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Lecture 1

August 25

1.1 Measure Theory (MT): Conceptual Overview

MT is useful because the definitions from measure theory can be adapted for probability theory. The fresh-
man definition of a random variable (RV) is an object with a range of possible values, the actual value of
which is determined by chance. In MT, a RV is a measurable function.

We have already seen:

e Precalculus: ) f(n)

e Calculus 1: f; f(x)dz
e Calculus 2: [[ f(z,y)dzdy
e Probability: FX

MT provides the abstract integral, f — I(f) (a definite integral), which unifies the above concepts. MT also
answers questions such as: if f,, = foo (in some sense), does I(f,) = I(fo)?

“Pick a point x uniformly at random in the unit square.” In basic probability theory, the answer is

area(A)
1

Pz e A) =

However, we need MT in order to formalize “area(A)”.

1.2 Abstract Measure Theory

Denote the universal set by S.

A, B, and C denote subsets of S.

A,B,C,...,F,...S denote collections of subsets. For example, we can have F = {&, A, B, S}.
An element of S is denoted by s € S.

Definition 1.1. S is a field (or algebra) if S is closed under Boolean operations. That is,
1. If A,B €S, then AN B,AU B, A\B, ... must be in S.



LECTURE 1. AUGUST 25 5
2. S is non-empty.

F={2,5} is afield. F={a,A,A°,S} is a field.
Exercise. To determine whether a collection is a field, it is enough to check:

e AcS = A°€eS

e ABeS = AUBEeS
Let S be fixed.

Lemma 1.2. If S, and Ss are fields, then Sy NSy is a field.

More generally, if {Sp : 0 € ©} is any collection of fields in S, then (Nycgq So is a field.

The above statement is not true for S; U Ss.

Definition 1.3. Let A be any collection of subsets of S. Then

FAHE N F

F a field
FOA
is a field by (1.2).

F(A) is called the field generated by .A.

Ezercise. “F(A) is the collection of subsets that can be obtained from sets in A via a finite number of
Boolean operations.”

Example 1.4. Let S = R! and A be the collection of intervals (—oco,z], x € R.

Then F(A) is the collection of finite disjoint intervals in R!.

Example 1.5. Let S = [0,1]? and A be the collection of rectangles (1, 2] X (y1,ys].

Then F(A) includes finite unions of connected areas which are made up of finite numbers of horizontal
and vertical lines.

Definition 1.6. S is a o-field (o-algebra) if
1. S is a field.

2. S is closed under countable unions and under countable intersections. (If A; € S, 1 < i < oo, then
U; 4; and ), A; are in S.)

Exzercise. For 2, it is enough to prove closure under increasing unions: If A; € S, A1 C Ay C A3 C ---, then

Lemma 1.7. If §; and S are o-fields, then S1 NSy is a o-field.

More generally, {Sg : 0 € O} is any collection of o-fields in S, then (\yecq So s a o-field.
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However, there is no useful explicit description of a o-field.

Ezercise. On R or R?, the Borel o-field is the same o-field generated by the d-dimensional cubes

(xlayl] X (56'2,?/2] X X (-'l?d7yd]-



Lecture 2

August 30

2.1 Measurable Functions

Last time, we talked about a measurable space (S,S).
If S is a topological space, we use B = o({open sets}) as S, in particular for S = R.

Take sets S7,.52 and a function f : S; — Ss. For A C S, we can define f(A) = {f(s1) : 51 € A} C Sy. For
B C Sy, we can define f~1(B) = {s1 : f(s1) € B} C 5.

e f~! commutes with Boolean operations and monotone limits:

fTH BN By) = f71(By) N fH(Ba) (2.1)
! (U Bn) =UJr s (2.2)

Note: Given f:S; — S, given Sy, then {f~1(B) : B € So} is a o-field on S;.

Take two measurable spaces (51,S2) and (S2,Ss).

Definition 2.1. A function f :S; — S5 is measurable if

fHB) €S, VBES, (2.3)

Lemma 2.2. To check if f is measurable, it is sufficient to check (2.3) for all B € B, where B is some
collection such that o(B) = Ss.

Proof. Consider {B C Sy : f~1(B) € 8;}. This is a o-field because of 2.1 and 2.2 and is a subset of B.
If a o-field S is a subset of a collection B, then S D o(B). Hence, this is a subset of o(B). O

Lemma 2.3. If Sy, S5 are toplogical spaces and f : S1 — Sy is continuous, then f is measurable.

Proof. A function f is continuous if and only if f~1(G5) € {open sets in S;}, where G is open in S,.
Then 2.2 implies that f is measurable with respect to o({open sets in S1}) = ;. O
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Lemma 2.4. If S = R, it is sufficient to check f~1((—o0,z]) € S; Vo € R.

Lemma 2.5. Suppose h:S; — Sz and g : So — Sz, with f(s1) = g(h(s1)). If g and h are measurable,
then f = g o h is measurable.

Lemma 2.6. Suppose f; : (S,S1) — R is a measurable function, 1 < i < d. Suppose g : R — R is
measurable. Then g(f1(s1), f2(s1),- .., fa(s1)) is a measurable function S — R.

Proof. Apply 2.5 to (S1, R4 R) and h(s1) = (f1(s1),---, fa(s1)). All we need to prove is that h : S — R¢
is measurable. Use the fact that

B? = Borel o-field on R? = o-field generated by {(—00, z1] X (=00, z3] X --- X (=00, 4]} = B

d

WU (B)=({s1: fils1) Cai} €S

i=1
We are done by 2.2. O

Corollary 2.7. If f; : S — R are measurable, then fi + fa, f1f2, and max(f1, fo) are measurable.

Proof. The functions g(z1,z2) = x1 + x2, g(x1,22) = 122, and g(z1, o) = max(zs, z3) for z; € R are
continuous, which implies that the functions are measurable. O

Reminder: Let R = [~00, oc]. For arbitrary z,, € R, 1 <n < oo, limsup,, z,, exists in R.

lim sup z, = limsup z,
N—oo >N

lim inf z, = liminf z,
N—ocon>N

lim,, x,, exists iff lim sup z,, = lim inf x,,.

Lemma 2.8. Given measurable f; : S — R, 1 < i < oo, define f*(s) = limsup,,_, . fn(s) and f.(s) =

liminf,  fn(s). Then f* and f. are measurable functions S — R.

Proof. Consider

{s :limsup fr,(s) < x} ={s: fn(s) < x4+ 1/i ultimately (for all sufficiently large n), for each i}

n

: fn(8) < a+ 1/i ultimately}

I
.8
C

N
I
—

I
3

&
Il
—

T T3

—

{s: fu(s) <z+1/iVn > N}

—

Il
3

s
I
—

{s: fn(s) <z +1/i} O
es

3
1D
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2.2 On R-Valued Measurable Functions (5,S) — R

For A € S, the indicator function
1, s€A

La(s) = {0 s¢ A

is a measurable function.

Given real numbers ¢;, 1 < i < n and given a partition (4;,1 < i < n) of S into measurable sets, define
f(s) =>_,cila, = ¢; for s € A; (a “simple function”).

Lemma 2.9. Let h: S — [0, L] be measurable. Fori > 1, define

0 < hi(s) = max{; : 21 < h(s)} — 2-1|2h(s)| < h(s)

320

Then h;(s) 1 h(s) as i — oo, and each h; is a simple function.
Proof. “Obvious”. O

2.3 Measures
Take a measurable space (5, S).
Definition 2.10. A measure p is a function u : S — [0, co] such that
1. (@) =0
2. For countable disjoint 4; € S, p(lU; 4:) = >, u(4;) < .
Condition 2 is countable additivity.
o If u(S) =1, we call 4 a probability measure.
o If 4(S) < o0, call i a finite measure.

e If 35, T S such that u(S,) < coVn, then u is a o-finite measure.
2.3.1 Elementary Properties
o If AC B, then u(A) < u(B).
o (AU B) < pu(A) + u(B)
e For a probability measure, u(A¢) =1 — u(A).
2.3.2 Monotonocity
If A, T A, then u(A,) T u(A) <co. If A, | A and p(A,) < oo, then p(A,) | p(A).

“Continuity”: If A4,, | @, if some p(A,) < oo, then p(A,) | 0.
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3.1 Probability Measure p on (S5,S)

o u(@)=0
e For disjoint (4;,1 <i < o0), A; €8,

p <U Ai> = ZN(Ai% 0<uA4)<1

Take the case of S ={0,1,2,...} and S = all subsets of S.

e Given pg, p1,p2,-.. > 0, with
(3.1)

Zpizl

Define, for A C S, u(A) = >,c 4 pi- This p is a probability measure (PM).
e Given a PM g on this S, define p; = u({¢}) and (3.1) holds.

Consider a set S and let A and C denote classes of subsets of S.
Call A am-classif Aj,Ao e A = A1 NAy e A

Call C a A-class if

1. SecC
2. fA,Be(C,if AC B, then B\ A€eC.

3. If A, €C,if A, T A, then A € C.

Lemma 3.1 (Dynkin’s 7-A Class Lemma). If C is a A-class, if A is a m-class, and if C D A, then
C2o(A).

Proof. See text for proof. O

Lemma 3.2 (Identification Lemma for PMs). If uy and po are PMs on (S, S), if p1(A) = p2(A)VA € A,
if Ais a w-class, and if S = o(A), then uy = s (u1(B) = ua(B)VB € S).

10
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Proof. Consider the collection C = {A : pui(A) = pa(A)}, so C 2 A by hypothesis. To apply 3.1, we
only need to check C is a A-class (clear from the definition of a PM). O

Theorem 3.3. o There exists a o-finite measure A on (R, B') such that A\([a,b]) = b — a for all
—00 < a<b< oo. This is the Lebesgue measure on R (“length”).

e There exists a PM Ay on [0,1] such that A\i([a,b)) = b—a for all 0 < a < b < 1. This is the
Lebesgue measure on [0,1] or the uniform distribution on [0, 1].

Proof. See text for proof. O

Consider f : (S1,81) — (S2,8S2), a measurable function. We know that for B € Sa, f~1(B) € S;. Given a
PM p on (S1,82), we can define a PM [i on (S2,S2) by

A(B) = p(f~1(B))

This /i is a PM because f~! commutes with Boolean operations.

3.2 Probability Measures on R!

Given a PM p on R, define F(x) = pu((—o0,z]). This F has the properties

e increasing: 1 < xy = F(x1) < F(x2)

e right-continuous: if z, | x, then F(z,) | F(zx)

e lim, oo =1 and lim,, o F(z) =0
A function F' with these properties is called a distribution function.

Theorem 3.4. Given a distribution function F, there exists a unique PM p such that
F) = pl(—o0,a]) Ve

Undergraduate Version. Take U a RV Uniform[0, 1]. Then F~1(U) is a RV with distribution function F.

Define G (a version of F~1):
G(y) =sup{z: F(z) <y}, 0<y<1
=inf{z: F(x) > y}, 0<y<1

G is increasing, so GG is measurable. For each z:

G ((—o0,a]) ={y: G(y) <2} ={y 1y < F(2)} = [0, F(2)]
The “push-forward” lemma says that there exists a PM f on R such that

fi((—00,2]) = M (G™H((—00,2])) = Ai([0, F(2)]) = F(a)

3.3 Coin-Tossing Space

Take a 2-element set B = {H,T} or {0,1}.

The infinite product space B® = BY is the set of all b = (by,ba,b3,...), b; € B. Given a finite string
m=(m,...,7), T € B, the length is n = |7|.

Set Ar € B>, where Ax = {b: (b1,...,bjx|) = (71, , T|x|) }-

Define a o-field B> on B> as o(all A;; 7 a finite string).
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Theorem 3.5. There exists a PM u on (B®,B%°) such that

1
1(Az) = o v

Conceptual Point. This theorem is equivalent to the theorem that \; exists.
The binary expansion of real € (0,1) (for example, £ = 0.110110010001. .. ) is given by

1, if 2%z is odd
x = 0.by(x)ba(x)b3(x) ..., bi(x) = o
0, if 2°z is even

The function x +— b;(x) is measurable.

Define ¢ : [0,1] — B> by g(z) = (b1(2),b2(x),...). It is easily checked that g is measurable. Use the
push-forward lemma to set a PM p on B> with

on’ on on

WA = M{z:g(x) € A)) = { k k+ 1) _ an

for some k, if |7| = n.

Given p on B, define h : B* — [0, 1] by
h(k) = 27",

The push-forward is A;.
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4.1 Abstract Integration (MT Version)

Setting. Let p be a measure (finite or o-finite) on (5, S).

Let H4 be the set of measurable h : S — [0, 00].
Theorem 4.1 (Basic Theorem). There exists a unique map I : H, — [0, 00] such that
1. I(14) = p(A), VA€ S
2. I(h1 + ho) = I(h1) + I(h2), Yh; € H
3. I(ch) =cI(h), YVh € Hy, Ve >0
4. If0 < hp t h € Hy, then I(hy,) T I(h) < o0

Background. h — ffooo h(x) dx will be the case S = R, y is the Lebesgue measure.

In practice, we write

10) = [ han= [ b (as)

[ han [ () d
A S

These are definite integrals. We associate integrals with the area under curves. The area of a rectangle of
height ¢ and length p(A) is cu(A) = ¢ [g1adp.

For A€ S,

Steps:
1. Define I(14) = u(A).
2. For simple h =, ¢;14,, define I'(h) =Y. c;u(4;).

3. For 0 < h < m, for m a constant, we can write h = lim, h,, with h, simple (2.9) and define
I(h) = lim, I(hy,).

4. For general h € H, set hy, = min(h, m), so hy, T h. Define I(h) = limp oo L (hm,)-

h(s):{oo, seA

Note: Consider

0, s¢ A
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where pu(A) = 0. Here, h,,(s) = min(h(s),m) =mly, so I(hy) =m - u(A) = 0. Then
I(h) = lim I(hy) =0

mToo
Notation. (Almost Everywhere)
hl = hg a.e.
means {s : hy(s) # ha(s)} has p-measure 0.
Notation. For z € R, z* = max(x,0) and z~ = max(—z,0). Thus, z = 2+ — 2™, |z| = 27 + 27, and

|z —y| < |z|+ [yl

Definition 4.2. A measurable h : S — R is integrable (w.r.t. u) if [¢|h|du < oo. For integrable h,
define I(h) = I(h*) — I(h™) (but finite).

Lemma 4.3. Suppose hy, ho are integrable.

~

. (Linearity) Forci,cy € R, h = ¢1hy+cohs, then h is integrable and [hdp = c1 [ hadp+co [ hodp.
. Ifh1 =0 a.e., then [ hydp=0.

. Ifh1 >0 a.e., then [ hydp > 0.

. Ifhi < hg ae., then [hydp < [ hodp.

| fhdp| < [|h]dp.

v ™ L

Proof. 5.

foole| oo
s o

:/(h++h*)du:/|h|du 0

4.2 Probability Theory (MT Version)

Freshman Version. A RV X is a quantity with a range of possible values, the actual value of which is
determined somehow by chance.

P(X < 4)is “the chance it turns out that X < 4”.
A probability space is
( Q , F , P)
~~

states of universe events, o-field on Q@ PM

Events A € F have probabilities P(A).
A random variable (RV) is a measurable function X : Q@ — (5,S) or often R.

For a measurable set B € S, {w: X(w) € B} is an event in F and so has a probability

P{w: X(w) € B}) = P(X € B)
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A given RV X : Q — (5,8) has a distribution (or law) p, defined by p(B) = P(X € B). Given a PM P
and the RV X, we obtain the push-forward PM pu.

Notation. By example: If X, Y, Z are R-valued RVs, we define almost surely (a.s.):

X?24+Y?*<Z+4 as. means P(X*+Y?<Z44)=1
PH{w: X?(w) +Y?(w) < Z(w) +4}) =1

Given R-valued RVs X,,, X,
X, —= X as. means PHw: X, (w) = X(w) asn — o0}) =1

Note: Given arbitrary R-valued X,,, 1 < n < oo, we can deifne X* = limsup,, X,, (X*(w) = limsup,,_, ., Xn(w))
and X™ is a RV.

Take a RV Y : (Q,F, P) — R. Then
E[Y] ":ef/ Y dP
Q

provided E|Y| = [,|Y]|dP < co. “Y is Q-integrable.”

4.2.1 “Change of Variable” Lemmas
Consider X : (2, P) — (5,8) and h: (S,S) = R.

Lemma 4.4. If h(X) is integrable, then Eh(X) = fs hdu for u = distribution of X.

Lemma 4.5. If v is a PM on R with density f, then thdl/ = ffooo h(z)f(z)dz, provided h is v-
integrable.

Proof. Consider the collection of h for which the stated equality is true.

