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1. Introduction. Let {?f,?i} be a uniform space and let A

be the space of bounded uniformly continuous real functions
defined onrgf. For the uniform norm this is a Banach space

with dual ﬁ*. The present note is devoted to an elaboration

of the properties of a certain suhspaceﬁ???u of ﬂ* which

seems to reflect the properties of the structure “[L,mnre reason-
ably than the usual spaces of measures. The space_}?(u arises
naturally in various arguments about convolutions or Fourier
transforms on linear space. For simplicity we shall call a
subset S of A a UERB set if it is uniformaly equicontinuous
and bounded. Uniform convergence on the U E B sets of A

*
defines on A a uniform structure which will be denoted [U].

On A or subsets of A the structure of uniform convergence
on the precompact subsets af;jff will be called simply the pre-

compact convergence. With this notation we can define the
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following subspaces of A

1) The space 2?25 of linear functionals with finite
support on ﬁsz. Specifically ¢ eéﬁ?& if <o,v> =
Ech(xj] for a finite set of points [xj} and for real numbers
Ci s
J

2) The spacegﬁﬁzp of linear functionals whose restrictions
to the unit ball B = (y ; v € A, |y| < 1) are continuous
for the precompact convergence,

*

3) The space }ﬂ?u closure of jﬁzs in A for the [U]

structure.
+ *

4) The space ?ﬁzu of elements of A  whose restrictions

to U E B subsets of A are continuous for the precompact

convergence.

It is almost immediate that
<o *
j??Zsc: w?pﬁiié-aufiiﬁﬁlﬁz-ﬁ

We shall show below that ;qu and jig; are always identical
and that }'}*QP =Tl if (¢, ) is metrizable. It will also
be shown that the balls of.%ﬁfu are complete for [U] so that
the weak compactness criteria of Grothendieck [1] may be applied
to'?fzu_ for the topology w[?@h, A]l. The positive cone
m: of z’?u has the remarkable property that on it the
topologies defined by W[T%L,ﬁ] and by [U] coincide.

The third section of this note elaborates a characterisation
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of '7?;:/“ through maps of /Z into metric spaces, This is

refined in section 4, where results analogus to those stated
for linear spaces in [2] are proved. Section 5 gives some
results relative to the case where A happens to be the space
of all bounded continuous functions for the topology induced by
1{’ and gives in this case a characterisation of ﬁzu through
properties of images on paracompact spaces. In this case the
result obtained appears to be a modification of some results

of E. Granirer [3].

2. Basic properties of the space Mu* With the terminology

of the introduction, let S be a UE B subset of A and let
S be its pointwise closure in the space ij{ (/Z,R} of all
real functions Dn/z. This set S 1is also a U E B subset of
A. The same statement applies to the convex hull of §. For
the precompact convergence S 1s a compact set. Let 257 be the
family of all convex symmetric U E B subsets of A which are
compact for the precompact convergence,

It is easily seen that the original structure ?Aijnnz
is precisely the same as the structure [U] of uniform con-
vergence on the elements of QJ. Indeed the very definition of
UEB sets implies that [U] is weaker than ?{’:an ‘Z » How-
ever Zﬁ may be defined by a family of pseudo-metrics

(x,¥) = p(x,y) such that 0 < p(x,y) < 1. For each such p
let SP be the set of functions =x — p(x,y) indexed by



y sz. The set Ep is an U E B set and p(xl,xz) =

sup[hr(xlj - v(x,) | ; TESP]. In fact among structures of
uniform convergence on families of subsets of A, the structure
[U] is strongest which agrees with 7( or X .

Lemma 1. Let S be an U E B set which is compact for the

F!

topology of pointwise convergence on (. Then S is also com-

pact for w[aA, ‘7*}2;].

Proof By definition the elements of -’;}{ru are continuous

for the precompact convergence but on S this coincides with
pointwise convergence. The result follows.

It 1s clear from the definition that both J?Z,u and ﬁ;f%u
are closed subspaces of A* for the structure [U]. Thus they
are also closed for the stronger topology defined by the norm of
A¥ . The space ’E}?P is also closed for the norm. Note also the
following.

Lemma 2, Let . be an element of _}@u. Then its positive part

uw* belongs to #7iy TIhe same statement applies also to _,;zf;zp

LT

Proof/ One can define u* by the relation <ut,vy> =
sup(<p,u> ; 0 <u =<y, ued] for any v in the positive cone
At of A. Let vedA be such that 0 < v <1 and such that
{p.+, 1> < <u,v> + ¢ = <u+,v:> - -::u-,v >+ & . This gives

{H+:(1"V}} + {I-J-,V} <e. Forany v >0, vy € A we can write



<whwys = v - v+ v F at, (-
= <u, V> + <pT, vy + <ut, (1-v)

< <u,vy> + e ||v]]

Define the functional wvep by <vep,y> = <u,vy> . The foregoing
inequality gives ||u+ - wepl| <2¢g. If 5 is an U E B set
so is the set (wvy ; vy € §) . Thus wvep ¢ jf(-'u whenever
does, Similarly if . e ﬁ?P (resp 77, then veu e a’?% ;

(resp ;ﬁ_l)_u}. It follows that u* 1imit for the norm topology
is also in the appropriate space.

—

*
Lemma 3. The spaces 2‘)":’_ :,:}72“ and J1, are bands in A .

Proof Since these spaces are closed in A for the
norm topology and since lemma 2 applies to them, it is sufficient
to show that if 0 <v <y ¢ ;ffgp then v ¢ .Efa"lfp and similarly
for (ﬂgu and r??:; This can be done exactly as in lemma 2
using the fact that ||v - vep|| < e for some ved . For
this latter fact see [4], [5] and (6] .

