...,Z, are indepen-
dent random variables with Zs, ..., Z, being distributed as N(0,02). Define new random variables
Xo, ..o, Xy, via

X, =0X;_1+ Z; fori=2....n

where ¢ is some real number. The process X1,...,X, is called an autoregressive process of order 1.
What is the conditional joint density of Xa,..., X, giwen X1 = x1? What is the joint density of
Xy, X,7?

Let us first calculate the conditional joint density of Xo, ..., X, given X1 = x1. For this, write
n
IXo X | Xi=ay (T2, Tn) = Hin|X1:x1 ..... X 1=z () (2.18)
i=2
Now for each i = 2,...,n, observe that

d
XilXi=2,..., Xi1=21=(0Xi 1+ Z3) [ Xy =21, ., Xsm1 = 25
d
=(¢zic1+ Z) | Xa=ax1,..., Xis1 =z
gqi”fi—l + Zi ~ N(pxi_1, U2)~

We were able to remove conditioning on X1 = x1,...,X;_1 = x;_1 above because X1,...,X;_1 only

depend on X1,2Zs,...,Z;_1 and hence are independent of Z;.
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From the above chain of assertions, we deduce that

- V2o 202

1 z; — dpxiq)? .
fX1,|X1iI1,---7X7‘,—1:$1:—1(xi) = exp <_( 7) fori=2 ... n.

Combining with (2.18), we obtain

n

1 (2i — dpxi_1)?
IXor X X=ay (T2, T0) = H exp <—2
i V2o 20

1 n—1
:( 27TU> eXp<22Z ¢x21>.

To obtain the joint density of X1,...,X,, write

fX17---aXn (-1317 cee ,$n) = le (ml)fX2w~7Xn‘X1:\Tl (1‘2, s ,In)

= fx,(z1) (\/21?0>n1exp< 57 Z — wi_y )

In a statistical setting, this joint density is used to estimate the parameters ¢ and o2 via mazimum
likelihood estimation. For this model however, it is easier to work with the conditional density of
Xo, ..., X, given Xy = 1 instead of the full joint density of X1,..., X,.

2.9 Conditional Joint Densities

In the last class, we discussed conditional joint densities which are defined in the following way. Given

continuous random variables X7,..., X,,, Y7,..., Y}, the conditional joint density of Y7,...,Y} given
X1 =z1,X9 =29,...,X,, = x,, is defined as
le, Xm,Yl,...,Yk(xh'"7xm7y17"'7y/€)
le,H.,Yk,‘Xlzzl,...,Xm:xm(y17'"7y/€) le Xm<l'1,-.-,1'm)
provided 1, ...,z are such that fx, . x, (z1,...,2Zm) > 0.

We also looked at the following properties of conditional joint densities.

1. For every z1,...,Zm,Y1,---, Yk, Wwe have
fX17...,X,,“Y1,...7Yk (331, ey Tmy Y1y e 7:%) = le ..... Yi|X1=x1,..., Xm:mm(yh cee >yk)fX1, ($1, cee Jﬁm)-
2. The joint density of every set of random variables Y7,...,Y,, satisfies the following:

fY17~--7Yn (ylv ) yn) = fYn\Y1:y1,~-7Yn71:yn71 (y")fYnf1\Y1:y17~-7Yn71:yn72 (yn—l) s fY2|Y1:y1 (yQ)le (yl)
3. This is a generalization of the previous fact. The conditional joint density

le,...,Yn|X1:m1,...,Xm:zm (yh cee »yn)
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of Y1,...,Y, given X; = x1,..., X, = x,, equals the product
n
HfY,i\ley],...,Yi,lzyi,l,Xlza:l,...,Xm:;cm (yz)
i=1

4. This can be viewed as a law of total conditional probability: For random variables
Yi,...,Y, Xq,..., X, and ©, we have

le7~~>Yk|X1:$17~~;X'm:1m (yl, cey yk) = /fY17...,Yk|®:9,X1:a;1,‘..,Xm:wm (yh e 7yk’)f®\X1:9317-~,Xm:Zm (9)d9

2.9.1 Application to the Normal prior-Normal data model

Let us now look at the application of the conditional density formulae for the normal prior-normal
data model. Here we first have a random variable © that has the N (u,72) distribution. We also have

random variables X7,..., X,+1 such that
Xi,..., X010 =0~ N(9, 62).
In other words, conditional on © = 6, the random variables X1, ..., X, 11 are i.i.d N(6,0?).

Let us first find the conditional distribution of © given X; = x1,..., X, = x,,. The answer to this

turns out to be

(2.19)

- 2 2 1
@|X1:xl,...,Xn:xn~N<nxn/U +u/T )

n/o?2+1/12 "njo?+1/72

where Z,, := (x1 + - + x,)/n. Let us see why this is true below. Note first that we had solved this

problem for n =1 in the last class where we proved the following:

x/o? + /T2 1
1/02+1/7271/02 +1/72

O~ N(u,7),X|0@=0~N(0,0*) = O|X=0x~N ( > , X ~ N(u,o%+712).

The result (2.19) for general n > 1 can actually be deduced from the above result for n = 1. There

are two ways of seeing this.

Method One: We use mathematical induction on n > 1. We already know that (2.19) is true for
n = 1. Assume that it is true for n and we shall try to prove it for n + 1. The key to this is to note
that

4

OX1 =21,..., Xpt1 = Tny1) O =znp (2.20)

where
Y©@=60~N(0,0%) and ©~0|X|=zx,...,X, =z,

In words, (2.20) states that the posterior of © after observing (n+1) observations Xy = x1,..., X411 =
Zp+1 is the same as the posterior after observing one observation Y = x,41 under the prior 0|X; =

Tlyeeoy Xy = Ty
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To formally see why (2.20) is true, just note that
f@|X1::L’1,..‘,Xn:$n,Xn+1:xn+1 (9) X an+1 |@:9,X1::El,‘.A,Xn:wn (xn+1)f®\X1:zl,.A.,Xn::cn (9)
= fx,il0=0(Tni1) fo|xi=21,.... X =z (0)-

The first equality is a consequence of the properties of conditional densities. The second equality above

is a consequence of the fact that X, is independent of X3,..., X, conditional on O.

The statement (2.20) allows us to use the result for n = 1 and the induction hypothesis that (2.19)

holds for n. Indeed, using the n = 1 result for

nzx/o? + p/7? 4 2 1
=———""— an Tf = ————
a nj/o?+1/72 n/o?+1/712
and © = x,,41, we deduce that ©|X; = x1,..., X, +1 = T,41 is a normal distribution with mean
2 nz/o’+p/7% (n 1 T+ Ty, n+1)T,,
R R e V) D e T
1 I = 1 I = I 1
Ztate et e
and variance
1 1
1 T 1 1
mtEtE LRtk

This proves (2.19) for n + 1. The proof of (2.19) is complete by induction.
Method Two. The second method for proving (2.19) proceeds more directly by writing:

folxi=z1,.. xp=2,(0) X [x,, .. x,J0=0(T1, ., Tn) fo(0)

= fx,j0=0(71) - - fx,|j0=0(7n) fo (0)

x exp (—;2 i(mi — 9)2> exp <—2172(9 - M)2)
= exp (— = [Xn:(azz — Zn)% + n(Z, — G)QD exp (—2;(9 - u)2>

(a-s:i 07 ) exp (~ 5250~ )
— oxp (-M(% - 9)2> exp (—2;(9 - u)Q) .

This now resembles the calculation we did previously for n = 1. The only difference being that x is
2

202
n

now replaced by Z,, and o2 is replaced by 02/n. Therefore the n = 1 result applied to z — Z,, and

02 — 02 /n should yield (2.19). This proves (2.19).

Let us now compute the conditional density of X,, 41 given X; = z1,...,X,, = x,. For this, we

can use the law of total conditional probability to write
an+1 [ X1=x1,.... Xn=2n (.73) = / an+1|@:97X1:$1,~~7Xn:wn (x)f@lezévl7~~,Xn:93n (9)d9

:/fxnﬂ|@:9($)f@\x1:m1,.“,xn:xn(9)d9
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This again resembles the calculation of the marginal density of X in the n = 1 problem (where the
answer is X ~ N(u, 72 + 02)). The only difference is that the prior N(u,7?) is now replaced by the
posterior density which is given by (2.19). We therefore obtain that

NIy /o +p/tt 1
N
n/o?+1/72 njo?+1/712

(Xn+1|X1 :.’El,...7Xn :.’En) ~ N(

2.10 Conditional Expectation

Given two random variables X and Y, the conditional expectation (or conditional mean) of Y given
X = X is denoted by
E(Y|X =)

and is defined as the expectation of the conditional distribution of YV given X = z.

We can write

E(Y|X =) = fny|X:w(y)dy : if Y is continuous
>, yPY =y|X =z} : if Y is discrete
More generally
E(g(Y)|X = z) = J9W) fyix==(y)dy : if Y is continuous
o, IWPY =y|X =z} . if Y is discrete
and also
E(g(X,Y)|X =) =E(g(z,Y)|X = z) = Ja(z. ) fy | x=(y)dy : if Y is continuous
’ 7 Zyg(% y)P{Y = y|X =z} : if Y is discrete

The most important fact about conditional expectation is the Law of Iterated Expectation (also

known as the Law of Total Expectation). We shall see this next.

2.10.1 Law of Iterated/Total Expectation

The law of total expectation states that

E(Y) = JE(Y|X =2) fx(z)dz . if X is continuous
B YLEXYIX =2)P{X =2} : if X is discrete

Basically the law of total expectation tells us how to compute the expectation of E(Y") using knowledge
of the conditional expectation of Y given X = x. Note the similarity to law of total probability which
specifies how to compute the marginal distribution of Y using knowledge of the conditional distribution

of Y given X = z.
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The law of total expectation can be proved as a consequence of the law of total probability. The
proof when Y and X are continuous is given below. The proof in other cases (when one or both of Y

and X are discrete) is similar and left as an exercise.
Proof of the law of total expectation: Assume that Y and X are both continuous. Then
E(Y) = / yfy (y)dy

By the law of total probability, we have
B(Y) = [ ufv )y

/ </fy|x « )d$> dy
— [ ([ wtvixmstiy) sxtoris = [ E(1X = o) fx (oo

which proves the law of total expectation.

There is an alternate more succinct form of stating the law of total expectation which justifies
calling the law of iterated expectation. We shall see this next. Note that E(Y|X = z) depends on z.
In other words, E(Y|X = x) is a function of z. Let us denote this function by h(:):

h(z) =E(Y|X = z).

If we now apply this function to the random variable X, we obtain a new random variable h(X). This

random variable is denoted by simply E(Y]X) i.e.,
E(Y|X) := h(X).
Note that when X is discrete, the expectation of this random variable E(Y|X) becomes
EE(Y]X)) =E(h(X)) =Y h@)P{X =2} =Y E(Y|X =z)P{X = z}.
And when X is continuous, the expectation of E(Y|X) is

E(E(Y|X)) = E(h(X)) = / h(a) fx (2)d = / E(Y|X = ) fx(z)dz

Observe that the right hand sides in these expectations are precisely the terms on the right hand side

of the law of total expectation. Therefore the law of total expectation can be rephrased as
E(Y)=E(E(Y|X)).

Because there are two expectations on the right hand side, the law of total expectation is also known
as the Law of Iterated Expectation. The law of iterated expection has many applications which we

shall explore in the next class.
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2.11 Law of Iterated/Total Expectation

In the last class, we defined conditional expectation and looked at the law of total expectation:

E(Y) JEY|X =2) fx(z)dz : if X is continuous
a Y LEYIX =2)P{X ==z} : if X is discrete

Basically the law of total expectation tells us how to compute the expectation of E(Y") using knowledge
of the conditional expectation of Y given X = z. Note the similarity to law of total probability which
specifies how to compute the marginal distribution of Y using knowledge of the conditional distribution

of Y given X = z.

We also saw that there is an alternate more succinct form of stating the law of total expectation
which justifies calling it the law of iterated expectation. We shall see this next. Note that E(Y|X = z)
depends on z. In other words, E(Y|X = z) is a function of z. Let us denote this function by A(-):

h(z) =E(Y|X = z).

If we now apply this function to the random variable X, we obtain a new random variable h(X). This

random variable is denoted by simply E(Y]X) i.e.,
E(Y|X) := h(X).
Note that when X is discrete, the expectation of this random variable E(Y|X) becomes

EE(Y]X)) =E(h(X)) =D _ h@)P{X =z} =Y E(V|X =2)P{X =z}.
And when X is continuous, the expectation of E(Y|X) is

E(E(Y|X)) = E(h(X)) = / h(a) fx (2)dz = / E(Y|X = o) fx (2)da.

Observe that the right hand sides in these expectations are precisely the terms on the right hand side

of the law of total expectation. Therefore the law of total expectation can be rephrased as
E(Y) = E(E(Y]X)).

Because there are two expectations on the right hand side, the law of total expectation is also known

as the Law of Iterated Expectation.

The law of iterated expection has many applications. A couple of simple examples are given below

following which we shall explore applications to risk minimization.

Example 2.11.1. Consider a stick of length £. Break it at a random point X that is chosen uniformly
across the length of the stick. Then break the stick again at a random point Y that is also chosen

uniformly across the length of the stick. What is the expected length of the final piece?
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According to the description of the problem,
YI X =2~Unif(0,z) and X ~Unif(0,¢)

and we are required to calculate E(Y'). Note first that E(Y|X = z) = x/2 for every x which means
that E(Y|X) = X/2. Hence by the Law of Iterated Expectation,

E(Y) = E(E(Y]X)) = E(X/2) = {/4.

Example 2.11.2. Suppose X,Y,Z are i.i.d Unif(0,1) random variables. Find the value of P{X <
YZ}?

By the Law of Iterated Expectation,
PIX<YZ}=E(I{X<YZ})=E[EI{X <YZ}YZ)|=EYZ)=EY)E(Z) =1/4.

Example 2.11.3 (Sum of a random number of i.i.d random variables). Suppose X1, Xs,... are i.i.d
random variables with E(X;) = p. Suppose also that N is a discrete random variable that takes values
in {1,2,...,} and that is independent of X1, Xa,.... Define

S::X1+X2+"‘+XN.

In other words, S is the sum of a random number (N ) of the random variables X;. The law of iterated

expectation can be used to compute the expectation of S as follows:
E(S) = E(E(S|N)) = E(Np) = (0)(EN) = (EN)(EX).

This fact is actually a special case of a general result called Wald’s identity.

2.11.1 Application of the Law of Total Expectation to Statistical Risk Min-
imization

The law of the iterated expectation has important applications to statistical risk minimization prob-

lems. The simplest of these problems is the following.

Problem 1: Given two random variables X and Y, what is the function ¢*(X) of X that minimizes

over all functions g7 The resulting random variable g*(X) can be called the Best Predictor of ¥ as a

function of X in terms of expected squared error.

To find g*, we use the law of iterated expectation to write

R(g) =E(9(X) - ¥)* =E{E |(9(X) - V)" |x|}
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The value ¢*(«) which minimizes the inner expectation:
E|(Y - g(@)’ X =2

is simply
g*(x) = E(Y|X = o).

This is because E(Z — ¢)? is minimized as ¢ varies over R at ¢* = E(Z). We have thus proved that the

function ¢*(X) which minimizes R(g) over all functions g is given by
9" (X) = E(Y|X).

Thus the function of X which is closest to Y in terms of expected squared error is given by the
conditional mean E(Y'|X).