1. Consider h =1p, B € S.
LHS = Fh(X) = Elxep = P(X € B) = u(B) = /1Bdu = RHS
2. Consider h =15, B C R.
LHS = /13 dv=v(B) = /Bf(x) dz = RHS (definition of density f(x) of v)
Go through the steps of the sketch proof of 4.1. Both sides of the equalities are integrals. Then:

true for 15 = true for simple h = true for bounded measurable h = true for integrable h

See the textbook: “monotone class theorem”. O

We can combine 4.4 and 4.5.

Lemma 4.6. Suppose X is R-valued, and its distribution has density f. Then Eh(X) = [ h(z)f(z)dz,
provided that h(X) is integrable.
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EX:/ f(z)dx

EX2:/

etc.

x
x

2 f(2) da

16



Lecture 5

September 8

5.1 Expectation (Undergraduate Version)

1. EX is the limit of (X1 + X2 + -+ + X,,)/n for IID RVs. We will prove this later as the SLLN.
2. EX is the fair stake for a random payoff X. This is the conceptual basis of martingale theory.
EX =3,iP(X =) or [zf(x)dz.

- W

En(X) =3, h(i)P(X =1i) or [h(z)f(x)dz. We checked these in MT (last class).
5. Abstract rules: E(X +Y) = FEX 4+ EY, even if X and Y are dependent.

5.2 Expectation & Inequalities (MT Version)
IfX:(Q,F,P)—R, then
EX d:ef/QX(w)P(dw) (5.1)

EX is well-defined if

1. E|X|< o0 (—o0 < EX < 00),

2. or 0 < X < oo, where 0 < FX < oo.
From the definition (5.1), we can use the properties of the abstract integral.

e El4=P(A)

o E(c1 X1+ c2Xs2) =c1EXq + oEXo

e Monotone convergence: If 0 < X; < X5 < X3 <--- 50 X, T X a.s. (holds for all w outside some
A, P(A) =0), then EX,, 1 EX,, < co. Consider 0 < X114c < Xolge <---. Then X, 14c T XoolaeVw
and FX,, = EX,14e.

o If X >0,if EX < oo, then P(X < o0) =1. If P(X < 00) = 1, it may not be true that EX < co. For
example, consider P(X = i) ~ ¢i~3/2,

Let X, Y be R-valued RVs.

Markov’s Inequality: If X > 0, FX < oo, then

E
PX>z)< —, 0<z<
x

17
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Chebyshev’s Inequality: If EX? < 0o, then var(X) = EX?—(EX)? = E(X—EX)? and 0 < var(X) < oc.
If var(X) < oo, then
var(X)

’
.132

P(IX —EX|>z) < 0<z<oo

Theorem 5.1 (General Form of Markov’s Inequality). Let ¢ : R — [0,00) be increasing. Then

Eg(X)
= ()

P(X > zx) —00 < < 00

provided that the quantity is not 0/0.

Proof. Define
0, <z
h(y) = { y

(,25(1'), yzx
50 h(y) = ¢(x)1(y>g). Then h(y) < é(y) Vy. Therefore,

B§(X) > Eh(X) = 6(2) Fl(xss) = $(@)P(X > 2) o
The “special” Markov’s inequality is the case of ¢(z) = 27 = max(0, z).

To prove Chebyshev: set Y = |X — EX| and ¢(z) = (7).

EY?  var(X)
< 22 2

PY > x)

x

Another case is to take ¢(z) = €% for a parameter 6 > 0.

<oo, O0<z<o0

This is called the Basic Large Deviation Inequality. The inequality is only useful if P(X > z) — 0
exponentially fast.

Suppose X ~ Poisson(A). Then EX = A and var X = A\. Taking > A, Markov gives P(X > z) < A\/z and
Chebyshev gives P(X > x) < A/(x — \)%2. We have

0i ,—X yi
e’e M\ _
EeX = Z = X exp(Ae?)
Minimizing this, we obtain 0 = —x + Ae?. Take 6 with e = x.
PX>zx)< igfexp(—@x — A+ 2xe?)

= exp (—zlog% —/\+1:)

Theorem 5.2 (Cauchy-Schwarz Inequality).

[E(XY)| < V(EX?)(EY?)
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Proof. (Trick!)
a >0,a:c2+2bx+02 0Vz < b2 < ac

E(X+zY) =FY? 2> + 2E(XY) -z + EX?

a>0 b c

Since b2 < ac, we are done. O

Note: Given x1,Za,...,Tn,Y1,Y2,---,Yn € R, take P(X =2, Y =y;) =1/n,1 <i <n. C-S says

e = (1) ()

Definition 5.3. ¢ is convex if Vo <y, VO < A < 1, ¢(z + ANy — z)) < ¢(z) + AN(d(y) — ¢(z)).

Similarly for the next inequalities.

In practice: ¢"(x) >0 = ¢ is convex.

Theorem 5.4 (Jensen’s Inequality). Consider an interval I C R. Let ¢ : I — R be convez. Suppose
P(X €I)=1. Then ¢(EX) < E¢(X) provided both expectations are well-defined.

Proof. Given x and convex ¢, there exists a “tangent line” I(y) < ¢(y) Yy such that I(z) = ¢(x).

Set x = EX, take the tangent [(-) at x.

E¢(X) = El(X) = UEX) =l(z) = ¢(z) = ¢(EX) Ll

NP,

linear

Consider the distribution of (X, ¢(X)). Then

x = center of mass

= (EX, E¢(X))

Example 5.5. Take ¢(x) = |z|’, 1 < p. Jensen’s inequality says |[EY|” < E|Y|". Apply the inequality
with 0 < a < b < 00, Y = |X|*, p = b/a. Then (E|X|*)"/* < E|X|", so

(E|X|%)Ye < (B|X|°)1/ (5.2)
Notation. The “LP norm” is ||z,= (E|X|?)"/?,1 < p < oo and (5.2) says that p — ||z||, is increasing
on1l<p<oo.

Example 5.6. Let
¢(z) =1/z (5.3)

or
o(x) = —logx (5.4)

with 0 < z < oco. If X > 0, then E¢(X) > ¢(EX).
1.
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—FlogX > —log EX & EX > exp(FElog X)

Consider z1,22,...,2, >0, P(X =x;) =1/n, 1 <i<n.

lzx, > L
ns" T (1n) 31 ()
—— _—

arithmetic mean harmonic mean

and

1/n
1 1 .
- g T; > exp (n E log CL‘i) = (H xz> (geometric mean)
(] 1 3

20
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September 13

6.1 Independence (Undergraduate)
Events A, B are independent if and only if P(AN B) = P(A)P(B).
RVs X and Y are independent if and only if P(X <z,Y <y) = P(X <z)P(Y <y).

Idea: Knowing the value of X doesn’t change the probabilities for Y.

6.2 MT Setup (92, F,P)

Consider By, Bs, sub-o-fields of F. Call By and B independent if P(B; N By) = P(B1)P(Bs) VB; € B;.

View X as a map from (Q,F) to (S,S). Since X is measurable, X 1(D) € FVD € S. The collection
{X~Y(D): D € 8} is a sub-o-field of F. Call this ¢(X), the “o-field generated by X”.

Call the RVs X, X5 independent if o(X;) and o(X3) are independent.

Theorem 6.1. For RVs X1, X, where X; takes on values in (S;,S;), the following are equivalent:
(i) X1 and X5 are independent.
(ii) P(X; € B1,X5 € By) = P(X; € B1)P(Xs € B3)VB; € S;
(i1i) P(Xy € By, X2 € By) = P(X; € B1)P(X2 € By) VB, € A;, where A; is a w-class, o(A;) = S;.
(iv) Elh1(X1)h2(X2)] = (Bh1(X1))(Ehe(X2)) for all bounded measurable h; : S; — R.
Comments.
1. (iv) extends to integrable h;(X;).
2. If the X; are R-valued, independence is equivalent to

P(Xl §x27X2§x2):P(X1 Sl’l)P(XQSIEQ) Ve, € R
3. The fact
If X, X5 are independent, then g;(X1), g2(X2) are independent (for arbitrary measurable g;).

is true because o(g(X)) C o(X).

21
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Outline Proof. (i) < (ii) by definition.
(tw) = (i1) = (#4i): Bach is a special case of the previous one.

(#4) = (iv) by the “monotone class argument”. (iv) holds for h; = 1p,, and therefore holds for h; simple,
and therefore holds for h; which are bounded and measurable.

What remains is to prove (zii) = (i).

We want to use Dynkin’s 7-A Lemma.

e Step 1. Fix By € As. Consider the collection
EZ{AGSlzP(Xl GA,XQGBQ):P(Xl GA)P(XQGBQ)}
Check L is a A-class. By hypothesis, £ D A;. The Dynkin Lemma implies £ = S;.

° Step 2. Consider £’ = {B2 €Sy P(Xl € B, X, € BQ) = P(X1 & Bl)P(X2 S Bg) VB, € 81}
Check that £’ is a A-class. Step 1 implies £’ O As. The Dynkin Lemma implies that

El 2 0'(./42) = 82,

which implies (ii).

Definition 6.2. By, B, ..., B, are independent means

n n
P (ﬂ BZ-> = HP(Bi) VB; € B;
i=1 i=1
This is stronger than pairwise independence.

Example 6.3. Let X, Y be fair die throws. The events {X = 3}, {Y = 6}, and {X = Y} are pairwise
independent, but not independent.

Example 6.4. Let X, Xs be independent and uniform on {0,1,...,n — 1}. Define X3 = X; + X5
modulo n. Then (X5, Xs, X3) are pairwise independent, but not independent.

Fact. If X1, X5, X3, X4, X5 are independent, then f(X7, X5, X3) and g(X4, X5) are independent. The im-
portant part is that Xi, Xs, X3 and X4, X5 are distinct.

Exzercise. Formalize and verify the “hereditary property of independence”.

Ezxercise. To show that events Ay, As, ..., A, are independent, it is enough to show

P (ﬂAZ) =[P vic{i2...n}
i€l i€l

6.3 Real-Valued RVs X,,Y;

We know that X,, = X a.s. means P({w: X, (w) = Xoo(w) as n — oo}) = 1.
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Definition 6.5. “Convergence in probability”, X,, ? X, means that

lim P(|X, — Xeo| >€)=0 Ve>0

n— oo

For 1 < p < o0, we say “X,, = X in LP” or “X, LN Xoo to mean E|X,, — Xoo|” — 0 as n — oo (and
E|X,|" < 0oVn), that is | X, — Xooll, — O (the LP norm).

Lemma 6.6. If X,, - X in LP, then X, ? Xoo-

Proof. Use the general form of Markov’s inequality, with ¢(x) = |z|". Apply this to X,, — Xoo.

B(Xn = Xeol)
ep

P(|Xn — Xoo| > ) < 0

as n — oo. O

6.3.1 Variance

If E(X?) < oo, define var(X) = E(X?) — E(X)? = E(X — EX)2.

Definition 6.7. If EX?2 < oo, if E(X;Xs) = (EX;)(EX>), we say X; and X, are uncorrelated.

Independence implies uncorrelated.

Fact. If X1, X5,..., X, are pairwise uncorrelated, then var(}_, X;) = >, var(X;). (Exercise)

6.3.2 Weak Law of Large Numbers

Theorem 6.8 (L? Weak Law of Large Numbers). Given X;, i > 1, suppose that sup, EXZ»2 <c, and
suppose they are uncorrelated. Write pu; = EX;. Write

Then S, /n — fin, — 0 in L? as n — oo.

Proof.
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as n — oo. This is convergence in L2.

If p; — p as ¢ — oo, then fi,, — p as n — oo and

E<Snu
n

2
)%O

24
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September 15

7.1 Polynomial Approximation Theorem

“X is Bernoulli(p)” means

PX=1)=p
PX=0)=1-p

IID means independent and identically distributed.

Theorem 7.1 (Bernstein’s Theorem). Given a continuous function f : [0,1] — R, define

n

ful@) = ZO (;)ggm(l — )~ (%) , 0<z<1

m=

fn(x) is a polynomial of degree n. Then sup,|fn(z) — f(x)] = 0 as n — oco.

Proof. Fix x. Take IID Bernoulli(z) RVs (X;,1 <i < 00). Write S, = > ; X; and note that

ful@) = Bf (i)

We want to bound

) - 1@ = |1 (22) - @)
Sn

oy (&

= E‘f (5;:) — f@)|1¢s, /n—a|<s) + E’f (i;) - f(z)

2

118, /n—x|>6)

§5+2MP<’Sn—ac
n

2M Shn
Sf‘:"—?VaI ?

<E+%x(1—x)
- 52 n

Explanation: We used |EY| < E|Y| and S,,/n — x in probability by the WWLN. From analysis: set

25
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def

M = sup|f| < co. “Uniform continuity” of f says that given £ > 0, 36 > 0 such that

ly1 —y2| <0 = |f(y1) — f(y2)| < ¢

Choose € > 0 and take J as in the definition of uniform continuity. Also, var(S,) = nvar(X) = nz(1—x)
and z(1 —x) < 1/4. Then, we know:

Supla(2) — f(@)] < &+ 3

lim sup|f,(z) — f(z)| <e, true Ve > 0

n— 00 n

lim sup|f,(xz) — f(z)|=0 O
n—oo n

7.2 Background to Proving a.s. Limits

7.2.1 Axioms
If we have events B, 1 B, then P(B,) 1 P(B). If B, | B, then P(B,) | P(B).

For arbitrary events A,,, the event that “A, happens infinitely often” means ﬂf,le Uf;m A,. “A, ult.”
means | Jo-_; (o, A,. These events are opposites: (A, inf. often)® = (A% ult.).

If P(By,) =1,1<m < oo, then P((7_; By,) = 1.

Lemma 7.2 (Weak). (i) P(A, inf. often) > limsup,, P(4,)
(i) P(A, ult.) <liminf, P(A,)

Proof.
Q
P < U An> > max P(An)
Take Q — oo.

P(D) > sup P(4,)

>
P n>m

Take m — oo.
P(A, inf. often) > limsup P(A,) O

7.2.2 Borel-Cantelli Lemmas

Lemma 7.3 (First Borel-Cantelli-Lemma). For arbitrary events (Ap,1 <n < o00), if 3 P(Ay) < oo,
then P(A, inf. often) = 0.

Proof. Let X, = Y1 | 14, be the number of events that occur. Let Xoo = > :°; 14, < oo. Then
EXo =Y 2, P(A;) < oo (by hypothesis), which implies that P(Xe = c0) = 0. O

Lemma 7.4 (Second Borel-Cantelli Lemma). For independent events (A;,1 <1i < 00), >, P(A;) = oo,
then P(A,, inf. often) = 1.
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(There are many variants under alternate assumptions.)

Proof. Fix m. We will prove P(U;—, A,) =1, or prove P((,_, AS)=0.

Fact: f 0 <2z <1,then1l—x <e 7.

Independence implies that

|
/
o

73
~_

Il

—

3

A

22

Il
3 3
[ I
{=o

—

|

)

o

&

Let Q 1 oo.

(71 2) o (- 5 ) - !

n=m

Lemma 7.5. Consider arbitrary R-valued RVs (Y,) and arbitrary —oco < y < oo. If

ZP(Yn >y+e) <o
for each € > 0, then limsup, Y, <y a.s.

Corollary 7.6. If > P(|Y,| >¢) < oo for each € >0, then Y, = 0 a.s.

Deterministic Fact. For reals (y,) and y, “limsup,, y, < y” is equivalent to “y,, < y + € ultimately, for each
e > 07, which is equivalent to “y,, <y + 1/7 ultimately, for each j > 1.

Proof. The hypothesis and 7.3 imply that P(Y;, <y + 1/j ult.) =1 for each j. Since
P(BJ) =1 V] — P(BJ for all j) =1

then P(Y,, <y -+ 1/j ult., for each j > 1) = 1. By the deterministic fact, P(limsup,, ¥, <y)=1. O

7.3 4th Moment SLLN

SLLN means the strong law of large numbers.
Theorem 7.7 (4th Moment SLLN). Let (X;,1 < i < o0) be IID, EX = 0, and EX* < co. Write
Sp=>1,X;. Then
(i) BES: < 3n?EX*

(i) Sn/n — 0 as n — oco.
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If EX = u, applying the theorem to X — p shows that S, /n — p a.s.

Proof. (i)

BS = XYY Y B X
i g k1
Note that E[X;X;X;X;] = 0 if some index “j” appears only once. For example,
E(X4X6X6Xs) = E(X4)E(-) =0

Therefore,

ES* = nEX* + (4) <n)E[X12X22]

2)\2
=nEX* +3n(n—1) (EX?)?
<EX*
since (EY)? < E(Y?).
(ii) Fix e > 0.
4
P( & > 5) <FE & . i4
n n €

<e*nt.3n2EX?
<3 1EXin7?
This implies that
Sn s,
n

0

) < 235*4EX47L’2 < 00

By 7.6, Sn/n — 0 a.s. We used the fact that s* = |s|* and s = |s|?, but this does not work for

the third moment: s3 # |s|°.

Corollary 7.8. If (A;,1 < i < 00) are independent Bernoulli(p), S, = Y., 1a,, then S,/n — p a.s.

