GRAPH LIMITS AND EXCHANGEABLE RANDOM
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ABSTRACT. We develop a clear connection between deFinetti’s theorem
for exchangeable arrays (work of Aldous-Hoover—Kallenberg) and the
emerging area of graph limits (work of Lovdsz and many coauthors).
Along the way, we translate the graph theory into more classical prob-
ability.

- 1. INTRODUCTION

DeFinetti’s profound contributions are now woven into many parts of
probability, statistics and philosophy. Here we show how developments from
deFinetti’s work on partial exchangeability have a direct link to the recent
development of a limiting theory for large graphs. This introduction first
recalls the theory of exchangeable arrays (Section 1.1). Then, the subject of
graph limits is outlined (Section 1.2). Finally, the link between these ideas,
which forms the bulk of this paper, is outlined (Section 1.3).

secA

1.1. Exchangeability, Partial Exchangeability and Exchangeable Ar-
rays. Let {X;} 1 <i < oo be a sequence of binary random variables. They
are exchangeable if

P(Xl = €1, >Xn:€n) :P(Xl = Co(1)s " 7Xn:ea(n))

for all n, permutations o and all e; € {0,1}. The celebrated representation
theorem says

Theorem 1.1. (deFinetti) If {X;} 1 < i < oo is a binary exchangeable
sequence, then

(i) With probability 1, Xoo = lim 2(X;1 + -+ + X,,) eists.

(i) If p(A) = P{X € A}, then for alln, e; 1 <i<n

1
PXi=e1, -, Xp=¢€,) = / (1 — )" u(dr) (1.1) |eqP1
0

fors=e1+- - +ep.

It is natural to refine and extend deFinetti’s theorem to allow more general
observables (X; with values in a Polish space) and other notions of symmetry
(partial exchangeability). A definitive treatment of these developments is
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given in [12]. Of interest here is the extension of deFinetti’s theorem to
two-dimensional arrays.

Definition. Let {X;;} 1 <4,j < oo be binary random variables. They are
jointly exchangeable if

P(Xij = eij, 1 <i4,j <n) = P(Xij = e;()r(jyl <4,5 <n)
for all n, all permutations o, 7 and all e;; € {0,1}.

The question of two-dimensional versions of deFinetti’s theorem under
joint exchangeability arose from the statistical problems of two-way analysis
of variance. Early workers expected a version of (1.1) with perhaps a two-
dimensional integral. The probabilist David Aldous [1] and the logician
Douglas Hoover [11] found that the answer is more complicated.

Define a random binary array {X;;} as follows: Let U;, V; 1 <4, < 00
be independent and uniform in [0, 1]. Let W (x,y) be a function from [0, 1]?
to [0,1]. Let X;; be 1 or 0 as a W (Uj;, V) coin comes up heads or tails. Let
Py be the probability distribution of {X;;} 1 <4, j < co. The family {X;;}
is jointly exchangeable because of the symmetry of the construction. The
Aldous—Hoover theorem says that any jointly exchangeable binary array is
a mixture of such Py :

Theorem 1.2. (Aldous-Hoover) Let X = {X;;} 1 <1,j < oo be a jointly
exchangeable binary array. Then, there is a probability p such that

P{X € A} = / P (A)p(d).

The uniqueness of u resisted understanding; if W is obtained from W by
a measure-preserving change of each variable, clearly the associated process
{)/(\'”} has the same joint distribution as {X;;}. Using model theory, Hoover
was able to show that this was the only source of non-uniqueness. A ‘prob-
abilist’s proof’ was finally found by Kallenberg [12, Sect. 7.6 has details and
references].

These results hold for higher dimensional arrays with X;; taking values in
a Polish space with minor change [12, Chap. 7]. The description above has
not mentioned several elegant results of the theory. In particular, Kallen-
berg’s ‘spreadable’ version of the theory replaces invariance under a group
by invariance under subsequences. A variety of tail fields may be introduced
to allow characterizing when W takes values in {0,1} [8, Sect. 4]. Much
more general notions of partial exchangeability are studed in [9].

1.2. Graph Limits. Large graphs, both random and deterministic, abound
in applications. They arise from the internet, social networks, gene regula-
tion, ecology and in mathematics. It is natural to seek an approximation
theory: What does it mean for a sequence of graphs to converge? When can
a large complex graph be approximated by a small graph?
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In a sequence of papers, Laszlo Lovész with coauthors (listed here in order
of frequency) V. T. Sés, B. Szegedy, C. Borgs, J. Chayes, K. Vesztergombi,
A. Schrijver, M. Freedman, have developed a beautiful, unifying limited the-
ory. This sheds light on topics such as graph homomorphisms, Szemeredi’s
regularity lemma, quasi-random graphs, graph testing and external graph
theory. Their theory has been developed for dense graphs (number of edges
comparable with the square of number of vertices) but parallel theories for
sparse graphs are beginning to emerge [4].

Roughly, a growing sequence of finite graphs GG, converges if, for any fixed
graph F', the proportion of copies of F' in G,, converges. Section 2 below
has precise definitions.

Example 1.3. Define a probability distribution on graphs on n-vertices as
follows. Flip a #-coin for each vertex (dividing vertices into ‘boys’ and ‘girls’).
Connect two boys with probability p. Connect two girls with probability p’.
Connect a boy and a girl with probability p”. Thus, if p=p' = 1,p" =0, we
have a random bipartite graph. If p = p’ = 0,p” = 1, we have two disjoint
complete graphs. If p = p’ = p”, we have the Erdos—Renyi model. As n
grows, these models generate a sequence of random graphs which converge
almost surely to a limiting object described below.

If a sequence of graphs converges, what does it converge to? For exchange-
able random graphs (defined below), there is a limiting object which may
be thought of as a probability measure on infinite random graphs. Suppose
W (z,y) = W(y, x) is a function from [0, 1]2 — [0, 1]. Choose {U;} 1 <i < oo
independent uniformly distributed random variables on [0, 1]. Form an infi-
nite random graph by putting an edge from i to j with probability W (U;, U;).
This measure on graphs (or alternatively W) is the limiting object.