Let us now consider a different risk minimization problem.
Problem 2: Given two random variables X and Y, what is the function ¢*(X) of X that minimizes
R(g) :=E[g(X) =Y

over all functions g? The resulting random variable ¢g*(X) can be called the Best Predictor of Y as a

function of X in terms of expected absolute error.
To find g* we use the law of iterated expectation to write
R(g) = E|g(X) = Y| =E{E[|g(X) - Y[|X]}
The value ¢g*(x) which minimizes the inner expectation:
ElY —g(z)] X = z]

is simply given by any conditional median of Y given X = z. This is because E|Z — ¢| is minimized as

c varies over R at any median of Z. To see this, assume that Z has a density f and write
E|Z —c| = / |z —c|f(2)dz
= /j (c—2)f(z)dz + /Oo(z —¢)f(2)dz
= c/c f(z)dz — /C zf(z)dz—l—/OC zf(z)dz —c/OO f(z)dz.
Differentiating with respect to ¢, we get

%E\Z —c| = /_Oo f(2)dz —/c f(z)dz

Therefore when ¢ is a median, the derivative of E|Z — ¢| will equal zero. This shows that ¢ — E|Z — ¢|

is minimized when ¢ is a median of Z.
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We have thus shown that the function ¢*(x) which minimizes R(g) over all functions g is given by
any conditional mean of Y given X = z. Thus the conditional mean of Y given X = z is the function

of X that is closest to Y in terms of expected absolute error.

Problem 3: Suppose Y is a binary random variable taking the values 0 and 1 and let X be an

arbitrary random variable. What is the function ¢*(X) of X that minimizes

R(g) =P{Y # g(X)}

over all functions g? To solve this, again use the law of iterated expectation to write

R(g) = P{Y # g(X)} = E(P{Y # g(X)|X}).

In the inner expectation above, we can treat X as a constant so that the problem is similar to
minimizing P{Z # ¢} over ¢ € R for a binary random variable Z. It is easy to see that P{Z # ¢} is

minimized at ¢* where

*

1 :ifP{Z=1}>P{Z =0}
0 : ifP{Z=1} <P{Z =0}

In case P{Z = 1} = P{Z = 0}, we can take ¢* to be either 0 or 1. From here it can be deduced (via
the law of iterated expectation) that the function g*(X) which minimizes P{Y # ¢(X)} is given by

; 1 ifP{Y =1X =z} >P{Y =0|X =}
g(x)Z{

0 : P{Y =1X =2} <P{Y =0|X =z}

Problem 4: Suppose again that Y is binary taking the values 0 and 1 and let X be an arbitrary

random variable. What is the function ¢*(X) of X that minimizes
R(g) = WoP{Y # g(X).Y = 0} + WiP{Y # g(X),Y = 1}.

Using an argument similar to the previous problems, deduce that the following function minimizes
R(g):
. 1 i WiP{Y = 11X =a} > WoP{Y =0|X =2}
g(@) = { 0 : if WiP{Y = 1|X = 2} < WoP{Y = 0|X =z}

The argument (via the law of iterated expectation) used in the above four problems can be sum-

marized as follows. The function g* which minimizes
R(g) := EL(Y,g(X))
over all functions g is given by

¢" (z) = minimizer of E(L(Y,¢)|X = z) over c € R.
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2.12 Conditional Variance

Given two random variables Y and X, the conditional variance of Y given X = xz is defined as the

variance of the conditional distribution of Y given X = x. More formally,
Var(Y|X =1) :=E [(Y ~E(Y]X =2))?|X = x} —E(Y2|X =) — (B(Y]X = 2))*.

Like conditional expectation, the conditional variance Var(Y|X = z) is also a function of . We can
apply this function to the random variable X to obtain a new random variable which we denote by
Var(Y|X). Note that

Var(Y|X) = E(Y2X) — (E(Y|X))?. (2.21)

Analogous to the Law of Total Expectation, there is a Law of Total Variance as well. This formula

says that
Var(Y) =EVar(Y|X)) + Var(E(Y|X)).
To prove this formula, expand the right hand side as
E(Var(Y|X)) + Var(E(Y]X)) = E {E(YQIX) - (E(YIX))Q} +E(E(Y]X))” - (EE(Y]X))”

= E(E(Y?]X)) - E(E(Y|X))* + E(E(Y|X))? - (E(Y))?
=E(Y?) — (EY)? = Var(Y).

Example 2.12.1. We have seen before that

X|©@=60~N(0,0%) and O~ N(u,7*) = X ~ N(u,0%+7°).
This, of course, means that
E(X)=p and Var(X)=o?+12%
Using the laws of total expectation and total variance, it is possible to prove these directly as follows.
E(X) = E(E(X]0)) = E(©) = u

and
Var(X) = E(Var(X|0)) + Var(E(X|0)) = E(o?) + Var(0) = o + 12

Example 2.12.2 (Sum of a random number of i.i.d random variables). Suppose X1, Xo, ... are i.i.d
random variables with E(X;) = p and Var(X;) = 02 < co. Suppose also that N is a discrete random
variable that takes values in {1,2,...,} and that is independent of X1, Xa,.... Define

S=X1+Xo+--+Xn.
We have seen previously that
E(S) =E(E(S|N)) = E(Nu) = (p)(EN) = (EN)(EX;).
Using the law of total variance, we can calculate Var(X) as follows.

Var(S) = E(Var(S|N)) + Var(E(S|N)) = E(No?) + Var(Nu) = 0*(EN) + p?*Var(N).
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Chapter 3

The Central Limit Theorem

I am using the second chapter of the book FElements of Large Sample Theory by Erich Lehmann as

the reference for our treatment of the CLT.

The Central Limit Theorem (CLT) is not a single theorem but encompasses a variety of results
concerned with the sum of a large number of random variables which, suitably normalized, has a
normal limit distribution. The following is the simplest version of the CLT and this is the version that

we shall mostly deal with in this class.

Theorem 3.0.1 (Central Limit Theorem). Suppose X;,i = 1,2,... are i.i.d with E(X;) = u and
var(X;) = 0% < 0o. Then

Vn (Xn - M)
o
converges in distribution to N(0,1) where X,, = (X1 +--- + X,,)/n.

We will discuss the following points about the CLT:

1. What does “convergence in distribution” mean?
2. How is the CLT proved?

3. Consequences and applications.

Informally, the CLT says that for i.i.d observations X1, ..., X, with finite mean y and variance o2,

the quantity /n(X,, — u)/o is approximately (or asymptotically) N(0,1). Informally, the CLT also
implies that
1. v/n(X,, — p) is approximately N(0,02).

2. X, is approximately N(u,c?/n).

79
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3. S, = X1+ + X, is approximately N (nu,no?).
4. S, — nu is approximately N(0,no?).

. (S —nu)/(y/no) is approximately N(0,1).

It may be helpful here to note that

E(X,)=p and wvar(X,)=oc%/n

and also

E(S,) =nu and wvar(S,) = no’.

The most remarkable feature of the CLT is that it holds regardless of the distribution of X; (as long

as they are ii.d from a distribution F' that has a finite mean and variance). Therefore the CLT is,

in this sense, distribution-free. This makes it possible to derive, using the CLT, statistical procedures

which are asymptotically valid without specific distributional assumptions. To illustrate the fact that

the distribution of X; can be arbitrary, let us consider the following examples.

1. Bernoulli: Suppose X; are i.i.d Bernoulli random variables with probability of success given by

p. Then EX; = p and var(X;) = p(1 — p) so that the CLT implies that /n(X,, — p)/+/p(1 — p)
is approximately N (0, 1). This is actually called De Moivre’s theorem which was proved in 1733
before the general CLT. The general CLT stated above was proved by Laplace in 1810.

The CLT also implies here that S,, is approximately N(np,np(l — p)). We know that S, is
exactly distributed according to the Bin(n,p) distribution. We therefore have the following
result: When p is fixed and n is large, the Binomial distribution Bin(n,p) is approximately same

as the normal distribution with mean np and variance np(1 — p).

. Poisson: Suppose X; are i.i.d Poi(A) random variables. Then EX; = A = var(X;) so that the

CLT says that S, = X7 +--- + X, is approximately Normal with mean nA and variance n\.
It is not hard to show here that S,, is exactly distributed as a Poi(nA) random variable (prove
this!). We deduce therefore that when n is large and A is held fixed, Poi(n\) is approximately

same as the Normal distribution with mean nA and variance n\.

. Gamma: Suppose X; are i.i.d random variables having the Gamma(a, A) distribution. Check

then that EX; = /) and var(X;) = a/A2. We deduce then, from the CLT, that S,, = X1 +---+
X,, is approximately normally distributed with mean na/\ and variance na/\%. We derived in
the last class that S, is exactly distributed as Gamma(na, \). Thus when n is large and « and A
are held fixed, the Gamma(na, \) is approximately closely by the N(na/\, na/\?) distribution
according to the CLT.

. Chi-squared. Suppose X; are i.i.d chi-squared random variables with 1 degree of freedom i.e.,

X; = Zi2 for i.i.d standard normal random variables Zy, Zs, . ... It is easy to check then that X; is
a Gamma(1/2,1/2) random variable. This gives that Xy +---+ X, is exactly Gamma(n/2,1/2).
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This exact distribution of X7 +- - -+ X, is also called the chi-squared distribution with n degrees
of freedom (denoted by x2). The CLT therefore implies that the x2 distribution is closely
approximated by N(n,2n).

5. Cauchy. Suppose X; are i.i.d standard Cauchy random variables. Then X;’s do not have finite
mean and variance. Thus the CLT does not apply here. In fact, it can be proved here that
(X1 4 -+ X,)/n has the Cauchy distribution for every n.

3.1 Convergence in Distribution

In order to understand the precise meaning of the CLT, we need to understand the notion of convergence

in distribution.

Definition 3.1.1 (Convergence in Distribution). Suppose Y1,Ys,... are random variables and F is a

cdf. We say that'Y,, converges in distribution to F' (or that Y, converges in Law to F') as n — oo if
P{Y, <y} —= F(y) asn — oo

for every y at which the cdf F is continuous. We denote this by Yn£>F.

Put another way, if F}, denotes the cdf of Y,,, then Yn£>F if and only if
F.(y) = F(y) as n — 0o
for every y that is a continuity point of F.

We shall use the following conventions when talking about convergence in distribution.

1. If F is the cdf of a standard distribution such as N (0, 1), then we shall take
Y, 5N (0,1)
to mean that Y,, converges in distribution to the cdf of N(0,1).

2. For a random variable Y, we shall take
I
Y,—=>Y

to mean that Y,, converges in distribution to the cdf of Y.

Note that convergence in distribution is defined in terms of cdfs which makes it possible to talk about
a sequence of discrete random variables converging to a continuous distribution. For example, if Y,,
has the discrete uniform distribution on the finite set {1/n,2/n,...,1}, then according to the above

definition Y, SUni £(0,1). Note however that Y, is discrete but U(0, 1) is a continuous distribution.

Here are some things to remember about convergence in distribution:



82

CHAPTER 3. THE CENTRAL LIMIT THEOREM

1. Note that the definition of YngY only requires that F,,(y) converges to F(y) at every y which

is a continuity point of F' (here F,, and F' are the cdfs of Y,, and Y respectively). If F'is a
continuous cdf (such as a normal or a uniform cdf), then every point is a continuity point and

then Yn£>F is the same as saying that
P{Y, <y} — F(y) for every y.

But when F is a discrete cdf, then, for Y, F, we do not insist on P{Y,, <y} converging to F(y)
at points y where F is discontinuous. This is advantageous in a situation such as the following.

Suppose that Y,, = 1/n for every n > 1 and Y = 0. Then it is easy to see that
P{Y, <y} = P{Y <y} for every y # 0.

However, the convergence above does not hold for y = 0 as P{Y,, < 0} = 0 for every n while
P{Y <0} = 1. Thus if insisted on P{Y;, < y} to converge to P{Y < y} at all points y (as opposed
to only continuity points), then Y,, = 1/n will not converge in distribution to Y = 0 (which will
be quite unnatural). This is one justification for including the restriction of continuity points of

F' in the definition of convergence of distribution.

. The statement YniY might suggest that Y,, is close to Y for large n. This is actually not true.

YngY only says that the distribution of Y, is close to that of Y. It is actually more appropriate
to write Yn£>F where F' is the cdf of Y. For example, suppose that Y ~ Unif(0,1) and let Y,
be equal to Y for odd values of n and equal to (1 —Y") for even values of n. Then, clearly each
Y, ~ Unif(0,1) so that both Yn£>Y as well as Yn£>1 —Y are true. But obviously Y,, is not close

to Y for even n and Y,, is not close to 1 — Y for odd n.

. When F is a continuous cdf (which is the case when F is, for example, the cdf of N(0,1)), the

statement Yn£>F is equivalent to

P{Y, <y} — F(y) for every y.
In this case (i.e., when F' is continuous), it also follows that

P{Y <y} = F(y) for every y

and also that
P{a <Y, <b} —>P{a<Y <b} for every a and b.

Let us now get back to the Central Limit Theorem.

Theorem 3.1.2 (Central Limit Theorem). Suppose X;,i = 1,2,... are i.i.d with E(X;) = p and
var(X;) = 0% < co. Then

Vi (Xn =) 1

g

N(0,1)

where X,, = (X1 + -+ X,,)/n.
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The precise implication of the CLT is that

P{x/ﬁ(?inu)

<y}—><I>(y) as n — 00

for every y € R. Here ®(+) is the cdf of N(0,1). Equivalently, the CLT also implies that

a

]P’{a<\/ﬁ(Xn_u)<b}—><I>(b)—<I>(a) as n — 00

for every a < b. This is same as

P{Xn\b;ﬁSNSXn\a/aﬁ}%q)(b)@(a) as m — 0o.

Suppose now that z,/2 > 0 is the point on the real line such that ®(z,/2) =1 — /2 for 0 < o < 1.

Then taking a = —z,/2 and b = 2,2, we deduce that

Za/QO'

N

plx, — 2027 x4

} = P(2q/2) = P(—242) =1 -« as n — 0o.

This means that

> Ra/20 < Za /20
n \/ﬁ ) n \/ﬁ
is an asymptotic 100(1 — «) % confidence interval for p (assuming that o is known). The application of

the CLT ensures that no specific distributional assumptions on X7, X, ... are required for this result.

3.2 Moment Generating Functions

Our next goal is to prove the CLT. Our main tool for the proof is the Moment Generating Function

which is introduced now.
The Moment Generating Function (MGF) of a random variable X is defined as the function:
Mx () == E ()

for all t € R for which E(e!*) < co. Note that Mx(0) = 1. There exist random variables (such as
those that are distributed according to the standard Caucy distribution) for which Mx(¢) is infinite
for every t # 0.

Example 3.2.1 (MGF of Standard Gaussian). If X ~ N(0,1), then its MGE' can be easily computed

as follows:

1 [ 2 1 [ —(z —1t)? 2
E(etX :—/ et%e x/zdx:—/ ex () exp(t?/2)dz = et /2.
() v d Nl e 5 p(t°/2)

Thus Mx (t) = ¢"/2 for all t € R.
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The basic properties of MGFs are summarized below.

1) Factorization for Sums of Independent Random Variables: Suppose Xy, ..., X,, are in-

dependent, then
MX1+-~+X71 (t) = MX1 (t)MX2 (t) N Mxn (fi)

This is a consequence of the fact that

Eet(Xit-+Xn) — | (H €tXi) = HEetXi,
i=1 i=1

the last equality being a consequence of independence.
2) Scaling: M, px(t) = e**Mx (bt) for all t (a and b are constants here). This is easy to prove.

3) MGFs determine distributions: If two random variables have MGFs that are finite and
equal in an open interval containing 0, then they have the same distribution (i.e., same cdf everywhere).
An implication of this is that N(0,1) is the same distribution which has MGF equal to e*/2 for all .

4) MGFs provide information on moments: For k > 1, the number E(X*) is called the k"

moment of the random variable X. Knowledge of the MGF allows one to easily read off the moments

of X. Indeed, the power series expansion of the MGF is:
ix _ k
Mx(t) =Ee'™ =) B,
k=0

Therefore the £ moment of X is simply the coefficient of t* in the power series of expansion of Mx (t)

multiplied by k!.

Alternatively, one can derive the moments E(X¥) as derivatives of the MGF at 0. Indeed, it is easy
to see that
(k) d* X ktX
MX (t) = ﬁE(@t ) :E(X et )
so that

k
MF (0) = E(x").
In words, E(X*) equals the k" derivative of My at 0. Therefore
M5 (0) =E(X) and M%(0)=E(X?)
and so on.

As an example, we can deduce the moments of the standard normal distribution from the fact that
its MGF equals et’/2, Indeed, because

> tQi
241’
=0

2
o2
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it immediately follows that the k' moment of N(0,1) equals 0 when k is odd and equals

(24)!
23 1

when k = 2j.