28

as n — oo.
We say “data” for n real numbers x,...,x,. The empirical distribution is the uniform distribution on
(z1,...,2n). The empirical distribution function is

n

1
G(r) = n Z Lz, <a)

i=1

Theorem 7.9 (Glivenko-Cantelli Theorem). If X;,1 < i < oo are IID with an arbitrary distribution

function F, let Gp,(w, ) be the empirical distribution of (X (w), X2(w), ..., X, (w)), or

1 n
Gn(w,z) = o Z L x;(w)<a)
1=1

For fized x, the events {X; < x} are IID Bernoulli(G(z)). Using the SLLN for events, Gy (w,z) — G(x)

as n — Q.
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8.1 Glivenko-Cantelli Theorem
Lemma 8.1. Let F, and F be distribution functions. If
(i) Fu(z) — F(z) for each rational «
(ii) Fa(z) — F(z) and F(z—) — F(z—) for each atom of F (F(z) — F(z—) = P(X =z) > 0)
then sup, | F(z) — F(z)| — 0.

Theorem 8.2 (Glivenko-Cantelli Theorem). Let (X;,1 < i < oo) be IID with distribution function F.
Let G, (w,x) be the empirical distribution function of (Xi,...,X,).

1 n
Gn(w,z) = o Zl L(x;(w)<a)
Then sup, |Gy (w,z) — F(z)| = 0 a.s. as n — o0.

Proof. Fix x. The events {X; < z}, {Xo < z}, etc. are IID events, with probability F(z). The SLLN
implies that G, (w,z) — F(x) a.s. as n — 0.

If S = {rationals} U {atoms of F'} (which is countable), then P({G,(w,x) — F(x) Vo € S}) = 1. Then
8.1 implies that

P <st;p|Gn(oJ,x) — F(z)| — 0> =1 O

8.2 Gambling on a Favorable Game

Example 8.3 (Betting on a Favorable Game). Take a stake s, where you gain s with probability 1/2+«
and lose s with probability 1/2 — . (Imagine a = 1%.)

Strategy: Bet some proportion ¢ of your total, each time.
Let X,, be your fortune after n bets. Then

29X, if you win

Xpp1=(1— @)X, +
n=(1-9) {O if you lose the (n + 1)th bet

29
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=(1-¢)Xn+2¢Xp14,,,
=(1-q+2qla,,,)Xn

where A, is the event that you win the (n + 1)th bet. Then

n

Xo=Xo[[(1—q+2q14,)

i=1
log X, logX, 1«
n n + n ; !
where Y; = log(1l — ¢+ 2ql4,). As n — oo,
log X,
e — EY as.
n

If (1/n)log X,, — ¢, then X,, — e, where c is the asymptotic growth rate. The optimal choice of ¢ is
to maximize EY .

EY = (; + a) log(1+q) + (; - a> log(1 —q)

1
~ 20q — =q°
aq 2(]

for a, g small. Choose ¢ = 2a.

EX, = Xo(1 + 2qa)™ — o0, but X,, — 0 a.s. if ¢ > gerit ~ 4av.

8.3 a.s. Limits for Maxima

Lemma 8.4 (Deterministic Lemma). If z, > 0 and 0 < b, 1 oo, then

. max (L1, ...,%,) . T
lim sup — = lim sup —
n n n n
Proof. “>” is obvious. Fix j.
max (&, Ljt1,...,& ) Z;
LHS = lim sup X(@) T n) < limsup max -
by, n—oo J<i<n b;
oy
=sup = Vj
=5 b
Let j — co. Then
s
LHS < limsup == O
i b

Example 8.5. Let (X;,7 > 1) be IID Exponential(1), so P(X > z) = e~*. Write M,, = maxj<i<pn X;-
Then

n

lim sup =1 as. (8.1)

n  logn



LECTURE 8. SEPTEMBER 20

and

Proof. Fix € > 0. Then

31

— — 1 as.
logn

X
P © 1 = —(1 1 =p~(+e)
<logn > —l—a) exp(—(1+¢)(logn)) =n

and Y, n~ (179 < co. The First

Borel-Cantelli Lemma implies that

X X
limsup —— < 14¢ as. = limsup—— <1 as.
n  logn n  logn

Now fix € > 0.

P ( Xn >1 —5) =~ (179
logn

where Y n~(17%) = co. The Second Borel-Cantelli Lemma implies that

lim sup 1
0

n

n

. Xn
>1—¢ as. = limsup—— >1 a.s.
n  logn

The result (8.1) and 8.4 imply that

Fix e > 0.

M,
limsup —= =1 a.s.

n  logn

P(M, <(1—¢)logn)=[P(X < (1—¢)logn)]|"

where we have used 1 —z < e~

_ (1 . n—(l—a))n

< exp (—n . nf(lfs)) = exp(—n°)

*. The First Borel-Cantelli Lemma implies that M, > (1 — ¢)logn,

ultimately, a.s., which implies that
. ® ... M,
lim inf >1—¢ as. =— liminf —— >1 a.s. O
n logn n  logn

Here, X,,/logn — 0 in probability, but not a.s.

X
P( Z 26>:n_5—>0
logn

8.4 2nd Moment SLLN

Lemma 8.6 (Deterministic Lemma). Let S,, be real. To prove S,/n — 0, it is enough to prove

In(j) 1 oo such that
(1) Sn(jy/n(j) =0 as j — oo,
(it) dj/n(j) =0 as j — oo,

for dj = max, () <n<n(it1)|Sn —

Sni)|-
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Proof. Given n, for some j where n(j) <n <n(j+ 1),

Sn

n

_ S| + 45

< S
n(j)

=m0 -0

as j — 0. O

Theorem 8.7 (2nd Moment SLLN). Given (X;,1 < i < o), with EX; = 0, let sup; EX? = B < o0
and the X; be orthogonal, E(X;X;) =0, j #i. (We are not assuming independence!) Write

Then Sp/n — 0 a.s.

Proof. Since var(S,,) < nB, Chebyshev’s inequality implies

p(lls0) <28 _ B
n

n2e2  ne?

Take n(j) = j2.

P< Sn(j) >€) .B1
n(g) |~ ) " 242
Use Borel-Cantelli.
Sn(,j) —0 as. asj—
n(j)

By 8.6, it is enough to prove Dj/j2 — 0 a.s., for

D;=  max ’Sn —sz|

J2<n<(j+1)?
Then

2 _ _Q..)2

Dj_j2§7rzr§(l§<+1)2(5n 5i2)
(+1)*-1

ED} < Y E(S,-8p)

crude n=j?
Since
n
E(Sy—Sp)? =var | Y X | < B(n—j?)
3?41
Letting n = j2 + i, we have

2j+1 1
ED}<B i= 52 +1)(2 +2)B
p=il
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We have )
D, B 2
The First Borel-Cantelli Lemma implies that Dj/j2 — 0 as j — o0. O

Theorem 8.8 (Dominated Convergence Theorem). If X,, — X a.s., if Y > 0 such that | X,,| <Y a.s.
for all n, and if EY < oo, then EX,, - EX, E(X,, — X) — 0, and E(X) < co.

Proof. Fix e > 0. Define Ay = {|X,, — X| < eg,alln > N}. Then Ay 1 A, say, and P(A) = 1.
Also, A | A, and P(AS) =0
B|Xy — X| = B|Xy — X|Lay + B| Xy — X|Lag,
<e+2EY1a
~——
10 a.s.

limsup E| Xy — X| <e+0, by monotone convergence
N

This is true for all ¢, so E| Xy — X| — 0. O
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9.1 SLLN

Theorem 9.1 (Kolmogorov’s Maximal Inequality). Let (X;,1 < i < n) be independent, EX; = 0, and
EX? <oco. Let S, = Y% X and S} = maxi<m<n|Sm|. Then

ES?
P(S;y >z) < —5%, x>0
92
Comments:
1. Markov’s inequality gives
ES?
P(IS.| 2 2) < =

The theorem gives a stronger result.
2. Idea: There is a “first time” that something happens.
3. Martingale theory develops better notation.
Proof. Fix x. Consider the event {S% > z} = ;- Ak, where Ay = {|S| > =, |S;| <z, all 1 <i < k}.

The events Ay are disjoint. Note that (Sg, Ax) is independent of S,, — Sk. S, — Sk depends on
Xkt1, Xgao,- .., Xp, while (Sg, Ax) depends on (X, ..., X,,). Then, since S,, = Sk + (S,, — Sk),

ES, > ) E[Sila,]

k=1
— SIE(SP14,) + 2B(Sk1a, (Sn — 51) + E((Sn — $%14,)
(=il =0 >0

ES, > E(Sila,)

> En:E({E21Ak)

z*P (;Ql Ak>

2*P(S}| > )

34
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because Sxl4, and S, — Sk are independent, E(S, — Sx) =0, and |Si| > = on Ay. O

“S oo, x; converges” means that Imy oo Y ;1 % ex1stsoo and is finite. The Cauchy criterion says that this
is equivalent to supn>K|Zi=k+1 xl| —0as k—o0. “Y 7, X; converges a.s.” means

N
P (w : lim X;(w) exists and is ﬁnite) =1
N —o00 4

=1
Theorem 9.2. Let (X;) be independent, with EX; = 0 and o2 = var(X;) < co. If Y2 07 < oo, then
Z?il X, converges a.s.

Comment. Consider the following argument: var(>_; , X;) =Y., 07

var (i Xi> = iof < 00 (9.1)
i=1 i=1

which shows that > °°, X; is finite a.s. This argument is incorrect because a priori, we do not know that
we have a convergent random variable.

. Taking n — oo, then

Ezercise. Knowing 9.2, show (9.1).

Proof. Define M, = supn>k’2?:k+1 Xi‘. It is enough to show that M, — 0 a.s. as kK — 0o. Define also
no

Wy = SUPn2>n1>k|Zz=m+1 Xi{ and note that My < W, < 2M), and W}, decreases as k increases.

N N N
Z X; ZE)\%E%&H( Z X¢> =g 2 Z of

i=k+1 01 i=k+1 i=k+1

P sup
k<n<N
Taking N — oo, P(M), >¢) <& 2> % ol
P(Wk>5)§P(Mk>g) <4e2 3 0?5 0ask = oo
i=k+1

Taking k& — oo, then Wy, | W, for some W, a.s. Then P(W,, > ¢) = 0, which implies that W., =0
a.s., which implies that Wy, | 0 a.s. and My — 0 a.s. 0

Lemma 9.3 (Deterministic Lemma (Kronecker)). Let (z,,) be a sequence of reals, S, = > i | @i,
0<ap?Tooasntoo. If ), x;/a; converges, then S, /a, — 0.

Proof. Exercise/Textbook. O

Corollary 9.4. Let (X;) be independent, EX; =0, EX? < o0, and S, = > i, X;. If 0 < a,, T 00 as
nt oo and if Y., EXZ2/a2 < oo, then S,/an, — 0 a.s.

Proof. 9.2 implies that ) X, /a, converges a.s. Then 9.3 implies that S, /a, — 0 a.s. O

Specialization. Suppose also that EX2 ~ cn?®, o > 0. Take a2 = n'T2%+2¢ (¢ > 0 is small). Then 9.4
implies that S, /n'/?tote - 0 as.

Specialization. Suppose that sup,, EX2 < co. Take a? = n(logn)'+*. Then 9.4 implies that S,,/v/nlog' ™ n —
0 a.s. We know implicitly from the CLT that if (X;) are IID, then S,,/y/n — 0 a.s. is not true. The law of
iterated logarithm gives the proper borderline.
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Theorem 9.5 (SLLN). Let (X;) be IID with E|X| < co. Then S,/n — EX a.s. as n — 0.

Proof. The idea is to truncate, center, and then apply 9.4.

If Z >0, then
z" :/ kzF"1P(Z > 2)dz because %/ z* f(z) da
0 0

Define Yk = Xkl(\Xk\gk)- Then
Y P(Yi# Xx)=> P(X|>k)< / P(|X| > z)dz = E|X| < o0
k k=1 0

Then the First Borel-Cantelli Lemma implies that P(Y; = X, ultimately) = 1. It is enough to prove
that (1/n) Y ;_, Y — EX as.

Center: define X; =Y, — EYy. Claim: Y, var(X})/k? < oc.

EY? = / 2yP(|Yi| > y) dy = / 2Pk > | X5 > 4)1iy<r) dy
0 0

Check this!

< / 2y P(|Xk| > 9)1(y<h) dy
0

var(Xy) EY? 1 [
Do <)< | WPOX] 2 y)1e<n dy
k k k

= 1
:/ (Z kzl(ygkﬂy) P(|X] > y)dy
0 k

G(y)

Claim: G(y) <4, for all 0 < y < co. Since G(y) < Y-, 1/k* < 2 for y < 1, this is true for y < 1. Take

y > 1.
1 o
< —d
%2 —/k | 22 L
SO . )
1 <k _/ *dﬂj—
Yy
zk: k>[y] K2 fyl-1 &2 [yl -1
Since y > 1,

(by a picture). Then

/ o0
ZVMIE‘QX’“) §4/ P(IX| > y)dy = 4E|X]| < o
k 0

Apply 9.4 to (X}): (1/n) Y1, X! — 0 as., so (1/n) > i, (Y; — EY;) — 0 a.s. Note that
EY;, = EXl(\X|§z’) — EX

as i — 0o. By dominated convergence, (1/n)3 ;| (EY; — EX) — 0 a.s. Add the two equations to get
(1/n) Y, (Y; — EX) — 0 a.s., which implies that (1/n) Y, Y; = EX a.s. O

36
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10.1 Truncation

Corollary 10.1 (SLLN). Take IID (X;), where EXT = oo, EX~ < oo (X = Xt — X~). Let
Sp =31, Xi. Then S, /n — co a.s.

Proof. Fix a large B < oo. Define Y; = X;1(x,<p)y. Then the (Y;) are IID, with E|Y;| < oo, so we can
apply the SLLN to (Y;).

1 n
n a.s. =
=1
Then
1 1
liminf —S,, > liminf — Y, = EX1
im in —Sn 2 im in ni; = (X<B)

for each B. As B 1 oo, then E[X1(x<p)] T —EX~ + EXT = 400. Therefore, letting B 1 oo,

lim inf lS’n > 00 O
n

n

10.2 Renewal SLLN

If we travel halfway at 60 mph and halfway at 20 mph, the average speed is 30 mph. To see this, traveling
120 miles takes 1 hour + 3 hours = 4 hours.

Lemma 10.2 (Deterministic Lemma). Consider real numbers so = 0, sp/n — a € (0,00) as n — oo.
Let h(t) = min{n : s, >t} and m(t) = max{n : s, < t}. Note that m(t) > h(t)—1. Then h(t)/t — 1/a
and m(t)/t = 1/a as t — oo.

Proof. Fix € > 0. Then s,, < (a + €)n ultimately, which implies that h(¢) > t/(a + €) ultimately. Then

1 1
hminf—t) > = hminf@ > —
a—i—s\&;’ t t a

£

37
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Similarly, m(t) < t/(a + ¢) ultimately, which implies that limsup, m(t)/t < 1/a. We have

1 h(t t 1
fgliminfﬁglimsupﬂgf O
a t t t t a

Corollary 10.3 (Renewal SLLN). Let (X;) be IID, with EX = p € (0,00). Let S, = Y. | X;. Define
Ny =max{n:S, <t} and H; =min{n: S, >t}. Then N/t — 1/p and Hy/t — 1/p a.s. as t — 0.

Proof. Use the SLLN and 10.2 O

Story. Light bulbs have IID lifetimes X7, X5,... > 0. We have a new bulb at time 0, and let N; be the
number of bulbs replaced by time t.

10.3 Stopping Times

A random variable is a measurable function X; : (2, F, P) — R. Given Xy, X1, ..., X,,, we define the o-field
Fn =0(Xo,...,Xn), the collection of events of the form {w : (Xo(w),..., X, (w)) € B} for some measurable
B CR"" (so F, C F). F, is the “information at time n”.

A stopping time is a RV T': (2, F, P) — {0,1,2,... } U {oo} such that

{T'=n} e F,, 0<n<oo (10.1)
This is equivalent to the definition

{T <n}eF,, 0<n<oo (10.2)
Given (10.1), {T <n} ={T'=0}u{T' =1}U---U{T = n} € F,, since each event is in F,,. Given (10.1),
{T=n} ={T <n}\{T <n-—1} € F,, since both events are in F,.

Example 10.4. T = min {n : X,, € B} for some measurable B C R! is a stopping time because
{T<n}=|J{X;eB}eF,
i=0
Note. Given arbitrary X1, Xo,..., X, define Sop =0, S, = >~ , X;. Then
O'(Xl,...,Xn) = O'(So,sh...,S") = ./—"n
and so T =min{n : S, > b} is a stopping time.

T = o if the event never happens.