For the “boys and girls” example above, W may be pictured as

0

/!

// /

0 1

The theory developed shows that various properties of G,, can be well
approximated by calculations with the limiting object. There is an elegant
characterization of these ‘continuous graph properties’ with applications to
algorithms for graph testing (Does this graph contain an Eulerian cycle?) or
parameter estimation (What is an approximation to the size of the maximum
cut?). There is a practical way to find useful approximations to a large graph
by graphs of fixed size [5]. This paper contains a useful review of the current
state of the theory with proofs and references.
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We have sketched the theory for unweighted graphs. There are general-
izations to graphs with weights on vertices and edges, to bipartite, directed
and hypergraphs. The sketch leaves out many nice developments. For exam-
ple, the useful cut metric between graphs [19] and connections to statistical
physics.

1.3. Overview of the Present Paper. There is an apparent similarity
between the measure Py of the Aldous-Hoover theorem and the limiting
object W from graph limits. Roughly, working with symmetric W gives
the graph limit theory; working with general W gives directed graphs. The
main results of this paper make these connections precise.

Basic definitions are in Section 2 which introduces a probabilist’s version
of graph convergence equivalent to the definition using graph homomor-
phisms. Section 3 uses the well-established theory of weak convergence of
a sequence of probability measures on a metric space to get properties of
graph convergence. Section 4 carries things over to infinite graphs.

The main results appear in Section 5. This introduces exchangeable
random graphs and gives a one-to-one correspondence between infinite ex-
changeable random graphs and the space of proper graph limits (Theo-
rem 5.3). A useful characterization of the extreme points of the set of ex-
changeable random graphs is in Theorem 5.5. These results are translated to
the equivalence between proper graph limits and the Aldous—Hoover theory
in Section 6.

The equivalence involves symmetric W (z,y) and a single permutation o
taking W (U;, Uj) to W(Ug(s), Ug(j)). The original Aldous-Hoover theorem,
with perhaps non-symmetric W (z,y) and W (U;, V;) to W (Ugy(;), Vr(j)) trans-
lates to a limit theorem for bi-partite graphs. This is developed in Section 7.
The extensions to weighted graphs are covered by allowing X;; to take gen-
eral values in the Aldous—Hoover theory. The extension to hypergraphs
follows from the Aldous—Hoover theory for higher-dimensional arrays.

Despite these parallels, the theories have much to contribute to each other.
The algorithmic, graph testing, Szemeredi partitioning perspective is new
to exchangeability theory. Indeed, the “boys and girls” random graph was
introduced to study the psychology of vision in Diaconis—Freedman (1981).
As far as we know, its graph theoretic properties have not been studied. The
various developments around shell-fields in exchangeability, which charac-
terize 0/1 W (x,y), have yet to be translated into graph-theoretic terms.

Acknowledgements. This lecture is an extended version of a talk pre-
sented at the 100th anniversary of deFinetti’s birth in Rome, 2006. We
thank the organizers.

A large part of this research was completed during a visit by Janson to
the Université de Nice ... 777
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Christian Borgs and Jennifer Chayes during the Oberwolfach meeting ‘Com-
binatorics, Probability and Computing’, held in November, 2006. 77?7
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2. DEFINITIONS AND BASIC PROPERTIES
e

All graphs will be simple. Infinite graphs will be important in later sec-
tions, but will always be clearly stated to be infinite; otherwise, graphs
will be finite. We denote the vertex and edge sets of a graph G by V(G)
and E(G), and the numbers of vertices and edges by v(G) := |V(G)| and
e(G) := |E(G)|. We consider both labelled and unlabelled graphs; the labels
will be the integers 1,...,n, where n is the number of vertices in the graph.
A labelled graph is thus a graph with vertex set [n] := {1,...,n} for some

n > 1; we let £,, denote the set of the 2(2) labelled graphs on [n] and let
L := U2, Ly. An unlabelled graph can be regarded as a labelled graph
where we ignore the labels; formally, we define U,,, the set of unlabelled
graphs of order n, as the quotient set £,,/ = of labelled graphs modulo iso-
morphisms. We let U := J;~; U, = £/ =, the set of all unlabelled graphs.

Note that we can, and often will, regard a labelled graph as an unlabelled
graph.

If G is an (unlabelled) graph and vy, ..., v is a sequence of vertices in G,
then G(vy,...,v;) denotes the labelled graph with vertex set [k] where we
put an edge between 7 and j if v; and v; are adjacent in G. We allow the
possibility that v; = v; for some ¢ and j. (In this case, there is no edge ij
because there are no loops in G.)

We let G[k], for k > 1, be the random graph G(vy,...,v) obtained by
sampling v1, ..., v uniformly at random among the vertices of G, with re-
placement. In other words, vy, ..., v, are independent uniformly distributed
random vertices of G.

For k < v(G), we further let G[k]' be the random graph G(vy,...,v})
where we sample o], ..., v, uniformly at random without replacement; the
sequence vi,...,v) is thus a uniformly distributed random sequence of k
distinct vertices.

If F and G are two graphs, we define, following [7] and [19], first assuming
that F' is labelled and with k = v(F),

t(F,G) :=P(F C G[k]). (2.1)

Note that both F' and G[k| are graphs on [k], so the relation F' C G[k] is
well-defined as containment of labelled graphs on the same vertex set, i.e.
as E(F) C E(G[k]). Although the relation F' C G[k] may depend on the
labelling of F', the probability in (2.1) does not, by symmetry, so ¢(F,G) is
really well defined for unlabelled F and G. (The definition by Lovész and
Szegedy [19], and also in [7], is actually stated differently; they define ¢(F, G)
as the proportion of graph homomorphisms F' — G among all mappings
V(F) — V(G). This is evidently equivalent to (2.1).)

With F, G and k as in (2.1), we further define, again using the notation
of [7] but stating the definitions in different but equivalent forms,

timj(F,G) :=P(F C G[k)") (2.2)
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and
tma(F, G) :=P(F = G[k]'), (2.3)

provided F and G are (unlabelled) graphs with v(F) < v(G). If v(F) > v(G)
we set tinj(F, G) = ting(F,G) := 0.