The final important property of the MGF is the following.

5) Connection between MGFs and Convergence in Distribution: Suppose Y,Y7,Y5,...

are random variables that have finite MGFs in an open interval containing zero. Suppose that My, (t)

converges to My (t) as n — oo for every t in that open interval. Then Y, LY.

We shall use the above property in the next class to prove the CLT.

3.3 Proof of the CLT using MGF's

Let us recall the basic setting. We have i.i.d random variables X;, X5, ... which have mean p and

finite variance o2.

Let Y, := v/n(X,, — 1)/o. We need to show that Yn£>N(O, 1). From the discussion on MGFs in

the previous section, it is clear that it is enough to show that
My, (t) — et/ for every t € (—o0, 0).

Note that

n — M 1 - Xi_/”'
Y, =+vn = — E .

o ﬁi:l o
As a result,

n

My, (t) = My, (x,—0/(vie) (D) = M2, (x, /o (tn™2) = T] Mix, -y o (t071/%) = (M(t”ﬂ/z))

i=1

where M (-) is the MGF of (X; — p)/o. We now use Taylor’s theorem to expand M (tn~1/2) up to a

quadratic polynomial around O.

Let us first quickly recap Taylor’s theorem. This says that for a function f and two points x and
p in the domain of f, we can write

/" (p)
2!

FrH(E)

fl@)=fp)+ f'(p)x—p) + (@=p)*+-+ (—p)

where ¢ is some point that lies between x and p. This formula requires that f has (r + 1) derivatives

in an open interval containing p and =x.
Using Taylor’s theorem with r = 1, = tn~'/2 and p = 0, we obtain

M(tn=12) = M(0) + %M’(O) + %M”(sn)
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1/2

for some s,, that lies between 0 and tn~"/<. This implies therefore that s, — 0 as n — oco. Note now

that M(0) = 0 and M'(0) = E((X1 — p)/o) = 0. We therefore deduce that

My, (t) = (1 + ;iM”(sn))n .

Note now that

X\ 2
M"(s,) — M"(0) :]E< ! “) =1 asn— .
o
We therefore invoke the following fact:
lim (1 + a—n) =e provided lim a, =a (3.1)
n—oo n n—oo

to deduce that ) n
t
My, (t) = (1 + %M”(sn)> = " = My (t).

This completes the proof of the CLT assuming the fact (3.1). It remains to prove (3.1). There exist

many proofs for this. Here is one. Write

(1 + %)n = exp (nlog (1 + %)) .

Let £(z) :=log(1 + x). Taylor’s theorem for ¢ for r = 2 and p = 0 gives

x? x?
U(z) =£(0) + £ (0)z + f"(f)7 =x— SETIE
for some & that lies between 0 and x. Taking « = a,/n, we get
Gn a?

[(an/n) = log(l + (an/n)) = ; - m

for some &, that lies between 0 and a,/n (and hence &, — 0 as n — 00). As a result,
an\" an\\ _ aZ a
(1—’—;) —exp(nlog(l—l—;))—exp an_m — e
as n — oo. This proves (3.1).

This completes the proof of the CLT. Note that we have tacitly assumed that the moment generating
function of X1, ..., X, exists for all ¢. This is much stronger than the existence of the variance of Xj.
This proof does not work if the MGF is not finite. There exist more advanced proofs (for example,
which work with Characteristic functions as opposed to MGFs) which work only under the assumption

of finite variance. These are beyond the scope of this class.

3.4 Two Remarks on the CLT

A natural question with respect to the CLT is: why is N(0,1) (or N(0,02)) arising as the limit for

sums of independent random variables (and not some other distribution)?

This can be explained in many ways. I will mention two common explanations below.
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1. The CLT computes the limiting distribution of

_ Z?:1(Xi — )
V= s

Consider now the following:

n n 2n
Y, = Z?:1(Xi — 1) _ Zi:l (Xi — ) T Ei:n+1(Xi — ) _ Y, +Y)

V2no V2y/no V2y/no V2
where Y,! is an independent copy of ¥, (independent copy means that Y, and Y,, are independent

and have the same distribution). Thus if YngY for a random variable Y, then it must hold that

I
YiY—l-Y
V2

where < means “equality in distribution” meaning that Y and (Y + Y”’)/v/2 have the same

distribution.

It is easy to see that if Y ~ N(0,72), then Y and (Y + Y’)/v/2 have the same distribution.
Conversely and remarkably, the N(0,72) distribution is the only distribution which has this
property (harder to prove). This, and the fact that var(Y,,) =1 for all n, implies that N (0, 1) is
the only possible limiting distribution of Y.

2. Another interesting interpretation and explanation for the CLT comes from information theoretic
considerations. Note that the random variables Y,, have variance equal to 1 for each n. However,
as n increases, more variables X; are involved in the formula for Y,,. One can say therefore that
the “entropy” of Y,, is increasing with n while the variance stays the same at 1. Now there is
a way of formalizing this notion of entropy and it is possible to show that the N(0,1) is the
distribution that maximizes entropy subject to variance being equal to 1. This therefore says
that the entropy of Y,, increases with n (as more variables X; are involved in computing Y;,) and
eventually as n — 0o, one gets the maximally entropic distribution, N (0, 1), as the limit. There

is a way of making these precise.

3.5 Convergence in Distribution and Convergence in Proba-
bility

Let us recall the definition of convergence in distribution which states that Yn£>Y if
F,.(y) = F(y) as m — 0o

for every y that is a continuity point of F'. Here F,, is the cdf of Y,, and F is the cdf of Y. Note that

only the cdf of the random variable Y is relevant for YngY and so one often writes YHAF.

The statement YngY might suggest that Y,, is close to Y for large n. This is actually not true.
Yn£>Y only says that the distribution of Y, is close to that of Y. It is actually more appropriate to
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write YngF where F' is the cdf of Y. For example, suppose that Y ~ Unif(0,1) and let Y;, be equal
to Y for odd values of n and equal to (1 —Y") for even values of n. Then, clearly each Y;, ~ Unif(0,1)
so that both Yn£>Y as well as Yn£>1 — Y are true. But obviously Y, is not close to Y for even n and
Y,, is not close to 1 — Y for odd n.

Let us introduce another notion of convergence between random variables known as convergence

in probability.
Definition 3.5.1. We say that a sequence of random variables {Y,,} converges to a random variable

Y (written YngY) if P{|Y,, = Y| > €} converges to zero as n — oo for every € > 0.

In this class, we shall use convergence in probability only when the limiting random variable Y is
equal to a constant. In this case, it is interesting to note that the notions of convergence in probability

and convergence in distribution coincide. More specifically, for a constant c,

Y, 5e < YV, 5 (3.2)

To see this, note first that the cdf F(y) of the constant random variable ¢ is equal to 0 for y < ¢ and

1 for y > ¢. The definition of L then implies that Yn£>c if and only if P{Y,, < y} converges to 0 for

y < c and converges to 1 for y > ¢. This then is easily seen to be equivalent to :
P{Y, <c—¢€¢} —-0 and P{Y, >c+e¢€} as n — 0o (3.3)

for every € > 0. One can then check that this is equivalent to Yngc which proves (3.2).

The following result presents an intuitively obvious simple fact about convergence in probability.
However, this result is slightly tricky to prove (you are welcome to try proving this; the result itself is

useful for us but not the proof).

Lemma 3.5.2. If X1, X5,... and Y1,Ys,... are two sequences of random variables satisfying Xngc

and Ynic for two constants ¢ and d. Then
1. X, + Y, Betd
2. X, — Y, 5e—d
3. X, Y, Bed

4. Xn/Yngc/d provided d # 0.
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3.6 Examples of Convergence in Probability

3.6.1 The Weak Law of Large Numbers

Theorem 3.6.1 (Weak Law of Large Numbers). Suppose X1, Xo, ... are independent and identically
distributed random variables. Suppose that E|X;| < oo so that EX; is well-defined. Let EX; = u. Then
_ X 4+ X
X, = ¥fm as n — oo.
n
Note that (3.6.1) holds with any distributional assumptions on the random variables X1, X, ...
(only the assumptions of independence and having identical distributions and the existence of the
expectations are sufficient). The weak law is easy to prove under the additional assumption that the
random variables have finite variances. This proof is based on the Chebyshev inequality which says
that

S var X"
P{|Xn—u|>e}§76(2 ), (3.4)
Because
_ X e Xn 1 1 2
var(Xy) = var (M> — —var(Xi + -+ Xp) = —gn x var(X)) = — =0
n n n n

as n — 00. As a result, from (3.4), we have that the left hand side of (3.4) converges to 0 which means
that )_(nfm.

3.6.2 A sufficient condition for convergence in probability in terms of mean

and variance

It follows more generally that if Y7, Y5, ... is a sequence of random variables for which EY,, converges to
some parameter § and for which var(Y;,) converges to zero, then Yngf). This is given in the following

result.

Lemma 3.6.2. Suppose Y1,Ys, ... is a sequence of random variables such that

1. EY,, > 0 asn — oo

2. var(Y,) — 0 as n — oo.

Then Yn£>9 as n — oo.

Proof. Write Y,, = EY,, + (Y,, — EY},). Chebyshev’s inequality (and the fact that var(Y,) — co) gives
var(Y,)
2

P{|Y, —EY,| > ¢} < -0

for every € > 0 so that Y,, — ]EYngO. This and EY,, — 6 implies (via the first assertion of Lemma
3.5.2) that Y, = EY,, + (¥, — EY,,)54. O
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3.6.3 Consistency and examples

In mathematical statistics, when Yngﬂ, we say that Y, is a consistent estimator for 6 or simply that
Y,, is consistent for #. The Weak Law of Large Numbers simply says that X,, is consistent for E(X}).
More generally, Lemma 3.6.2 states that Y, is consistent for 0 if E(Y,) — 0 and var(Y,) — 0. The

following examples present two more situations where consistency holds.

Example 3.6.3. Suppose X1, Xo,... are i.i.d having the uniform distribution on (0,0) for a fized
0 > 0. Then the maximum order statistic X () := max(Xi,...,X,) is a consistent estimator for 0
i.e., X(n)fw. We can see this in two ways. The first way is to use the Result (Lemma 3.6.2) above and
compute the mean and variance of X (). Xn)/0 is the largest order statistic from an i.i.d sample of
size n from Unif(0,1) and, as we have seen in the last class, X )/0 has the Beta(n,1) distribution.

Therefore, using the mean and variance formulae for the Beta distribution (see wikipedia for these
g Xm)_
0 n+1

var (Xén)> et 1)Z(n+2)'

formulae), we have

and

which gives

EX(n = no
n+1
and 5
n
var(Xe,)) =

CESECES)
It is clear from these that EX(,) converges to 6 and var(X ) converges to 0 respectively as n — oo

which implies (via Lemma 3.6.2) that X, converges in probability to 0.

There is a second (more direct) way to see that X(n)g& This involves writing

P{|X(n)— 0] > €} = P{X(n) <0 — €} = P{X; <0 — ¢ for all i} = (1 - g)”

which clearly goes to zero as n — oo (note that € and 6 are fized). This, by the definition of convergence

in probability, shows that X(n)gﬁ.

Example 3.6.4. Suppose X1, Xo, ... are i.i.d observations with mean pu and finite variance o*. Then
~2 1O o \2
1=

is a consistent estimator for o2. To see this first note that

1
52 == (X; - p)?
o= ) (Xi—p)

i=1
converges in probability to o* as n — oo by the Weak Law of Large Numbers. This is because G2 is the

average of i.i.d random variables Y; = (X; — u)? for i =1,...,n. The Weak Law therefore says that

2 2

72 converges in probability to EY; = E(X; — p)? = o2.
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Now to argue that & g , the idea is simply to relate 62 to 2. This can be done as follows:

2 1 2
G nz; Xn + 1)
_ 1< _
Xn—u)2—2<nZXi—u> (Xn — 1)
i=1

n
:L 2

Z ~ (X =)

The first term on the right hand side above converges to o by the Weak Law of Large Numbers (note
that 02 = E(Xy — pu)?). The second term converges to zero because )_(nfm (and Lemma 3.5.2). We
use Lemma 3.5.2 again to conclude that &%goz. Note that we have not assumed any distributional

assumptions on X1, Xo, ..., X, (the only requirement is they have mean zero and variance o2 ).

By the way, we could have also defined &, by

n

. 1 = N\2
Ui:zn—l;(Xi_Xn)

with the factor of 1/(n — 1) as opposed to 1/n. This will also converge in probability to o* simply

ni1zn:(Xi_X”)2: (;zﬂ:(Xi—an) <nﬁ1>

i=1

because

Since the first term above converges in probability to o? and the second term converges to one, the

product converges in probability to o (by Lemma 3.5.2).
3.7 Slutsky’s Theorem, Continuous Mapping Theorem and
Applications

As we have seen before, an important consequence of the CLT from the statistical point of view is

that it gives asymptotically valid confidence intervals for a mean parameter p. Indeed, given i.i.d

observations X1, X»,... with mean x and finite variance o2, we have, as a consequence of the CLT,
n (X, —
P{agwgb}—)é(b)—cb(a) as n — 00
o

for every a < b. This is same as

IP{X—\I); <X- j/%}—wb(b)—fb(a) 88 1 — 00.

Suppose now that z,/3 > 0 is the point on the real line such that ®(z,/2) =1 — /2 for 0 < o < 1.

Then taking a = —z,/9 and b = 2,2, we deduce that

- Ra /20 - Ra /20
P<X — Jn <pu< X+ n — ®(2q/2) = P(—242) =1 -« as n — 0o.
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This means that
Za/QO' ZQ/QO'

vn vn

is an asymptotic 100(1 — «) % confidence interval for p (assuming that o is known). The application

X —

X+ (3.5)

of the CLT ensures that no distributional assumptions on X7, Xo,... are required for this result.

The problem with the interval (3.5) is that it depends on o which will be unknown in a statistical
setting (the only available data will be X1, ..., X,,). A natural idea is to replace o by a natural estimate

such as

62 = 3 (X - %) (3.6)

This will result in the interval:

5 Ra/20n & Ra/20n
X — , X 3.7
[ VNG } 30
Slutsky’s theorem stated next will imply that
X, —
Miﬂv(o, 1) (3.8)
n

which will mean that (3.7) is also an asymptotic 100(1 — @)% confidence interval for p.

Theorem 3.7.1 (Slutsky’s theorem). If Yn£>Y, Anfm and Bngb, then

A, + B,Y, 5a+ by

Another useful result that we shall often use is the continuous mapping theorem:

Theorem 3.7.2 (Continuous Mapping Theorem). 1. Suppose Yn£>Y and f is a function that is

continuous in the range of values of Y, then f(Yn)if(Y).

2. Suppose Y, Be and f is continuous at c, then f(Yn)gf(c).

One immediate application of these two results is (3.8) as shown below.

Example 3.7.3. Let X,,..., X, be i.i.d observations with mean p and variance c2. We need to look
at the limiting distribution of: -
X, —
T, = M (3.9)
Gn

where &, is as defined in (3.6). Note that

Vi(Xn —p) VX, —p) o VX, —p) [o?

o o o o 62

n

The first term on the right hand side above converges in probability to N(0, 1) by the usual CLT. For the

second term, note that 0,215)02 (as proved in Example 3.6.4) and so applying the continuous mapping
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theorem with f(x) = /02 /x implies that f(&fl)gl. This gives that the second term above converges in
probabilty to 1. We can thus use Slutsky’s theorem to observe that, since the first term above converges
to N(0,1) in distribution and the second term converges in probability to 1, the random variable T,

converges in distribution to N(0,1). As a result,

> ZQ/Q&n > Za/Q&n
X - X
v vn
is still a 100(1 — ) % asymptotically valid C.I for u. Note that we have not assumed any distributional

assumptions on X1, ..., X,. In particular, the data can be non-Gaussian.

The random wvariable T,, in (3.9) is called the sample t-statistic. The name comes from the t-
distrbution or t-density. For a given integer k > 1, the t-density with k degrees of freedom is the

density of the random variable

Z

Ak
where Z ~ N(0,1) , A has the chi-squared density with k degrees (i.e., A ~ x3) and Z and A are

independent random variables.