Proposition 1. The positive cone 2?;}:; of 5}5&} is the [U]

closure in A" of the positive cone ;,f-;{; of g%. The spaces

Fu and 77w Ccoincide. The balls (u ; ||u|| < b} of I,

are complete for [U].
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Proof 1ILet C -m: and let C be its [U] closure in

ﬁ;. Let . be an element of }'QE . Suppose that pu ¢ C .
Then there is a [U] continuous linear functional < or ﬁ?u

and numbers a < a + ¢ such that

<H,Y> =a<a+ e <<O7

for all o e C, According to lemma 1 the functional 4 1is in
fact given by some element of A, The inequality a + ¢ < <P,
for 9 € C implies v+ >0 hence a + g < éng{q:,'f) = (O, This
b = Qe
glves <u,y> =a < 0 contrary to the assumption 4 > 0,
It follows from this that mu::ﬂ and therefore -7f2uj

—_— 2 —+ a P eollec,
77w~ #lu ﬂu*- Since gy & 77, ‘the second statement is
proved. For the third statement let V = {uw; “I—LH <b ;

n E??zu} . If u €V then ut ¢ Vv and u € V. However by the
first part of the argument p.+ is a [U] 1limit of elements
P 5'3‘72'; such that ||@|| < ||uF|| a similar statement applies
to u . Hence V is the [U] closure of (u s [lull = ;
L € E} in .ﬁ* . Since the corresponding hall of .51* is
w[ﬁ*,ﬂu.] compact and therefore [U] complete the proposition
follows. Note - The preceding argument implies also that?ﬁzz
is complete for [U]. We do not know whether this is true for
Mu itself,

The completeness statement included in proposition 1 allows

the application of the w[ Wu,ﬂ] compactness criteria given by



7

Grothendieck [1l]. In particular one can obtain the following
proposition in which the space (m) 1is the usual Banach space
of sequences of real numbers with its uniform norm and (m¥)
1s the dual of (m).

Corollary 1 Let A be a norm bounded subset of ?ﬁh.

Topologize the U E B subsets of A by the precompact con-
vergence, The fnlluwing statements are all equivalent

1) A 1is relatively compact in j, for wl 77,,A]

2) For each compact UE B set S the restrictions of

A to S form a relatively compact set in C(S5) for the

topology ﬂi pointwise convergence on S

3) For every UE B sequence {y_}, v €A and every

sequence [u.k}, e € A one has ltiim 1&111 s V> ™ 1&1:1 I%m

s V> provided that all the limits in these expressions

exist,

4) For every [U] continuous linear map of ;ﬁzu into

(m) the image of A is w[(m),(m™)] relatively compact in

(m)

5) For every uniformly continuous map X an> (x) of

t}f,u} into (m) the corresponding image of A on E*(nﬂ

is relatively compact in the space #E%uffﬂﬂ] defined by (m).

The equivalence of (1)-(3) is a restatment in this par-

ticular case of theorem 7 of [1]. The statements (4) and (5)



arise as follows, Let [Tn} be a U E B sequence, To each
n €A assign the element s(u) of (m) whose nth co-
ordinate is {u,Tn> « This is obviously a [U] continuous
map of E??u inte (m). Its adjoint transform (m*) into A,
Hence p ~~> s(u) transform w| f/?u,ﬁ] compact sets of _.?’?Zu
into w[(m),(m")] compact sets. However a w[(m},(m*}]
compact set satisfies the double limit condition of statement
(3). For statement (5) the argument is similar except that
one considers the map X ~~> s(x) with nth coordinate of s(x)
equal to v _(x).

One might also note that in statement (3) it is not
necessary to check the iterated limit condition for all U E B
sequences {Tn] but only for a family ii}f of U E B sequences
large enough so that any U E B sequence be contained in the
closed symmetric convex hull of some sequence belonging to the
family . 7 .

Corollary 2 Let A be a norm bounded subset of ;7% . This

set is relatively compact in ?ﬂ?u for the structure [U] if

and only if for each compact U E B set S the restrictions of

A to S form an equicontinuous subset of C(S).

This is an immediate consequence of Ascoli's theorem, It
is mentioned here primarily for purposes of comparison with the
"tightness" statement of proposition 4 below.

Proposition 2 Let . be an element of the positive cone {ﬁ*]+




-,

*
of A, The condition u e:ﬁ?: is equivalent to the statement

that every filter on {.-5.*}+ which converges to pu for

*
w[A ,A] already converges to p for the structure [U].
&

Proof Every element of (A")" is a w[A®,s] limit
of a filter of positive measures with finite support (that is
{ﬂ*'}+ is the w{ﬁ*,.ﬂ.] closure of ?.FE‘D. Hence the condition
W € ?ﬁ: is certainly implied by the other, Conversely let
T m; |lu]| =1 and 1let :.f be a filter on {ﬂ*}'l' which
converges to u for w[ﬂ*,&]. Let S be a UE B subset of
A. Let p(x,y) = sup{h(x) -yN] s ve S} and let S be
the set of functions < such that |y| <m and |y(x) - y(¥)|=
m p(x,y). This set § is also a U E B subset of A, One
can assume that <y ¢ 8§ implies ||y|| < 1.

Since u e Jjj for each ¢ > 0 there is a v > O with
finite support F such that ||v|| =1 and

<, > = <v,v>| < ﬁ- for every « ¢ § - Let G be the set

G=({x; p(x,F) > %}. Define a function u by u(x) =

-1
p(%,6) [p(x,F) + p(x,6)] . It can be checked that u e 4 S .

Since by construction u(x) =1 for x € F we have <v,u> =1
and therefore <p,u> > 1 - /2. Thus there is a set A of
the filter Q? such that ¢ ¢ A implies <p,u>>1 - ¢ .