Since the probability that a random sample vy, ..., v; of vertices in G
contains some repeated vertex is < k?/(2v(G)), it follows that [19]
v(F)?

tFaG _tin'FaG < .
(.C) — ti(F.0)| < 375
Hence, when considering asymptotics with v(G) — oo, it does not matter
whether we use ¢ or tinj. Moreover, if F' € Ly, then, as pointed out in [7]
and [19],

(2.4)

tig(F,G) = Y twa(F,G) (2.5)
F'eLly, F'DF

and, by inclusion-exclusion,

tna(F.G) = Y (=104 G). (2.6)
F'eLly, F'DF

Hence, the two families {tinj(F,-)}rey and {tina(F,-)}reu of graph func-
tionals contain the same information and can replace each other.

The basic definition of Lovész and Szegedy [19] and Borgs, Chayes, Lovasz,
S6s and Vesztergombi [7] is that a sequence (Gy) of graphs converges if
t(F,Gy) converges for every graph F. We can express this by considering
the map 7 : U — [0, 1] defined by

7(G) = (t(F,G)) peu € [0,1]%. (2.7)

Then (G,,) converges if and only if 7(G,,) converges in [0, 1]¥, equipped with
the usual product topology. Note that [0, 1]“ is a compact metric space; as
is well known, a metric can be defined by, for example,

o0
d((l’p),(yp)) = Z2iz|$Fi —yrl, (2.8)
i=0
where Fi, Fs, ... is some enumeration of all unlabelled graphs.

We define U* := 7(U) C [0, 1] to be the image of U under this mapping
7, and let U* be the closure of U* in [0,1]%. Thus U* is a compact metric
space. (For explicit descriptions of the subset U* of [0, 1] as a set of graph
functionals, see Lovédsz and Szegedy [19].)

As pointed out in [19] and [7] (in equivalent terminology), 7 is not in-
jective; for example, 7(K, ;) is the same for all complete bipartite graphs
Ky . Nevertheless, as in [19] and [7], we can consider a graph G as an
element of U* by identifying G and 7(G) (thus identifying graphs with the
same 7(@G)), and then convergence of (G,,) as defined above is equivalent to
convergence in U*. The limit is thus an element of Zf*, but typically not a
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graph in &*. The main result of Lovédsz and Szegedy [19] is a representation
of the elements in U* to which we will return in Section 6.

Remark 2.1. As said above, U* is a compact metric space, and it can
be given several equivalent metrics. One metric is the metric (2.8) inher-
ited from [0,1)%, which for graphs becomes d(G,G’) = >, 27t(F;,G) —
t(F;, G")|. Another metric, shown by Borgs, Chayes, Lovész, S6s and Veszter-
gombi [7] to be equivalent, is the cut-distance dp, see [7] for definitions.

The identification of graphs with the same image in U* (i.e., with the
same t(F,-) for all F') is sometimes elegant but at other times inconvenient.
It can be avoided if we instead let AT be the union of & and some one-point
set {*} and consider the mapping 7+ : U — [0, 14" = [0, 1]¥ x [0, 1] defined
by

(@) = (1(G), v(G) 7). (2.9)

Then 71 is injective, because if 7(G1) = 7(G2) for two graphs G; and Gy
with the same number of vertices, then G; and G5 are isomorphic and thus
G1 = G5 as unlabelled graphs. (This can easily be shown directly: it follows
from (2.1) that Gy [] 4 Gsk] for every k, which implies G1[k]’ 4 Go[k]" for
every k < v(Gi) = v(G2); now take k = v(G1). It is also a consequence of
[7, Theorem 2.7 and Theorem 2.3 or Lemma 5.1].)

Consequently, we can identify U with its image 77 (U) C [0, 1]Z’IJr and
define I C [0,1]%" as its closure. It is easily seen that a sequence (G,,) of
graphs converges in I if and only if either v(G),) — oo and (G,,) converges in
U*, or the sequence (G,,) is constant from some ng on. Hence, convergence
in U is essentially the same as the convergence considered by by Lovész
and Szegedy [19], but without any identification of non-isomorphic graphs
of different orders.

Alternatively, we can consider 7i,j or Tinq defined by

Tinj (G) = (tinj (F7 G))FGU € [07 1]1/{7
Tind (G) = (tina(F, G)) rey € [0, 1.
It is easy to see that both Tiyj and Tiyq are injective mappings U — [0, 1%.

(If Tinj(F, Gl) = Tinj(F, Gg) for all F', we take FF = G; and F = G5 and
conclude G; = G3, using our special definition above when v(F) > v(G).)

Hence, we can again identify I/ with its image and consider its closure U
in [0,1)¥. Moreover, using (2.4), (2.5), and (2.6), it is easily shown that if

(G),) is a sequence of unlabelled graphs, then

77(G,) converges <= Ti,q(G,,) converges <= Tinj(Gr) converges.

Hence, the three compactifications 7+ (U), Tinj (), Tina (U ) are homeomorphic
and we can use any of them for . We let U, := U \ U; this is the set of all
limit objects of sequences (G,,) in U with v(G,) — oo. (L.e., it is the set of
all proper graph limits.)
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We will in the sequel prefer to use I rather than Zf*, thus not identifying
some graphs of different orders, nor identifying finite graphs with some limit
objects in Uxe.

For every fixed graph F, the functions t(F, ), tinj(F, ) and tinq(F, -) have
unique continuous extensions to I, for which we use the same notation. We
similarly extend v(-)~! continuously to U by defining v(G) = oo and thus
v(G)1 =0 for G € Uy := U\ U. Then (2.4), (2.5) and (2.6) hold for all
G € U, where (2.4) means that

tinj (F, G) = t(F, G), G € Us. (2.10)

Note that ¢/ is a compact metric space. Different, equivalent, metrics
are given by the embeddings 7, Tinj, Tina into [0, 1]qu and [0,1]¥. Another
equivalent metric is, by Remark 2.1 and the definition of 71, d5(Gy, G2) +
[w(G1) ! = v(G2) 7!

We summarize the results above on convergence.

