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A desymmetrization lemma
bty R. M. Dudley, L. LeCam, and A. de Araujo

Qur purpose is to perfect a central limit theorem
in Banach spaces due to N. Jain and M. Marcus by
eliminating a symmetry hypothesis.

Let 5 be a compact metric space, C(S) the space
of continuous real-valued functions on S5 with sup norm.
Let Kl, }{2,..., be independent, identically distributed

C(S)=valued random variables with Exl(t} =0 and

Let v-convergence, written —5 7» be the usual Yuagk"

convergence oi probability measures, Let :i{x} denote
the protability law (distribution) of any random variable
X.

Let G Dbe the Gaussian stochastic process on S with
mean 0 and EG(s)G(t) = Exlis}xl(t} for all s and ¢,

so that for any finite set F < S, by the finite-dimensiocnal
central limit thecrem the laws of Tn restricted to F con-
verge to the law of G restricted to F,

Let X,, X}, Xp5 X}yees, De i.iud., and let T be
the symmetrized variable defined by

T,E

. - n-%zglzl(}ij .

-
Then on any finite set F, the laws of T; converge to

that of 2*@, and ;ﬂﬁTi} = ;E(-Tz}.

Lemma. If ‘i{Ti) ‘Elf(ﬂ%f;}, then i(Tﬂ) -—;——};LD(G).

v

Proof. By assumption, we can choose a version of G which
is a C(S)-valued random variable,

Since ;f(TzJ are uniformly tight, there are some

£, in C(S) such that Eﬂ(Tn - fn) are uniformly tight



and hence v-relatively compact (Parthasarathy [2], I1I11.2.2
P. 59).

Let d be a metric metrizing v-convergence of laws
on C(S), e.g. Prokhorov's metric or the metric B defined
below, Let

= inf - s .
a ng(s)dfiiTn £),d(a))

If &, 770, let 2, = £ >0, n(k) —>o°. By tightness
there is a v-convergent subsequence ;&{Tn(k(j}) = fa(k(3)))-
By the finite-dimensional central limit theorem, En(x(4))

converge pointwise to some function h and
R Tage(s)) = Taqees) —v7 L6 - b,
It follows that h is continuous and
Tagie(3)) * B = Taqu())) 7 L@
so an{k(J)}_-_% 0, a contradiction. Hence a —> 0.

Thus we can choose £ &£ C(5) such that
‘;E(Tn - fn) *—;‘-53‘ &P{G) and hence fn—%ﬂ pointwise, It
remains to show that £ — 0 uniformly.

The reason is that convergence of laws together with
uniform boundedness of second moments implies convergence
of means, uniformly in t. Details follow,

The fn are uniformly bounded by the Banach-Steinhaus
theorem, say
(1) |£,(t)] <K < 0o for all n and t..

We recall that v-convergence is metrized by the
dual-bounded-Lipschitz metric B defined as follows. For
any separable metric space (X,d) (in this case X = C(S)
with sup-norm metric), and a real-valued function g on
X, let

Ilgllgy = max(sup |g(x)]|, sup |&(x) - g(¥)|/d(x,y)).
x€X x#y

Let, for any probability measures J/A and 2/ on X,
(2) 5</U|7:J - 5“?{'){5'&(]&'3})" “5”31_51}'



Then f metrizes v-convergence (R. Ranga Rao L 3], and
[1], Theorem 12 p. 262).

Since G 1is sample-continuous and Gaussian, it must
be continuous in quadratic mean, and S 1is compact, so
G has bounded covariance. It follows from (l) that

(3) KT, - £)(0)% < 2% + 287 (£)% = 2&? + 286(t)? < ¢

for some constant C < &0,
For ang M > 0. and real number x let
Xy = max(-M,min(x,M)).

Then for any probability measures P and z/ on R,

@ fxaCp =N < Ifx@p =2+ fix = xylatp +2)
= IJ/de(]A -2 + fxzd(p +2/) M.
We apply (4) with g g = Ef((Tn - £.)(¢e)),
2 = J(a(£)). By (2) and (3) we get
|£,Ce)| = |ECT, - £)(t)] EMa(Jun.v‘J + 2C/M.

For any £ > 0, we can choose M large enough so
that we have for n large enough 11‘.“(1:)] <& for all t.

Hence ZE('rn) = i(ﬁ), Q.E.D.

Note., Since any separable Banach space is linearly iso=-
metric to a subspace of some C(S), the Lemma carries over
to all such spaces.
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