Let x ,***,x_  be the elements of F. UDividing the

1°%2
range of values of the functions <y e §; onto intervals of

length at most -g‘-l one can find functions Tj € Sl,j-l,E,“',H,
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with N < (Em}n such that inf sup|y(x,) - v.(x,)]| =< 2
- j { i JV1 P -=m

for every 4 ¢ S This gives immediately

1I

Blm

1
inf - - - 4
5‘”‘-1']" UTJHim

for every < € S, according to the definition of p itself,

1
By assumption 1im<¢,uwi> = <, Uy for each j . Hence

L

lim sup sup|<@,uy> - <p,uy>| ;:,ﬁ .
5 '}"EEl

and finally

lim sup sup| 9,uy - p,uy |:§+E .
YeS

Since ¢ and m are arbitrary the result is proved.

Corollary On the cone tﬁﬁﬁ the topology indexed by [U] is

the same as the w[jﬁfu,ﬂ} topology.

3. Images of 1ﬁ;£u on metric spaces.

As noted before, given a uniform space {/’Zl{] there is
a natural correspondence between the bounded pseudometrics de-
fining /{ and the pseudometrics p(x,y) = sup(|y(x)-y(¥)|;v € 8)
for sets S which are U E B subsets of A,

Any pseudometric p can be used to define a set
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A, (a,b) functions < such that |y| < a and

lv(x) - v(¥y)| = b p(x,y). Such a pseudometric induces

pseudo-norm on o by the relation

el lp = sup{ |<u,¥>| 5 v ea p{l,l}} .

We shall call this the Dudley psudo-norm associated with the

pseudo-metric p. (see [T]).

Let F, i =1,2 be two subsets of_;f . Define p(x,Fi}

inflp(x,y) ; y € F;] . Suppose that F,C ({x : p(x,F;) > €l

2
for some ¢ > 0. The function x — E{x,Fl,FE) =
il -ak 1 - d uni
F{xrﬁl) T p(x,FE} takes wvalues zero or F2 and unity on Fl.

It is easily checked that it staisfies alipschitz condition with
respect to p. More precisely P Eﬂ.p[l,hgl]. These functions
will be used repeatedly below., We shall also need the follow-
ing lemmas.

Lemma 4, Let f a real valued function defined on a subset

A of % . Suppose that a < f <b and that

[ffxll- f{xE}| < k'ﬁ(xl,xg} for xi'e A. Then f possesses an

extension to ¥ which satisfies the same conditioms,

Proof Cipzer and Geher show in [B] that g(x) =
inf{f(y) + k p(x,y) ; ¥ € A] gives an extension satisfying
the Lipschitz condition. To obtain the same bounds take

{gvajhb .
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Lemma 5. lLet <y be a real function defined on /’2’ . Assume

that 0 <+ <1 and that there is an ¢ > 0 and an integer

m such that p(x,y) < e implies |y(x) - v(y) | < % .

Then there is an feﬁp[l,%] such that U_‘f_fi'rjfi'%-

Proof For j =0,1,2,*++ m let &j be the set Aj =

{x ; v(x) > ;]jl-] . Let u, be the function uj(x} =

]

c : c
B[x,Aj+l,ﬁj] which is unitjrmcm Aj-‘l—l and zero on Aj . Con-
sider the function f = % = uj . It is easily verified that

j=1

0<f=<vy=<f +n_11 . Furthermore the sets AJ? and A are

j+1
at distance at least ¢ , Thus £ is an element of ﬂp[l,%]

as average of functions uj which have this property.

Proposition 3 1f the structure 7/ E/Z is metrizable than the

structure [U ] is metrizable on the norm bounded subsets of

A

Proof Suppose that p 1is a bounded metric inducing the
structure (L on Z . Let ||u] |p be the correspending Dudley
norm om ﬁ;* . It is clear that the strructure. induced by this '
norm is weaker than [ U ]. To show that they coincide on
bounded sets let S5 be an UE B of A, Assume for simplicity
that <y € § implies O <+ < 1, For each 7y € 8 construct
an approximation fTE ﬁpfl,%f according to lemma 5 so that
P f.], = f,r +‘}n . Since S is an U E B set the functions f_“‘r
satisfy a Lipschitz condition |fﬁf{x) - f_f{y}l :-:L p(x,y) for

some e > 0 independent of <. This gives
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I{H’ET>-{M’T>|'1 % [lu]| for every p e A* and every 5 € S .

The Lipschitz condition gives |{u,£1}] i.%’llﬂllp and therefore

1 4
<, > = 3 Hull + < Tl

for every u ¢ ﬁ* and <y € 5. Consider then a ball D =

(w3 |ull < b/2). For any given & > 0 one can select m such
that 2b < mé , This gives an ¢ occuring in the condition of
lemma 5. If u e D-D and |Epi|p :_é-s 6 we conclude that

]<H1T>i,i & for all <« € 5. Hence the desired result,

Note 1 The structure [U] does not usually coincide with that
induced by ||u|iP on Jn, or on *jnt since there usually
exist uniformly continuous functions which do not satisfy a
Lipschitz condition. Hence the topologies defined by [U] and
-|{ullp or convex symmetric subsets of A* or Eﬁ?u may be
different when these sets are unbounded,

Note 2 Assuming that Ejﬁ,ﬁf} is metrizable, let T = Ch{;f}
be the space of bounded continuous functions on . Let r*
be the dual of I' for the uniform norm. One can extend any

L e A* to the whole of I'. In this situation the most common
definition of convergence is the so called "weak convergence"
for mﬂ#surea which is nothing but W(I*,r'). Although for the
positive cone {Pij+ of r'* the topology of W(Ir*,I") does not

appear pathological, the uniform structure associated with it
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and consequently the topology of the unit ball
wsnerl,||ull < 1} do not reflect in any reasonable way
the uniform structure Z{,as can be seen for instance when
is the real line, In such a case [U] seems more usable.

The following proposition is a variant of a well known theorem
of Yu V. Prohorov [9] (see also [7] and [10] .

It should perhaps be noted that for every uniform space ;ﬂ Zﬁj
the subsets of Eﬁﬁ?u which are [U] precompact are also
W{ﬁfﬂ,ﬁ] relatively compact and that, by proposition 2, the
converse is true for subsets af,?}L: . However no tightness
condition similar to that of [9] can hold for in general for

[U] precompact subsets since when [}p;Z{J is the usual real
line the sequence {“h] defined by f{gﬂ,v} = y(n) - T[n+%}
conferges to zero for [U] .

