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Problem 6.6.6 (Durrett).
Let Ty = 0, and 17, T5, ... be the successive hits to y. Let
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Then Ry, Ry, ... areiid. Let Z,, = Ry+...4+ R, so Z,/n = Ry/n+(R1+...+R,,) /n converges to the
expected number of hits to z between successive visits to y by SLLN. This equals m(z)/m(y).
Let I(n) be a random index so that T,y < n < Tymy+1. Then
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and both sides converge to m(z)/m(y) a.s
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Problem 6.6.7 (Durrett).
(i) is easy, for (ii) set b, = >, _, Pp(y, 2) and a,, = p"™(x,y). The partial sums s, = > " | @y,
diverge. Also, b, T b:=m(z)/m(y). Using part (i) we can write
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The first term < (b +1)/s, — 0, so it suffices to prove that the second term, which we
denote by b, converges to b. If we set k, so that k, — oo but (s, — ky)/s, — 1, then

n—kny
Z] 1 a]b’n] >Sn—]€n

Sn Sn

b>

(=l
3

Problem 5.
We have to show that m(y) = >, s 7(2)p(2,y), that is,
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Using the definition of p, we have
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by the Markov property. If y ¢ B, this equals p(x,y) which proves (1). If y € B, then

Y P(Xon1=y.Ts>n)=> Pu(Xo1=yTp=n+1)=P(Z1 =vy)



so the RHS of (1) is
> #(@)Pu(Z =y) = #(y)
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because 7 is the stationary distribution of Z. This proves (1) noting that for y € B u(x,y) =
1{zx =y}.

Problem 6.

First, if in some generation the number of people X has Poi(\') distribution, then in the
next generation the number of people Xy, is the sum of the number of survivors, which has
Poi((1—p)\') distribution (Poisson thinning), and the number of immigrants (with distribution
Poi())), so Xgxi1 ~ Poi((1 — p)N + A). Hence, if we start from X, ~ Poi()\g), then the
distribution of X, will be Poisson with parameter
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which converges to A/p, so the distribution of X, converges to the Poi(A/p) distribution (inde-
pendently of \).

If we start with an arbitrary distribution for X, we can either argue that (Xj) is an ir-
reducible aperiodic Markov chain on the non-negative integers, and we just found that its
stationary distribution is Poi(A/p), or we can deal with the survivors from the first generation
and all the rest of the people (new immigrants and survivors among the earlier immigrants)
separately. The number of the former tends to 0 a.s. (everyone dies at some point), while the
number of the latter is exactly what we calculated above (starting from a Poi(A) number of
first generation immigrants). In either way, we see that the distribution of X, converges to
Poi(\/p) regardless of the initial distribution.

Problem 7.
(a) Using that A = [X,,, = k ultimately] is a tail event:

P(Xn-‘,-l = in—i—la AvXn = lp,..Xo = ZO)
P(A, X, = i, . Xo = io)

P(Xn+1 = Z.n+1|Xn = lp, - Xo = 10, A) =

P(Xn+1 — in+17 A’Xn — in7 ..XO — ’lo) _ .Pin(Xl — in—i—l; A)
This depends only on 7,, so X is Markov.

(b)
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Let m; = P;(A). Then mo =0, mg =1 and

m; = Pi,i+1Pz'+1(A) + Pz',i—lpz‘—l(A) = 2/3mi+1 + 1/37”2‘—17 1=1,2,...  K—-1
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Solving this recursion gives m; = ;- for 1=0,1,..., K. Hence,
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lforj=i=K,
0 otherwise.
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P, (min,>oX, > i) = 0 otherwise.
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