Now when X1, ..., X, are i.i.d N(u,c?), it can be shown (we will see how to do this later) that

M ~ N(0,1) and

g (2

2
2 ~ Xn-1

and moreover the above two random variables are independent. As a result, the t-statistic T,, has the

t-distribution with n — 1 degrees of freedom when X1, ..., X, are i.i.d N(u,c?).

Therefore

1. When Xi,...,X, are i.i.d N(u,c?), the sample t-statistic Ty, has the t-distribution with n — 1

degrees of freedom.

2. When Xi,..., X, are i.i.d with mean p and finite variance o® (no distributional assumption),

the t-statistic, T,, converges in distribution to N(0,1).

It may be helpful to note in connection with the above that the t-distribution with k degrees of freedom

itself converges in distribution to N(0,1) as k — oco.

Example 3.7.4 (Bernoulli Parameter Estimation). Suppose X1, X, ..., X, are i.i.d having the Ber(p)
distribution. The CLT then gives
- X; —
LMoL gy
np(1 — p)
which gives

X, —
P —za/2§M<za/2 - 11—« as n — oo.
np(l —p)
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This will not directly lead to a C.I for p. To do this, it is natural to replace p in the denominator by

X. This can be done because

2 Xi—np Y Xi—np | p(1—p)
\/an(l - Xﬂ) \/np(l -p) Xn (1= Xn)

and by Slutsky’s theorem, the above random variables converge in distribution to N(0,1). To give more
details, we are using the fact that the first random variable above converges in distribution to N(0,1)
by the CLT and the second random wvariable converges in probabiliity to 1 (basically Xngu and then

use the continuous mapping theorem). This allows us to deduce that

> Xi—np
P —240 < ———— <2 —1—-« as n — o0o.
{ NS ST o R

[_ _Zoz/2~/ +Zo¢/2 \/

is an asymptotically valid 100(1 — «) % C.I for p.

so that

Example 3.7.5 (Poisson Mean Estimation). Suppose X1, Xa, ..., X, are i.i.d having the Poi(\) dis-
tribution. The CLT then gives

Zi XZ —n\ L

which gives

P<—z SMSZ —1—« as n — 0o.
a/2 m a/2

It is not easy to convert this into a C.I for X. This will become much simpler if we can replace the A

in the denominator by X. This can be done because

S Xi—nh N Xi—nh [ A
\/an \/TLA Xn

and by Slutsky’s theorem, the above random variables converge in distribution to N(0,1) (we are using

here that Xng)\ which is a consequence of the Weak Law of Large Numbers). This allows us to deduce

that
Z X; —
Pq -z, <za —1—-a as n — oo.
{ 2 < TX,L /2

. [Xn o [ X0
an_Za/Z 77Xn+2a/2 e

is an asymptotically valid 100(1 — «) % C.I for A.

so that

Example 3.7.6 (Asymptotic Distribution of sample variance). Let X1, Xo,... be i.i.d with mean p

and finite variance o2. Let
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We know that &2502. Can we also find the limiting distribution of \/n (Er% — 02) 7

To do this, write

Now by the CLT,
1 & L
=Y (X; —p)?—o% ) SN0, 72
ﬁ<n§_ (X =) cr)a (0.7%)

2 = war((X1 — p)?) (we are assuming, of course, that 7> < co) and, by Slutsky’s theorem,

V(X = ) = {v/n (X0 — )} (X — 1) B(N(0,1) - (0) =0

where T

Thus by Slutsky’s theorem again, we obtain

Vn (6% —o?) £>N(O,T2).

Another easy consequence of Slutsky’s theorem is the following.
Fact: If r,, (T, — 9)£>Y for some rate r, — oo (typically r, = y/n). Then T, 50.
This immediately follows from Slutsky’s theorem because

1
T, — 0= () (T — 0)50.Y =0

Tn
as 1/r, — 0 and r, (T}, — 9)£>Y.

Here is a simple consequence of the CLT and the continuous mapping theorem. Suppose X1, X, ...

are i.i.d random variables with mean p and finite variance o2. Then the CLT says that

0,1).
i )

The continuous mapping theorem then gives

3.8 Delta Method

Delta Method is another general statement about convergence in distribution that has interesting

applications when used in conjunction with the CLT.
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Theorem 3.8.1 (Delta Method). If v/n(T),, — 0)5]\7(0,72), then
Vilg(To) = g(0)) 5N (0, 7(g'(6))°)

provided g'(0) exists and is non-zero.

Informally, the Delta method states that if T}, has a limiting Normal distribution, then g(7},) also
has a limiting normal distribution and also gives an explicit formula for the asymptotic variance of
9(T,). This is surprising because g can be linear or non-linear. In general, non-linear functions of
normal random variables do not have a normal distribution. But the Delta method works because
under the assumption that /n(T,, — t9)£>N(O7 72), it follows that Tn£>9 so that T, will be close to 0
at least for large n. In a neighborhood of #, the non-linear function g can be approximated by a linear
function which means that g effectively behaves like a linear function. Indeed, the Delta method is a

consequence of the approximation:

9(Tn) —g(0) = ¢'(0) (T, — 0) .

Here is an application of the Delta method.

Example 3.8.2. Suppose 0 < p < 1 is a fized parameter and suppose that we want to estimate p>.

Let us assume that we have two choices for estimating p?:

1. We can estimate p*> by X/n where X is the number of successes in n binomial trials with proba-

bility p® of success.
2. We can estimate p? by (Y/n)? where Y is the number of successes in n binomial trials with

probability p of success.

Which of the above is a better estimator of p?> and why? The Delta method provides a simple answer
to this question. Note that, by the CLT, we have

vn ()n( - pz) BN(0,p%(1 - p))
and that
Vn (z —p> LN(0,p(1 - p)).

The Delta method can now be used to convert the above limiting statement into an accuracy statement
for (Y/n)? as:

Y\ 2
Vi ((n) - p2> LN, 4p(1 — ).
We deduce therefore that (X/n) is a better estimator of p*> compared to (Y/n)? provided
p*(1—p?) <4p(1 —p)p’®

which is equivalent to p > 1/3. Thus when p > 1/3, X/n is a better estimator of p?> compared to
(Y/n)? and when p < 1/3, (Y/n)? is the better estimator.
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3.9 Application of the Delta Method to Variance Stabilizing

Transformations

3.9.1 Motivating Variance Stabilizing Transformations

The Delta method can be applied to variance stabilizing transformations. For example, consider the
example where we observe data X1, Xo, ..., X,, that are i.i.d having the Ber(p) distribution. The CLT
then states that

Vi (X, = p) BN(0,p(1 — p)). (3.10)
It is inconvenient that p also appears in the variance term. This presents an annoyance while finding

confidence intervals for p. One way around this problem is to observe that, by Slutsky’s theorem,

\/E(Xn _p)

LN(0,1).
X, (1-X,)

This was done in the last class. While this method is okay, one might still wonder if it is possible to

obtain a function f having the property that
= I
Vi (f(Xn) = f(p) SN(0,¢%)

where the variance ¢?> does not depend on p. Such a function f would be called a variance stabilizing

transformation.

For another example, consider the case where we observe data X7, ..., X, that are i.i.d having the
Poi(\) distribution. The CLT then states that

Vi (X, = 2) BN, N). (3.11)

The fact that \ appears in the variance term above presents an annoyance while finding confidence

intervals for A\. As done in last class, we can get around this by observing (via Slutsky’s theorem) that

VX —2) A)£>N(0, 1).

While this method is okay, one might still wonder if it is possible to obtain a function f having the
property that

> L
Vi (f(Xn) = f(N) =N(0,c?)
where the variance ¢ does not depend on \. If one could indeed find such an f, it will be referred to

as a variance stabilizing transformation.

3.9.2 Construction of the Variance Stabilizing Transformation

More generally, given the result:
Vi (T, — 0) BN(0,72()) (3.12)
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where the variance 72(#) depends on 0, is it possible to find a transformation f for which

Vi (f(T,) — £(8)) BN (0, c?) (3.13)

where the variance c? does not depend on #. We would then say that the function f is a variance

stabilizing transformation.
This is possible to do via the Delta method. Indeed, Delta method states that
I
Vi (f(T) = £(6)) SN0, (f(0))*7%(6))

and so, in order to guarantee (3.13), we only have to choose f so that

C

f1(0) = @ (3.14)

which means that f(6) = [ ~{ayd0 (indefinite integral).

3.9.3 Back to the Bernoulli Example

Here we have X1,..., X, which are i.i.d having the Ber(p) distribution so that by CLT
= L
V(Xn —p)=N(0,p(1 - p)).
Therefore (3.12) holds with T}, = X,,, # = p and 7%(0) = (1 — 6). The formula (3.13) says therefore

that we choose f as
c

f(0) = m

which means that f(#) = 2carcsin(v/#). The Delta method then guarantees that
2v/n (arcsin(\/ X,) — arcsin(ﬁ)) £>N(O, 1).

This implies that

g

— Zo
arcsin(v X,,) — arcsin(\/ﬁ)’ < Zof2 } —»1-a as n — 0o

5

so that

{sin (arcsin(\/)TH) - ;‘j}%) ,sin <arcsin(\/)Tn) - ;(\X//%ﬂ

is an approximate 100(1 — )% C.I for /p. The lower end point of the above interval can be negative
(note that arcsin(y/X,,) takes values between 0 and 7/2 but arcsin(v/X,) — z4/2/(2y/n) can be neg-
ative) while \/p is always positive. So we can replace the lower end point by 0 if it turns out to be

negative. Using the notation zy = max(x,0), we see that

Ksin (arcsin(\/fn) - ;;%)L ,sin (arcsin(\/)’?n) + ;i‘//%)]
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is an approximate 100(1 — a)% C.I for \/p. To get a confidence interval for p, we can simply square

the two end points of the above interval. This allows us to deduce that

[Sinz (arcsin(\/)?n) - Za/2> ,sin? (arcsin(@) + Fa/2 )]
+

NG 2/

is an approximate 100(1 — a)% C.I for p.

3.9.4 Back to the Poisson Example

Let us now get back to the Poisson distribution where we have Xi,..., X, are i.i.d Poi(\) and CLT
gives (3.11). Therefore T}, = X,,, = X and 72() = 0. The equation (3.14) suggests that we choose f

as
C

NG

where means that f(#) = 2¢v/0. The Delta method then guarantees that

f16) =

N (\/Z - fA) LN(0,1). (3.15)

Therefore the square-root transformation applied to X,, ensures that the resulting variance (of v/ X,,)

does not depend on A (in a limiting sense).

The fact (3.15) will lead to approximate confidence intervals for A. Indeed, (3.15) immediately
implies that

]P’{’\/Xnﬁ‘gzj//i}ﬁla as n — 0o
n

so that

> _Za/2 > Za)2
{”X" 2\/H’VX"+2\/H}

is an approximate 100(1 — a) % C.I for v/A. Note that the lower end point of the above interval can

be negative while A is always positive. So we can replace the lower end point by 0 if it turns out to be

negative. Again using the notation z, := max(x,0), we see that

is an approximate 100(1 — a) % C.I for VA To get a confidence interval for A, we can simply square

the two end points of the above interval. This allows us to deduce that

[<ﬁ ;\X//%>2+(\/)T”+ ;T//%)Q} (3.16)

is an approximate 100(1 — «) % C.I for A.
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This interval can be compared with the interval that was obtained in the previous lecture using

Slutsky’s theorem. That interval was

- [Xn 5 | Xn
leL_za/Q T)XTL_FZQ/Q 7 . (317)

The intervals (3.16) and (3.17) may look different but they are actually quite close to each other for
large n. To see this, note that the difference between the upper bounds of these two intervals is at

most 22 /2 /(4n) which is very small when n is large (the same is true of the lower bounds).

3.9.5 Chi-squared Example

Let us now look at another example where the variance stabilizing transformation is the log function.

Suppose X1, Xo,... are i.i.d such that X;/o? has the chi-squared distribution with one degree of
freedom. In other words,

X~ 02)&.
Because E(X;) = 02 and var(X;) = 20*, the CLT says that
Vi (X, — %) BN(0,25Y). (3.18)

Can we now find a function f such that f(X,) has a limiting variance that is independent of ¢2?
Because (3.18) has the form (3.12) with T,, = X,,, 0 = 2 and 7%(#) = 202, we can use (3.14) which
suggests taking f so that f'(6) = c¢/7(6) = ¢/(v/26). This gives

f(0) = —= (log 0)

c
V2
allowing us to conclude that

1 1

_ 2\ I
Vvn <ﬂlog (X,) — 7 log(o )) =N(0,1).

Square-roots and logarithms are common transformations that are applied to data when there
is varying variance (see, for example, https://en.wikipedia.org/wiki/Variance-stabilizing_

transformation).

3.9.6 Geometric Example

Suppose X7, Xo,... are i.i.d having the Geometric distribution with parameter p. Recall that X has
the Geo(p) distribution if X takes the values 1,2,... with the probabilities

P{X=k}=(1-p)"1p for k=1,2,....


https://en.wikipedia.org/wiki/Variance-stabilizing_transformation
https://en.wikipedia.org/wiki/Variance-stabilizing_transformation
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The number of independent tosses (of a coin with probability of heads p) required to get the first head
has the Geo(p) distribution.

I leave as an easy exercise to verify that for X ~ Geo(p)

EX = 1 and wvar(X) =
p

The CLT therefore states that for i.i.d observations X, Xs,... having the Geo(p) distribution, we

have

Vi (X, = (1/p) SN0, D)

What is the variance stabilizing transformation for X,, i.e., what is the transformation f for which
f(X,,) has constant asymptotic variance? To answer this, note that the above displayed equation is of
the same form as (3.12) with 7}, = X,,, # = 1/p and 72(0) = (1 — p)/p?. We then write 7() in terms

of 6 as (note that p =1/6)
/1— 1-(1/6)
162 =4/0(60—-1).

The variance stabilizing transformation is therefore given by

d6 = 2clog (VB +VE—1)

0= [ /ﬁ

Therfore f(0) = 2clog(v/0 + /0 — 1) is the variance stabilizing transformation here and

Vi (F(Xn) = f(1/p)) BN (0,¢).

3.10 Delta Method when ¢'(6) =0

Suppose that /n(T;,, — 9)£>N(0,7'2). We are now interested in the asymptotic distribution of g(T,).
The Delta method stated that when ¢'(0) # 0, we have

Vi (g(T,) — g(8)) BN(0,72(g(6))%). (3.19)

This is essentially a consequence of the Taylor approximation: ¢(7},)g(0) =~ ¢'(0)(T}, —6). What would
happen if ¢'(f) = 07 In this case, the statement (3.19) will still be correct if the right hand side is
interpreted as the constant 0 i.e., when ¢’() = 0, the following holds:

Vi (g(Tn) — 9(6)) 5o0.

/2 but does not

However this only states that g(7,) — g(6) is of a smaller order compared to n~
precisely say what the exact order is and what the limiting distribution is when scaled by the correct
order. To figure out these, we need to consider the higher order terms in the Taylor expansion for

g(T,,) around 0. Assume, in the sequel, that ¢’(6) = 0 and that ¢”(8) # 0.
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In this case, we do a two term Taylor approximation:

o(T) = 9(0) = g (O)(T — 0) + 56" (O)(T — 0 = 24" (O)(T, — 0)?

As a result, we have .
wlg(T) — 9(60)) = 5" O)n(T, — 0.

Now by the continuous mapping theorem:
2L 2 2
(T, —0)"=7"x1

and hence we have

n(g(T.) ~ 9(6)5 3" ()7 (3.20)

Therefore when ¢’'(6) = 0 and ¢”(0) # 0, the right scaling factor is n and the limiting distribution is a

scaled multiple of x? (note that the limit is not a normal distribution).

Example 3.10.1. Suppose X1, Xo,..., X, are i.i.d Ber(p) random variables. Suppose we want to
estimate p(1—p). The natural estimator is X,,(1—X,,). What is the limiting behavior of this estimator?