Proposition 4 Assume that Lﬂ},Zﬂ] is metrizable. Let B

denote the unit ball of 4 with the topology of precompact

convergence, A subset A o_f‘ifrz; is [U] - precompact if and

only if the set of its restrictions to B 1is equicontinuous.

Remark If A, is equicontinuous on B or precompact it is
bounded for the norm. Also according to Ascoli's theorem a
bounded set A 1is precompact if and only if itsrrestrictions to
U E B subsets of A (or equivalently, U E B subsets of B)

are equicontinuous. The point of the proposition is that this
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dlready implies equicontinuity on B itself at least when
{f&i,}{} is metrizable and AC,?Q; .

Proof Suppose A precompact for [U] and AcC E)?P. Take
an g €(0,1/2] and a metric p defining /{ Dr,;f/. We shall
show that there exists a linear map T of ﬁ“{fp into itself such
that

1) T and I - T are positive

2) |[(T-Tullp<e forall peaA

3) (Tu ; w € Al 1is equicontinuous on B. This implies
the statement of proposition 4 since for positive p we can
write [|(I - Dull = lI(x - D]l .

For this purpose construct pairs of sets {B’.n,ﬂn} as
ful-lows. Take Kﬂ = @, G, =Zand then for n > 1,

a) Kn precompact, i{n":"un-l

b) G, = {x :p(x,K) > ")

Let u be the function equal to unity on lin and zero on

c c c

G, defined by u (x) = Ep{x,Gn)][p(x,t(n} + p{x,Gn)]- Let L
be the identity map. For n > 1 let Ln"" be defined by

<L i, v> = <w,u_T> . Clearly (I - Ln] and L are positive,
..L

The same is true of Tn and (I - Tn). Also

- Ln Ln—l 1
T, maps j?gp into ?"/zp and for every . e }Fg’p the sequence
Tnu. converges in the norm of AY to a limit Ty € ??ZP e b

prove this last statement consider only elements u.+£ ﬁ¢; and
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+

+
-
note that Tw =T & -

If T 1is constructed as described, let K = \HJ K -
This is a precompact set since for each n every element of
K is within distance e of the precompact set [Hjln Kj .
If yeB and |y(x)| <é&/2, 86 >0 for all xeit—then
|v(x)| < & on some neighborhood V of K. However V must

contain some Gm . Since u vanishes on G; this gives

|{{Tnuj,w; | <5 ||n|]|] for all n > u. Hence |[<Tu,vy>| < & |[|ull

To select the pairs {Kn,Gh] so that (I-T) has the
desired property,note that for each n, the set Tn& is a
precompact subset of G Hence there is a finite set

3 3 =1,2,+0+,k ] such that sup inf Hp,-p.n - =

T

EEn+E
. For these
7 Moo
such that vy e B, y(x) =0 for x e K ., 1mplies

n+l
j:T}! < E 5

we can find a precompact set Kn+l

<y,

Define Ui 38 prescribed and let Lh+1 be the multiplica-

. Then || TR N e for all i

s =L
ne j n+l n,j
] for every u e Tn A . By addi-

tion by u .1

Also, u €A p[1,4 -

n+1
tion it follows that 1|(I—T}u[|FI < 2 E{l-E]_l for all e A .

It remains to check that the precompact set Kn+ can

1
be taken contained in G, . This is a consequence (for

instance) of the fact that Tn A can be considered a precompact
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subset of the space ﬁp{ﬂn} built on G, instead of :2,/.

The result follows,

Corollary 1 If [:Z.%] is metrizable then MP = f:f;’f’}Zu 5

Proof According to lemma 2 it is sufficient to consider the
+
positive elements of ]??u . Suppose then . ¢ Ej’)’zu . By
proposition 3 and proposition 2 there is a sequence [u,n} of
1+ +
element of ?/@scg’}zp which converges to . for [U] .,
Since a Cauchy sequence is precompact, proposition 4 implies that

[un} is equicontinuous on B. Hence . € 375; .

Corollary 2 Let [/7, ?,f,] be an arbitrary uniform space. An

% —t
element 1 e A belongs to j// , Lf and only if for every

metrizable space {/271, "Z-fl} and every uniformly continuous map
¢ of [/?:, ;’IZ(,} into {2-1, 2{,1] the image ou of . belongs

to JYlpt Ko ily) = pl Xy 2]

Proof That ¢u belongs to ?’;zp[%l’ ?’f:l] is clear. Con-

*
versely suppose pe A , u>0 . If S is an U E B subset of

A, let Pg be the pseudo-metric it defines and let {/21, Zél}

be the corresponding metric space, Let ¢ be the canonical map
g o =

of ;Z- into ] If o u Emu[ Q’ll’ %1] it is the limit

uniformly on the U E B subsets of A[ ;Z'l’ ‘Zﬁll of elements of

ja?i :[ ?’/1’ 2{11 . Since the transform of S5 1is a subset of the

Lipschitz functions on [%1, %1] this shows that p 1is limit
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uniformly on S5 of elements of ;3;&: « The result follows.

Note According to the preceding proposition if . eéﬂ?u then

its uniformly continuous images on complete metric spaces extend
to Radon measures, In particular they are ¢-additive
(s-smooth), However the same need not be true of p itself

or if its images on metric spaces which are not complete, This
can be seen for instance by taking for ;Z: the rationals of

[0,1] with the ordinary uniform structure. Then every p ¢ A¥
belongs to A since ;k:is precompact. The Lebesgue integral
is an example of element of (a*}* which is not 6-smooth on

A,

4. Characterizations by images into C(K) spaces.,  According

to corollary 2 of proposition 4 of the preceding section an
element u € A* belongs to ?22u if and only if its images by
uniformly continuous maps into complete metric spaces are ex-
tendable to Radon measures. Such a characterization is not
very convenient if /?_/, carries in addition to ZC other
structures such as a group or vector space structure, For in-
stance in the latter case one would like to use only linear maps
into Banach or Frechet spaces, The present section will show
that this is indeed sufficient. The results and the method of

proof are not essentially different from those suggested in [2].