Given Xi,..., Xy (for a given N), T = max{n:n < N, X,, > a} is not a stopping time.

Theorem 10.5 (Wald’s Equation/Identity /Formula). Let (X;) be IID with EX = p and S, =Y i, X;.
Let T be a stopping time with ET < co. Then ESp = p- ET.

Note. This is an undergraduate result under the assumption that T is independent of (X;).
Fact. EY ;2 Y; =72, EY;, provided ), E|Y;| < oc.

Proof: Y7 | Y — >, Y; a.s., and the summation is dominated by > ;|Y;|. Use dominated convergence.



LECTURE 10. SEPTEMBER 27 39

Proof.

Sp = ZXil(iSn) = St = ZXil(igT)
=1 =1

Since {i < T} ={T <i—1} € Fi_1, {i <T} is independent of the X;. Then

E[X;1l<r)) = pP(T > 1)

> E[Xilu<r)] = uET (10.3)

=1

We need to show that ESy = pu- ET. By the Fact, it is enough to show that > °, F|X;|1;<r) < 0.
We can apply (10.3) to |X;|. Then

> B[ Xill<r)] = (BEIX)ET < oo O
i=1
10.4 Fatou’s Lemma

Lemma 10.6 (Fatou’s Lemma). Take arbitrary X, > 0. Then E[liminf, X,] < liminf, £X, < co.

Proof. Define Yy = inf,>ny X, Then 0 < Yy 1 liminf X,,, so 0 < EYy 1 E[liminf X,,]. Since
Yy < Xn,

Eliminf X,,] = limNinf EYn
< lin}vinf EXnN O

Corollary 10.7. Take arbitrary X, > 0. If X,, » X a.s., then EX, < liminf,, £X,, < oco.

Recall the aggressive “gambling on a favorable game” example. There, X,, > 0, X,, — 0 a.s., but EX,, — co.

10.5 Back to Renewal Theory

Under the assumptions of 10.3, with the additional assumption that X > 0 a.s., then E[N(t)/t] = 1/u as
t — oo.

Proof. By 10.6,

t integer
= liminf £ []
t—o00 t
It is enough to show the upper bound

N(t 1
limsup £ {()} < =
t t "
Since X >0, N(t) + 1 =min{n : S, > t} is a stopping time. min(N(¢t) + 1,m) is also a stopping time.
Apply 10.5 to obtain
ESmin(N(t)+1,m) =uFE mm(N(t) + 1, m)
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Let m 1 oo.
ESNn@)+1 = pE[N(t) +1] < o0 (10.4)

Fix k. Let X; = min(X;, k). Define S, and N(¢) similarly. Then

S, < S, = N(t) > N(t)

We can apply (10.4) to (X;).

E[N(t) +1]- Emin(X, k) = ESg ), <t+k < oo

Therefore,
E[N(#)+1] t+k 1

t ~ t Emin(X, k)

This implies that
lim su W), < L

¢ P = Emin(X, k)

which is true for all k. Let k 1 co to obtain
EN(t 1 1
lim sup ®) < — =— 0

: t EX 4
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11.1 Miscellaneous Measure Theory Related Topics

11.1.1 Kolgomorov’s 0-1 Law

Theorem 11.1 (Kolmogorov’s 0-1 Law). Consider X1, Xa,... mapping onto any range space. Define
Tn = 0(Xn, Xngt1, Xny2,...) and (51 T = T (the “tail o-field”). If (X1,Xs,...) are independent,
then A € 7 implies that P(A) is 0 or 1, that is, T is a trivial o-field.

Note. limsup,, X,, is T,-measurable for all n, so it is 7-measurable.
Proof. Define F,,—1 = o(X1,...,Xn-1). Fn-1 is independent of 7,, which implies that F,,_q is
independent of 7, which implies that the field J,, F,, is independent of 7. By the 7-A Lemma,

o(UFn) = 0(X1,Xs,...) is independent of 7, which implies that 7 is independent of 7. Then, A € T
implies that P(AN A) = P(A)P(A) = P(A). 2% = z implies that z = 0 or 1. O

Lemma 11.2. If A is a trivial o-field, and if X, a RV that takes on values in [—oco, 00|, is A-measurable,
then there exists xo such that P(X = xy) = 1.

Proof. Define zqp = inf {z : P(X < z) = 1}. For the case where o € (—00,00), then P(X < xop+¢) =1
and P(X <zp—¢) =0 for all €. O

11.1.2 “Modes of Convergence” for R-Valued RVs
X, X% X means P(w: X, (w) = X(w)) = 1.

X, P, X means P(| X, — X|>¢e)—>0asn— oo, for all e > 0.
X, 25 X means that E|X, — X|P — 0 and sup,, E|X,|P < 00 (00 >p > 1).

Facts:

1. We showed before that = implies £>, but not conversely.

2. % implies 2, but not conversely.

Example 11.3. Let U be uniform on [0,1]. Let X,, = nl(y<i/s). Then X, i 0, but £EX,, = 1, so
X, — 0in L' is false.

41
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If X,, %5 X, since P(A,, inf. often) > limsup,, P(4,),
0= P(|X,, — X| > ¢ inf. often)
> limsup P(|X,, — X|>¢)=0

which implies that X,, — X in probability.

Example 11.4. Take independent events (A,) with P(A,) — 0, which implies that 14, — 0 in
probability. > P(A,) = oo implies, by the Second Borel-Cantelli Lemma, that P(A, inf. often) = 1,
which implies that 14, — 0 a.s. is false.

Recall the Dominated Convergence Theorem (DCT): If X,, — X a.s., if 3Y > 0 with EY < oo, and | X,,| <Y
for all n, then E|X,, — X| — 0 and EX,, » EX.

Lemma 11.5. If X, £, X, then there exists a subsequence, n1 < nz < mng < --- such that X, 2o X
as j — oo.

Proof. Choose n; inductively.
n; =min{n > n;_1, P(|X,, — X| >277) <277}

Then Zj P(|X, — X| > 277) < co. The First Borel-Cantelli Lemma implies that Xn, —X| < 277,
ultimately in j, a.e., which implies that X, — X a.s.

Aside. The result is related to the fact that “a.s. convergence” is not convergence in a metric.

Corollary 11.6. The DCT remains true under the assumption that X,, — X in probability.

Proof. Suppose that the statement is false: Je > 0 and a subsequence m; < mo < mg < --- such that
E}ij — X| > eVj. Now X,,; — X in probability, so 11.5 implies that there exists a subsequence (n;)
of (m;) such that X,,;, — X a.s. and E’an - X‘ > ¢ V4. This contradicts the DCT. O

This proof uses the “subsequence trick”.

Ezercise. Obvious: If f is continuous, X,, — X a.s. implies that f(X,) — f(X) a.s. Less obvious: If f is
continuous, X,, — X in probability implies that f(X,) — f(X) in probability. (This can be proven with
the subsequence trick.)

11.1.3 Radon-Nikodym Derivative
There are two views of integration in calculus.
1. Given f,a,b, then f; f(z)dx is a number.
2.
dF(zx)
dx

Integration is an operation f — F, which is the opposite of F' + F”.

Fl) = /Oxf(y)dy o flo)=

In MT, given a PM p, integration is a map h + I(h) = [ hdu. The analog in MT involves measures, not
functions.
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Take a measurable space (S,S). Fix a o-finite measure g on (S,S). Consider a measurable h : S — [0, 00).
For A € S, define v(A) = [, hdp < oco.

Claim. v is a o-finite measure on (S5,S).

The fact that p is o-finite implies that there exists A,, 1S, with p(A,,) < 0. Define B,, = A,N{s : h(s) < n}.
Then B, 1S and v(B,) < nu(A,) < .

The two measures v and p have a relationship. For all A, if u(A) = 0, then v(A) = 0. This property has a
name: v is absolutely continuous with respect to u, denoted v < p.

Theorem 11.7 (Radon-Nikodym Theorem). If u and v are o-finite measures on (S,S), if v < u, then
there exists a measurable h : S — [0,00) such that v(A) = [, hduVA € S.

Notation. Write

and

d
and call h = d—y the Radon-Nikodym density of v with respect to p.
1

d
In particular, if 4 is a probability measure on R! and if i < Leb, then h = dLub exists (the density function,
e

e.g. Normal, Exponential, etc.).

Proof of Radon-Nikodym. See the MT text. We will prove this via martingales later. O

11.1.4 Probability Measures on R

We know there is a 1-1 correspondence between probability measures p and distribution functions F'.
F(z) = (o0, 2]
“r is an atom of u” means that u({x}) > 0. p can have only countably many atoms.

There are three basic types of PMs pu:

1. u < Leb, so it can be described by its density f.
)= [ f)ay

Here, f can be any measurable function with f > 0 and ffooo f(z)dx = 1.

2. p is purely atomic if there exists a countable set of atoms z1,x2,... and >, u({z;}) = 1, which
implies that p(R\ U;{z;}) = 0 (discrete).

3. Singular measures: there exists A such that Leb(A) = 0, u(A) = 1, but there are no atoms.

Take x € [0, 1] with a binary expansion, e.g. 0.10110100011 . ... Say that b;(x) is the ith digit of the binary
expansion of z (|2°n] mod 2), which defines a map from [0, 1] to B*. Next, map to {0, 1,2}° by converting
1s to 2s, and then map back to [0, 1] by interpreting the result base 3, to obtain Y ;- 37¢(2b;(z)). Putting
these together yields a measurable map H : [0,1] — [0,1]. Take U to be Uniform|[0, 1]. What is the distri-
bution of H(U)?
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F(z) = P(H(U) < x) is the Cantor function, which is continuous. The set of possible values of H is “the
base-3 expansion has no “17” is the Cantor set, C, and Leb(C) = 0 while P(H(U) € C) = 1.

The distribution of H(U) is called the “uniform distribution on the Cantor set”.
Fact. Any PM g on R! has a unique decomposition

p=ar p1 +az pz +az p3
—~— —~— ~—

type 1 type 2 type 3

where a; >0, a1 +as +ag = 1.
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12.1 Large Deviations Theorem (Durrett)

If a, ~ ce®™ as n — oo, then (1/n)loga, — B, where 3 is the asymptotic growth (decrease) rate. Today,
8 <0.

Assumptions. Let (X;) be IID, with S,, = Y7 | X;, EX = p. Fix a > p, P(X > a) > 0. Define
¢(0) = FEexp(0X), and assume 0* = sup {6 : ¢(6) < oo} > 0.

Consider P(S,/n > a). We know that P(S,/n > a) — 0 as n — oo by the WLLN. How fast?

Our general LD inequality gives

EeGY
> < i
P(Y 2y) < inf =5
Therefore,
P QZa :P(S’nzan)ginfEeL(eSn)
n 9 exp(fan)

On the other hand,

exp(0S,) = exp (92Xi> = HGXP(QXi)

i=1

Eexp(0S,) = HEGXP(GXi) = (o(0))"

i=1

This implies:

P (S” > a) < inf EQL(HS") < <inf ¢(9)>n

— ) ~6>0 exp(fan) 0 efa

1 log P (Sn > a) < i%f [log #(0) — ab)

Theorem 12.1. As n — oo,

lim 1 log P (Sn > a> = i%f (log p(0) — abl) = i%f G(6)
n

n—,oo N

There are three steps in the proof.

e analysis of ¢(6)

45
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e tilting lemma
e put it together
Lemma 12.2.
¢'(0+) = p
We believe this because
d d d
L 5(0) = = EefX — E—e"X = B[X X N
0?0 = 3P ~ ¥ [Xe™]
how to justify in detail?
Taking 6 =0, ¢'(0+) = EX.
Proof. We know that (e* —1)/0 — X a.s. as 6 | 0. We want
e?X —1
E 7 — EX (12.1)
We seek to use the Dominated Convergence Theorem. For x > 0,
Oz
e —1= / eV dy < Ozel”
0
For x < 0,
0
}eez —1| :/ e¥dy < |0x|
Ox
These imply
‘eax — 1| < 0|a| max(1, e??)
For 0 < 0 < 6,
(12.1) < |z| max(1, e%?) (12.2)
By hypothesis, there exists §; such that Ee?*X < co. Choose y < 01, so that E[|X|max(1,e?X)] < co.
Now, the RVs are bounded by (12.2). Apply the DCT. O
The same argument applies to
d d?
FebX — p & 0X _ px2.0X
d6? d6? ¢

Lemma 12.3. ¢'(0+) = p, and for 0 < 0 < 0*,

#(0) = BIXe®]
#"(6) = B[x?e]

Suppose X is discrete. Fix 6. Define a distribution for X by

R eéx’ =
P =) =

Fix 0. Then
$(0) = " P(X =x)

46
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Also,
_ R dow ace‘%P(X =1)
EX_zm:mP(X_ ) )
_EXPX @) d
=50~ o0) ~ag 2
and
oo BIX2PX] ¢7(0)
=" )
var(X) = E[X ] (EX)?
¢” ¢'(0)

o)
328 e

For general X, define the distribution of X by the Radon-Nikodym density

dP(X € ) el
dP(X e )"

Lemma 12.4 (Tilting Lemma).
. d
EX = < log 6(0)

do
and )
var(X) = F7) log ¢(0)
Now, we study G(0) = log ¢(0) — af.
¢'(0+)
G'(0+) = —a=pu—a<0
(0+) 2(0) p
G"(#)=varXs >0 on0<6 <0
G(0) =0

It is easy to see that G(f) — oo as § — oo. G is strictly convex.

Find infy G(0) by solving G'(8) = 0, or
§(6) _
¢(0)
Case 1. There exists a solution 8, € (0,0*) of the equation ¢'(6)/¢(0) =

Bad Case. Take the density f(x) ~ 1727 as # — oo. Then ¢()\) < oo, but p(A+) =

Assume case 1. Choose 6 € (0,,6*). Consider the tilted distribution X = X,.

BX = 0g0(0)) > 0800,

because EXy > a and EXy | a as 0 | 6,. (Check!)
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Fix b > EXy. The trick is to apply the WLLN to the tilted (XZ) Since

P(X = :v) o ed
P(X =2z) ¢(0)
we have
P(Xl = T, 7X77, = xn) o 602?:1 X
P(Xl =21, ,Xn:xn) ¢n(9)

which gives

Therefore,

with y1 = an, y» = bn, so

Hence,

1 n
lim inf — log P (S > a> > —bf + log ¢(0)
n

n—oo n

> —bl, + log ¢(0a)
> —af, + log ¢(6,)
=G(0,)
(Let 0 | 6,. Since this is true for all b > a, let b | a.)
12.2 Conditional Distributions
Undergraduate Version. Consider (X,Y):
discrete continuous

plx,y) =P(X =z,Y =vy) f(z,y) joint density
marginal distribution px(z) = P(X = ) fx(z) = density of X

conditional distribution of Y given X =z conditional density of Y given X =z
pY|X(y|$):P(Y=y|X:$) nyY|X(1U|37)
P(xay)sz(x)]?mx(ym) f(xyy):fx(x)fmx(ym)
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13.1 Conditional Distributions
Consider two measurable spaces (S1,S1) and (S2,S2). Then
(Sl X Sy, S1 ®82> :O‘(A xB:AeS,Be SQ)

Consider two RVs, X : (Q,F,P) — (51,81) and Y : (2, F, P) — (52,82). (X,Y) is one RV with values in
S1 X S3. (X,Y) has a distribution g, a PM on S; X Sg. X has a distribution u1, a PM on S;. What is the
conditional distribution of Y given X7

Suppose that S} = So = S is countable. Then P(Y =y | X = x) = f(y | «) has the following properties:
o flylz) =0
e 3, flyla)=1va

These properties define a stochastic matrix. The joint distribution is

PX=2Y=y)=PX=zx)PY=y|X=2x)

Definition 13.1. A kernel @ from S; to Sz is a map @ : (S1 x S2) — [0, 1] such that
(a) for fixed s1, B+ Q(s,B) is a PM on Sy,

(b) for fixed B € Sy, s1 — Q(s1, B) is a measurable function S; — R.

For S; = S5 = S countable, we have a 1-1 correspondence between @ and f(y | ) given by

Q(s1,B) =Y fly|s)

yeEB
Warning. If h : S1 x S5 — R, consider:
1. h is measurable.

2. Vs1, 82 — h(s1,s2) is measurable Sy — R and
Vsa, 81— h(s1, $2) is measurable S; — R.

Fact. 1 implies 2, but 2 does not imply 1.

49
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Example 13.2. Let S; = S = [0, 1], with some non-measurable A C [0, 1], and consider

h(z, ) , ifxe A
T,x) = .
0, otherwise

Comment. We interpret P(Y € B | X = s1) = Q(s1, B).

Proposition 13.3. Given a PM p on S1 X Sa, a PM py on S1, and a kernel Q from Si to Ss, the
following are equivalent:

/L(A X B) = AQ(Sl,B)Ml(dsl) VA e 81, VB € Ss (BRl)

w(D) = g Q(s1, Ds, )1 (dsy) VD € 51 ® S (BR2)

Here, Dy, = {s2 : (s1,s2) € D}.