This can be answered by the Delta method by taking g(0) = (1 — 6). Note first that by the usual
CLT,

Vi (X —p) SN0, p(1 - p)).
For g(0) = 0(1 — 0), note that
gO)=1-26

so that g'(p) # 0 when p # 1/2. Thus when p # 1/2, the Delta method gives

Vi (9(Xa) — g(p)) BN(0,72(¢'(8))?) = N(0,p(1 — p)(1 — 2p)?).

But when p = 1/2, we have to use (3.20) instead of (3.19) and this gives (note that g"(p) = —2)

1

(—2)p(1 = p)xi = —=x1.

n (9(Xa) —g(1/2)) 5 1

DN | =



Chapter 4

Second Order Theory of Random

Vectors

Here we shall study random vectors and some of their properties which only involved their means and
covariances. These include the notions of the best linear predictor and partial correlation and are

known as second order properties.

4.1 Random Vectors

In this section, we view a finite number of random variables as a random vector and go over some

basic formulae for the mean and covariance of random vectors.

A random vector is a vector whose entries are random variables. Let Y = (Y1,...,Y,)T be a
random vector. Its expectation EY is defined as a vector whose ith entry is the expectation of Y; i.e.,
EY = (EY;,EYs,...,EY,,)T. The covariance matrix of Y, denoted by Cov(Y), is an n x n matrix
whose (7, j)th entry is the covariance between Y; and Y;. Two important but easy facts about Cov(Y')

are:

1. The diagonal entries of Cov(Y') are the variances of Y,...,Y,. More specifically the (i,%)th
entry of the matrix Cov(Y") equals var(Y;).

2. Cov(Y) is a symmetric matrix i.e., the (¢,j)th entry of Cov(Y) equals the (j,47) entry. This
follows because Cov(Y;,Y;) = Cov(Y;,Y;).

One can also check:

103
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1. E(AY + ¢) = AE(Y) + ¢ for every deterministic matrix A and every deterministic vector c.
2. Cov(AY +c¢) = ACov(Y)AT for every deterministic matrix A and every deterministic vector c.

Example 4.1.1 (White Noise). Random variables Z1,. .., Z, are said to form white noise if they have
mean zero, variance one and if they are uncorrelated. Let Z be the random vector with components
Ziy...,2Z,. Then it is clear that the components of Z are white noise if and only if EZ = 0 and
Cov(Z) = I, (here I, is the p X p identity matriz).

As a consequence of the second formula above, we saw that
var(aTY) = aTCov(Y)a for every p x 1 vector a.
Because variance is always nonnegative, this means that Cov(Y") satisfies the following property:
a’Cov(Y)a = var(a™Y) > 0 for every p x 1 vector a. (4.1)

Now recall the following definition from linear algebra:

Definition 4.1.2. Let X denote a p X p symmetric matriz.

1. ¥ is said to be positive semi-definite if a”Xa > 0 for every a € RP.

2. ¥ is said to be positive definite if a” Xa > 0 for every a € RP with a # 0.

From this definition and the fact (4.1), it follows that the covariance matrix Couv(Y) of every

random vector Y is symmetric and positive semi-definite.

However Cov(Y) is not necessarily positive definite. To see this, just take p = 2 and Y = (Y1, —Y7)T
for a random variable Y;. Then with a = (1,1), it is easy to see that a?Cov(Y)a = Var(a’Y) =
Var(Y1+Y2) =0.

But if Cov(Y') is not positive definite, then there exists a # 0 such that Var(a’Y) = a?Cov(Y)a =
0. This must necessarily mean that a” (Y — ) = 0 where p = E(Y). In other words, the random
variables Y7, ...,Y, have to satisfy a linear equation. We can therefore say that: Cov(Y) is positive

definite if and only if the random variables Y7,...,Y,, do not satisfy a linear equation.

4.2 Detour — Spectral Theorem for Symmetric Matrices

Since Cov(Y') is a symmetric and positive semi-definite matrix, some standard facts about such matrices
are useful while working with covariance matrices. In particular, we shall make some use of the spectral
theorem for symmetric matrices. Before looking at the spectral theorem, we need to recall the notion

of an orthonormal basis.
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4.2.1 Orthonormal Basis

Definition 4.2.1 (Orthonormal Basis). An orthonormal basis in RP is a set of p vectors ui,...,up
in RP having the following properties:

1. ui,...,up are orthogonal i.e., (u;,u;) == ul u; =0 fori # j.

2. Each u; has unit length i.e., ||u;|| = 1 for each i.

The simplest example of an orthonormal basis is ey, . .., e, where e; is the vector that 1 in the **

position and 0 at all other positions.

Every orthonormal basis u1, ..., u, satisfies the following properties:

1. wq,...,up are linearly independent and therefore form a basis of R? (this explains the presence

of the word “basis” in the definition of orthonormal basis).

To see why this is true, suppose that
oqur + - Fopup =0 for some o, ..., . (4.2)

Taking the dot product of both sides of the above equality with u; (for a fixed j), we get

p p
0 = Uj, E QUG = E (67 <uj,ui> = ozj
i=1 i=1

because (uj, ;) is non-zero only when ¢ = j and (u;,u;) = 1. Thus (4.2) implies that a; = 0 for
every j =1,...,p and thus u,,...,u, are linearly independent and consequently form a basis of
RP.

2. The following formula holds for every vector x € RP:

P
x = Z (@, u) uy. (4.3)

i=1
To see why this is true, note first that the previous property implies that u.,...,u, form a basis

of R? so that every z € RP can be written as a linear combination
r = Brur + -+ Bpuy
of ui,...,up. Now take dot product with u; on both sides to prove that 3; = (z,u;).

3. The formula
uui + - upu) =1, (4.4)
holds where I, is the p x p identity matrix. To see why this is true, note that (4.3) can be

rewritten as
P P P
x = E w; (T, ug) = E uiul T = g uiul | .
i=1 i=1 i=1

Since both sides of the above identity are equal for every z, we must have (4.4).
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4. Suppose U is the p X p matrix whose columns are the vectors uy,...,u,. Then
Ut =vU” =1,

To see why this is true, note that the (i, j)th entry of UTU equals u! u; which (by definition
of orthonormal basis) is zero when i # j and 1 otherwise. On the other hand, the statement
UUT = I, is the same as (4.4).

5. For every vector z € RP, the formula

P

Izl =D (i)’

i=1
holds. To see why this is true, just write

p p
ol = &%x = «TUU 2 = [U7]? = Y (wFa)? = 3 fw,u)?.

i=1 i=1

4.2.2 Spectral Theorem

Theorem 4.2.2 (Spectral Theorem). Suppose ¥ is a p X p symmetric matriz. Then there exists an

orthonormal basis uy, ..., u, and real numbers Ay, ..., A, such that

Y = Muud + Nougul 4 + )\pupug. (4.5)

The spectral theorem is also usually written in the following alternative form. Suppose U is the
p X p matrix whose columns are the vectors ui,...,u,. Also suppose that A is the p x p diagonal
matrix (a diagonal matrix is a matrix whose off-diagonal entries are all zero) whose diagonal entries

are Ai,...,Ap. Then (4.5) is equivalent to

Y =UAUT and UTSU = A.
Here are some straightforward consequences of the spectral theorem:

1. For every 1 < j < p, we have the identities
Yu; = Aju; and ujTEuj = Aj.

These follow directly from (4.5). The first identity above implies that each ); is an eigenvalue

of ¥ with eigenvector u;.

2. In the representation (4.5), the eigenvalues Aq, ..., A, are unique while the eigenvectors u1, ..., u,
are not necessarily unique (for every u; can be replaced by —u; and if Ay = Ag, then u; and us

can be replaced by any pair 41,4z of orthogonal unit norm vectors in the span of u; and us).
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3. The rank of ¥ precisely equals the number of )\;s that are non-zero.

4. If all of Aq,..., A, are non-zero, then X has full rank and is hence invertible. Moreover, we can
then write

-1 _ -1, T | y=1, T -1, T
YT = A0 wiug + Ay uguy A upu,

5. If ¥ is positive semi-definite, then every A; in (4.5) is nonnegative (this is a consequence of

)\j = U?ZUJJ Z O)

6. Square Root of a Positive Semi-definite Matrix: If ¥ is positive semi-definite, then we

can define a new matrix
V2= gt o+ \//\pupug.

It is easy to see that ¥'/2? is symmetric, positive semi-definite and satisfies (31/2)(%1/2) = %.
We shall refer to $'/2 as the square root of 3.

7. If ¥ is positive definite, then every A; in (4.5) is strictly positive (this is a consequence of
)\j = U?E’UJJ' > O)

4.2.3 Three Applications of the Spectral Theorem
Every symmetric positive semi-definite matrix is a Covariance Matrix

We have seen previously that the covariance matrix Cov(Y') of every random vector Y is symmetric
and positive semi-definite. It turns out that the converse of this statement is also true i.e., it is also
true that every symmetric and positive semi-definite matrix equals Cov(Y’) for some random vector
Y. To see why this is true, suppose that X is an arbitrary p X p symmetric and positive semi-definite
matrix. Recall that, via the spectral theorem, we have defined %1/2 (square-root of X) which is a

symmetric and nonnegative definite matrix such that /2312 = 5.

Now suppose that Zi,...Z, are uncorrelated random variables all having unit variance and let
Z=(Z,..., Zp)T be the corresponding random vector. Because Z1,. .., Z, are uncorrelated and have

unit variance, it is easy to see that Cov(Z) = I,. Suppose now that ¥ = »1/2Z. Then
Cov(Y) = Cov(2Y%Z) = £1/2Cou(Z2)(2V2)T = 2V2(1,)2Y? = 3.

We have thus started with an arbitrary positive semi-definite matrix ¥ and proved that it equals

Cov(Y) for some random vector Y.

We can thus summarize the following properties of a covariance matrix.

1. The covariance matrix of every random vector is positive semi-definite definite.

2. Every positive semi-definite matrix equals the covariance matrix of some random vector.
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3. Unless the random variables Yi,...,Y,, satisfy an exact linear equation, their covariance matrix

is positive definite.

Whitening

Given a p x 1 random vector Y, how can we transform it into a p x 1 white noise vector Z (recall that
Z is white noise means that EZ = 0 and Cov(Z) = I,). This transformation is known as Whitening.
Whitening can be done if Cou(Y') is positive definite. Indeed suppose that ¥ := Couv(Y') is positive

definite with spectral representation:
Y= Alulu{ + )\guquT + -4 )\pupu;";.

The fact that X is positive definite implies that A; > 0 for every ¢ = 1,...,p. In that case, it is easy

to see that ¥1/2 is invertible and

no2 . (21/2)*1 = /\1u1u1T + )\guzugT 4+ 4 )\pupug.

Moreover it is easy to check that ¥~1/2¥x%-1/2 = I,. Using this, it is straightforward to check that
Z = %72(Y —EY) is white noise. Indeed EZ = 0 and

Cov(Z) = Cov (2—1/2(Y - IEY)) =2 1200(Y)D V2 = n- 1 2en 2 2

—1/2

Therefore the spectral theorem is used to define the matrix (Couv(Y")) which can be used to whiten

the given random vector Y.

First Prinicipal Component of a Random Vector
Let Y be a p x 1 vector. We say that a unit vector a € RP (unit vectors are vectors with norm equal
to one) is a first principal component of Y if

var(a’Y) > var(bTY) for every unit vector b.

In other words, the unit vector ¢ maximizes the variance of bTY over all unit vectors b.

Suppose that ¥ := Cov(Y) has the spectral representation (4.5). Assume, without loss of generality,

that the eigenvalues A1, ..., A, appearing in (4.5) are arranged in decreasing order i.e.,
A=A > 2>, >0,
It then turns out that the vector w; is a first principal component of Y. To see this, simply note that
var(u]Y) =uf Cov(Y)us = uf (Mujui + -+ )\pupug) U = A\

and that for every unit vector b,

p p
var(b"Y) = b"Cov(Y)b = b" (Murul + -+ Mpupul ) b =D "N (b,ui)® <A D (byus)® = A [|b]* = Ar.

i=1 i=1
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Thus u; is a first principal component of Y. Note that first principal components are not unique.
Indeed, —uy is also a first principal component and if Ay = \g, then us and (uq —|—u2)/\/§ are also first

principal components.

4.3 Best Linear Predictor

Consider random variables Y, X1, ..., X, that have finite variance. We want to predict ¥ on the basis
of Xi,...,X,. Given a predictor g(X1,...,X,) of Y based on Xj,...,X,, we measure the accuracy
of prediction by

R(g) :=E(Y —g(X1,...,X,))*.

We have seen in the last class that the best predictor (i.e., the function g* which minimizes R(g)) is

given by the conditional expectation:
g (1, xp) =EXY | X1 =21,...,Xp =1p).

This conditional expectation is often quite a complicated quantity. For example, in practice to estimate

it, one would need quite a lot of data on the variables X1,...,X,,Y.

We now consider a related problem of predicting Y based only on linear functions of X,..., X,.
Specifically, we consider predictions of the form By + S1X1 + -+ + 8,X, = Bo + BT X (where 3 :=
(B1,---,Bp)T and X = (Xi,...,X,)T). The Best Linear Predictor (BLP) of Y in terms of Xi,..., X,

is the linear function
Bo+ Bi Xy 4+ 83X, =5 + (89X with 8% :=(B],...,8;)"
where 3, ..., 3, minimize
L(Bos---, Bp) = E(Y = fo = rX1 — -+ = £, X,)’

over Bo, B, -, Bp-

One can get an explicit formula for 5 and 8* by minimizing L directly via calculus. Taking partial

derivatives with respect to By, fB1,...,0, and setting them equal to zero, we obtain the following
equations:
E(Y = B = B1 X1 — - = B, Xp) =0 (4.6)
and
EY -85 -1 X1 — - =B, X,)Xi =0 fori=1,...,p. (4.7)
The first equation above implies that Y — 5 — 87 Xy — - — 8, X}, is a mean zero random variable.

Using this, we can rewrite the second equation as

Cov(Y — By = B1 X1 — -+ = B,X,, Xi) =0 fori=1,...,p
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which is same as
Cov(Y — B Xy — - = B,Xp, X;) =0 fori=1,...,p. (4.8)

Rearranging the above, we obtain
P
> BfCov(Xi, X;) = Cov(Y, X;)  fori=1,...,p.
=1

In matrix notation, we can rewrite this as
Cov(X)B* = Cov(X,Y)  with 8* = (B7,...,8;)".
Here Cov(X,Y) is the px 1 vector with entries Cov(X1,Y),...,Cov(X,,Y). The above equation gives
B* = (Cov(X)) " Cov(X,Y)

assuming that Cov(X) is invertible. This equation determines 37, ...,35. We can then use (4.6) to
write 85 as
By =E(Y) — Cov(Y, X)(Cov(X)) 'E(X).

Note that the term Cov(Y, X) appearing above is the transpose of Cov(X,Y). More generally, given
two random vectors W = (Wh,...,W,) and Z = (Z3,...,Z,), we define Cov(W, Z) to be the p X ¢

matrix whose (Z,7)th entry is the covariance between W; and Z;.
The Best Linear Predictor (BLP) of Y in terms of Xi,..., X, then equals
o+ BiXy+... By X, =05 + (57X
=E(Y) — Cov(Y, X)(Cov(X)) 'E(X) + Cov(Y, X)(Cov(X)) ' X
=E(Y) + Cov(Y, X)(Cov(X)) (X — E(X)). (4.9)

Here are some important properties of the BLP:

1. The BLP solves equations (4.6) and (4.8). These equations are called normal equations.
2. If Cov(X) is invertible (equivalently, positive definite), then the BLP is uniquely given by (4.9).

3. Y —BLP has mean zero (because of (4.6)) and Y — BLP is uncorrelated with each X;,i =1,....,p
(because of (4.8)). In fact, this property characterizes the BLP (see next).

4. If Cov(X) is invertible, then it is clear from the form of the normal equations that the BLP is the
unique linear combination of X7, ..., X, such that Y — BLP has mean zero and is uncorrelated
with Xy,..., Xp.