19

Definition Let [Sﬂ} be a family of U E B subsets of 4. This

family will be called rich if on the set ;E' itself the scructure
1{; is identical to the structure of uniform convergence on the
cets Saf?Fﬁnte that for any compact U E B set &5 the evalua-
tion map gives a canonical map x— X of ;&T into C(3).
Similarly if {su} is an arbitrary family of U E B sets one can
form a locally compact set T topological sum of disjoint copies
of the sets {Sa] . Let then C(T) be space of continuous real
functions defined on T with the topology of uniform convergence
on the compacts of T. The evaluation map gives again a can-
onical map of 32: into C(T). If the number of sets in the
family [Su] is countable thic cpace C(T) 1is a Frechet space.
In all there carces iIf éﬁ;a [Sq] is any family of compaci U E B
subsets of A we shall say that the correcponding Banach,

Frechet or C(T) spaces are arsociated with iﬁi.

Lemma 6 Let g be a compact space and let f be a uniformly

continuous map of le into_the Banach space C(K) of continuous

functions on K . Let 'hg be a rich family of compact U E B

cubsets of A . There is a countable subfamily {SHICZL%K; such

that 1f C(T) is the Frechet space constructed from the sequence

{Sn] then the map f factorizes in the form £ = g o h where

h 1is a uniformly continuous map of % into C(T) and g is a

uniformly continuoue map of C(T) into C(K) .
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Froof For each integer n there is a finite set {En .} with

S, je%) and an integer k such that sup sup{|y(x)-y(y)| ;
: .

3
v € 8, j] < 1/k implies |£(x)-f(y)| < 1/n . Take for T the
»

topological sum of disjoint copies of the Sr:,j . Let x — h(x)
be the canonical map of ¥ into C(T). If h(x) = h(y) then
£(x) = f(y). Thus one can write £ =g o h for some map g of
h{;lj} into C(K). By construction g is uniformly continuous,
Hence it extends by continuity to the set A = w closure

of h{}){} in C(T). Consider then the product A X K CC(T) X K.
The map g can be identified to a uniformly continuous real
function defined on A X K. This function extends to a uni-
formly continuous function defined on the whole of C(T) X K
either by application of a result of Katetov [11] or by observ-
ing that g 1is already uniformly continuous on a metric quotient
of A X K. This gives the desired result.

Note If f was a map into a metric space (%L\ one could first
imbed yw isometrically into a space C(K) and then apply the
preceding lemma. One can for instance take for K the space of

Lipechit: functions <,|vy| < 1 such that I'r{yl} =] =

dist{}rl,yg} .

Lemma 7 Let p be an element of A% , Let }C be a rich

increasingly directed family of compact U E B subsets of A,

Then u 4is already uniquely determined on A by its canonical
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images on the Banach spaces C(K) for K e%H;
Proof Let fedA . UWrite{ ~goh for amap h of ;Z into
a Ferchet space C(T) a{'-%ﬂ. The value gu,f> 1is well
determined if the image v = h(u) of p on C(T) is given .

Order the copies of the sets of Qﬁ which form T in a
sequence [Sn} . Let Tn = éiLSj . For each n let En be
the projection of C(T) into C(T) given by {nnz)(t) = =(t)
if teT and {Hnﬂ}(t} = 0 otherwize. If ¢ is a uni-
formly continuous bounded real function defined on C(T) then
for each ¢ > 0 there is an n such that |g(-) - g(unz}| < g .
Thus |<v, &> - <v, (ol )>| =< el|v[]|. This gives <v,&> =
1im{an,g} and proves the desired result since one can also

concider I as a map of C(T) onto G{Th}

Lemma 8 Let 3, be a rich family of compact U E B subsets of

A. Fog each Frechet cpace C(T) associated to &ix consider
the canonical map ¢ of ¥ into C(T) and the [U] structure

on A*[C(T)]. The structure [U] on &* is the smallest which

makes the canonical maps of A" into all the A*[C(T)] uni-

formly continuous., Alco in order that a filter .+ on e

verges to u e A¥ for w[a¥ Al or [U] it is necessary con-
ges 0L ’

and sufficient that its canoniecal images in the ﬂ*[c(T)] spaces

of ¥, converge correspondingly to the images of . .

Froof This is an immediate consequence of lemma 6 since each

UE B subset of A defines a uniformly continuous map into a
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metric space.

Lemma 9 Acrsume that ?T;_j _rich and increasingly directed.

_!‘.
Let d} be a filter on A . Assume that,jf contains either a

bounded set or a set of positive elements of A”. Then Q}'Cﬁn-

vergesto pu for w[a*,a] if and only if for each Banach space

22 }ﬂ, the image of di convergegnrrespondingly to the image of

[ B
Proof Since bounded subsets of A¥* are d[a*,ﬁ] relatively

compact that result follows immediately from lemma 7.

Froposicion 5 Let 3, be an arbitrary rich family of compact

U E B subsets of A. Let A be a subset of the positive case

gﬂ?z. Then A ie [U] (or equivalently W[a* A]) relatively

compact in J?Zz if and only if its canonical imazes on the

Banach spaces C(K), K E}{; are tizht.

Froof The necessity follows immediately from proposition k.

Convercsely, note that according to lemma 6 and Accoli's theorem
it is sufficient to tchows that the images of A on the Frechet

spaces of ¥ are tight,

Suppose then that T 1is a direct sum T =[HJSH as beiore.