/S'1><S2 h(s1, s2)p(ds) = /31 </52 h(sl,sz)Q(sl,d52)> g1 (dsy) (BR3)

where s = (s1, $2), provided that h is measurable with h > 0 or h is p-integrable.

First, a technical lemma.

Lemma 13.4. For each D € §; ® Ss,
(Z) DSl € 82 VSl € 82

(i) The map s1 — Q(s1, Ds,) is measurable.

Proof. Let D be the collection of all D satisfying (i) and (ii). The rectangles A x B are in D. Apply
the -\ Theorem. If D" 1+ D, then DY 1 D, , which implies that Q(s1, Dy ) T Q(s1,Ds,). We check
the A-class property for D. O

Outline Proof. (BR1) = (BR2): Consider D', the collection of D where (BR2) holds. Use the m-\
Theorem.

(BR2) = (BR3): Use a monotone class argument. O

Theorem 13.5 (Easy Theorem). Given a PM py on Sy, given a kernel @ from Sy to S, the definition
w(D) = [ Q(s1,Ds,)pa(ds1), De&®S,
S1

defines a PM p on Sp X Ss.

Proof. The proof follows from the definitions and the properties of integrals. O

Theorem 13.6 (Hard Theorem). Given a PM p on Sy x So, define the marginal PM py on Sy by
w1 (A) = u(A x Sy). If Sy is a Borel space, then there exists a kernel Q from Sy to Se such that (BR1)
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to (BR3) hold.

Proof. Fix B € S,. Consider v(A) = (A x B), A€ S;. v is a (sub-probability) measure on S;. Also,
v(A) < p(A x S3) = pa (4)
This implies that v < pp. Consider the Radon-Nikodym density

dv

—(s1) = Q(s1,B) (definition of Q(s1, B))
dp

which has the properties: s; — Q(s1, B) is measurable (requirement for a kernel), and

v(A) = /A ;—'L:(sl)ul(dsl) & A x B) = .. Q(s1,B)ds1 VA e S

which is (BR1). Repeat for every B € S to set Q(s1, B) defined. We need the second property of a
“kernel”, which is: Vsq, the map B — Q(s1, B) is a PM on Ss.

Issue. If hy = hy a.e. (with respect to 1), then [, hydpur = [, ho dp.

Take the case where S; = R. For each rational » € R, do the construction for B = (—oo,r]. Write
F(s1,r) = Q(s1, (=00, r]). This has the properties: s; — F(s1,r) is measurable, and

w(A x (—o0,m]) = /AF(Shr)m(dsl) VA

Given r < g,

H(A X (r1,7a]) = /A (F(s1,72) — Fls1,71))(ds1) vA
>0, vA

which implies that F(s1,r2) > F(s1,71) a.e. in 5.

Redefine F(s1,7) = ®(r) Vr for s; in the null set. Repeat for all pairs (r1,72). We now have a version
of (F(s1,7)) such that r — F(s1,r) is monotone on rational r, for all s; (Property A).

Easy. Modify F again to make

lim F(sy,7) =1 Vs

r1oo
lim F(Sl,’/‘) =0 VSl

rd—oo

(Property B). Consider r,, | r (for all rationals). Then (A x (r,r,]) — 0 VA, so F(s1,7,) 4 F(s1,7)
a.e. Modify F' again so that (Property C) 7, | r (for all rationals) implies that F'(sy,r,) | F(s1,7) Vs;.

Deterministic Fact. If r — F(r), where r is rational, has the properties A, B, and C, then

7 rational
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is a distribution function, with F'(r) = F(r).

Use the fact to define F(sy,x) = lim,|, F(s;,7) Y& € R. Here, S; — F(s1,z) is measurable, and
x — F(s1,) is a distribution function. Define @ by Q(sy,-) is the PM with distribution function
F(Sl, J}) O

52
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14.1 Recap

Given a PM p on S7 X Ss, there exists a marginal PM p; on S, and (if S is Borel) there exists a kernel @
from S to Sz such that (BR1) to (BR3) hold.

Interpretation: If p is the distribution of (X,Y"), then p; is the distribution of X, and

Q(z,B)=PY € B|X =1x)

14.2 Product Measure

Given PMs pq on (S1,82), o on (S2,Ss), there exists a “product measure” p = p3 @ pus on S; x Ss.
1. (A x B) = p1(A) x ua(B) for A € S and B € Ss.
2. If D € 8§ ® Sy, then pu(D) = [ p2(Ds, )pa(dsy).

3. For measurable h : S; x Sy — R,

/SIXS2 h(s1, s2)p(ds) = /S1 [/Sz h(s1, sa)pz(dss) | p(dsy)

provided h > 0 or |h| is u-integrable. This is Fubini’s Theorem.
Define Q(s1, B) = p2(B) ¥s1 VB. Use (BR1) through (BR3).

Saying dist(X,Y) = p1 ® ps is equivalent to X and Y are independent, with dist(X) = p1 and dist(Y) = po.
Comment. 3 works for o-finite measures, such as ), the Lebesgue measure on R!.

3, in terms of expectations, says that Eh(Xy, X2) = Ehi(X1), where hy(z1) = Eh(x1, X2). The general
identity is (usually) best viewed as calculating the same quantity in two different ways.

Example 14.1. If X >0, then EX = [[° P(X > t)dt.

To prove this, let D = {(z,t) : © > t} and u be the distribution of X. A\(D,) =« and D; = (¢, 00), so

(s x VD) = [ MD2)n(do) = EX

x

53
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(4 x N)(D) = / y(t, 00) A(d)

P(X>t)

Example 14.2. Let X7, X, be independent. For j = 1,2, u; = dist(X;) and ¢,(¢t) = exp(itX;) for
t € R. (Here, i = v/—1.) We can prove Parseval’s identity:

/ da(t)pa (dt) = / 61 (D) (dt)

We know that
E exp(inXg) = Ehl (X)

where
hi(z1) = Eexp(iz1X2) = ¢2(z1)

Eexp(iX1Xs3) = Eda(X;) = /¢2(t)/$1(dt)

Do this for the other way too, and we get F exp(iX;Xs) = E¢1(X2).

Example 14.3 (Convolution Formula (Undergraduate)). Suppose X and Y have independent densities
fx and fy, with distribution functions Fx and Fy. Then S = X + Y has density

)= [ 7 Rle=mifidm)dn

Now, suppose that we have no regularity assumptions. Let D = {(z,y) : © +y < s}, ux be the
distribution of X, and py be the distribution of Y.

P(S < 5) = pix ® (D) = [ pr(Da) px(ds)
Fy (s—x)

This implies
P(S <s)= /Fy(s — z)px (dz)
Informally, differentiate with respect to s, provided that uy has a density fy.

fs(s) = / fr (s — 2)x (dz) de (14.1)

How do we justify (14.1)? Justify identities involving differentiation by checking the integrated form.
We need to show

Ps<a = [ ([ fris-aux(an) as

= / (/S:o fy(s—2) ds) px (dz) = /Fy(so —z)p(dz) = P(S < so)

[nxta) = [ sx(@)as

With a “change of variables”,

o4
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so if ux has a density fx, then the change of variables gives

fs(s):/fy(s—x)fx(s)dx

Example 14.4. Suppose (X,Y) has joint density f(z,y) and a marginal density fi(x). We can define
flylz) = f(z,y)/fi(x). Define the kernel Q by Q(z,-) is the PM with density y — f(y | x). Then this
@ is the kernel in the general theorem about p = dist(X,Y).

We need to verify (BR1).
P(X €AY € B) = / Y 18 )
A

Left = // Lixealven)f(z,y)drdy

Right:/hXeA) (/1<YeB>f(y|x) dy) fl@)dz = //1<XeA)1(YeB>f1(l’)f(yIx) dz dy

Fubini

14.3 RVs & PMs

Know. X = (Q,F,P) — (5,8) has a distribution p = dist(X), a PM on (5, S).

“Given p, is there an X with dist(X) = p?” has a trivial “yes” answer. We can take (S, S, u).
Know. There exists a RV U with a uniform distribution on [0, 1].

Know. For any PM p on R, the RV X = F,(U) has dist(X) = p.

Know. The binary expansion U = 0.b1 (U)b2(U)bs(U) ... gives an infinite sequence of RVs (b;(U)) which are
independent,

Definition 14.5. (S,S) is a Borel space if there exists a Borel-measurable A C R and a bijection
¢ : A — S such that both ¢ and ¢~! are measurable.

¢, the identity map from (Sp, S1) to (Sp,S2) is measurable iff S C S;. ¢! is measurable iff S; C Sp. ¢ and
¢~ ! are measurable is equivalent to S; = S.

Outsource to analysis:

Theorem 14.6. FEvery complete separable metric space is a Borel space.

Consider a PM v on a Borel space (S,S). Let u be the PM on A, the push-forward of v under ¢~'.
X = F;'(U) is a RV with distribution p. v is the push-forward of y under ¢. Then ¢(F,;*(U)) has distri-
bution v.

We have proved:
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Lemma 14.7. Given a PM v on a Borel space (S,S), there exists a measurable h : [0,1] — S such that
h(U) has distribution v.

Observation. Let 7 be the kth prime number, and I®) = {m; 72, 7},...} is an infinite set. Then
I G T® . are disjoint. Given a sequence py of PMs on R, define Uy = 37, Q’ibﬂi (U). Then
Uy, is Uniform[0, 1], independent as k varies. Define X, = F, L(Ux). We get an infinite sequence of inde-
pendent RVs with the given distribution py, which are all functions of some U. If X = (X1, Xo,...), then
dist(X) is a PM on R with distribution pq ® po @ g ® - - -.
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15.1 More “RVs & Distributions”

Corollary 15.1. Given a PM p on S X R, given a RV X : Q — S where dist(X) = p; is the marginal
of u, given a RV U : Q — [0,1], where dist(U) is Uniform(0,1) and U is independent of X, then
3f : S x [0,1] = R such that, writing Y = f(X,U), dist(X,Y) = u.

Proof. Let @ be the kernel S — R associated with pu. Let f(s,u) be the inverse distribution function of
the PM Q(s, ). f(s,U) has the distribution Q(s, -).

Check this f works. The above statement is equivalent to Q(s, B) = Mu : f(s,u) € B}.

P(X €AY € B) = P(X S A,f(X, U) S B) = //1(X€A)1(f(w,u)eB) ,u(dx) ® )\(du)

= [1xen@aBuds) = [uAxB) 0
Fubini def. of Q
Consider the map
Tnm © (T1, T2y Tn) = (X1, ..., T
R'ﬂ RWL

for 1 <m < n < o0. Ty, is the associated map P(R"™) — P(R™) given by

dist(X1, ..., X,) — dist(Xq, ..., Xpm)

Theorem 15.2 (Kolmogorov Extension (Consistency) Theorem). Given PMs p, on R", 1 < n < oo,
which are consistent in the sense that mn mpin = ftm, 1 < m < n < 0o, then there exists a PM ji on
R such that Too mploc = fm, 1 < m < oo.

To define (x;,1 < i < 00), it is enough to define x; for each 1.

To define (X;,1 <14 < 00), it is enough to define each Xj.

Proof. Take Uy,Us, ..., independent U[0,1]. Define X; = Fu_ll(Ul). Inductively, suppose we have
defined X,, = (X1,...,X,) as functions of (Uy,...,U,), such that dist(X,,) = pu,. We will show that
there exists f,+1 such that, defining X,,11 = fr4+1(Xn, Unt1), we have

dist(Xpnt1 = (X, Xnt1)) = fng1

57
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This constructs an infinite sequence (X,,,1 < n < 00). Define p = dist(X,,,1 < n < 00). Use 15.1
with S =R", X =X,,, U =Up,41, and g = p,41 on R® X R. O

Example 15.3. Given a measurable b : R — R, and a PM g that is invariant under h (dist(X) = p
implies that dist(h(X)) = u), for each n, take dist(X,) = . Define X; = h(X;41), 1 <i < n— 1.
Let p, = dist(Xy,...,X,). (This is a separate construction for different n.) Then 15.2 implies that
oo = dist(Y1,Ys,...) such that dist(Yy,...,Y,) = dist(Xq,...,X,) Vn, where Y; = h(Y;11) for all
1 <7< oo0.

15.2 Intermission: Example Relevant to Data

Hypothesis: Probabilities from gambling odds are indistinguishable from “true probabilities” as formalized
in math.

Does this hypothesis make predictions that can be checked against data?

Consider P(home team wins), which starts off at 50%. The probability fluctuates over time, eventually
reaching 0% or 100%. Suppose there is a half-time break. The perceived probability at half-time will change
from game to game.

Model. Let Z; be the point difference at half-time (home team — away team) in the first half. Let Z be

the point difference in the second half. The home team wins if and only if Z; + Zs > 0. Assume Z; L _7
(symmetric), with Z; and Z5 independent. Suppose that Z; has a continuous distribution.

P(home team wins | Z; = 2) = P(Zy > —z | Z1 = 2)
=P(Zy > —2) by independence
=P(Zy < z) by symmetry
= Fa(2)

P(home team wins | Z1) = F5(Z1)
< Uniform[0, 1]

15.3 Conditional Expectation in a Measure Theory Setting
Undergraduate Version. Let X,Y be R-valued and A be an event. EX is a number. E[X | 4] is a number.
E[X|Y = y] is a number depending on y (is a function of y), which equals h(y), say. Write E[X |Y] = h(Y),
which we view as a RV. This is useful because FE[X |Y] = EX.

MT Setup. X is a map from (2, F, P) to R, with F|X| < co. Consider a sub-o-field G C F. We will define
E[X | G] to be a certain G-measurable RV.

G is “information”.

EX is the fair stake now to get the payoff X tomorrow. The gain is X — a, and in order for the stake to be
fair, E[gain] = 0 means that a = EX.

Suppose that we know the information in G. The fair stake now is Y, say.

Strategy: Choose G € G. Bet if G happens, not if G happens. We gain (X — Y)1g. The stake is fair if
E[gain] = 0 for all stakes, which is equivalent to E(X —Y)1lg = 0 VG.
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Define E[X | G] to be the RV Y satisfying:
Y is G-measurable (15.1)

EYlg =EXlg VG €eg (15.2)

15.3.1 Existence

For G € G, define v(G) = EX1g. If P(G) = 0, then v(G) = 0, which says that v < P as measures on
(©,G). The Radon-Nikodym Theorem says that there is a density

dv
W) =Y (W)

which is G-measurable. The defining property of the Radon-Nikodym density is (15.2). (This works when v
is a signed measure.)

15.3.2 Uniqueness
Lemma 15.4. IfY is G-measurable, if E|Y| < 0o, if E[Y1g] > 0VG € G, then Y > 0 a.s.

Proof. If not, G = {Y < 0} has P(G) > 0 and EY1¢ < 0. Contradiction. O

Corollary 15.5. If Y7 and Y3 each satisfy (15.1) and (15.2), then Y1 = Y5 a.s.

Proof. E(Y; —Ys)lg = 0 VG, which by 15.4 implies that Y3 > Y5 a.s. and Y7 < Y3 a.s. O

Lemma 15.6 (Technical Lemma). (a) If Z = E[X | G], then E[VZ] = E[VX] for all bounded G-
measurable V.. Use the definition for V.= 1¢ and the Monotone Class Theorem.

(b) If Z is G-measurable, then to prove that Z = E[X | G|, it is enough to prove
EZ1,=EX1, VAc A

where A is a w-class, G = o(A). (Dynkin w-A Lemma)
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16.1 Conditional Expectation

Let X : (Q,F,P) - R, E|X| < o0,and G C F. E[X |G] is the RV Z such that
(i) Z is G-measurable.
(i) E[Z1g] = E[X16| VG € G

Conditional expectation is only unique up to a null set. For example, if we write Z = Z; + Zy (where
these are RVs as in the definition of conditional expectation), then the statement is implicitly qualified as
Z =71+ Z5 a.s.

Lemma 16.1. For Z = E[X | G|, we have E[VZ] = E[V X] for all bounded G-measurable RVs V.

16.1.1 General Properties of Conditional Expectation
Setting: Take a fixed G.

Idea: The general properties of CE mimic the general properties of ordinary expectation, but with G-
measurable RVs playing the role of constants.

Properties of expectation:
o E[X; + Xo] = E[X;] + E[X]
o ElcX] = cE[X]
e |[EX| < E|X|
e Elcj=c
Properties of conditional expectation:
(a) E[Xi +X;| 6] = E[X: | 6] + E[X2 | G]
(b) E[VX |G]=VE[X |G] for all bounded G-measurable V
(
(

)
) f0 < X, 1 X as., then E[X,, | G] T E[X | ] a.s.
d) If X >0 as., then E[X | G] >0 a.s.
)
)

(e) IEIX |Gl < EIIX| 6] as.
(f) E[F[X |G]] = EX (use G = Q in the definition)
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(g) If X is G-measurable, then E[X | G] = X by definition. If G is trivial, then E[X | G] = EX (G trivial
implies that E[X | G] is constant, which equals EX).
(h) If G C H, then E[X | G] = E[E[X | H] | G]. This is called the tower property.