Theorem 2.1. A sequence (G,) of graphs converges in the sense of Lovdsz
and Szegedy [19] if and only if it converges in the compact metric space U*.
Moreover, if v(Gr) — o0, the sequence (G,) converges in this sense if and
only if it converges in U.

The projection  : [0, 14" = [0, 14 x [0,1] — [0, 1/ maps 71 (G) to 7(G)
for every graph G, so by continuity it maps U/ into U*. For graph G € U,
7(G) = 7(G) is the object in U* corresponding to G considered above, and
we will in the sequel denote this object by 7(G); recall that this projection
U — U* is not injective. (We thus distinguish between a graph G and its
“ghost” m(G) in U*. Recall that when graphs are considered as elements of
U* as in [19] and [7], certain graphs are identified with each other; we avoid
this.) On the other hand, an element G of I is by definition determined by
7(G) and v(G)7L, cf. (2.9), so the restriction 7 : U,, — U* is injective for
each n < oo. In particular, 7 : Uy, — U* is injective. Moreover, this map is
surjective because every element G' € U* is the limit of some sequence (G,)
of graphs in U with v(G,,) — oo; by Theorem 2.1, this sequence converges
in U to some element G, and then 7(G’) = G. Since Uy, is compact, the
restriction of ™ to Uy, is thus a homeomorphism, and we have the following
theorem, saying that we can identify the set U of proper graph limits with
ux.

Theorem 2.2. The projection © maps the set Us, :=U \U of proper graph
limits homeomorphically onto U*.

3. CONVERGENCE OF RANDOM GRAPHS

A random unlabelled graph is a random element of U (with any distribu-
tion; we do not imply any particular model). We consider convergence of
a sequence (G, ) of random unlabelled graphs in the larger space U; recall
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that this is a compact metric space so we may use the general theory set
forth in, for example, Billingsley [2].

. d p a.s. . . .
We use the standard notations —, —, — for convergence in distribu-

tion, probability, and alsmost surely, respectively. We will only consider the

case when v(Gy) — oo, at least in probability. (The reader may think of

the case when G,, has n vertices, although that is not necessary in general.)
We begin with convergence in distribution.

Theorem 3.1. Let G, n > 1, be random unlabelled graphs and assume
that v(Gp) == co. The following are equivalent, as n — cc.

(i) Gp 4r for some random T € U.

(ii) For every finite family F, ..., Fy, of (non-random) graphs, the ran-
dom variables t(F1,Gy,), ..., t(Fm, Gy) converge jointly in distribu-
tion.

(iii) For every (non-random) F € U, the random variables t(F,G,) con-
verge in distribution.

(iv) For every (non-random) F € U, the expectations Et(F,G,) con-
verge.

If these properties hold, then the limits in (ii), (iii) and (iv) are (¢(F;,T))
t(F,T) and Et(F,T), respectively. Furthermore, I' € Uy, a.s.
The same results hold if t is replaced by tin; or ting.

m
=1’

Proof. (i) <= (ii). Since I is a closed subset of [0, 1]4" | convergence in dis-

tribution in I/ is equivalent to convergence of 7+ (Gy,) = ((¢(F, Gy))reu, v(Gn) ™)

in [0, 1]”+, Since we assume v(Gn)_1 2, 0, this is equivalent to convergence

of (t(F,Gyp))rey in [0,1]¥ [2, Theorem 4.4], which is equivalent to conver-
gence in distribution of all finite families (¢(F}, Gp))™,.

(i) = (iii). Trivial.

(iii) = (iv). Immediate, since t is bounded (by 1).

(iv) = (ii). Let F1,..., F,, be fixed graphs and let ¢1, ..., ¢, be positive
integers. Let F' be the disjoint union of ¢; copies of F;, i = 1,...,m. Then,
for every G € U, from the definition of ¢,

t(F,G) =] tF,6)",
=1

and hence

m
E][tF, G =EHF,G). (3.1)
i=1
Consequently, if (iv) holds, then every joint moment E[[:", t(F;,G)5 of
t(F1,Gr), ..., t(Fny, Gy) converges. Since t(F;, Gy,) are bounded (by 1), this
implies joint convergence in distribution by the method of moments.
The identification of the limits is immediate. Since v(Gp) —= oo, (i)
implies that v(I') = oo a.s., and thus I' € Ux.
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Finally, it follows from (2.4), (2.5) and (2.6) that we can replace t by tin;
or ting in (ii) and (iv), and the implications (ii) = (iii) and (iii) = (iv)
are immediate for t;,; and tj,q too. O

Specializing to the case of a non-random limit G € U,,, we obtain the
corresponding result for convergence in probability.

Corollary 3.2. Let G, n > 1, be random wunlabelled graphs such that

v(Gp) L 0, and let G € Uss. The following are equivalent, as n — oo.
(i) Gn, = G.

(ii) t(F,Gpn) = t(F, Q) for every (non-random) F € U.

(iii) Et(F,Gp) — t(F,G) for every (non-random) F € U.

The same result holds if t is replaced by tinj or ting-
Note further that under the same assumptions, it follows directly from
Theorem 2.1 that G, =2 G if and only if t(F,G,) =5 t(F,G) for every

Felu.
We observe another corollary to Theorem 3.1 (and its proof).

Corollary 3.3. If T is a random element of Us, = U \ U = U*, then, for

every sequence I, ..., Fy,, of graphs, possibly with repetitions,
m
E[[#F.T) =Et(ep,F,T), (32)
i=1
where @ F; denotes the disjoint union of Fi,...,F,. As a consequence,

the distribution of T' is uniquely determined by the numbers Et(F,T), F € U.
Alternatively, the distribution of T' is uniquely determined by the numbers
Etinq(F,T), F €eU.

Proof. Since U is dense in U D U, there exists random unlabelled graphs

G, such that G,, == T". In particular, Gy, 4T and v(Gp) L, (in fact,
we may assume v(Gy,) = n), so Theorem 3.1 and its proof apply, and (3.2)
follows from (3.1) applied to G,, by letting n — oo.