For each n let T be the projection {wnz}{t] = z{t) for

e c g oo
tesS and {ﬂn?)(L] 0 for t e S, - Let A, be the image

of A on C(T). By assumption each m A, is tight, Thus for

1

each n there is a convex symmetric compact Hn;: 0(51} such
1
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that if <y e A[C(S_ )] vanishes on H ~and l¥] = 1 then

l<w,v>] =< En{l—g) for all . e nnﬂ. Consider the cartesian

1
product I of the secrs :.'*.1' This can be identified to a
compact subset of C(T). It is now easily verifiable that if

v € A[C(T)]w, O < vy < 1, wvanishes on k then |<u,y>| < e for
each . ¢ Ay . (For this reduce the problem to a finite sum

T = gﬂ Sj as in lemma 7. lFor 1l <m <n let 2 be a
function Um € A[C(T)] such that Um vanishes on

A wrm.'»:El-lm] and such thai 0 = Um. < 1 othervise, Write

Y =y un + T{l-Un} = "]-'Un o '}f[l-Un} un-l and so forth,)

The statement that 0 <y =<1, <(z) =0 for = e H implies
|<w,v>| < ¢ is already sufficient to imple the desired tightness.
Hence the result,

Note 1 The reader ill note that lemma 8 gives another proof

of proposition 3.

Note 2 As an example of case in which proposition &5 is
applicable consider two vector spaces ,’1 and 10‘- in duality. Let
El'_- be the EI[T,%] structure of Z . Then ?/?u coincides
with the so called "weak distributions" or /g_’ . That is measures
whoce continuous linear imazes in Euclidean spaces are
G6-additive., A cubset A of 3;?1: is relatively compact if

and only if for each ¥y e"?q the images of A by =x— ¢y,x>

are relatively compact on the line,

5. OSome results relative to paracompact spaces. The preceding
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sections ere conserned with a vector lattice A of bounded
functions on a set, This A was subject only to the restrict-
ions that I e A and ika: A be complete for the uniform
norm. In [10] Alexandroff used lattices A which can be
characterized by the additional property that they are their
own UﬁFTLd hull, One can also consider lattices A subject
to the further restriction that they are their own UTf1LT
hull, (Here as in [12] Uﬁ = (_Lﬁ] is the set of functions
which are pointwise suprema of countable subsets of A, The
set LTT = [-LT] is obtained by removing the countability
restriction). Given a lattice A its I.Iqr“L“c hull is exactly
the set Cb(li} of bounded functions which are continuous for
the topology induced by A. Taking this into account we shall
consider throughout this section the following situation.

The space _jﬁ is a completely regular topological space.

The uniform structure Zé‘is the universal stru:tu;g and A,

is the space of bounded continuous functions on ;& .

Let us recall that the universal structure 2{,i£-the one
defined by all the continuous pseudo-metrics on Fﬁf. it is
then clear that uniform equicontinuity on E'?f,?{_] is the
same thing as continuity on the topological space Qﬁ . Thus
all the statements in the preceding section can be automatically
translated, Note however that the statements of section 4 are
not to be replaced by statemenis involving families of equi-

continuous sets which generate the topology of ;5 but by
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statements involving families of equicontinuous sets which

ioand A being as assumed here we

generate R. The spaces /

shall make use of the following definition,

Definition Let fi“u ; @ € A} be a family of elements u € A

indexed by a set A, This is called a partition of unity (or

more precisely a A-partition of unity)

l) 0<uv_ =<1 for each acA

2) zu(x) =1 for each xe ¥ -
a

Let {uﬂ : @ € A} be a partition of unity. Let b, be the

space of bounded real valued functions a > B(a) defined on A.

For each B e M, let T'B be the function defined on o by

A

(T'8) (x) = = B(a) U_(x) .
(8

Lemma 10 1If [uu ; @ € A} is a A-partition of unity the map

Bve> T'A is a linear map from ]L-‘:;ﬂl to & uwhich transforms the

unit ball (B ; B eif, , |B| < I} of e, into an equicontinuous

subset of A. The transpose map T transforms the space Z}Eu

built on (%,7(} into the space L of bounded Radon measures

on the diserete space A,

Froof Let x be an element of ¥ . For any ¢ > O there is

a finite set FC A such that =z u (x) > 1 - /4. The
ael
function Lw z(y) = T u (y) =1- £ u (y) 1is continuous
c a a
acF aek
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on ;Zr. Hence there is a neighborhoed V of x such that
g(y) < %— for all y e V. Tais dimplies | EFEE{u]Uu{y}| <
18] | = o (y) = e/2 for all B in the uiit ball B of I,.
The fi::i result follows. For the tcecond note that for fixed

X the map B > Eﬁ{a}uﬁ{x} is a bounded Radon measure on A.
If u e Edu thenn W is a limit uniformly on the U E B sets of
A of measures y what have finite support, The images Tu,
converge uniformly on B = (B ; B € Iy , |8] < I). Equivalently
the measure T”v converge for the usual Ll-nnrm of L. The

result follows,

Corollary 1f u € J'?u and vy € A then for every partition of
upity ( 5 @ ¢ A} the value <u,y> is the sum X <u, ">
a
limit of sume = <u,yu > along the filter of finite subsets
a
aeF
of A.