In fact, the properties above are true provided that F|VZ| < occ.

def

Proofs. (a) Write Z; = E[X; | G]. We need to show that Z = Z; + Zy = E[X; + X2 | G]. Is Z
G-measurable? Yes, since Z; is G-measurable. For the second part of the definition,

E[Zlg} = E[le(;] + E[Zglg] =S E[Xllg] + E[Xng] = E[(Xl —|—X2)1G] VG € g

(b) Define Z = VE[X | G]. We need to show Z = E[VX | G]. Is Z G-measurable? Yes, since V' and
E[X | G] are G-measurable.

E[E[X |G|V1g] = E[XV1g] VG €G
The equality is true by 16.1 applied to Vg, since V1g is G-measurable.
(c) Easy exercise.
(d) Easy exercise.
) Easy exercise.
) Write Z = E[X | G]. We need to check:
E[Z1¢] = E[X1g] = E[E[X | H]1g]

by the definition of Z. The second equality is because of the definition of E[X |H] and G C H, so

G € G implies that G € H.
O

16.1.2 Orthogonality
X — E[X | G] is an orthogonal projection in Hilbert space. Recall from 16.1 that
E[(X - EX[G)V]=0
for V' G-measurable and EV? < co. (By the Cauchy-Schwarz Inequality, E|V X| < /(EX?2)(EV?2) < 00.)
(i) X — E[X | G] and V are orthogonal for all G-measurable V.

16.1.3 Conditional Variance
Recall that var(X) = E [X — E[X]].

Definition 16.2. Define conditional variance by
var(X | G) = B [(X — E[X | ])* | J]

(j) If Y is G-measurable, EY? < oo, then E[(X —Y)? |G] = var(X | G) + (E[X | G] - V)2

Proof.
Left = E[(X — E[X |G])+ (E[X | G] - Y))?| 4]

a b
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Expand the square. We have E[ab|G] = bE[a|G] = 0, so the cross-terms vanish. Since b is G-measurable,
Ela? +b? | G] = var(X | G) + b2 O

The constant ¢ that minimizes E(X — ¢)? is ¢ = EX.
(k) The G-measurable RV that minimizes E(X —Y)?is Y = E[X | g].
Take the expectation of (j). Then
E(X -Y)>=Evar(X |G)+ E(E[X |G] - Y)?

(1) var(X) = Evar(X | G) + var E[X | ]

Proof. Replacing X by X — ¢ changes no terms, so we can assume EX = 0.

var X = E[X?] = E [E[X? | {]]
E[X?|G] = B[(X - E[X |G]) + E[X | G))* | G]
%CL/_/ \T—/
= E[a®| G] + V?
= var(X | G) + (E[X | G))?
var(X) = E [var(X | G) + (E[X | g])z]

= Evar(X | G) + E(E[X | G] — 0)?

NI

—var E[X | G]
since Elab|G] =0 and E[E[X |§]] = EX = 0. O
16.1.4 Independence
What is the connection with independence?
(m) X is independent of G iff
E[h(X)|G) = EhX) for all bounded measurable h: S — R (16.1)

Here, X can be S-valued.

Proof. Suppose X is independent of G. We need to show:
E[(En(X))1e] = (ER(X))(Elg) = E[M(X)1a]
This holds by independence.
Suppose that (16.1) holds. Take h = 1 for B C S. (16.1) implies (by the same argument as above)
P(X € B,G) = E[h(X)1¢] = E[h(X)]E[1l¢] = P(X € B)P(G)
for all B and G, which implies that X and G are independent. O

Recall that X and Y are independent if and only if E[hi(X)h2(Y)] = (Eh1(X))(Eha(Y)) Vhy, ha.

16.2 Background to Conditional Independence

There are three general contexts in which this idea arises.



LECTURE 16. OCTOBER 18 63

1. Bayes

(a) Take a random ©, which takes values in {PMs on R'} = P(R).
(b) Conditional on © = 6 € P(R), take X1, Xo, X3, ... which are IID 6.

The (X;) are conditionally independent given ©.
2. The simple Markov property for (X,,,n > 0)
P(Xpt1 =@pi1 | Xn =20, Xno1 = Zp—1,..., Xo =20) = P(Xnt1 = Tnt1 | Xn = zp)
(Xnt1) and (X;,—1, X,—9,..., Xo) are conditionally independent given X,.

3. Given (Wy,x = (z1,72) € Z?), let N(x) be the neighbors of x. The idea is that Wy depends only on
{Wy,y € N(x)} and not on the other Ws. We formalize the idea as Wy and (W,,z ¢ N(x)U {x}) are
conditionally independent given {Wy,y € N(x)}.



Lecture 17

October 20

17.1 Two Final “Conditioning” Topics
Recall Jensen’s inequality: E¢(X) > ¢(EX) if ¢ is convex, if E|X| < oo and F|¢(X)| < occ.
(n) Conditional Jensen’s inequality: E[¢p(X)|G] > ¢(E[X | G]) a.s.

17.1.1 Conditional Independence

Recall that in MT, independence is a property of G; and Go. The RVs X; and X5 are independent if o(X1)
and o(X3) are independent. Recall that for X : (Q, F, P) — (S,S), o(X) C F. Independence is also equiv-
alent to Elhy(X1)h2(X2)] = (Eh1(X1))(Eh2(X2)) for all h; : S; — R which are bounded and measurable.
This is also equivalent to E[hi(X1) | X2] = Fhy(X;) a.s. for all hy.

Undergraduate Setting. Given a discrete RV V, define P(X; = x1 | V = v) and define P(X3 = a2 |V = v).
Then, we can construct (X, Xo, V) such that

P(X1:$1,X2=$2|V:’U):P(X1 :$1|V:U)XP(X2:CL‘2|V:’U)
Definition 17.1. X; and X5 are conditionally independent (CI) given G means
E[h1(X1)h2(X2) | G] = E[hi(X1) | G] X E[h2(X2) |G] Vhi
We can replace X; with a o-field H;, and hq(X;) with a bounded H;-measurable RV.

Homework (Later). This is equivalent to E[h1(X1) |G, X2] = E[h1(X1) | G] a.s. for all h;. Once you know G,
knowing also X5 gives no extra info about Xj.

17.1.2 Conditional Probability & Conditional Expectation
Undergraduate. We define a conditional P by

and a conditional F by
ER(Y)|X =] =) h(y)P(Y =y|X =)

and the two concepts are related.
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From (X,Y) : (Q,F,P) = S1 x S3, we get a kernel @ from S; to Sg, where Q(z, B) means P(Y € B| X = z).
Given W : (Q,F,P) = R, E|W| < 00, G C F, we defined E[W |G] = Z, specified by E[Z1¢] = E[W1g] for
all G € G. What is the relationship between these two concepts?

Write W = h(Y), where h : Sy — R. Write G = o(X). Write I : (2, F) — (£,G), the identity function.
We have (I,Y) : Q = (Q,G) x (S2,S82). Write a(w, B) for the kernel associated with (,Y). Then a(w, B)
means P(Y € B|G)(w).

We can start from conditional expectation: let P(A) = E[l4]. Define P(A|G)(w) = E[la | G](w). Then
a(-,B) = P(Y € B|G). This is the regular conditional distribution for YV given G. It is “regular” in
the sense that B — a(w, B) is a PM.

What is this in MT?
E[h(Y) | 6)(w) = / h(y)o(w, dy)

(Homework)

17.2 Martingales

A o-field G is a collection of events: A € G, where A is an event. For a RV X, “X is G-measurable” means
o(X) C G. We use the shorthand X € G. (This can, in principle, cause confusion: consider J € F7?)

17.2.1 General Setup (2, F, P)

Sub-o-fields Fy C F1 C Fo C --- C F form a filtration. We interpret F,, as the “information known at
time n”.

A sequence (X,,n > 0) is adapted to (F,,) means X,, € F,, Vn.

Definition 17.2. A R-valued process (X,,0 < n < c0) is a martingale (MG) if
(i) BE|X,| < oo Vn
(ii) (X,) is adapted to (F,)
(i) E[Xn+1 | Fn] =Xn, 0<n <0

In condition (iii), if we have E[X, 11| Fn] > X,, we have a submartingale. If E[X,,;1 | F,] < X,,, we have
a supermartingale.

Note that (iii) can be rewritten as E[X ;41 — X, | Fpn] = 0 Vn.

Typical Use of Theory: We have a complicated system (Y},) and we look for h such that h(Y,) is a MG.
Take F, = 0(Yo, Y1,...,Y,). If we take X,, = h(Y,,), then (X,,) is adapated to (F,).

If we define X,, and we say “X, is a MG”, then we are taking F,, = o(Xo, X1,...,X,), the natural
filtration for (X,,).

17.2.2 Examples Based on Independent RVs &;,&5,&3, ..., F, = 0(&y, ..., &)
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Example 17.3. If E|¢;| < co and E§; = 0Vi, then S, = > | & is a MG.
0

because S,, € F,, and S, 41 is independent of F,.

Example 17.4. As in 17.3, suppose also 07 = E{? < oo. Then Q, = S2 — Y1 | o7 is a MG.

Qnt1— Qn =S4y — 52 — a4y = 28nbns1 +Eapy — Onts
E[Qn+1 - Qn | Fn] = E[2Sn§n+1 | ]:n] JFE[ T2L+1 ‘ ‘Fn] *0721—&-1
Sn€Fn indep.
= 28, E[Sn+1 | Ful +E[§721+1] - 072L+1
—_—

=0

=0

Example 17.5. Suppose (§;) are independent, F¢; = 1. Then M,, =[]\, & is a MG.

M1 = Mpénta, M, € F,
E[Mn+1 | fn} = E[Mn§n+1 | fn] = MnE[§n+1 | fn}
= MnE[gn-‘rl]
=M, -1

Example 17.6. Suppose that (§;) are independent. Fix ¢, S, = > 1 ; &, and suppose that we have

$i(t) = Eexp(t&;) < oo. Then
x, = ZPES)
" H?:l ¢i(t)

is a MG.

X -Iv
=1

exp(t&;)
¢i(t)

}/;:

By independence, the expectation is 1.

Example 17.7. Take (&;) IID. Take density functions f and g > 0. Define the likelihood ratio

1y 9(&)
In =117

(a) If the (&;) have density f, then (Vg) (L) is a MG.

S

L, = Y;Za
i=1

. 9(&i)

Y= e
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9) .
/ IL - j(w)dy

EY; =
= / 9(y)dy =1

(b) If the (&) have density g, then, provided that EL, < oo, (L,) is a sub-MG. (a) implies that
(1/L,,n > 0) is a MG.

1

1 1
= =E|—— | F| 2

Ln Ln+1

by Conditional Jensen’s Inequality. Therefore, E[L, 1 | F,] > Ly, so this is a sub-MG.
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October 25

18.1 General Constructions of MGs

Consider a filtration (F,,0 < n < oo) on (2, F, P). Recall that (X,,,0 < n < 00) is adapted to (F,,) means
X, € F,, 0<n<oo.

We can define F, = O’(Un Fn) € F. We are usually not given a RV X,,. When we consider Xy for a
stopping time T', we need to care about {T" = oo}.

Example 18.1. Consider any X with E|X| < oo, then X,, = E[X | F,], 0 <n < oo is a MG.

E[Xn | ]:n—l] = E[E[X |-7:n] ‘]:n—l]
= E[X | ]:n—l] = Xn 1

by the Tower Property, since F,,—1 C Fj,.
Similarly, for any event A, Y,, = P(A | F,) is a MG.

Notation. For any X = (X,), define AX = X,, — X,, 1, n > 1. Then (X,,n > 0) is a MG if and only if
AX € F, forn > 1, EJAY| < oo for n > 1, E[AY | Fo] = 0 as. for n > 1, and Xy € Fy, E|Xo| < co. Call
(AX,n > 1) a martingale difference sequence. To get the sub-MG property, E[AX | F,_1] > 0 a.s. for
n > 1.

Example 18.2. Consider any (X,,n > 0), adapted to (F,) and E|X,| < co Vn. Define (Y,,) by
Yo = Xo, AY = AX — E[AX | F,,_1]. Define (Z,,) by Zo = 0, AZ = E[AX | F,,_1]. Then
() X, =Y, + Z,
(ii) (Y,) is a MG.
(i) Z, € Fp—1, forn > 1 and Z,, = 0. (Z,,) is predictable and E|Z,| < cc.

This is the unique decomposition with these properties.

Why is this unique?

E[Af |]:n71} :E[A'r}: ‘]:nfl] +E[ATZL“F’R*1]
=0+ A7
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since (Y;,) is a MG and Z is predictable.

This is called the Doob decomposition.
If (X,,) is a MG, then (X,, — Xo,n > 0) is a MG. We often say “WLOG assume X, = 07.

For a MG, E[X,, | Fn-1] = X,—1 implies that EX,, = EX,,_1, which implies that EX,, = EXy Vn. For a
sub-MG, E[X,, | Fn_1] > X, _1, which implies that £X,, > EX,,_1, which implies that £X,, > EXq Vn.

Theorem 18.3 (Convexity Theorem). Let (X,,) be adapted to (F,), ¢ be convex, and E|¢(X,)| < oo.
(a) If (X,) is a MG, then ¢(X,,) is a sub-MG.
(b) If (X,,) is a sub-MG and if ¢ is increasing, then ¢(X,) is a sub-MG.

Proof. (b)

E[¢(X7L+1) | ]:n} > ¢(E[Xn+1 | ]:n])
>Xn

> ¢(Xy)

where we used Conditional Jensen, (X,,) is a sub-MG, and ¢ is increasing. Hence, ¢(X,,) is a
sub-MG. We have equality if (X,,) is a MG.
O

Example 18.4. If (X,,) is a MG, then (provided integrable)
(i) |X,|" (p>1) is a sub-MG, because x — |z|” is convex

(i) X2 is a sub-MG

max (X, ¢) is a sub-MG, because z — max(x, ¢) is convex

)
)
(iii) exp(0X,,), (—oo < 0 < 00) is a sub-MG, because z — €% is convex
(iv)
)

(v) min(X,,c) is a super-MG

18.2 Stopping Times
Definition 18.5. ARV T :Q — {0,1,2,... } U{} is a stopping time if
{I'=n}eF, 0<n<x (18.1)
This implies that {T' = 0o} € Foo. Equivalently,

{I'<n}eF, 0<n<o (18.2)

Definition 18.6. For a stopping time 7', define Fr as the collection of sets A € F such that
An{T=n}eF,, 0<n<ocx (18.3)

or equivalently,
An{T <n}eF,, 0<n<ocx (18.4)
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This is the pre-T o-field.
There are many “obvious” properties.

1. If (X,,) is adapted, if T is a stopping time, T' < oo, then Xr is Fp-measurable.

Proof. Want: {Xr € B} € Fr VB.

Want: {Xr € B}N{T =n} € F,. This is the same as {X,, € B} N{T =n}. {X,, € B} € F, since X,,
is adapted. {T'=n} € F,, by the definition of a stopping time. O

2. It Ty < T, are stopping times, then Fr, C Fr,.
3. If S and T are stopping times, then {S =T} € Fs¢ N Fr, and for A C {S =T},

Ae Fs s Ae Fr

Given an adapted (X,,) and a stopping time T, the process X, = Xmin(n,7) is adapted. Call X the “stopped
process”.

Story. JF,, is the information at the end of day n. You can buy a stock at the end of any day n. X, is the
price of 1 share at the end of day n. H, is the number of shares I hold during day n (they must be bought at
day n — 1 or earlier). Therefore, H,, € F,,_1. Y,, is my accumulated profit at the end of day n. What is the
relation? AY = H,AX. Also, Yy = 0. Write Y = H - X, a “martingale transform” or a “discrete-time
stochastic integral”.

Theorem 18.7 (Durrett 2.7). Suppose (X,,) is adapted and (H,) is predictable. Consider Y = H - X
(for simplicity, assume H,, is bounded).

(i) If (X,) is a MG, then (Yy,) is a MG.

(i) If (X,) is a sub-MG and H,, > 0, then (Y,,) is a sub-MG.

Proof.  (ii)

n

E[AY] = E[H, A | Faei]
N————— —
H,eF,_1
= H, E[AY | F_1]
~N——
>0 >0
>0

since (X,) is a sub-MG. Therefore, (Y,,) is a sub-MG.
O

Corollary 18.8. If (X,,) is a (sub-)MG, if T is a stopping time, then X, = Xmin(n,T) 5 @ (sub-)MG.
Proof. Buy 1 share at the end of day 0 and sell at the end of day T.