For the final statement, note that (3.2) shows that the expectations
Et(F,T'), F € U, determine all moments E[", ¢(F;,T'), and thus the joint
distribution of t(F,T"), F € U, which is the same as the distribution of
7(T) = (t(F,F))Feu € [0,1]%, and we have defined U, such that we iden-
tify I" and 7(T"). Finally, the numbers Et;,q(F,T"), F' € U, determine all
Et(F,T) by (2.5), recalling that ti,j(F,T") = t(F,T") by (2.10). O

Remark 3.1. The numbers E¢(F,I") for a random I' € Uy thus play a
role similar to the one played by moments for a random variable. (And
the relation between E¢(F,T') and E¢;,q(F,T") has some resemblance to the
relation between moments and cumulants.)

b3x
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4. CONVERGENCE TO INFINITE GRAPHS

We will in this section consider also labelled infinite graphs with the
vertex set N ={1,2,...}. Let L denote the set of all such graphs. These
graphs are determined by their edge sets, so L, can be identified with the
power set P(E(K«)) of all subsets of the edge set E(K) of the complete
infinite graph Ko, and thus with the infinite product set {0, 1}7(FK=) We
give this space, and thus L, the product topology. Hence, L, is a compact
metric space.

It is sometimes convenient to regard L, for a finite n as a subset of L.:
we can identify graphs in £, and L., with the same edge set. In other
words, if G € L, is a graph with vertex set [n], we add an infinite number
of isolated vertices n + 1,n 4+ 2,... to obtain a graph in L.

Conversely, if H € L is an infinite graph, we let H|j, € L, be the
induced subgraph of H with vertex set [n].

If G is a (finite) graph, let G be the random labelled graph obtained by
a random labelling of the vertices of G by the numbers 1,...,v(G). (If G
is labelled, we thus ignore the labels and randomly relabel.) Thus Gisa
random finite graph with the same number of vertices as G, but as just said,
we can (and will) also regard G as a random graph in Lo.

We use the same notation G also for a random (finite) graph G given a
random labelling.

Theorem 4.1. Let (G,,) be a sequence of random graphs in U and assume
that v(Gp,) L 00. Then the following are equivalent.

(i) Gn Tl for some random T € U.
(ii) é; 4 Hin Loo for some random H € L.

If these hold, then P(H|y) = F) = Etinq(F, 1) for every F' € L. Further-
more, ' € U a.s.

Proof. Let G be a labelled graph and consider the graph G |[k], assuming k <
v(G). This random graph equals G[k]' = G(v],...,v,), where v/, ..., v, are
k vertices sampled at random without replacement as in Section 2. Hence,
by (2.3), for every F' € Ly,

PGl = F) = twa(F,G),  if k <0(G).
Applied to the random graph G,,, this yields
E tind(F, Gn) < P(Clpy = F) < Elina(F, Gn) + P(0(Gy) < k). (41)

By assumption, P (v(G,) < k) — 0 as n — oo, and it follows from (4.1) and
Theorem 3.1 that G, 4 T in I if and only if

P(Gnliy = F) — Etina(F,T) (4.2)

for every k > 1 and every F € L.

c3a
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Since L is a finite set, (4.2) says that, for every k, é;\[k] 4, H,, for
some random graph Hjy € Ly with P(Hy = F) = Et;yq(F,T) for F € L.
Since L, has the product topology, this implies é; 4 Hin L for some
random H € Lo with H| 4 Hy.

Conversely, if G, 4 Hin Lo, then é;“k} 4, H|[) so the argument
above shows that

Etina(F, Gn) = P(Gn|) = F) + o(1) = P(H|) = F)

as n — 0o, for every F' € Ly, and Theorem 3.1 yields the existence of some
random T € Us, C U with G, ~5 T and Etina(F,T) = P(H|py = F). O

5. EXCHANGEABLE RANDOM GRAPHS
A permutation o : N — N is finite if o(n) = n for all sufficiently large n.

Definition. A random infinite graph H € L is exchangeable if its distri-
bution is invariant under every finite permutation of the vertices.

Lemma 5.1. Let H be a random infinite graph in L. Then the following
are equivalent.

(i) H is exchangeable.
(ii) Hl|p has a distribution invariant under all permutations of [k], for
every k > 1.
(iii) }P’(Hl[k] = F) depends only on the isomorphism type of F', and can
thus be seen as a function of F' as an unlabelled graph in Uy, for
every k > 1.

Proof. (i) = (ii). Immediate.
(ii) = (i). If o is a finite permutation of N, then o restricts to a per-
mutation of [k] for every large k, and it follows that if H o o is H with the

vertices permuted by o, then, for all large k H o ol = H|p oo 4 Hy,
which implies H | s

(ii) < (iii). Trivial. O
Theorem 5.2. The limit H is Theorem 4.1 is exchangeable.
Proof. H satisfies Lemma 5.1(iii). O

Moreover, Theorem 4.1 implies the following connection with random
elements of Uy..

Theorem 5.3. There is a one-to-one correspondence between distributions
of random elements I' € U, (or U*) and distributions of exchangeable ran-
dom infinite graphs H € Lo, given by

Etima(F.T) =P(H|jy = F) (5.1)
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for every k > 1 and every F € Ly, or, equivalently,
Et(F,I')=P(H D F) (5.2)

for every F' € L. Furthermore, H |, LT inll as n — .

Proof. Note first that (5.1) and (5.2) are equivalent by (2.5) and (2.6), since
t(F,T) = tij(F,T) by (2.10), and H D F' if and only if H|j 2 F when
Fe L.

Suppose that I' is a random element of Uss C U. Since U is dense in U,
there exist (as in the proof of Corollary 3.3) random unlabelled graphs G,

such that G,, =% T in U and thus v(Gp) 2% 50 and G, 4 Hence,
Theorems 4.1 and 5.2 show that C/?; 4, H for some random exchange-
able infinite graph H satisfying (5.1). Furthermore, (5.1) determines the
distribution of H|y for every k, and thus the distribution of .

