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Problem 8.
Let (Y,; —0o0 < n < 00) be the stationary time-reversed chain. Then the initial position of
the cat and the mouse is Y. The mouse jumps to Y_;, and we are interested in

T=min{n >0:Y, =Y_,}.

By stationarity T’ L 7~ 1 for
T* =min{n >1:Y, =Yy}
But by conditioning on the initial state
« . . L1
ET* = ;W(Z)Ezﬂ = ;W(@)m = |9S]
and so ET = |S| — 1.

Problem 9.
(a) The fact that P(Ag,) depends only on n — k is trivial from stationarity, and using this

P(XoeB,Tg>n)=P(Xo€B,X1¢B,...,X,.1¢ B)

(A1 -1\ Aon—1) = P(A1n-1) — P(Ag 1)
(Alm—l) - P(Al,n) = P(Alm—l \ Alm)

(X1 ¢B,...,X,1¢ B,X,, € B)y=P(Tg =n).

|l
T T

T()ET, =7() Y P(Ty>n) =Y P(Xo=i,T;>n)=> P(T; =

n=1 n=1

where P denotes the probability measure corresponding to the stationary chain, and we are
using the result of part (a) for B = {i}.

(c)

ET? ) -
BT = r()ET? = 7(i ;Qn—l (T; > n)
:ZQn—l (Xo=4,T;>n)=> (2n—1)P(T; =n)
= n=1
=2 nP(T;=n)-» P(T;=n)=2ET, 1
n=1 n=1
E,T,
ZQEW(J)EJEA 2232@@-1



Problem 10. (a) Using the notation z;; = > - (p"(i,7) — 7(j)) from class, and the lemma
W(])Ezjjj = Zjj — Rij, W€ have

zj:ﬁ(j)EiT:Zz” i ) Zz” ZZ”
_ZZH ZZ Zz“ ZZ m(j))

n=0 j
=25 > -1 =25
n=0
where we used absolute convergence to interchange the sums.
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(b) Take the following simple chain on {0,1}: P = ( L0

E()TQ = O, E()Tl = 2, ElTQ == 1, E1T1 =0 and

ZT{'Z’EZ'TO = =
> mET = !

). Then 7 = (2/3,1/3),

Problem 11.

Note that g(X,) is a submartingale, and ¢(j) < E,;g(X;) for some j. Let 7" = min{n >
1|X,, = j}. Then g(j) = E,;9(Xr) < E;9(X1), so ET = oo, which would contradict the optional
stopping theorem if ET < oo held (along with condition (b)). Thus, ET = oo, that is, the
chain is not positive reccurent.

An example which is null-recurrent is the simple symmetric random walk on the non-negative
integers with Fy_,; = 1 and with ¢g(i) = 4. (j = 0 in this case.)

Problem 12.
(i)
B () [Xo = i) = A0 Y pi () = A7)

by the assumption, for every state 7.

(ii)Let M, := A" f(X,,). It suffices to show that for any # > 1/\ there is at least one state
1 for which

E[QTb|X0 = Z] = OQ.

Assume to the contrary that all these conditional expectations are finite for some 6§ > 1/A\.
then we claim that f(i) = E;M,,.

Since

f@@) = EiMppn = f(O)E;(A"1(1, < n)) + Ej(M,1(1 > n)).

By the assumption that E;0™ < oo, P;(m, > n) < CO~". Since the state space if finite, and
6 > 1/), the second term goes to zero as n — oo.
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Since from assumption it follows that E;A™™ < oo, by DCT, the first term goes to f(b).
This proves the claim that

EiATF(0)] = f(2). (1)
Now, if f(b) = 0, then f(i) = 0 for every ¢ which contradicts the assumption that f is non-

constant. Otherwise, we can assume that f(b) > 0. Then (1) implies that f(i) > 0 for every .
Let i* = argminf (7). Then

167 < S pisf G) = M)
J
leads to contradiction, since A < 1.

Problem 13.
If A, is the average position of the B particles after n steps, then it is easy to see that

E[Au|X,)

B
= A,1{there is no O0-jump at step n+ 1} + ﬁAnl{there is a O0-jump at step n + 1}
1
=A, (1 + ﬂl{there is a 0-jump at step n + 1}) :

This easily implies that (%)7% A, is a martingale, where N,, is the number of 0-jumps
made up to step n. Using the optional stopping theorem with the stopping time when all the
particles reach state K we get

B \ N
E(—— K =i.
(571) *-o
To get a bound for EN, observe that

. N

o 1 N EN
Lop(1-=) >E(1-2)=1-"2
K E( B) —E( B) B’

EN > B(1 —iy/K).

which implies