Hy, = 1o<n<t)

(H,) is predictable because {n < T} = {T < n —1}° € F,,_1. The process Y = H - X is explicitly
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Yn = Xmin(n,T) — X(). Apply 18.7.
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19.1 Optional Sampling Theorem

Last class: let (X,,) be a sub-MG w.r.t. (F,). (H,) is a predictable process which is bounded. Define
Y =H-XbyYy,=0,AY = H,AX. Then (Y,) is a sub-MG, provided H,, > 0. H,, is the number of shares
held on day n.

The sub-MG property is
E[Xn | ]:n—l] Z Xn—l

which implies that EX,, is increasing.
Corollary 19.1. Let (X,,) be a sub-MG. Let 0 < Ty < Ty < ty be stopping times. Then
E[XTz | ]:TJ > XTI
Proof. Fix an event A € Fr,. The strategy is: “If A happens, buy 1 share at 77 and sell at T5. If A does
not happen, do nothing.” H,, = 14l(p, <n<7,)- We want to check that H, is predictable. In other words,
we want to check AN{Ty; <n <Th} € F,—1. We can write {71 <n < T} as {73 <n—1}\{Tx <n—-1},

because To > T4, so we have (AN{Ty <n—1})\ (AN{T> < n—1}). By the definition of A € Fr,, the
two events are in JF,,_1.

So, (Y;,) is a sub-MG. Y,, = (X1yan — X1y an )14, where a Ab = min(a, b). The sub-MG property implies
that EY;, > EY, = 0. We have shown

E[(_XT2 — XTl)lA] >0 VAec -FTl
Fact. If E[Z14] > 0VA € G, then E[Z | G] > 0 a.s. Therefore,
L?P(T2 — XT1 |]:T1] > 0 a.s. O

“OST” is the Optional Sampling Theorem.

Theorem 19.2 (Basic Version of OST). If (X,,) is a (sub-)MG, 0 =Ty < Ty < Ty < --- are stopping
times, if T; < t; (a constant), then (Xr,,1=0,1,2,...) is a (sub-)MG w.r.t. (Fr,,i=0,1,2,...).

In particular, EX7, > EXj for a sub-MG and EX7, = EXg for a MG, and EXp, > EXp, if To > T1. There
are many other versions without the restriction that T < .
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Write X% = max(Xo, X1,...,Xny). We know that P(X% > z) < Zﬁ;o P(X,, > x) is always true. If the
(X;) are independent, then P(Xx >z)=1— ngo P(X,, < z). With MGs, we can get better bounds than
the former.

19.2 Maximal Inequalities

Lemma 19.3. Let (X,,) be a super-MG, X,, > 0 a.s. Write X* = sup,, X,,, so X5 T X* as N — 0.
Then P(X* > \) < EXy/\, for all A > 0.

Proof. Define T'=min{n : X,, > A}. Apply the OST 19.2 to 0 and T'A N. Then

EXo > EXTANn = EXTl(7<n) + EXN1(T>N)
> A\P(T < N) +0

This implies
P(T < N)<\'EX,
The event {T' < N} is the same as the event {X} > A}. Therefore
P(X% > <A 'EX,

Let N — oco. Then we only have
P(X* > )) <M EX,

Apply this to A; T A to obtain
P(X*>)\) <A 1EX,

(Check this.) O

Lemma 19.4 (Doob’s (L') Maximal Inequality). Let (X,,) be a sub-MG. For A\ > 0,

AP(X} > A) < E[Xn1(xz>n] < EX;; = Emax(X,0)

Note that
max B[Y1a] = B[ 1y 20)] = Emax(Y,0) = Y

which implies that E[Y14] < EY™T.

Proof. Let T =min{n : X,, > A}. Apply the OST 19.2 to T AN and N: EXpany < EXy. Therefore,
EX1tlir<ny + EXNL(7>N) S EXNl(r<n) + EXNL(T> )

X1 > A, s0
AP(T < N) < EXNnlir<n) =EXN1(xz>n O

Corollary 19.5. If (X,,) is a MG, then (because Y,, = |X,| is also a sub-MG)

E|Xn|

P( max |Xn|2)\) <
N A

0<n<
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Also, Z,, = X2 is a sub-MG (provided EX? < 00). Apply 19.4 to (Z,):
\2p ( max X2 > )\2> < EX%
0<n<N

or
EX?

P max |X,|>)\) < =X

0<n<N A2

These are two different bounds for the same quantity.

Use the notation

a Vb= max(a,b)
a A'b=min(a,b)

Theorem 19.6 (Doob’s L? Maximal Inequality). Let (X,) be a sub-MG. Then

Bl(0V X})*] < 4E[(X})?)

Proof.
E[(0V Z2)?] = 2/0o AP(Z > X)dA
0

E[(0V X%)*] = 2/ AP(X3 > A)d) < 2/ E[XN1(x5x]dA
N—— 0 0 N

a

o0
< 2/ E[XN1(xg>n]dA
0

<2E [Xj{, /OOO s 5 d/\}

— 2B[X5(0V X3)]

< 2(B[(X5)%] x B0V X5)*)'/?
—_—

b a

by the Cauchy-Schwarz Inequality. The inequality is saying a < 2v/ba, so a < 4b. There is also a special
case when a = oco. O

If we use the Holder Inequality instead of the Cauchy-Schwarz Inequality, then we obtain

Blov X3 < (2) Blocy!

for 1 < p < co. This is not true for p = 1.
Example 19.7. Let Xy = 1 and consider a simple symmetric RW on Z, stopping at
T =min{n>1:X, =0}

(X,) is a MG. EX,, = 1 VYn. Also, X} T X* = sup,, X,,. Elementary fact: P(X* > m) = 1/m.
Therefore, EX™* = 00, so EX}, 1 o0, but EXy =1VN.
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November 1

20.1 Upcrossing Inequality

Take any R-valued (X,,n > 0) and any a < b. Define S; = min{n: X,, <a}, T} = min{n: X, > b},
So=min{n >T; : X, <a}, To =min{n > S : X,, > b}, etc.

Define U,, = Up[a,b] = max{k : T, < n}, the number of upcrossings over [a,b] completed by time n.

Theorem 20.1 (The Upcrossing Inequality). Suppose (X,,) is a sub-MG. Then

(b—a)EU, < E(X,—a)T —E(Xo—a)t
< EX, +|al

Proof. Note that (x —a)* < a2t +|a|, so BE(X —a)T < EX™T + |a].

(Trick) In the case that X,, > a Vn, we will prove (b—a)EU, < EX,f — EX{ . For general (X,,), apply
the result to max(X,,,a) — a, which is a sub-MG.

Use the “buy low, sell high” strategy: buy 1 share at .S;, and sell 1 share at T;. Consider ¥ = H - X,

where Hy, = 1(s, <n<my) + 1(s,<n<m) + -+ This is a predictable process, so (Yy) is a sub-MG.
Up
Y. = Z(Xﬁ - XSi) + (Xn - XSUn+1)1(n>SUn+1)

=i

b—a)U, +0

v

Take expectations.
(b—a)EU, < EY,

Consider the opposite strategy K: K, =1 — H,. (X, —Y,) = (K - X), + Xj is a sub-MG.

E[XO - YE)] < E[Xn - Yn]
EXy < EX, - EY,
(b—a)EU, < EX,, — EX, O

20.2 Martingale Convergence
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Theorem 20.2 (Martingale Convergence Theorem). If (X,,) is a sub-MG, if sup, EX,) < oo, then
X, = Xoo @.5., for some X with B|X | < o0.

Proof. Uyla,b] T Uxla,b], so

. EXTt
EUs[a,b] = lim EUy[a,b] < w
which implies that Us[a,b] < oo a.s. This implies

P(U,la,b] < oo, all rational pairs a < b) = 1

For reals (z,,), if lim sup,, ©,, > lim inf,, ,,, then U [a, b] = oo, for some a < b. Since Uy [a, b] < oo for all
rational a < b, then lim sup z,, = liminf z,, € [—00, 00]. Therefore, X,, = X, a.s., but X, € [—00, 0.

Recall Fatou’s Lemma: If Y,, > 0,
FliminfY,, <liminf FY,,

X&' — X1 as. implies (by Fatou’s Lemma) that EXT <liminf,, EX, < co. Also,
EX,; =EX' -EX,<EX -EX,
since EXo < EX,,. Since X,, — X a.s., by Fatou’s Lemma,

EX <liminf EX, <sup EX:{ — EXp < oo

Since EXT, < 0o and EX < oo, then E|X | < o00. O

Corollary 20.3. If (X,,) is a super-MG, if X, >0 a.s., then X, = X a.s. and 0 < EX, < EXj.

Proof. Apply 20.2 to (—X,,), so X,, =& X a.s. Use Fatou’s Lemma: EX,, < liminf, FX, < EXj.
O

Recall the simple RW Xy = 1, stopped at 7' = min {n : X,, = 0}. Let Y, = X\in(1,n). Then Y, — 0 =Y
a.s., but EFY,, =1Vn but EY,, = 0.

20.3 Facts About Uniform (Equi-)Integrability

Consider R-valued RVs.

Definition 20.4. A family (Y,,) is UT if

Jim sup B [[Yal 1y, 2] =0

If E|Y| < 00, then limy_, o E[‘Y|1(|y‘>b)} =0.

We will quote some facts (see Durrett or Billingsley).
1. If sup, E|Ya|? < oo for some ¢ > 1, then (Y, ) is U, which implies that sup,, F|Y,| < cc.
2. if Y,, = Yo as., if (V,,) is UL, then E|Y| < 0o and E|Y,, — Yoo| = 0, ie. Y,, — Y, in LL.
3. If Y, — Ya in L', then (Y,) is UL
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4. If E|Y| < oo, the family of {E[Y | G],all G} is UL

Theorem 20.5. For a MG (X,,), the following are equivalent.
(i) (X,) is UL
(ii) X, converges in L'.
(111) There exists a RV Xo with E|X | < 0o such that Xy, = E[X | Fi] Vk.

If these conditions hold, then 3X ., such that X,, = X both a.s. and in L*.

Proof. (iii) = (i), by 4.

(i) implies, by 1, sup,, E|X,| < oo, which by 20.2 implies X,, converges to some X, a.s., which implies
by 2 that X,, = X, in L', which implies (ii).

Given (ii), X,, = Xo in L', which implies that E|X,, — Xo| — 0 with E|X.| < oco. We need
to prove that FX 14 = EXpla VA € Fi. Fix A and k. By the MG property, for n > k,
E[Xn |]:k] = Xy,s0 EX,14 = EX;14. Hence, |EX001A — EanAl < E‘Xoo — Xn| — 0 as n — 00, S0
|EXools — EXpla| = 0. 0

Theorem 20.6 (Levy’s 0-1 Law). Take any process (Yn,n > 0). Take any RV Z with E|Z| < oo and
Z €0o(Y,,n>0). Then X,, = E[Z|Y3,...,Y,] is a UI martingale, so by 20.5, X,, = X a.s. and in
L'. In fact, Xoo = Z because

X, = E[Xo | Y3,...,Y,)
—E[Z|Y1,...,Y,]

$0 E[Xoo —Z | Fp] =0, 50 E[Xoo — Z | Fol = 0= Xoo — Z (since Xoo — Z is Foo-measurable).

Remark: In particular, take Z = 14. Then
PAIYy,...,Y,)(w) = 1a(w) as.
for all A € 0(Y,,,n >0).
For independent (Y},), suppose A is in the tail o-field.
PA|Yy,....Y,)(w)=P(A) =214 as. asn— o0

which implies that 14 is a constant a.s., which implies that P(A) =0 or 1.
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Lecture 21

November 3

21.1 “Converge or Oscillate Infinitely”

Lemma 21.1. Let (X,,) be a MG such that | X,, — X,—1| < K Vn. Then P(CUD) =1 for the events

C = {w : lim X, (w) exists and is ﬁm'te}

n—oo

D= {w : lim sup X, (w) = 400 and liminf X, (w) = —oo}

n

Proof. WLOG X, = 0. Fix L > 0. Define T = min{n : X,, < —L}. The stopped process (X1n,n > 0)
is a MG which is always at least —L — K. By the (positive super-MG) convergence theorem, Xzny,
converges to some finite limit a.s. as n — oo. This implies {inf,, X,, > —L} = {T = oo} C C. This is
true for all L, so let L — oco. Therefore,
4y = {inf X, > —oc} cC
n
The same argument applied to (—X,,) gives

Ay = {suan < oo} ccC

so we are done because (A; N A2)¢ = D. O

21.2 Conditional Borel-Cantelli

Lemma 21.2 (Conditional Borel-Cantelli Lemma). Consider events (A,) adapted to (F,). Define
By, =U,5n Am and B =, B, = {Ay inf. often}. Then

(a) {A;, inf. often} = {>_°° | P(An | Fae1) = 00} a.s.

(b) P(Bpt1 | Fn) = 1B a.s. as n — oo.

B; = Bs a.s. means P(B; A By) = 0.
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Proof. (b) Counsider K < n. Then B C B,, C Bg and
P(B|]:n)SP(BnJrl|]:n):P(Bn+l|]:n)§P(BK|~Fn)
Take the limit as n — oo.

1p < liminf P(Bp41 | Fn) < limsup P(Bp11 | Fn) < 1p,

Let K 1 oco. Then 15, | 1p.
(a) Consider X, = >."" _ (14, — P(Ay | Fin—1)), which is a MG, and |X,,+1 — X,,| < 1. Then 21.1

m=1

implies that P(C' U D) = 1. We want to prove

{ZlAm = OO} = {ZP(Am | Fn—1) = oo} a.s.

Observe that X, = > " _ 14, —>" _ P(An | Fpn-1). On event D, both sums are co. On event

m=1
C, either both sums are finite or both sums equal co.

O

21.3 “Product” MGs

21.3.1 Convergence for “Multiplicative” MGs

Theorem 21.3 (Kakutani’s Theorem). Take (X;,i > 1) to be independent, X; > 0, EX; = 1. We
know that M, = [[\_, X; is @ MG and so M,, == M, with EM., < 1. Then properties (i) to (v)
below are equivalent:

(i) EMy = 1.
(ii) M, — My, in L'.
(i1i) (M,,n > 1) is UL
(iv) Set a; = EXil/2 and note that 0 < a; < 1. 72, a; > 0.

(v) Tl - a:) < oc.

Proof. Conditions (i), (ii), (iii) are equivalent by the L' MG convergence theorem.
Conditions (iv), (v) are equivalent by calculus. Use 1 —z + 22 > ¢~ > 1 — x for small z > 0.

Suppose (iv) holds. Consider
X2 oxr o x

ai a3z an,

which is a MG.
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Apply the Doob L? maximal inequality.
E {Sup Nn} <4K

Note that M, < N2 since M,, = N2[[;_, a?. Therefore, E[sup,, M,] < (4K)? < co. This implies that

=1 """

(Myp,n>1)isULIf Z >0, EZ < 00, the family {X : 0 < X < Z} is UL This gives (iii).

Suppose that (iv) is false, so [[72, a; = 0. For the MG (N,,), we have N,, — N, a.s. We must have

1/2
> 172 a:
. . . oo y1/2 1/2 N 1k
Since the denominator is 0, then [[,”, X;/° = M = 0 a.s., so (i) fails. O

21.3.2 Likelihood Ratios (Absolute Continuity of Infinite Product Measures)

Given densities f;,1 <i < oo and g;,1 <i < 0o, assume f; > 0 and g; > 0. Take Q = R*® with X (w) = w;.
Work with P, the product measure where the (X;) are independent with densities f;. Consider Q, where
the (X;) have densities g;. The “likelihood ratio”

17 9i(Xy)
Ln = };[1 fi(Xq)

is the Radon-Nikodym density
dQn
dp,

(Qn is the probability measure with corresponding density f1 ® fo ® -+ ® fn.)

Know. (Lp,n >1)is a MG w.r.t. P.

Suppose that (L,,n > 1) is UL Then L, — Lo in L' and L, = E[Ls | F»]. What this means, from the
definition of the R-N density, is

Q(A)=FEL,14 VYA€ F,
=ELola YAe|JF,

=FL, 14 VA€ Fo
so Lo, is the R-N density
dQ
dP
on R, Therefore, Q < P.

Similarly, if Q < P, then we can prove (L,,n > 1)is UL So Q < P < (Lp,n>1)is Ul & > .(1—a;) < co.

a;=F <9i(xi))l/2 = /g}/Q(x)fj/Q(a:) dz
1= = %/ (42(@) ~ 112@) " da

(by algebra). Our condition is

3 1/2IE—41/2(E2$ o0
;/(gi (0) ~ £2(@)) " da <
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“f; and g; become close for large 7.”

We know that for f # g, then @ and P are singular.
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Lecture 22

November 8

22.1 Setup for OST

Let (X,,,n > 0) be a sub-MG and T < oo a.s. be a stopping time. We want to conclude that Xy < EXy.
What extra assumptions do we need?

Know. Tt is sufficient that T' <ty < 0o a.s., so it is sufficient that E|X7 — X7an| — 0 as n — oo.