Proof One can assume that p >0 and <y > O. Define v e j}gu
by <v,f> = ¢u,yf> for £ € A. Consider the image ¢ = Tv of
v by the transpose of the map B v+ I B(a) u . Since ¢ 1is a
Radon measure for each ¢ > 0 there is a finite set F such

that o(F°) < ¢ or equivalently = c<®,u> < e. Since |lo]]| =
ael

Z <9, o the result follows.

ach

Lemma 11 Let :L, be a paracompact space with its universal
unifocm structure (L. Let A = Eh{ %). A bounded linear
functional ¢ defiped on A ig ~t-smooth on A if and only
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if it possesses the following property (m):

For every g >0, every Y e 4, 0 <y <1 and every
locally finite partition of unity ['uu ; a € A} there is a

finite set F C A such that

l<o,v( = d)>| <.
aek

Froof The necesity of condition (n) 1is obvious. To prove the

sufficiency suppose that ¢ = Py + 9 with ? element of the

2

space ??IT of +t-smooth functionals and ¢_ disjoint from

2
@’}ET. Suppose for instance that 0 < H:p; ] <

—

4
Htpgfl . Let
e' be a number e' ¢ (0,1). Let y e A, 0 <<y =<1 be such
- ; A
that <m£,(1-1}> <95, ¥> < e'. Let I be the Stone-Cech

compactification of ){. Since Py is digjoint from .-,,???T
there is a ¥ such that 1) 0 < ¥ < :p'l'E' and 2) (1-5'}||:p;|1 <
||#]] and 3) ¥ has a compact support K C,??'\]l . For each
x e ¥ let v, be an open neighborhood of x in ;? such that
the closure ?:: be disjoint from K. The family

[‘U’xﬂ/Z; b4 E_,Z] is an open cover of 2’ . Since ,TD is para-
compact there is a locally finite partition of unity

(v, 5 x e X} such that v (y) =0 1f ydv NX. It
follows that <V,v,> =0 for every x e L Suppose now that

condition (w) is satisfied. Take F so large that

(l':l']_l:"l'[ ZoVy)> <e' and <9,y = c\lx}:} < e . Writing g =
xel xelF
Z v_ this gives

cCx
XeF
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{':PE,?E} “ B+ ‘(qJE:T} + el = e+ 2 ¢!

thus <¥,vg> < e + 2 ¢' . However since {ﬁ,vxp = 0 for each

X, one can replace g by I = 3% V. F 8B in the last inequality.
ek

Thus <¥,v> = ||¥|| - <¥,1-v> < ¢ + 2 ¢! and finally ||¥|] <

€+ 3 e' . Since g' 1is arbitrary we can conclude that

|le,l] < 2 e . This completes the proof of the lemma,

Corollary -EE,E? is paracompact the spaces Ehgﬁ and ;ﬁTT

colnecide,

This is an immediate consequence of lemmas (10) and (11)
above.

Proposition 6 Let y7 be an arbitrary completely regular space

with universal uniform structure J{ . Let A = Cb(?ﬂ and let

¢ be a bounded linear functional on A. The following con-

ditions are all equivalent.

1) ¢efi,

2) for every partition of unity (u, ; @ € A)
every <y € A, 0< y <1 and every e > 0 there is

a finite set FCA such that |<p,y( = cuJ}}| £ ity
ael

3) Same as (2) but for locally finite partitions of

unity.

) If £ is a continuous map from ¥ into a

paracompact Space Ef\ then the image of f¢ of ¢ by
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£ is <-smooth on cb{’yﬂ}.

5) Same as 4 but with ’%‘ metric instead of para-
compact.
Froof According to lemmas 10 and 11 condition 1 implies all the
other ones. Also 2 ="3=(4) ——7/5) since for every locally
finite partition of unity {un. , & € Al on /[:;;"\ the functions
[qu o £ ;aeA)l forma locally finite partition of unity on
;Z’ . Thus it is sufficient to show that (5) -::7{1). However
this is for instance a consequence of corollary 2 of proposition

L and lemma 11.

Corollary Lat ‘% be a completely regular space with universal

structureu Let A = Eh{'}’,} , and let S5 be a norm bounded

subset of E@?u. Then the following conditions are all equivalent.

1) s is W[ Zf-’fu,ﬁ] countably relatively compact in

T

J

2 S is WI//l,8] xelacively compact in J7/,

3) Eor each locally finite partition of unity
(u,;aeA) each yed, O<vy=<1 and eache >0
here is a finite set F such that

sup l<u, (= m)sl < e
HES aeF
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4) The partition [uu] and vy being as in (3) for

each ¢ there is a finite set F such that

sup I o [<u,u ] <6
LesS aeF

Furthermore, in (3) and (4) the qualifications

"locally finite" can be omitied.

Proof The equivalence of (1) and (2) has already been encountered
more generally in corollary 1 of proposition 1. It is also

clear from the corollary of lemma 10 that (4) implies (3),

Assume then that (3) is satisfied and let F be a filter on S
which converges for W[A*,A] (o some A € A* . Let F be the

set of condition (3). Then, along -+ we have limcpy, = C-fuﬂ}} =
ack

<M(Z yu)>, hence |A, (2 ~yu)y| < e . It follows that
e {h o ;

aeF ael
€ Rﬁu by proposition 6. To complete the proof it will be
sufficient to show that (1) implies (3). Let T be the transpose
of Buv» 3 ﬁ{u}qu as usual, Then T S is relatively countably
compact in the space L of Radon measures on A, It follows then
from a special case of a result of Grothendieck [13] (or can
easily been verified directly be application of the Eberlein-
Smulian theorems and the Baire category theorem) that there is a
finite set F A such that |v| (Fc] < g for all v ¢ T S. This

implies (4) and therefore (3).

Note According to the proof of this corollary condition (3)
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can also be replaced by apparently stronger condition that for

each e > 0 there is a finite set F such that

sup |<u, (2 u)>| <
WLES aei

for any finite set G such that FCG .

Proposition 7 Let ‘}5 be completely regular with universal

structure 17/{.. Let A = Eb(}}. let S be a 511[27;2_:1"1,&]

relatively compact subset of ?fgu' Then the set §' = {g*;u € S)

is also relatively compact in ﬁm&l .

Exroof One can assume sup(||u|| ; 0 €8) <1 . Also if st is
not relatively compact there is already a countable subset Sc
of S such that Sz is not relatively compact. Thus we can
ascsume thait S 1itself is countable, Let {uu ; @ € A] be a
locally finite partition of unity such that for some n > 0

sup<v+, = > >n for every finite sec A .