Conversely, if H is an exchangeable random infinite graph, let G, =
H|,). By Lemma 5.1(ii), the distribution of each G, is invariant under
permutations of the vertices, so if G, is G, with a random (re)labelling,
we have é; 4 G,. Since Gy, 4, H in L (because L, has a product
topology), we thus have C/}; 4 Hin Loo, so Theorem 4.1 applies and

shows the existence of a random T' € Us such that G, —— T and (5.1)
holds. Finally (5.1) determines the distribution of I" by Corollary 3.3. [

Remark 5.1. Moreover, H \[n] converges a.s. to some random variable I' €
Uso, because tina (F, H|y)), n > v(F), is a reverse martingale for every I € .
Alternatively, this follows by concentration estimates from the representa-
tion in Section 6, see Lovasz and Szegedy [19, Theorem 2.5].

Corollary 5.4. There is a one-to-one correspondence between elements I'
of Uso = U* and extreme points of the set of distributions of exchangeable
random infinite graphs H € Lo,. This correspondence is given by

t(F,T)=P(HDF) (5.3)
for every F' € L. Furthermore, H|[n] 25T inld as n — oo.

Proof. The extreme points of the set of distributions on Uy, are the point
masses, which are in one-to-one correspondence with the elements of U,. [

We can characterize these extreme point distributions of exchangeable
random infinite graphs as follows.

Theorem 5.5. Let H be an exchangeable random infinite graph. Then the
following are equivalent.

(i) The distribution of H is an extreme point in the set of exchangeable
distributions in L.

e2b

I hope you agree it is a
reverse martingale. Do
we need more details?
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(ii) If Fy and Fy are two (finite) graphs with disjoint vertex sets V (F}),
V(F3) C N, then

]P)(H O F UFQ) = ]P)(H D) Fl)]P(H D) F2)

(iii) The restrictions H|j) and H|j41,0) are independent for every k.
(iv) Let Fy be the o-field generated by H|j, o). Then the tail o-field
Mooy Fr is trivial, i.e., contains only events with probability 0 or 1.

Proof. (i) = (ii). By Corollary 5.4, H corresponds to some (non-random)
I' € U such that

P(H D F)=t(F,T) (5.4)
for every F' € £. We have defined £ such that a graph F € L is labelled
by 1,...,v(F), but both sides of (5.4) are invariant under relabelling of F’
by arbitrary positive integers; the left hand side because H is exchangeable
and the right hand side because t(F,T") only depends on F' as an unlabelled
graph. Hence (5.4) holds for every finite graph F' with V(F) C N.

Furthermore, since I' is non-random, Corollary 3.3 yields ¢(F} U F»,T') =
t(F1,T)t(F3,T). Hence,

P(H DU FQ) = t(Fl U FQ,F) = t(Fl,F)t(FQ,F) = P(H D Fl)]P(H D) FQ)

(ii) == (iii). By inclusion-exclusion, as for (2.3), (ii) implies that if
1 < k <l < oo, then for any graphs F} and Fy with V(Fy) = {1,...,k}
and V(F2) ={k+1,...,k+1}, the events H|y = Fy and H|gy1,.. 1y = F2
are independent. Hence H |[k] and H |{k,...7l} are independent for every [ > k,
and the result follows.

(iii) = (iv). Suppose A is an event in the tail o-field (2, F,,. Let F;:
be the o-field generated by H|,. By (iii), A is independent of F;; for every
n, and thus of the o-field F generated by |J F, which equals the o-field F;
generated by H. However, A € F1, so A is independent of itself and thus
P(A)=0or 1.

(iv) = (i). Let F € Ly for some k and let F,, be F' with all vertices
shifted by n. Consider the two indicators I = 1[H D F|and I,, = 1[H D F,].
Since I,, is F,-measurable,

P(H D> FUF,) =E(II,) =E(E(I | F,)I,). (5.5)

Moreover, E(I | F,,), n =1,2,..., is a reverse martingale, and thus
E(I | Fp) — IE(I U }'n) —EI
n=1
a.s. Hence, (E(I | F,) —EI)I, — 0 a.s., and by dominated convergence
IE((]E(I | Fo) — IEI)In) 0.

Consequently, (5.5) yields
P(H>S FUF,) =EIEI, +o(1) = P(H > F)P(H > F,) + o(1).

e70
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Moreover, since H is exchangeable, P(H D F U F,) (for n > v(F)) and
P(H D F,,) do not depend on n, and we obtain as n — oo

P(H > FUFy) =P(H > F)% (5.6)

Let I" be a random element of Uy, corresponding to H as in Theorem 5.3.
By (5.2) and (3.2), (5.6) can be written

Et(F,T)? = (Et(F,T))".

Hence the random variable ¢(F,I") has variance 0 so it is a.s. constant. Since
this holds for every F' € L, it follows that I' is a.s. constant, i.e., we can take
I' non-random, and (i) follows by Corollary 5.4. O

6. REPRESENTATIONS OF GRAPH LIMITS AND EXCHANGEABLE GRAPHS

As said in the introduction, the exchangeable infinite random graphs were
characterized by Aldous [1], see also Kallenberg [12], and the graph limits
in Uy = U* were characterized in a very similar way by Lovész and Szegedy
[19]. We can now make the connection between these two characterizations
explicit.

Let W be the set of all measurable functions W : [0,1]? — [0,1] and let
Ws be the subset of symmetric functions. For every W € Ws, we define
an infinite random graph G(oco, W) € Lo as follows: we first choose a se-
quence X1, Xo,... of i.i.d. random variables uniformly distributed on [0, 1],
and then, given this sequence, for each pair (i,7) with i« < j we draw an
edge ij with probability W (Xj, X;), independently for all pairs (7,j) with
i < j (conditionally given {X;}). Further, let G(n,W) be the restriction
G (00, W)|[n), which is obtained by the same construction with a finite se-
quence Xq,...,X,.

It is evident that G(oo, W) is an exchangeable infinite random graph, and
the result by Aldous [1] is that every exchangeable infinite random graph is
obtained as a mixture of such G(oco, W); in other words as G (oo, W) with a
random W.

