Solution for HW 1

1. Assume that 7, v, yu are probability measures on (5, S) satisfying 7 < v < p. On one
hand, 7 < p implies that 7(A) = [, Z”dz/ for all A € S. On the other hand, v < pu gives
that fs fdv = fs f g”du for all measurable f > 0. In particular, take f =1 Ad” for some
A € S, we obtain

d dr d
m(A) = Ty = —W—Vdu
4 dv 4 dvdp
Thus 7 < p. By uniqueness of RN derivative, we have Z—Z = Z—I’IZI—Z a.s.

2. Since Sy is nice, we can reduce the problem to the case where S5 = R. Denote A :=
{z;Q*(z,B) = Q(x,B) for all B € S} and A, := {z;Q*(z, (—o0,7)) = Q(z, (—o0,r))} for
all r € Q. We have then A NregAr by appealing to m — A argument. Note that for fixed
B e S, i(Ax B) = [, Q(x,B)du(z) = [, Q*(x, B)du(x) for all A € S;. It is immediate
that Q(m,B) Q*(z, B) pp ae. In partlcular, p1(A°) = 1 (UregAy) < D0 cq (A7) = 0.
Therefore, uy(z; Q*(x, B) = Q(x, B) for all B € S;) = 1.

3. Denote X the random variable with the distribution function F'. The we have
/ F(.T + C) — F(l’)dZE = / E1x<X<x+CdZU (i) ]E/ 1X—c§x<Xd-T = C,
R R R

where (%) is due to Tonelli-Fubini theorem.

4. Fix a € R. Observe that f(z,u) < a < g(u,z) := u — Q(x,(—00,a]) < 0. Remark
that ¢ is product measurable as the sum of two (product) measurable functions. Thus, the
inverse distribution function is product measurable.

5. For 1 <i < j < 3, define the probability measures j;; on {0, 1}? such that p;;({0} x{1}) =
i ({1} x {0}) = % and p;;({0} x {0}) = p;;({1} x {1}) = 0. Obviously, the consistency
condition (2) is satisfied with 4;({0}) = y;({1}) = 3 for ¢ = 1,2, 3. However, there is no
triple (Xi, X5, X3) such that p;; is the joint distribution of (X;, X;) since with probablity
1, X1, X5 and Xj are pairwise different. This contradicts with the fact that only 2 values (0
and 1) are accessible for three random variables.

6. We use extensively the “conditioning" interpretation of conditional independence. Let
f be a bounded measurable function. X and Y are conditionally independent given Z

means that E(f(X)|Y, Z) © E(f(X)|Z). X and Z are conditionally independent given F

suggests that E(f(X)|Z) = )
expectation,

E(f(X)|F) since F C o(Z). By tower property of conditional

E(f(X)|Y, F) = EE(f(X)|Y, 2)|v, F] © EE(f(X)|F)|Y, F] = E(f(X)|F),

where (#) follows (%) and (*x). Therefore, X and Y are conditionally independent given F.