Example 4.3.1 (The case p = 1). When p = 1, the random vector X has only element X, so that
Cov(X) is just equal to the number Var(Xy). In that case, the BLP of Y in terms of X; is given by

Cov(Y, X1)

BLP =E(Y) + —;_- o

(X1 —E(Xy1)).
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In other words, when p =1,

. Cou(Y,Xy) Var(Y) Var(Y)
pr = Var(Xy) = Corr(Y, Xu) Var(Xy) - X Var(Xy)'

In the further special case when Var(Y) = Var(Xy) and E(Y) = E(X;) = 0, we have

Bi = py,x,
so that the BLP is simply given by py,x, X1.
Example 4.3.2. Suppose X1, X2, Z3, ..., Zpn, Znt+1 are uncorrelated random variables and mean zero
random variables. Define random variables Xs, ..., Xp 11 as

Xi=01Xo1+ 02Xy o+ Zy fort=3,...,n+1.
What is the BLP of X1 in terms of X1,...,X, forn>27?

By definition,
Xn+1 = d)an + ¢2Xn—1 + Zn+1

which means that X141 — 01 Xp — ¢2Xn—1 = Zng1. It is now easy to see that each X; depends only
on X1, Xo,Zs3,...,Z fort > 3 which implies that Z, 1 is uncorrelated with all of X1, ..., X,.

Therefore p1 Xy, + P2 Xn—1 is a linear combination of X1, ..., X, such that X, 41 — 1 Xn — P2 Xpn-1
is uncorrelated with each of Xy,..., X, (it also has mean zero). We deduce therefore that the BLP of
Xnt1 in terms of Xq,..., X, equals 91X, + ¢2Xp—1.

As discussed in the chapter on conditioning, the Best Predictor (BP) of Y in terms of X1, ... X, is
the function ¢*(Xq,...,X,) of X1,..., X, which minimizes

L(g) = ]E(Y - g(Xla s 5Xp))2
over all functions g and we have seen that
g (X1,....X,) =EY|X4,..., X,).

In other words, the best predictor is the conditional expectation. In general, the BP and BLP will
differ and the BP will be a more accurate predictor of Y compared to BLP. Note that the BLP only
depends on the variances and covariances between the random variables Y, X1, ..., X, while the BP
depends potentially on the entire joint distribution. As a result, the BLP is usually much easier to

estimate based on data compared to the BP.

In general, we shall refer to any quantity involving the distribution of Y, Xy,..., X, that depends
only on the mean, variances and covariances of Y, X;,..., X, as a second order property. Note that

the BLP is a second order quantity while the BP is not.
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4.4 Residual

The residual of a random variable Y in terms of X, ..., X}, will be denoted by 7y |x, ... x, and defined

.....

as the difference between Y and the BLP of Y in terms of Xj,..., X,. In other words,

Using the formula for the BLP, we can write down the following formula for the residual:

ryixy,x, =Y —E(Y) = Cov(Y,X)(CovX)™ (X — E(X)) (4.10)
where X is the p x 1 random vector with components X1, ..., X,,.
The residual has mean zero and is uncorrelated with each of X;,..., X,. This can be proved either

directly from the formula (4.10) or from the properties of the BLP.

The variance of the residual can be calculated from the formula (4.10) as follows:
Var(ry|Xlw’Xp) =Var (Y —E(Y) - C’ov(Y,X)(Con)‘l(X — ]E(X)))
= Var(Y) —2Cov(Y,Cov(Y, X)(CovX) ' X) + Var(Cov(Y, X)(CovX) (X — E(X)))
=Var(Y) —2Cov(Y, X)(CovX) 'Cov(X,Y) + Cov(Y, X)(CovX) *Couv(X,Y)
=Var(Y) — Cov(Y, X)(CovX) 'Cov(X,Y).

In other words, Var(ry|x,,... x,) equals the Schur complement (recalled next) of Var(Y) in the

covariance matrix:

Cov(X) Cov(X,Y)
Cow(Y,X) Var(y)

of the (n + 1) x 1 random vector (X1i,...,X,,Y)T.

Note that the residual is also a second order quantity.
4.5 Detour: Schur Complements
Consider an n X n matrix A that is partitioned into four blocks as
E F
A =
G H
where Eis p X p, Fispx q, Gis ¢ x pand H is ¢ x ¢ (p and ¢ are such that p + ¢ = n).

We define
ES=F—-FH'G and H®:=H-GE'F
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assuming that H~! and E~! exist. We shall refer to E° and H® as the Schur complements of E and
H respectively (Warning: This is not standard terminology; it is more common to refer to £ as the
Schur complement of H and to H® as the Schur complement of E. I find it more natural to think of

E?® as the Schur complement of E and H® as the Schur complement of H).
Note that both £ and E° are p x p while both H and H® are ¢ x q.

Schur complements have many interesting properties such as:

1. det(A) = det(E)det(H®) = det(H)det(E?).

2. If A is positive definite, then E, ES, H, H® are all positive definite.

and many others. Feel free to see the monograph titled Schur Complements and Statistics by Diane

Ouellette for proofs and exposition of these facts (this is not really necessary for this course).

But one very important property of Schur Complements for our purpose is the fact that they arise
naturally in inverses of partitioned matrices. A standard formula for the inverse of a partitioned matrix

(see, for example, https://en.wikipedia.org/wiki/Block_matrix#Block_matrix_inversion) is

o (ES)—l _E—lF(HS)—l
A _<(HS)1GE1 () ) (4.11)

It must be noted from this formula that the first (or (1,1)**) block of A~! equals the inverse of
the Schur complement of the first block of A. Similarly, the last (or (2,2)!") block of A~!

equals the inverse of the Schur complement of the last block of A.

We shall use the expression (4.11) for the inverse of the partitioned matrix A but we will not
see how to prove (4.11). You can find many proofs of this fact elsewhere (just google something like

“Inverse of partitioned matrices”).

4.6 Partial Correlation

Given random variables Yi,Y> and Xi,...,X,, the partial correlation between Y; and Y5 given

X1,...,Xp is denoted by py, y,|x,,... x, and defined as

PY1Ya XX,y o= COTT (Ty4 X0, X TV X1 Xy ) -

In other words, py; v;|x,...., x, is defined as the correlation between the residual of Y given X1,..., X,

and the residual of Y5 given X,..., X,.

PY1,Ys|X,,....X, 18 also termed the partial correlation of Y3 and Y after controlling for X7, ..., X,.

Since residuals are second order quantities, it follows that the partial correlation is a second order
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quantity as well. We shall now see how to explicitly write the partial correlation in terms of the

covariances of Y7, Y5 and X.

As
viixy,x, = Y1 — E(Y1) — Cov(Yy, X)(CovX) (X — E(X))

and
Yo X1, Xp = Yo —E(Yz) — COU(YQ»X)(COUX)%(X - E(X)),

it can be checked (left as an exercise) that
COU(TY1|X1,...,X,,»7"Y2|X1,...,Xp) =Cov(Y1,Ys) — Cov(YhX)(C’on)_lCov(X7 Ys).

This, along with the formula for the variance of the residuals from the previous subsections, gives the

following formula for the partial correlation py, y,|x, ..., x,:

Cov(Y1,Ys) — Cov(Yy, X)(CovX) tCov(X,Y3)
VVar(Y1) — Cov(Yy, X)(CovX)~1Cou(X, Y1)y/Var(Yz) — Cov(Ya, X)(CovX)~1Cou(X, Ya)

When p = 1 so that X equals the scalar random variable X7, the above formula simplifies to (check

this):
PY1,Ys — PY1,X1PY2, X,

PY1,Y2| X1 = 5 5 .
\/1 ~ Pvx, \/1 ~Pvx,

It is instructive to put the variances of the residuals ry,|x, .. x, and ry,|x, .. x, and their covariance

in a matrix. Recall first that:
Va?”(ryl\xl,...,x,,) =Var(Yy) — Cov(YhX)(Con)_lCov(X, Y1),

Var(ry2|xl,_”’Xp) =Var(Y2) — Cov()@X)(C’on)_lCov(X, Ys)

and
Cov(ry,|x,,... X, TY2| X1,....x,) = Cov(Y1,Ya) — Cov(Y1, X)(CovX) " Cov(X, Y3).

Let Ry, yv,|x,,..,x, denote the 2 x 1 random vector consisting of the residuals ry,|x, . x, and
r . The formulae for the variances and covariances of the residuals allows us then to write
Ya|X1,. X,

the 2 x 2 covariance matrix of Ry, v, |x,,...x, as

Yl CO’U(Yl, X)
Yo Cov(Ys, X)
= Cov(Y) — Cov(Y, X)(CovX) 'Cov(X,Y)

) (CovX)™! (COU(X, Vi) COU(X,YQ))

where
X

Xo

Yi
Y = and X =
Y,
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The right hand side in the formula for Cov(RYhYz‘ X100, X,,) equals precisely the Schur complement of

Cov(Y) in the matrix
Cov(X) Cov(X,Y)) C X\ >
Coo(¥.X)  Con(Y) = Cov v =

Thus if 3 denotes the covariance matrix of the (p +2) x 1 random vector (X1, ...,X,, Y1, Y2)T, then
Cov(Ry, y,|x,.....x,) equals precisely the Schur complement of Cov(Y’) in X. We shall come back to
this fact in the next class and use it to describe an expression for the partial correlation py, y;|x, ..., x,

involving ¥~ 1.

4.7 Partial Correlation and Inverse Covariance

We defined partial correlation in the last lecture. Given random variables Y7,Y5 and Xi,..., X, the

partial correlation between Y7 and Y3 given X, ..., X, is denoted by py, v,|x,,...x, and defined as

PY1,Y2| X1, Xp = Corr (TYI\Xl,...,Xp,TYQ\Xl,...,X,J) .

In other words, py, v,|x,....,x, is defined as the correlation between the residual of Y; given X1,..., X,

and the residual of Y5 given Xj,..., X,.

Recall that the residuals ry,|x,, .. x, and ry,|x, .. x, have the following expressions:
rviixy,x, = Y1 — E(Y1) — Cov(Y1, X)(CovX) ™' (X — E(X))
and
7"Yz\Xh...,Xp = 1/2 - E(}/Q) - COU(}/% X)(OOUX)il(X - ]E(X))v

In the last class, we computed the variances of 7y, |x, ... x, and 7y,|x, .. x, as well as the covariance

between them. This gave us the formulae:
Var(ryl‘th,xp) = Var(Y1) — Cov(Y1, X)(CovX) " Cov(X,Y?),

Var(ry2|X1,__i7Xp) =Var(Ys2) — COU(YQ,X)(C’O’UX)*ICUU(X, Y3)

and
C’ov(ryﬂxl’,___rxp,ry2|X17”_7Xp) = Cou(Y1,Ys) — C’ov(YhX)(C’on)_lCov(X7 Ya).

We can put these expressions together to get the following formula for the partial correlation between
Y; and Y5 given Xy, ..., X,

Cov(Y1,Ys) — Cov(Y1, X)(CovX) 1Cov(X,Yz)
VVar(Y1) — Cov(Y1, X)(CovX)~1Cou(X,Y1)\/Var(Yz) — Cov(Y2, X)(CovX)~1Cov(X, Ya)

We shall now describe the connection between partial correlations and the inverse of the Covariance

matrix. Let Ry, y;|x,,... x, denote the 2 x 1 random vector consisting of the residuals ry, |y, ... x, and
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TY,|X,,...,X,- Lhe formulae for the variances and covariances of the residuals allows us then to write

the 2 x 2 covariance matrix of Ry, v, |x,,... .x, as

Y1> - (Cov(Yl,X)

Y, COU(YQ,X)> (CovX)™ (OOU(X,Y1) COU(X,YQ))

= Cov(Y) — Cov(Y, X)(CovX) 'Cov(X,Y)
where

X1
Xo

Xp
The right hand side in the formula for Cov(Ry, v, x,
Cov(Y) in the matrix

X,,) equals precisely the Schur complement of

.....

Cov(X) Cov(X,Y) X
=Cov =: 3.
Cov(Y,X) Cou(Y) Y
Thus if ¥ denotes the covariance matrix of the (p + 2) x 1 random vector (Xi,...,X,, Y7, Y2)T, then

Cov(Ry, yv,|x,,....x,) equals precisely the Schur complement of Cov(Y) in X.

But we know if we invert ¥, then the last diagonal block (or the (2,2)* block) of ¥ =1 equals the
inverse of the Schur complement of the (2,2)!"* block of ¥. This and the above connection between

Schur complement and the covariance of Ry, y,|x, ... x, allows us to deduce that if

then

-1
_ -1 Var(ry,x,,..x, Cov(ryy|x,,....X,: TYa|X1,.... X,
(E 1)22: (COU(RYl,Y2|X1,...,Xp>) _ < ( 11X ) ( 1] 2| X1 ))

Cov(ry,|x,,.... X, T2l X1, X)) Var(ry,x,,....x,)
The usual formula for the inverse of a 2 x 2 matrix then gives
(5190 = 1 Var(ry, x,,...x,) —Cov(ryy|x,,... X, TYa| X1, X))
—Cov(Ty,|x,,... X, TYs| X1, X)) Var(ry,x,,....x,)

where D is the determinant of Cov(Ry, v, x,.....x,)-

From here it follows that the partial correlation py, y,|x,,... x, has the alternative expression:

,,,,

. Cov(ry, Xy, X, TYa | X1, X)) B —(Z™H(n—1,n)
X, = = .
’ \/Var(rYl|X1,...7XP)V@7"(TY2\Xl,...,Xp) \/(2_1)(” —1,n—1)%"(n,n)

Py1,Y2|X1,...,

This shows the connection between partial correlation and inverse covariance matrices.
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More generally, if Y7, ...,Y,, are random variables (no distributional assumptions are needed here)
with covariance matrix given by ¥. Then the partial correlation between Y; and Y given Yy, k # i,k # j

can be written in terms of ¥~! as

PYY; |Yi ki k] =

This implies, in particular, that

(E7D(05) =0 <= py.y;vekrihrj =0

Therefore (X71)(4, j) = 0 is equivalent to the partial correlation between Y; and Y; given Yy, k # i, k # j

being zero.
Also

(ET(05) SO <= pyiy, viksihz 20 and  (E7)(0,5) 20 <= py, v, v kotihy <0

In other words, ¥~1(4,j) being nonpositive is equivalent to the partial correlation between Y; and Y;
given Yy, k # i,k # j being nonnegative. Similarly, £71(i, j) being nonnegative is equivalent to the

partial correlation between Y; and Yj given Yy, k # 4,k # j being nonpositive.

4.8 Partial Correlation and Best Linear Predictor
Consider random variables Y and X1,..., X,. Let 85 + 87X + --- + 3, X, denote the BLP of Y in
terms of Xq,...,X,.

We have seen before that If p = 1, then X is equal to the scalar random variable X; and the BLP

then has the expression:

Cov(Y, X1)
BLP=E(Y)+ ————= (X1 — E(Xy)).
( ) + Va'r'(Xl) ( 1 ( 1))
In other words, when p = 1, the slope coefficient of the BLP is given by
Cov(Y, X1) Var(Y)
i Salk Akt A —_— 4.12
b Var(Xy) pr.x Var(Xy) (4.12)
When p > 1, we would have p “slope” coeflicients X7, ..., X,,. In this case, one can write a formula
analogous to (4.12) as follows:
Var(ry|x, ki)
f e i | oYXk 4.13
P = prxixike \/V@T(Txixk,k?éi) (4.13)

In other words 3] equals the slope coefficient of BLP of ry|x, rz; in terms of rx, x, rzi-

We shall prove this fact now. We can assume without loss of generality i = p. The proof for other
i can be completed by rearranging X1, ..., X, so that X; appears at the last position. The formula
for 8* = (B1,...,Bp)" is
B* = (CovX) 'Cov(X,Y).
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x = (*
Xp
where X_,, := (X1,...,X,-1)T consists of all the X's except X,,. We can partition Cov(X) as

X\ Cov(X_,) Cov(X_p,X,)
N Cov(X,, X_p) Var(X,) .

