
1 STAT 205B homework 7 solutions

Problem 8.6.1. (Durrett). Condition on (U, V ) = (u, v), and use Exercise 8.5.4 and the

fact that B(TU,V )
d
= X.

Problem 8.6.2. (Durrett). Use the fact that for ψ(ω) := max{ω(t) : 0 ≤ t ≤ 1}−min{ω(t) :
0 ≤ t ≤ 1}, ψ : C[0, 1]→ R is continuous and Donsker’s theorem.

Problem 8.6.3 (Durrett). (i)Since the Brownian motion has continuous sample paths, as
n→∞,

n−1

n∑
m=1

Bm/n →
∫ 1

0

Btdta.s.

and hence also in distribution. Now,

An := n−1

n∑
m=1

Bm/n = n−1

n∑
m=1

(n+ 1−m)(Bm/n −B(m−1)/n).

Hence,

An ∼ N(0,
n(n+ 1)(2n+ 1)

6n3
).

Since Var(An) → 1/3, hence An → N(0, 1/3) (applying Scheffe’s theorem for example, since

the densities converge pointwise). Thus
∫ 1

0
Btdt ∼ N(0, 1/3).

(ii) Let Yn,m := n−3/2(n + 1 −m)Xm. Then for each n, Yn,m, 1 ≤ m ≤ n are independent
and EYn,m = 0. Also,

n∑
m=1

EY 2
n,m = n−3

n∑
m=1

(n+ 1−m) =
n(n+ 1)(2n+ 1)

6n3
→ 1/3.

Lastly, since |Yn,m| ≤ n−1/2|Xm|, for all ε > 0,

n∑
m=1

E(Y 2
n,m1(|Yn,m| > ε)) ≤

n∑
m=1

n−1E(X2
m1(|Xm| > n1/2ε)) = E(X2

11(|X1| > n1/2ε))→ 0

by dominated convergence theorem. Hence by Lindeberg-Feller CLT,
∑n

m=1 Yn,m ⇒ N(0, 1/3).

Problem 1. This is solved in Example 8.4.2 of Durrett.

Problem 2. Follows from Lemma 4.3.9 of Durrett.
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