Considering again a deterministic W € W, it is evident that Theo-
rem 5.5(ii) holds, and thus Theorem 5.5 and Corollary 5.4 show that G(oco, W)
corresponds to an element I'yy € Us. Moreover, by Theorem 5.3 and Re-
mark 5.1, G(n,W) — I'iy a.s. as n — oo, and (5.3) shows that if F' € Ly,
then

t(F,Tw) =P(F C G(k,W)) :/ [T Wi zj)da ... day. (6.1)
[0.11* 35k (F)

The main result of Lovész and Szegedy [19] is that every element of Uy, = U*
can be obtained as I'yy satisfying (6.1) for some W € W;.

It is now clear that the representation theorems by Aldous [1] and Lovész
and Szegedy [19] are connected by Theorem 5.3 and Corollary 5.4 above,
and that one characterization easily follows from the other.

777

and Hoover?
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Remark 6.1. The representation by W is far from unique. Clearly, any
measure preserving bijection o of [0, 1] onto itself transforms W into a func-
tion W7 with the same G(oo, W) and I'yy. For a precise result, see Aldous
[1]77?

Borgs, Chayes, Lovész, S6s and Vesztergombi [7] call an element W € W,
a graphon. They further define a pseudometric (called the cut-distance)
on W; and show that if we consider the quotient space 17\/\5 obtained by
identifying elements with cut-distance 0, we obtain a compact metric space,
and the mapping W — I'y yields a bijection WS — U* = Uy, which further
more is a homeomorphism.

Remark 6.2. As remarked in Lovasz and Szegedy [19], we can more gen-
erally consider a symmetric measurable function W : 82 — [0,1] for any
probability space (S, u), and define G(co, W) as above with X; i.i.d. ran-
dom variables in § with distribution p. This does not give any new limit
objects G(oo, W) or 'y, since we just said that every limit object is obtained
from some W € W, but they can sometimes give useful representations.

An interesting case is when W is the adjacency matrix of a (finite) graph
G, with § = V(@) and p the uniform measure on S; we thus let X; be i.i.d.
random vertices of G and G(n, W) equals the graph G[n] defined in Section 2.
It follows from (6.1) and (2.1) that t(F, 'y ) = t(F,G) for every F' € U, and
thus I'yy = G as elements of U*. In other words, I'y € Uy = 7(G), the
“ghost” of G in Uy, = U*.

Remark 6.3. For the asymptotic behavior of G(n, W) in another, sparse,
case, with W depending on n, see [3].

7. BIPARTITE GRAPHS

The definitions and results above have analogues for bipartite graphs,
which we give in this section, leaving some details to the reader. The proofs
are straightforward analogues of the ones given above and are omitted.

A bipartite graph will be a graph with an explicit bipartition; in other
words, a bipartite graph G consists of two vertex sets Vi(G) and V(G) and
an edge set E(G) C Vi(G) x Va(G); we let v1(G) = |[V1(G)| and v2(G) :=
|V2(G)| be the numbers of vertices in the two sets. Again we consider both
the labelled and unlabelled cases; in the labelled case we assume the labels
of the vertices in V;(G) are 1,...,v;(G) for j = 1,2. Let B, be the set
of the 2™"2 labelled bipartite graphs with vertex sets [ni] and [ng], and
let By, n, be the quotient set B{:jm = of unlabelled bipartite graphs with
ni and ngy vertices in the two parts; further, let B := Un11n2>1 BL and

ning
B:= Umm221 Brin,-

We let Glk1, ko] be the random graph in B,glkg obtained by sampling
k; vertices from V;(G) (j = 1,2), uniformly with replacement, and let,
provided k; < v;(G), G[k1, k2]’ be the corresponding random graph obtained
by sampling without replacement. We then define ¢(F,G), tij(F,G) and
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tind(F, G) for (unlabelled) bipartite graphs F' and G in analogy with (2.1)—
(2.3). Then (2.4)—(2.6) still hold, mutatis mutandis; for example,
u(F)* | va(F)?
201(G)  202(G)’
In analogy with (2.7), we now define 7 : B — [0, 1]® by

7(G) == ({(F,G))rep € [0,1]°. (7.2)

We define B* := 7(B) C [0, 1]® to be the image of B under this mapping
7, and let B* be the closure of B* in [0, 1]8 ; this is a compact metric space.

Again, 7T is not injective; we may consider a graph G as an element of B*
by identifying G and 7(G), but this implies identification of some graphs of
different orders and we prefer to avoid it. We let BT be the union of B and
some two-point set {*1,%2} and consider the mapping 7+ : B — [0, 1]B+ =
[0,1]8 x [0,1] x [0, 1] defined by

77(Q) = (T(G), Ul(G)_l, UQ(G)_l). (7.3)

[t(F. G) — twj(F, G)| < (7.1)

Then 7+ is injective and we can identify B with its image 7+(B) C [0,1]8"
and define B C [0, 1]8+ as its closure; this is a compact metric space.

The functions t(F,-), tinj(F,-), tma(F,-) and v;(-)7L, for F € B and j =
1,2, have unique continuous extensions to B.

We let Boooo := {G € B : v1(G) = v2(G) = oc}; this is the set of all
limit objects of sequences (Gj,) in B with v1(Gy),v2(Gp) — co. By (7.1),
tinj(F, G) = t(F,G) for every G € Byoo and every F' € B. The projection
7 : B — B* restricts to a homeomorphism Bageo = B*.

Remark 7.1. Note that in the bipartite case there are other limit objects
too in B; in fact, B can be partitioned into B, Baoeo, and the sets Bpoo, Boons
for n = 1,2,..., where, for example, B, is the set of limits of sequences
(Gy,) of bipartite graphs such that ve(G,,) — oo but v1(G,,) = ny is constant.
We will not consider such degenerate limits further here, but we remark that
in the simplest case n; = 1, a bipartite graph in lS'ln2 can be identified with
a subset of [ng], and an unlabelled graph in Bjj,, thus with a number in
m € {0,...,ns}, the number of edges in the graph, and it is easily seen that
a sequence of such unlabelled graphs with no — oo converges in B if and
only if the proportion m/ny converges; hence we can identify B, with the
interval [0,1].

We have the following basic result, cf. Theorem 2.1.