Let us write

Cov(X) = Cov (

p

The formula for 8* then becomes

Cov(X_p) COU(XP,XP)> o (CO'U(XP,Y)>

B* = (CovX) *Cov(X,Y) = (
Cov(X,, X_p) Var(X,) Cov(X,,Y)

In order to derive an explicit formula for 8 from this expression, we need to figure out the last row of

(CovX)~t. A standard formula for the inverses of partitioned matrices states that
a= (5 ) = = (L )
where H® := H — GE™'F is the Schur complement of H in A. We shall apply this formula to
E=Cov(X_,), F=Cow(X_,,X,), G=Cov(X,, X_,), andH =Var(X,)
so that A equals Cov(X). In this case,
HY = Var(X,) — C’ov(Xp,X_p)(Cov(X_p))*lCov(X_p, Xp) =Var(rx,|x, k+p)

so that

1
H%) ™ = .
() Var(rx, | x,kp)

We thus obtain
By =—(H*)T'GE'Cov(X_p,Y) + (H®)"'Cov(X,,Y)
~ Cov(X,,,Y) — Cov(Xp, X_p)(CovX_,) ' Cov(X_,,Y)

Var(rx,|x, k#p)

_ Cov(ry | x, ks TX, | X htp) ) Var(ry|x, k)
= = PY,X,| Xk, k .
Var(rx,|x, k+p) ol Xkb7p Var(rx,|x, k+p)

which proves the result for ¢ = p. One can prove it for other ¢ by simply rearranging X;,..., X, so

that X; appears as the last variable.
An important consequence of (4.13) is:
61* =0 <— PY, X | Xy kti = 0 (414)

In other words, the coefficient of X; in the BLP of Y based on Xj,..., X, equals zero if and only if
the partial correlation between Y and X; given X, k # i equals 0.
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Example 4.8.1. Suppose X1,Xo,Z3,...,2n, Zpnt+1 with n > 2 are uncorrelated random variables

having mean zero. Define random variables X3, ..., X1 as
Xi=01Xo1+ ¢ X0+ Zy fort=3,...,n+1.

We have seen in the last class that the BLP of X, 11 in terms of X1,...,X,, equals 1. X, + ¢p2Xp—1.
This means that the coefficient of X; in the BLP of X1 in terms of X1,...,X, equals 0 for i =
1,...,n—2. As a consequence of (4.14), we then deduce that

PX i1, Xi| Xu ki, 1<k<n = 0 fori=1,...,n—2.

Using the connection between partial correlation and inverse covariance, we can further deduce that if

Y denotes the (n+ 1) x (n+ 1) covariance matriz of X1,...,Xnt1, then

> Hin+1)=0  fori=1,...,n—2.

4.9 BLP when Y is a random vector

Let us first quickly recap the BLP. Given random variables Y and X;,..., X}, a linear predictor of ¥’
in terms of Xi,..., X, is a random variable of the form 8y + 81X1 + --- + 8,X,. The BLP is then
given by 35 + 87 X1 + -+ + 8, X, where 7, ..., 3, minimize:

L(Bo, B1s- -1 Bp) = E(Y = Bo = B X1 — -+~ = BpX,,)°
over fo,...,B,. We have seen that f7,..., 53, can be figured out using calculus and this gives the
formula:
BLP =EY + Cov(Y, X)(CovX) (X — EX)
where X stands for the p x 1 random vector with components Xi, ..., X,. The residual ry|x, . x,

simply equals Y — BLP and we have seen that the variance of ry|x, .. x, equals:

var(ry|x,,..., Xp) =wvar(Y) — CO’U(Y,X)(COUX)_lcO’U(X, Y).

Note that this is the Schur complement of var(Y’) in Cov (

X\ [ Cov(X) Cov(X,Y)
Y] Cov(Y,X) war(Y)

Now suppose that we have two random variables Y; and Y5 with Y denoting the 2 x 1 random
vector with components Y; and Y. Consider the problem of finding the BLP of Y in terms of X
(where X, as before, is the p x 1 random vector with components X, ..., X,). To formalize this, we
first need to define what a linear predictor is (note that Y is a 2 x 1 random vector and not a scalar

random variable). A linear predictor for Y in terms of X is given by

AX + ¢
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where A is a 2 X p matrix and c is a 2 x 1 vector. The accuracy of this linear predictor for predicting
Y can be measured by
L(A,c) =E|lY — AX —¢|*.

The BLP is then given by A*Y + ¢* where A* and ¢* minimize L(A, ¢) over all A and ¢. To solve this

minimization, let us first write A and c as
ayi; a1z ... aq C1
A= r and c¢:=
a21 Q22 ... a2p C2

a11 Xy +a1pXo + - +ap X, + Cl)

so that

AX +c=
a21 X1+ apXo + -+ agp X, +co

and

L(A,¢) =E|Y — AX —¢|?
=E(Y) —an1 X1 —apeXo— - —a1,X, — 01)2 +E (Y2 —ao X1 —aXe— - —agp Xy — 02)2

From here it is clear that to minimize the above with respect to A and ¢, we can minimize the first
term over ai1, @12, ..., G1p, c1 and then minimize the second term over as1, ass, . .., a2y, c2. From here,

Y;
it is easy to see that the BLP of Y = ( !

in terms of X is given by
Y,

BLP of Y7 in terms of X1,..., X\  [EY; + Cov(Y1, X)(CovX) H(X — EX)
BLP of Y5 in terms of Xy,..., X, EYs + Cov(Ya, X)(CovX)~H(X — EX)

= (Eyl> n (COU(YI’X)> (CovX) (X — EX)
EY, Cov(Ys, X)

=EY + Cov(Y, X)(CovX) (X — EX).

Thus the same formula EY + Cov(Y, X)(CovX)™1(X — EX) gives the BLP for Y in terms of X even
when Y is a 2 x 1 random vector. It is straightforward now to see that this holds when Y is a k x 1
random vector for every k > 1 (not just £k =1 or k = 2). One can define the residual of Y in terms of
X1,...,X, as

Ry|x =Y —EY — Cov(Y, X)(CovX) ' (X — EX)

h

and this is exactly the vector whose i'" component is the residual of Y; in terms of Xi,..., X,. It is

also straightforward to check that that covariance matrix of Ry |x is given by
Cov(Ry|x) = Cov(Y) — Cov(Y, X)(CovX) 'Cov(X,Y)

Cov(X) Cov(X,Y
which is exactly the Schur complement of Cov(Y') in the matrix ( ov(X) ov(X, )>

Cov(Y,X) Cov(Y)



Chapter 5

The Multivariate Normal

Distribution

We shall next move to the last topic of the class: the multivariate normal distribution. For this, it is

helpful to know about moment generating functions of random vectors.

5.1 Moment Generating Functions of Random Vectors

The Moment Generating Function of an n x 1 random vector Y is defined as
My (a) := Ee* ¥

for every a € R™ for which the expectation exists. Note that when a = (0,...,0)7 is the zero vector,

it is easy to see that My (a) = 1.

Just like in the univariate case, Moment Generating Functions determine distributions when they

exist in a neighbourhood of a = 0.

Moment Generating Functions behave very nicely in the presence of independence. Suppose Y{y)
and Y(g) are two random vectors and let ¥V = (Yg)7 Y(g))T be the vector obtained by putting Y(;) and

Y(2) together in a single column vector. Then Y{;) and Y(3) are independent if and only if
My (a) = My, (aq)) My, (a(2)) for every a = (a(Tl), a(TQ))T € R™.

Thus under independence, the MGF factorizes and conversely, when the MGF factorizes, we have

independence.

121
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5.2 The Multivariate Normal Distribution

The multivariate normal distribution is defined in the following way.

Definition 5.2.1. A random vector Y = (Y1,...,Y,)T is said to have the multivariate normal distri-

bution if every linear function a”Y of Y has the univariate normal distribution.

Remark 5.2.1. It is important to emphasize that for Y = (Y1,...,Y,)T to be multivariate normal,
every linear function oY = a1Y; + ...a,Y, needs to be univariate normal. It is not enough for
example to just have each'Y; to be univariate normal. It is very easy to construct examples where each
Y; is univariate normal but a1Y1 + -+ -+ a, Y, is not univariate normal for many vectors (aq, . . ., an)T.
For example, suppose that Y1 ~ N(0,1) and that Yo = £Y, where £ is a discrete random variable taking

the two values 1 and —1 with probability 1/2 and £ is independent of Y1. Then it is easy to see that
Y206 =1~ N(0,1) and Y3|é=-1~ N(0,1).

This means therefore that Yo ~ N(0,1) (and that Y is independent of £). Note however that Y1 + Y3
s mot normal as
1
P{Yi +Y> =0} =P{g =1} = .

Y;
Thus, in this example, even though Y1 and Ys are both N(0,1), the vector <Y1> 18 not multivariate
2

normal.

Example 5.2.2. We have seen earlier in the class that if Z1,...,Z, are independent and uni-
variate normal, then a1Z1 + ...anZ, is normal for every ai,...,a,. Therefore a random vector
Z = (Z1,...,Z,)T that is made up of independent Normal random variables has the multivariate

normal distribution. In fact, we shall show below that if Y has a multivariate normal distribution,
then it should necessarily be the case that'Y is a linear function of a random vector Z that is made of

independent univariate normal random variables.

5.2.1 Moment Generating Function of a Multivariate Normal

Suppose Y = (Y1,...,Y,)T is multivariate normal. Let = E(Y) and ¥ = Cov(Y') be the mean vector
and covariance matrix of Y respectively. Then, as a direct consequence of the definition of multivariate
normality, it follows that the MGF of Y equals

My (a) = ]E(eaTY) = exp (aT,u + ;aTEa) . (5.1)

To see why this is true, note that by definition of multivariate normality, a” Y is univariate normal.

Now the mean and variance of a’'Y are given by

E(@'Y)=a"y and Var(a'Y)=a"Cov(Y)a=a"%a
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so that

alY ~ N(a”p,a’ Sa) for every a € R™.
Then (5.1) directly follows from the formula for the MGF of a univariate normal.

Note that the MGF of Y (given by (5.1)) only depends on the mean vector p and the covariance
matrix ¥ of Y. Thus the distribution of every multivariate normal vector Y is characterized by the
mean vector p and covariance X. We therefore use the notation N, (u, ) for the multivariate normal

distribution with mean p and covariance X.

5.2.2 Connection to i.i.d N(0,1) random variables

Suppose that the covariance matrix ¥ of Y is positive definite so that ©~/2 is well-defined. Let
Z = %7Y2(Y — p1). The formula (5.1) allows the computation of the MGF of Z as follows:
Mz(a) = Ee® 2

=Eexp (aTEflﬂ(Y - u))

= exp(a’S7V2p)Eexp (aTE_1/2Y)

= exp(a”S 2 p) My (/%)

1 1 s
exp(aTS7V21) exp <aTEl/2u + 2(aT21/2)E(El/2a)) = exp (QQTG> = Hexp(a?/?).
i=1

The right hand side above is clearly the MGF of a random vector having n i.i.d standard normal random
variables. Thus because MGFs uniquely determine distributions, we conclude that Z = (Z1,...,Z,)"
has independent standard normal random variables. We have thus proved that: If Y ~ N, (p, %) and
¥ is p.d, then the components 7,,...Z, of Z = ¥~Y/2(Y — i) are independent standard

normal random variables.

5.3 Joint Density of the Multivariate Normal Distribution
Suppose Y = (Y7,...,Y,)T is a random vector that has the multivariate normal distribution. What
then is the joint density of Y7,...,Y,,?

Let = E(Y) and ¥ = Couv(Y') be the mean vector and covariance matrix of Y respectively. For Y
to have a joint density, we need to assume that ¥ is positive definite. We have then seen in the previous

section that the components 71, ..., Z, of Z are independent standard normal random variables where

Z =12y —p).
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Because 71, ..., Z, are independent standard normals, their joint density equals

o 1
fri oz, (1,0, 2n) = (27‘()7”/2 ljll e~/ = (27r)7”/2 exp (2ZTZ)

where z = (z1,...,2,)7.

Using the above formula and the fact that Y = p 4+ 2'/2Z, we can compute the joint density of

Y1,...,Y, via the Jacobian formula. This gives

v Wiy yn) = [z 2, (572 (y — 1)) det(27Y/2)
1 -1 )
i) P (2(31 )= y - u))

where y = (y1,...,yn)T

5.4 Properties of Multivariate Normal Random Variables

Suppose Y = (Y1,...,Y,)T ~ N, (11, %). Note then that p is the mean vector E(Y) of Y and ¥ is the

covariance matrix Cov(Y'). The following properties are very important.

1. Linear Functions of Y are also multivariate normal: If A is an m X n deterministic matrix

and c is an m x 1 deterministic vector, then AY + ¢ ~ N, (Au + ¢, ALAT).

Reason: Every linear function of AY + ¢ is obviously also a linear function of Y and, thus, this

fact follows from the definition of the multivariate normal distribution.

2. If Y is multivariate normal, then every random vector formed by taking a subset of the compo-

nents of Y is also multivariate normal.

Reason: Follows from the previous fact.

3. Independence is the same as Uncorrelatedness: If Y(;) and Y(;) are two random vectors

such that ¥ = (Y1), Y(5)"

only if Cov(Y(y), Y(2)) = 0.

is multivariate normal. Then Y(;) and Y{y) are independent if and

Reason: The fact that independence implies Cov(Y{1), Y(2)) = 0 is obvious and does not require
any normality. The key is the other implication that zero covariance implies independence. For
this, it is enough to show that the MGF of Y equals the product of the MGF's of Y{;) and Y(y).

The MGF of Y equals
1
My (a) = exp (aT,u + 2aTZa)
where ¥ = Cov(Y).

Note that Y(;) and Y(3) are also multivariate normal so that

1 .
My(i) (a(l)) = exp (a(Tz),u(z) + 2a6)2iia(i)> for i = 1, 2
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where
pey = E(Y;)) and X = Cov(Yy)).

Now if 319 := Cov(Y(1), Y(2)) and Zp1 = Cov(Y(2), (1)) = X1,, then observe that

5 Y11 Y12 _ Y11 Y12
Yo1 Yoo T, Yo
As a result, if a = (a(l),a@))T, then
a’Ya = a(Tl)Ena(l) + 0{2)222&(2) + 2a(Tl)212a(2).

Under the assumption that 315 = 0, we can therefore write

aTa = a(Tl)Ella(l) + ag)Egga(g)
from which it follows that

My (a) = My, (a@1)) My, (az))-

Because the MGF of Y = (Y(y), Y(g))T factorizes into the product of the MGF of Y{(;y and the
MGF of Y(), it follows that Y{;y and Y() are independent. Thus under the assumption of
)T

multivariate normality of (Y(1),Y{2))", uncorrelatedness is the same as independence.

4. Suppose Y = (Y7,...,Y,)T is a multivariate normal random vector. Then two components Y;
and Y; are independent if and only if ¥;; = 0 where ¥ = Cov(Y).
Reason: Follows directly from the previous three facts.

5. Independence of linear functions can be checked by multiplying matrices: Suppose Y
is multivariate normal. Then AY and BY are independent if and only if AXBT = 0.

() =)

is multivariate normal. Therefore AY and BY are independent if and only if Cov(AY, BY) = 0.
The claimed assertion then follows from the observation that Cov(AY, BY) = AXBT.

Reason: Note first that

5.5 Idempotent Matrices and Chi-Squared distributions

We shall next prove that quadratic forms of multivariate normal random variables with identity co-
variance have chi-squared distributions provided the symmetric matrix defining the quadratic form
is idempotent. A square matrix A is said to be idempotent if A2 = A. An important fact about

idempotent matrices is the following.
Fact: If A is an n X n symmetric and idempotent matrix of rank r if and only if

A=wul +- +uul (5.2)
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for r orthogonal and unit length vectors uq, ..., u,.

To prove this fact, note first that if A is symmetric, then by the spectral theorem
A= Alulu{ + )\QUZU/; + 4 )\nunug

for an orthonormal basis ui,...,u, and real numbers A1,...,\,. The rank of A precisely equals the
number of \;’s that are non-zero. If r is the rank of A, we can therefore write (assuming without loss

of generality that Ay,..., A\, are non-zero and A\,41 ==\, =0)
A= uu] + -+ Nl

It then follows that

2 _ 2, T 2. T
A% = Muuy + -+ Nupu,.