VES aef® @
For any given integzer ik and each v € 5 ihere is a
- (&
finite set A such that <|v| ; = u > < 2 (k+2) .. Also
v,k c a
acd
v,k
g w
there is an fv,k eA ,; U< fv,k < I such that <«v ’(l'fv,kj> +
- . - (k+2) B -
<V ’Iv,k> < 2 . Let gu,k f”uiﬁ v, and hv,k
v,k

(1_f“=k}uia u, - Define gv’k*u by {gvlk-v,v} = {v,gvjkT> :
v,k
A cimple computation shows that Ijgv 'V - v+[| < 2™ and
3

o o -k
similarly llhv,k w2 |
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Let D = Lﬂjiav’k 3 ved, k=l,2.+-} and let w = I u

u L]
aeld

Let Ha be the smallest algebra which contains the
constants, the function w, the u, , ac¢ D, .all the functions
fv,k g
This is a separable subalgebra of A . The smallest uniform

and h and is closed for the uniform norm.
v,k v,k

structure which makes the functions of Hﬂ uniformly continuous
can be induced by one pseudo-metric p . Letl%f be the metric
cpace quotient of 7' for this pseudo-metric space quotient of
for this pseudo-metric. Then ??H is a separable metric space.
Let H be the space Cb{%fa of bounded p continuous functions
on %f*. One can identify Hﬂ to a subalgebra of L. Let ¢

be the canonical map from ?ﬁtu %}1. Since ¢ 1is continuous the

-

image of 5 by ¢ 1is countably relatively compact for

'-:J[?WT,Cb(’gﬂ in the space ?”?1‘ on 'lel. . Consider the

t

elements of S as linear functionals on Hc' Let v*

be the

posgitive part of v on Hﬂ. That is v* is defined by

-

<v*,y> = suplev, B> ;0 < E<vy, £e B ) for each vy el . By
* 1

':" -l{
construction <v' - v° | y> < 2 for 0 <y <1 . Therefore

the set S 1is also such that =sup {v* , Z . u> > whatever

ves aeF

may be the finite set F A. Omne can identify each u ,aebl

3

to an element of Cb(%?} , cay ﬂ; and then the functions

(l-wt) [u& , @ € D} form a partition of unity on Egn.

This reduces the problem to the case where the underlying

space ;H is separable metric., Yor this case the result appears
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is well-known, see thm 28 of [14].

Corollary 1 A subset of mui "Zf{mu,ﬂ] relatively compact

in ,j’??u if and only if it is relatively compact for the

topology of uniform conveyence on the bounded equicontinuous

subsets of A.

To state a further corollary note that if u > 0 1is
t-smooth on a space Ch(ﬂ’/) one can extend it to lower semi-
continuous functions by the procedure of lac-3hane. e shall

assume this done in the next statement,

Froposition 8 Let ¥ be a paracompact space with its space

A = Ch{/’k’} . For any norm bounded subset 5 7721 .the follow-

ing conditions are all equivalent.

1) S is countably relatively U( ??Z‘,ﬁ] compact

on 770
2) S is relatively Trl{m_r,ﬂ] compact in ;72
3) The set (|u| ; e S} is relatively w(Eﬁ?;,a)

compact in mf

4) For every decreasingly directed family

T

if-u - fv € {:b{;g}} which decreases to zero pointwise

on y one has

lim sup [<u,f >| =0
v ILES v

5) For every opemn cover {Gu ; @ e A) of % and

every e > 0 there is a finite subset FC A such
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that

el - Il U (5, s aeml <e

for all pe S .

Froof e already know that (1)(=»(2) = (3) . To shov that
(2) =(4) suppose first that & consist only of positive
elements of ;??T and is compact. Then the functions

TR (u,fv} decrease pointiwise to zero on the compact 8§.
Thus they converge uniformly according to Dini's theorem. Thus
(3)=7(4) with |u| instead of u. This is étronger then(4).
Horever (4) without the absolute value sign already implies (2)
since for any locally finite partition of unity {Ha i a € A)
and any vy e€ A, 0 <+ <1, the finite sums (vy - 7 E,ua)
decrease pointwise to zero. Thus (4}f??{E}:§?3:$?(4}?EEFur
condition 5 note that there is a pactition of unity [uu ; o € A}

subordinated to the cover G,. Thus (2};;?{5);%?{4]. Lence

the result,.

Corollary If ;&,i& paracompact and if § is relatively compact

(= ’r ]
in jﬂET, there ic a Lindelof subspace of ;E , say ?;L such
that tHi(E%F} =0 for all pe S. J
L-I
Proof Cne can assume that u > 0 for all . e S. Let F be
the intersection of the closed subsets F! such that up(Ft!) =

|lul] for p e S. Since u‘emT, one has also u(F) = ||u||

for p e 5. Let [Gu ; @ € A} Dbe an open cover of V. There is
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a partition of unity formed by a function u and functions
{uﬁ ; @ € A) such that u_ hags support in F¢ and such that
each u ~has support in G, . Noting that <,4 > =0, one can

find for each integer k a finite subset A of A such that

(2 <w,v > ;ax< &{:1 <2® for pes. Let Al = U A and
a = . K Kk
let v = [z ﬁ: ; @ € A') . By construciion <u, l-v> = 0. Suppose

that x ¢ F is such that wv(x) < 1, Then there is an ¢ > 0

and a neighborhood V of x such that v(iy) <1 - ¢ for all

y € V. By ascumption u(V) > 0 for some u e€ S. This would give
<u,l-v> > O contary to the previous equality. It follows that
v(ix) =1 for x e€ F and that {UGG ; @ € A}] D ¥, The con-

clusion follows.

It should perhaps be mentioned that there are spa¢aif;%fsuch
that Wf_’; is strictly contained in %Z/u . An example is
provided by the space of countable ordinals. The measure which
would correspond to a mass unity placed on the first uncountable
ordinal ies in Jz%iu but not in }Zﬁir « Gf course proposition 7

does not apply to dﬁ?ZJT on this particular space but only

taﬂgu.
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