Theorem 7.1. Let (G,) be a sequence of bipartite graphs with vi(Gy),
va(Gp) — 00. Then the following are equivalent.

(i) t(F,G,) converges for every F € B.

(11) th(F G,) converges for every F € B.

iil) tina(F, Gp) converges for every F € B.
iv) G, converges in B.
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In this case, the limit G of Gy, belongs to Boooo and the limits in (i), (iii)
and (iii) are t(F,G), tinj(F, G) and ting(F,G).

For convergence of random unlabelled bipartite graphs, the results in
Section 3 hold with trivial changes.

Theorem 7.2. Let G,, n > 1, be random unlabelled bipartite graphs and

assume that v1(Gp), v2(Gpn) —= 0o0. The following are equivalent, asn — oo.

(i) Gn 4r for some random T’ € B.

(ii) For every finite family Fi, ..., Fy, of (non-random) bipartite graphs,
the random variables t(Fy, Gy), . .., t(EFy, Gy) converge jointly in dis-
tribution.

(iii) For every (non-random) F € B, the random variables t(F,Gy,) con-
verge in distribution.

(iv) For every (non-random) F € B, the expectations Et(F,G,) con-
verge.

If these properties hold, then the limits in (i), (iii) and (iv) are (t(F;,T))
t(F,T") and Et(F,T), respectively. Furthermore, I' € Bogoo a.5.
The same results hold if t is replaced by tinj or ting-

m
=1’

Corollary 7.3. Let G,, n > 1, be random unlabelled bipartite graphs such
that v1(Gy,), v2(Gr) L, 0, and let G € Boos. The following are equivalent,
as n — oo.
(i) Gp, = G.
(ii) t(F,Gpn) == t(F,G) for every (non-random) F € B.
(iii) Et(F,Gp) — t(F,G) for every (non-random) F € B.
The same result holds if t is replaced by tinj or ting-

As above, the distribution of I' is uniquely determined by the numbers
Et(F,T'), F € B.

Let BL . denote the set of all labelled infinite bipartite graphs with the
vertex sets V1(G) = Vo(G) = N. BL _ is a compact metric space with the
natural product topology.

If G is a bipartite graph, let G be the random labelled bipartite graph
obtained by random labellings of the vertices in V;(G) by the numbers
1,...,vj(G), for j = 1,2. This is a random finite bipartite graph, but we
can also regard it as a random element of BL __ by adding isolated vertices.

Definition. A random infinite bipartite graph H € BL _ is exchangeable if
its distribution is invariant under every pair of finite permutations of V;(H)
and Va(H).

Theorem 7.4. Let (G,,) be a sequence of random graphs in B and assume
that v1(Gy),v2(Gr) == co. Then the following are equivalent.

(i) Gp LT inB for some random T € B.

(i) Gn - H in BL __ for some random H € BL .
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If these hold, then P(H |, x[ky) = F) = Etina(F,T) for every F' € Blﬁkz‘
Furthermore, I' € Boooo a-S., and H is exchangeable.

Theorem 7.5. There is a one-to-one correspondence between distributions
of random elements T' € By (or B*) and distributions of exchangeable
random infinite graphs H € BL _ given by

Etina(F,T) = P(H |jg,x[ks) = F) (7.4)
for every ki,ko > 1 and every F € B,%le, or, equivalently,
Et(F,I')=P(H D F) (7.5)

for every F € BY. Furthermore, H|[n)%[na] 4T in B as ni,ng — 00.

Corollary 7.6. There is a one-to-one correspondence between elements I'
of Boooo =2 B* and extreme points of the set of distributions of exchangeable
random infinite graphs H € BL .. This correspondence is given by

t(F,T)=P(HDF) (7.6)
for every F € BY. Furthermore, Hn11x[ne] LT in B as ni,ne — oo.

Remark 7.2.  We have not checked whether H|(, |y [n,) 2% T in B as
ni,mg — oo. This holds at least for a subsequence (ni(m),n2(m)) with
both n1(m) and nz(m) non-decreasing because then tinj(F, H|j,,)x[ny)) 18 @
reverse martingale.

Theorem 7.7. Let H be an exchangeable random infinite bipartite graph.
Then the following are equivalent.

(i) The distribution of H is an extreme point in the set of exchangeable
distributions in BL .

(ii) If Fy and Fy are two (finite) bipartite graphs with the vertex sets
Vi(F1) and V;(Fy) disjoint subsets of N for j = 1,2, then

IP)(H DO UFQ) = P(H D) Fl)IP)(H D) Fg)

The construction in Section 6 takes the following form; note that there
is no need to assume symmetry of W. For every W € W, we define an
infinite random bipartite graph G(oo,00, W) € BL _ as follows: we first
choose two sequence X1, Xo,... and Y7,Ys,... of i.i.d. random variables
uniformly distributed on [0, 1], and then, given these sequences, for each
pair (i,7) € N x N we draw an edge ij with probability W (X;,Yj), in-
dependently for all pairs (7, ). Further, let G(ny,ng2, W) be the restriction
G (00,00, W)|[n,]x[ny)» Which is obtained by the same construction with finite
sequences Xi,...,Xyn, and Yi,...,Y,,.

It is evident that G(oo,00, W) is an exchangeable infinite random bi-
partite graph. Furthermore, it satisfies Theorem 7.7(ii). Theorem 7.5 and

Do we care about this?
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Theorem 5.5(iii) and (iv)
correctly
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Corollary 7.6 yield a corresponding element I'f;, € Boooo = B* such that
G(nla n?) W) L} ng as n17n2 — OO a,nd’ fOI‘ every F c B]%lka,

t(F,T) = /[0 o H W (z;,yj)dey ... dag, dyy ... dyk,.  (7.7)
: ijER(F)

The result by Aldous [1] in the non-symmetric case is that every ex-
changeable infinite random bipartite graph is obtained as a mixture of such
G (00,00, W); in other words as G(o0, 0o, W) with a random W.

By Theorem 7.5 and Corollary 7.6 above, this implies (and is implied by)
the fact that every element of B equals '}, for some (non-unique) W € W;
the bipartite version of the characterization by Lovasz and Szegedy [19].
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