Therefore if A is idempotent, then A2 = A so that
/\1u1u1T + -4 /\T,u,.uzﬂ = /\fuluf 4+ -4 Afuruf

which implies that A\? = \; which gives \; = 1 (note that we have assumed that \; # 0). This proves
(5.2).

The following result states that quadratic forms of multivariate normal random vectors with identity

covariance are chi-squared provided the underlying matrix is idempotent.

Theorem 5.5.1. Suppose Y ~ N, (u, I,) and let A is an n x n symmetric and idempotent matriz with
rank r. Then
(Y =) AY = p) ~ X3

Proof. Because A is symmetric and idempotent and has rank r, we can write A as
A:u1u1T+-~-—|—u7.u7T.

for some orthogonal and unit norm vectors uq, ..., u,. Then

s T

(= w) AY =) =37 (uf (v = )" = 3V

% =1

where V; := ul (Y — u). Note now that each V; ~ N(0,1) and that Vi,...,V, are uncorrelated and
hence independent (because of normality). This proves that (Y — )T A(Y — u) ~ x2. O

Example 5.5.2. Suppose X1,...,X, are i.i.d N(0,1). Then X ~ N(0,1/n) and S ~ x%_, where

5:=3" (X - X)%.

1

n
1=

Moreover X and S are independent.
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The fact that X ~ N(0,1/n) is easy. To prove that S ~ x2_, and that S and X are independent,

we shall show two methods.

Method One: To prove S ~ x%_,, the key is to note that

o= (-t} (-1}
o) (o) o o) - o)

where X = (X1,...,X,)T and 1= (1,...,1)T. In the last step above, we used the fact that I — %llT
1s symmetric. For the first step, we used the fact that

1 _
<I—11T>X_(X1—X,...,Xn—X)T.
n

Now if
A=r1-Ltyg7
n 3

then clearly A is symmetric and idempotent as

1 1 1 171 1
A% = (I - 11T) (I - 11T) =7-2-11T + —211T =7-— =117 = A.
n n n n n

Also the rank of A equals n — 1. Thus by Theorem 5.5.1 (note that X = (X1,...,X,)T ~ N,(0,1,)),
we have
S=XTAX ~2_,

In order to prove that S and X are independent, we only need to observe that
c_ 1.7 L7
X=-1'"X and I—-11" | X (5.3)
n n
are independent because S is a function of

1
(I - 11T) X.
n

The independence of the random variables in (5.3) follows because

1 1
=17 <I - 11T> X=0
n n

Method Two: Let uy,...,u, be an orthonormal basis for R™ with uy = 1/+/n (check that uy has

unit norm). Let U be the matriz with columns uy, ..., u, i.e.,
U=lu: - :up

Note that UUT = UTU = I,, (by the properties of an orthonormal basis). Now let Y = UTX. Then
Y is a linear function of X (and X ~ N, (0,1,)) so that

Y ~ N, (UT(0),UTT,,U) = N,,(0,UTU) = N, (0, I,,).
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Further note that . .
V=YY =X"UUTX =X"X =) X (5.4)
i=1 i=1

and that Y1y = uf' X = (X1 + -+ + X,,)/v/n = /nX. Thus, (5.4) gives

Zn:XE =V +§an£ = nX2+anYf
=1 =2 =2

so that

n

zn:Yf = Zn:XE —nX?=) (X;-X)*=85.
1=2 =1

i=1
This and the fact that Y ~ N, (0,I,) (which is same as saying that Y1, ...,Y, are i.i.d N(0,1)) imply
that S ~ x2_,. Also note that S depends only on Ya,...,Y, so that it is independent of Y1 and thus
S and X are independent (note that X = Y1 /\/n).

Example 5.5.3. Suppose that X ~ N, (0,%) where ¥ is an n X n matriz with 1 on the diagonal and

p on the off-diagonal. ¥ can also be represented as
Y= (1-p)I, + p117 where 1:= (1,...,1)T.

In other words X1, ..., X, are multivariate normal, have mean zero, unit variance and the correlation
between every pair equals p. Find the distribution of X and S := Z?:1(Xi — X)? and argue that they

are independent.

X is a linear function of X and so it will be normal. We then just have to find its mean and
variance. Clearly EX =0 (as each EX; = 0) and

1
var(X) = ﬁvar(Xl +--+ X,)

! 1 1+ (n—1)p
=3 ZvaT(Xi) + ZCov(Xi,Xj) =3 (n+n(n—1)p) = — "
v i#]
Thus : 1
X~N (0, —&—(n—)p) )
n

Observe that this implies that 1+ (n—1)p >0 or p > —1/(n —1). In other words, if p < —1/(n — 1),

then X will not be positive semi-definite.

To find the distribution of S, we can, as in the previous example, write
T 1.7
S=X <I - —11 ) X
n

but we cannot unfortunately use Theorem 5.5.1 as X does not have identity covariance (Theorem 5.5.1)
only applies to multivariate normal random vectors with identity covariance. It turns out that here the
second method (described in the previous example) works here and gives the distribution of S. This is

explained below.
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Let uy, . .., uy, be an orthonormal basis for R™ with uy = 1/+/n and let U be the matriz with columns
Ul ..Uy 80 that UTU = UUT =1,,. Let Y = UT X and note (as in the previous exzample) that

Vi=vnX and S=> (X;-X)?=Y5+---+Y..
i=1

The distribution of Y is now given by Y ~ N, (0,UTXU) and
U'SU =U" (1= p)L, +p117) U = (1 — p)UTU + p(UT1)(1"U) = (1 — p)I, + p(UT1)(17V).
To calculate 17U, note that
17U = (1Tuy, 17wy, ..., 1Tu,) = (Vn,0,...,0)

where we used that 1Tu; = 171/\/n = /n and the fact that 1 is orthogonal to us, ..., u, (this is
because (1,u;) = /n{ui,u;) =0 for i > 1). We have thus obtained

UTSU = (1= p) o + p(V/7,0,....,0)" (/7,0 ..., 0).

This means that UTXU is a diagonal matriz with diagonal entries (1 —p+np),1—p,1—p,...,1—p.
Therefore Y ~ N, (0,UTSU) implies that Y1, ...,Y, are independent with

Y1 ~N@O,1+(n—-1)p) and Y;~N(0,1—p) fori>1.

Thus

S n ( Yz >2 )
—_— ~ Xn_
L=p Z\Vi=p '
or S ~ (1 —p)x2_,. Also because X only depends on Yy and S depends only on Ya,...,Y,, we have
that S and X are independent.

5.6 Additional Remarks on Multivariate Normals and Chi-

Squared Distributions

In the last class, we saw the following result.
Theorem 5.6.1. If Z ~ N, (0,1,) and A is a symmetric and idempotent matriz, then ZTAZ ~ x>
where r is the rank of A.

It turns out that the converse of this result is also true and we have

Theorem 5.6.2. Suppose Z ~ N,,(0,1,,) and A is a symmetric matriz. Then ZT AZ ~ x? if and only

if A is an idempotent matriz with rank r.
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In other words, the only way in which Z7 AZ has the chi-squared distribution is when A is idempo-
tent. Thus being idempotent is both necessary and sufficient for Z7 AZ to be distributed as chi-squared.
The fact that ZT AZ ~ x?2 implies the idempotence of A can be proved via moment generating functions

but we shall skip this argument.

When the covariance is not the identity matrix, Theorem 5.6.1 needs to be modified as demonstrated
below. Suppose now that Y ~ N,,(0, ) and we are interested in seeing when Q := Y7 AY is idempotent
(here A is a symmetric matrix). We know that Z := ©~/2Y ~ N,(0,1,) so we can write (as
Y =x127)

Q=YTAY = ZTx'/?2Ax"/?Z.

Thus Q is chi-squared distributed if and only if £1/2A4%1/2 is idempotent which is equivalent to
SI2ZARI2E2 AT = B2 APY? = AXA = A
We thus have
Theorem 5.6.3. Suppose Y ~ N, (0,%) and A is a symmetric matriz. Then YT AY ~ x2 if and only
if ALA = A and r = rank(X/2AXY?) = rank(A).
Let us look at some examples of this result.

Example 5.6.4. Suppose Y ~ N, (0,0%1,) and let A be an n x n symmetric idempotent matriz with
rank r. Then it turns out that )

o T 2
This can be proved as a consequence of Theorem 5.6.3 because

A

Q=Y"2Y
g
and A A A
2 —
G2 IS =5

Example 5.6.5. Suppose that X ~ N, (0,X) where ¥ is an n X n matriz with 1 on the diagonal and

p on the off-diagonal. ¥ can also be represented as
Y =(1-p), +p117 where 1 := (1,...,1)7.

In the last class, we showed that S := "1 (X; — X)? satisfies

S >
ﬂ ~ Xn-1- (5.5)

We shall show this here using Theorem 5.6.3. Note first that
1
S=x" (I— 11T> X
n
so that

1 1
= = XTAX where A= —— [ 1 — =117
1—p 1—p n
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Thus to show (5.5), we only need to prove that AL A = A. For this, see that

1 1
SA=T—-11"+ 2 117 (1 — 11T)

n 1—0p n

L7 14 r_ Llor .7
11T+ L 1 (17— 111

n 1—p n

1 1 1
11T+ (1T - n1T> —7— 117

n 1—0p n n

so that AL A = A. Thus Theorem 5.6.3 immediately gives (5.5).
Example 5.6.6. Suppose Y ~ N, (0,%). Then YTS™Y ~ x2. This follows directly from Theorem
5.6.3 by taking A = X1,

Finally let us mention that when Z ~ N,(u,I,) and A is idempotent, then Z7AZ will be a

non-central chi-squared distribution. We will not study these in this class.

5.7 Conditional Distributions of Multivariate Normals

Suppose Y ~ N, (u,X). Let us partition Y into two parts Y{;) and Yoy where Y(;) = (Y1,.. L YT
consists of the first p components of Y and Y(o) = (Yp41,...,Y,) consists of the last ¢ := n —p

components of Y.

We can then partition the mean vector p analogously
= (Mu)) _ (E(Yu)))
1i(2) E(Y(2))
and the covariance matrix ¥ as

5 Y11 X2 _ Cov(Y(1)) Cov(Y(1),Y(2))
Y1 Yoo Cov(Y(2),Y))  Cov(Y(a)

The question we address now is the following: What is the conditional distribution of Y(3) given

Y1) = y17 The answer is given below.

Fact: Under the assumption that Y ~ N, (u, X), we have
}/(Q)D/(l) =Y~ Np (/-1/(2) + 22121_11(3/1 — ,U/(l)); 222 — 22121_11212> . (56)

In words, the conditional distribution of Y{5) given Y{;y = y; is also multivariate normal with mean

vector given by:

E(Yg)[Y) = 91) = oy +Ea157 (1 — 1)) = E(Y(2))+C0ou(Y(2), Y1) Cov(Yiny, Yay) ™ (y1 — E(Y(y)))
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and covariance matrix given by
Cov(Yi) Y1y = y1) = S22 — L1 877 Lo
We shall go over the proof of (5.6) below. Before that, let us make a few quick remarks on the form
of the conditional distribution:
1. The conditional distributions are also multivariate normal.
2. The conditional expectation E(Y{2)|Y(1) = y1) is a linear function of y;.
3. E(Y(2)|Y(1)) is exactly equal to the BLP of V(5 in terms of Y{;). Thus the BP and BLP coincide.

4. The conditional covariance matrix Cov(Y(2)|Y(1) = y1) does not depend on y; (this can be viewed

as some kind of homoscedasticity).

5. The conditional covariance matrix Cov(Y(s)|Y(1) = 1) equals ¥5, (the Schur complement of g9
in ¥). In other words, the conditional covariance matrix Cov(Y{(2)|Y{1) = y1) is precisely equal

to the Covariance Matrix of the Residual of Y{2) given Y(y).

Proof of Fact (5.6): It is easy to see that (5.6) is equivalent to:

{Yi2) = @) = ZaB01 (01 — ) } Yy = o1 ~ Ny (0,822 — Zn B! Tna) -

which is further equivalent to

{Yio) — 12y — 157 (Vo) — ) } 1Y) = 91 ~ Np (0, S22 — 821877 512) - (5.7)

Note that the distribution on the right hand above does not depend on y;. Therefore (5.7) is equivalent

to
Yio)—i(2) = X1 311 (Yy —1(1)) ~ Np (0,822 = o1 211 1a)  and Yoy —p2) = X1 X1 (Vi) —pr) L V1

where L denotes independence. Because Y is multivariate normal, we know that linear functions of
Y are also multivariate normal and that linear functions of Y are independent if and only if they are

uncorrelated. The above displayed assertion is therefore equivalent to the following three equations:

L E (Y — he — a2y Yoy — #y)) =0
2. Cov (Yiz) — ) — BBy (Vo) = 1)) = B2z — Do By Do
3. Cov (Yiz) — hz) — Ba X1y (Yo — i) Yiy) = 0.
In other words, we have noted that proving the above three equations is equivalent to proving (5.6) . We

now complete the proof of (5.6) by proving the three equations above. We actually have already proved
these three facts. The first fact simply says that the residual of Y(5) given Y{;) has zero expectation.
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The second fact says that the covariance matrix of the residual equals the Schur complement. The
third fact says that the residual of Y5y given Y{;) is uncorrelated with Y{;). For completeness, let us

rederive these quickly as follows.

E (Yo) — 2y — Za %1 (Y) — 11)) = i) — ) — S21571 (B — 1)) = 0, (5.8)

_ _ Yoy —p
Cov (Yio) — piz) — Ba 311 (Vo) — pn))) = Cov <(—2212111 I> ( . (1)>>
Yio) = 2)

Y — -2y
( 221211 )CO’U ) M(l) 1z
Yi2) — i) 1
DIIPEED NP N Y P
(st 1) (30 50 (%

o TR NP
0 Yoo — Yo N7} Em)( 1}

Yoo — X1 211 210 (5.9)

and finally

Cov (Vo) = ) = Zan B0y (Yooy = 1), Yiny) = Cov(Yz), Vi) = Zan 2y Cov(Yary, Yiny)
=91 — T ¥ S =0 (5.10)

This completes the proof of (5.6).

Let us reiterate that all the three calculations (5.8), (5.9) and (5.10) do not require any distributional
assumptions on Y(;) and Y(3). They hold for all random vectors Y(;) and Y{3). The multivariate
normality assumption allows us to deduce (5.6) from these second order (i.e., mean and covariance)

calculations.

Let us now look at the following special case of (5.6). Fix two components Y; and Y; of Y. Let
Yoy = (Y5, Yj) and let Y(;) denote the vector obtained from all the other components Yy, k # i, k # j.
Then

Cov(Y(9)[Ya) = 91) = Cov(Yz)) = Cov(Yz), Yu)) (CovYy)) ™' Cov(Yany, Vizy)
Now let ry,|y, rzik2; and 7y;|y, rsik-; denote the residuals of Y; in terms of Yy, k # i,k # j and Y}
in terms of Yy, k # i,k # j, then we have seen previously that

Cov <TY'iYk’k#’k¢j> = Cov(Y(g)) — COU(Y(Q),Y(l))(Con(l))_lCov(Y(l), Y(2))-
TY; Y ki, kg

We thus have

Cov( (;f)

o o
Y =yr,k#i,k#j)=Cov Yil¥i ki ks for every yp, k # i,k # j.
TY;| Vi ki, k#j
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This means, in particular, that the conditional correlation between Y; and Y; given Y, = yp, k #
i,k # j is precisely equal to the partial correlation PY,Y; Vi ki ket (recall that PY,Y;|Yi ki k5 1S the

correlation between ry,|y; rikz; and rYHYk’k#’k#).

Now recall the following connection between partial correlation and entries of ¥~! that we have

seen earlier:
7271(757‘7')
VET(E 05710, 5)

Putting the above observations together, we can deduce that the following are equivalent when Y is

PY.,Y; Yi ki k] =

multivariate normal with covariance matrix >:

1. ©71(i,j) =0
2. Py, ;| Vi kti ks = 0

3. The conditional correlation between Y; and Y given Yj, = yi, k # i,k # j equals 0 for every
choice of yi, k # i,k # j.

4. Y; and Y; are conditionally independent given Y, = yi,k # ¢,k # j equals 0 for every choice of
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