Theorem 22.1. (See Durrett.) It is sufficient that
(a) E|Xn|l(r>n) — 0 as n — oo, and
(b) E|X7| < 0.
Theorem 22.2 (Useful Version of OST). Suppose: (X,) is a sub-MG, T is a stopping time, and
ET < 0. Write A, = X,, — X,,_1. If there exists a constant b such that
E[|A,| | Foe1) <b on {n < T} (22.1)

then EXO < EXT

Proof.

T
Xr=Xo+) Ay

n=1

Consider Y = | Xo| + ZZ=1‘A7L|~ Note that | X7| <Y and |X7an| <Y. Then

EY = E|Xo| + Y _ E|An|l(zsn)

=il
‘We have

EHAnH(Tzn) |-7:n—1} = 1(T2n)E[|An| |-7:n—1}

Take expectations of both sides.
EllAnl(r2n)] < bP(T 2 n)
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Therefore,

EY < E|Xo|+ ) _bP(T > n)
n=1
= E|X0| + bET < o0
so E|Xr| < EY < oo, which checks (b). For condition (a),

E‘Xn|1(T>n) = E|XT/\n|1(T>n)
< EY]—(T>n) —0

asn — 00, since FY < oo. (We are using the fact that E|W| < co and P(A,,) — 0imply E[W1y4 | — 0.)
O

22.2 Martingale Proofs

Principle. Given a MG proof of an exact formula, one can often get inequality conclusions out of inequality
assumptions.

Corollary 22.3 (Inequality Version of Wald’s Identity). Suppose (§;) are independent, p; < E&; < o,
and sup; E|§;| < co. Let S, = Y1, &. Then, for any stopping time T with ET < oo,

mET < ESp < up BT
Wald: If the (&;) are IID, then ESp = (E¢) - (ET).
Proof. Apply 22.2 to X,, = S, — nuq, so that A, =&, — u1. E[A, | Fuo1] = E& — 1 >0, s0 (X)) is

a sub-MG. We have

by hypothesis. Therefore, EXy < EXp,s00< ESy — i1 ET, so ESt > i ET. O

Lemma 22.4. Take (&) IID, S, = Y1 &. Fiza > 0 and b > EE. Suppose 30 > 0 such that
Eexp(0€) = e%. Then P(S,, > a+bn for somen >0) < e~%.

Proof. Set él =¢&; —b. Then S, =S, —nb and Eexp(@é) = 1 by definition. Then (exp(HSAn), n > 0) is
a MG. Apply the L' maximal inequality, so

A 1
P (sup exp(6S,) > /\) < X
Set A = €. Then
P (sup S’n > a) < @i

which implies the result. O

Lemma 22.5. Suppose (&;) are IID and let S, = > ., &. Suppose 30 > 0 such that

¢(0) = Eexp(6¢) = 1
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Suppose T is a stopping time with ET < oo and S, < B on {n < T} for all n. Then Eexp(6St) =1.

Proof. X, = exp(6S,) is a MG. We need to check (22.1) from 22.2.

Ap =X, —Xn-1=Xn-1(exp(6§,) — 1)
|An| S Xn71|exp(9§n) - 1|
E[A,L] | Frno1] < Xp—1E|exp(0€) — 1] < 2X,,1

On {n <T}={n—-1<T}, wehave S,_1 < B, s0o X,,_1 < e?B. Therefore, 2X,, 1 < 2¢%5 on {n < T}.
This verifies (22.1). O

22.3 Boundary Crossing Inequalities

Setting. Let (&) be IID with S, = > | &. Suppose that || < L and assume E{ < 0, with P(§ > 0) > 0.
Fix a < 0 < b, and consider T'=min{n: S, >bor S, < a}.

FExercise. BT < oo.
So, P(Sp >band St <b+ L) ==z, say, and P(Syp <aand Sy >a—L)=1—=x.

Consider ¢(f) = Eexp(6f) < oo. We know that ¢(0) = 1, ¢/(0) = E{ < 0, and ¢(f) — oo as § — occ.
Therefore, 30 > 0 such that ¢(0) = 1.

Apply 22.5 to conclude that Eexp(6St) = 1.
2e® + (1 —z)ef@ L) <1 < 2D (1 — g)efe (22.2)

With some algebra,
1— e@a 1— e49(a7L)

— << —
ebtL — gfa =" = b _ 0(a—L)

Special Case. f P(§ =1) =p<1/2and P(§ =—-1)=¢g=1—pand a < 0 < b are integers, then (22.2) is
an equality, so
o L= 1-(g/p)"
e —ef  (q/p) — (a/p)"
Write ¢(6) = pe? + qge~? = 1 and solve, so €/ = ¢/p. This yields the result that we see in an undergraduate

course.




Lecture 23

November 10

23.1 Patterns in Coin-Tossing

We will say this in words. (FEzercise: Rewrite the argument with mathematical notation for a general pat-
tern.)

Fix the pattern HTTHT. Toss a fair coin until we see this pattern: this requires W tosses. W is random
and 5 < W < oo a.s. What is EW?

Strategy 7: Bet $1 that Toss 7 is H. If we win the bet, bet $2 that Toss 8 is T. If we win again, bet $4
that Toss 9 is T'. If we win again, bet $8 that Toss 10 is H. If we win again, bet $16 that Toss 11 is 7.

Overall Strategy: Do strategy i for each 1 < ¢ < W and then stop after toss W.

The OST tells us that E[profit] = 0. The cost is W and our return is 32 + 4 = 36 (because HT is the start
of the pattern). Therefore, E[36 — W] =0 so EW = 36.

For a pattern of HHHHH, we would have EW =32+ 16+ 8 +4 + 2 = 62.

We can also show the existence of “non-transitive dice”: 3 patterns such that no matter what pattern you
choose, I can choose a pattern such that the odds will be favorable that my pattern comes up before yours.

23.2 MG Proof of Radon-Nikodym

Theorem 23.1. Consider (S,S,u), a probability space, where S = o(A1, As, As,...) (generated by
countable events). If v < p, v(S) < oo, then there exists a measurable h : S — [0,00) such that
v(A) = [, hdu, forall A€ S.

Proof. Heuristics:

—% s) = lim v(4)
) = du( Alus} u(A)

Define F,, = (41, As, ..., Ay), a finite field with 2" atoms. Define

<

(F)
Xn(s) =S W(F)’
0, if u(F) =0

for the atom s € F
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(Recall that v < p means “u(A) =0=v(A4)=0".)

v(F)
u(F)

E,Xplp = x w(F) for atom F

S0
E,X,lp =v(F) foreach F € F, (23.1)

Claim: (X, Fy) is a MG.

Why: Take G € F,_1. Then

EX,1qg = Eancl + EXn1G2 = Z/(Gl) + V(Gg) = V(G) =FX,_1lg

by 23.1 for all G € F,,—_1, so X,,—1 = E[X,, | F.—1].- By the MG convergence theorem, X, — X, >0
a.s. If we prove (X,,n > 1) is U, then by the theorem we have proven, X,, = E[Xo | Fp].

For F € F,,
EXoolp = Eanp = U(F)
which implies

EXulp =v(F) VFel|JF,
which implies that this holds VF € o(lJ,, Fn) = S. Then

V(F)=E,Xolp :/ Xoodp
F

which shows that X, is the R-N density j—y
I

Proof that (X,,) is UL We know that
Ean(Xan) = V(Xn Z b)
by (23.1). Given ¢ > 0, take b such that v(S)/b < d(¢). Then

EXn _ v(S)

< d(e)

by Markov’s inequality. Then 23.2 implies that v(X,, > b) <, so sup,, EX,1(x, > < &, which implies
UL O

Lemma 23.2. Suppose v < p. Ye > 034(e) > 0 such that p(A) < d(e) implies v(A) < e.

Proof. If the statement is false for e, 34,, pu(A,) < 27", v(4,) > . Consider A = {4, inf. often}.
Then u(A) =0, v(A) > e, which contradicts the definition of v < p. O

23.3 Azuma’s Inequality
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Theorem 23.3 (Azuma’s Inequality). Let S, = > .- | X; be a MG with |X;| <1 a.s. Then we have
P(Sp > Ay/n) < e /2 for all X > 0, so P(|S,| > A\/m) < 2e=*/2 for A > 0.

Lemma 23.4. If EY =0 and |Y| < 1, then Ee®¥ < /2 VYa.

—x

Proof. e** is convex, so draw the straight line L between e~® and e®. By convexity,

Ee® < EL(Y) = L(EY) = L(0) = =+ ¢

< ea2/2

by calculus. Look at the coefficient of &?® in the series expansion.

1 - 1
(2n)! = 27n!

Proof of Azuma’s Inequality. Apply 23.4 to the conditional distribution of X; given F; ;. Then we
obtain E[e®Xi | F;_41] < e’/2,

E[e%5" | Fp_1] = e*Sn-1E[e®%n | F,_y] < 0@’ /20051
S0
EeaSn < eaz/QEeaS'n,l

2 2
BeSn < (/2" = exp <a2n)

Then, by the large deviation inequality,

We minimize over «, so take a = \/y/n. O

23.4 Method of Bounded Differences

Corollary 23.5. Take (§1,&a,...,&,) to be independent in arbitrary state spaces. Take a R-valued
7Z = f(&1,&2,---,&n) such that f has the property: if x = (x1,...,2n) andy = (y1,...,Yn) are such
that |{i: y; # x;}| =1, then |f(x) — f(y)| < 1. Then P(|Z — EZ| > A\/n) < 2¢=2/2) A > 0.

Proof. WLOG, take EZ = 0. Write S,,, = E[Z | F,.], with Fyp, = 0(£1,&2,...,&m), 80 (Sm, 1 <m < n)
is a MG. We need to prove |S,, — Sim—1| < 1 and then apply Azuma’s inequality 23.3.

Fix m. If we know all (&, # m), then apply 23.6 conditionally.

|Z - E[Z|&,i#m] <1 (23.2)
—_———

Z*
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and
E[Z* | Fn]l = E[Z* | Fin—1,&m) = E[Z7 | Fin—1] = E[Z | Fin-1]

since Z* and F,,_1 are in o(&;,i # m), &, is independent of the two, and 23.7. Then, we applied the
tower property. This implies

< ElZ - Z7|| Fnl
<1

by (23.2). O

Lemma 23.6 (Obvious Lemma). If Y is such that any 2 possible values are within 1 of each other,
then |Y — EY| < 1.

Lemma 23.7 (Obvious Lemma). If W is independent of (Y,G), then E[Y |G, W] = E[Y | F].
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Lecture 24

November 15

24.1 Examples Using “Method of Bounded Differences”
Last class: Theorem. Suppose &1,&a, ..., &, are independent, Z = f(&1,...,&,), where f has the property
Ifx) = f(y)l <1 (24.1)

whenever |{i : z; # y;}| = 1. Then P(|Z — EZ| > Ay/n) < 2¢7*"/2 for A > 0.

Example 24.1. Put n balls “at random” into m boxes. Consider Z(n,m), the number of empty boxes.
EZ(n,m) =m(1l —1/m)™. There is a complicated formula for the distribution. However, we can apply
the theorem to &;, the box containing ball i, for 1 < ¢ < n. Then (24.1) holds.

Example 24.2. Take two independent Bernoulli(1/2) sequences of length n (e.g. 10100110 and 01101000).
Let Z,, be the length of the longest common subsequence.

Fact. Z, /n &5 ¢ as n — 0o, but there is no formula for c.

Take &; to be the pair of digits in the two strings at position ¢. Any change x — y has f(y)— f(x) > —2,
which also implies that f(y’) — f(x') < 2 for any x’,y’. Therefore, Z,,/2 satisfies (24.1).

Recall: A c-coloring of G means assigning one of ¢ colors to each vertex such that color(v) # color(v')
whenever (v,v’) is an edge. The chromatic number is x(G) = min {c : e-coloring}.

Recall: An Erd6s—Renyi random graph model G(n,p) has n vertices and each of the (g) possible edges is
present with probability p.

Let Z = x(G(n,p)). Order the vertices as 1,2,3,...,n. For i > 2, let

&= (1(1,1) is an edgey - -+ 1(1’,2'71) is an edge)
Then (24.1) holds for Z = f(&2,&s,...,&n).

(To check (24.1), we are using the trick sup,; |z; — x;] = sup,; (z; — x;).)

Example 24.3. Put n points IID uniform in the unit square. Fix 0 < ¢ < 1. Let Z(n,c) be the
maximum number of disjoint ¢ X ¢ squares containing 0 points. Let & be the position of the ith point.
(24.1) holds.
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24.2 Reversed MGs
Consider sub-o-fields Gy 2 G1 D Go D -+, where Goo = [),, Gn. We say that (X,,) is a reversed MG if:

E|X,| < 00, E[Xm | Gn] = Xp, for m < n, and (X,,) is adapted to (G,). (In Durrett, G, = F_,,.) The
definition implies that X,, = E[Xo | Gy].

Theorem 24.4. For a reversed MG, X,, — E[Xq | Goo| a.s. and in L*.

Proof. (Xn,XN-1,-..,X0) is a MG. If Uy is the number of upcrossings of the martingale over [a, b],
the upcrossing inequality says

EUy < E|Xo| + |al
b—a
(As in the proof for MGs:) Uy 1 Uy, where

E|X0| +a

b—a

EUs <

which implies that U, < oo a.s., which implies that X, - X, € [—00, 0] a.s. However, we have
X, = E[Xo | Gy, so (X,,) is UL so X,, = X in L' (also), with E|X | < cc.

We need to show Xo, = E[Xo | Goo)- Xn € G C Gk for n > K. Take n — o0, so Xo € Gk.
Take K — 00, 80 Xoo € Goo. We need to show EX1g = EXylg for G € Goo. X, = E[Xo | Gy

implies that EX,1qg = FEXolg for G € Goo. X, — Xo in L' implies that EX,1lq¢ — EXolg, so
EXolg = FEX1q. O

24.3 Exchangeable Sequences
A sequence of RVs (X7, Xo, X3,...) is called exchangeable if

(Xla X27 cee 7Xn) = (X‘fr(l)7X7r(2)7 s 7X7'r(n))
for all n and all permutations 7 of (1,2,...,n).

Clearly, IID implies exchangeable.

Theorem 24.5. Suppose (X;,1 < i < o0) are exchangeable and R-valued and FE|X;| < oo. Write
Sp=>1",X;. Then S,/n — E[X1|7] a.s. and in L', where T = tail(X;,i > 1).

Corollary 24.6. If (X;) are IID, E|X;| < oo, then T is trivial, which implies that E[X; | 7] = EX,
and 24.5 implies that Sy, /n — EX;.

Fact. If (Z1,W) = (Zo, W) and E|Z,| < oo, then E[Z, | W] = E[Zy | W] as.

Proof. Let @ be the kernel associated with the distribution (Z;,W). E[Z; | W] = ¢(W), where the
function ¢(w) = [ 2Q(w,dz), and E[Z; | W] = ¢(W). O

Ezercise. Let F|X| < oo. If X = E[X | G], then X = E[X | G] a.s.

Comment. The proof is easy if EX? < oo.
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Proof of 24.5. Define

gn = U(San'fH—hXTH-Qv 0o )
O(Sn7 S’I’L+17 Sn+2a ° o )

Gn 2 Gp_1 D -+ are decreasing. Then

n

Spn=E[Sn | Gn] = ZE[XZ | Gn] = nE[X1 | Gn]

=1

by 24.7. Therefore, S,/n = E[X1|G,] = E[X1|Gx] a.s. and in L'. Note that Goo 2 7. However,
lim S,, /n is T-measurable. Therefore, E[X; | G| is T-measurable, so

E[Xy | 7] = E[E[X1 | Geo] [ 7] = E[X1 | Goo] O
Lemma 24.7. E[X;|G,] = E[X1|Gx] a.s., 1 <i<n.

Proof. Take a permutation 7 of (1,...,n).
(XTr(l)7 000 7X7r(n)aXn+17Xn+23 00 ) = (X17 0oo 7X7L7Xn+1a XTL+27 o )

Set W = (S, Xnt1, Xn42,--.). Then (Xpgiy, .- s Xo(n), W) = (Xi,..., Xn, W), which implies that
(X, W) £ (X1, W), which implies that (X;, W) 4 (X1, W) for 1 < i < n. By the Fact proven above,
EIX: | W] = B[, | W), and G, — a(W). °
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November 17

25.1 “Play Red”

Consider a finite set S and let Xy, Xs,..., Xy be a uniform random ordering. This is clearly a (finite)
exchangeable sequence.

Proposition 25.1. If (X3,...,Xy) is an exchangeable sequence, if 0 <T < N — 1 is a stopping time,
then Xpi1 = X;.

Proof. Recall from last lecture:
Lemma: If (Z,, W) = (Z, W), then E[¢(Z,) | W] = E[¢(Z2) | W] a.s.

(Xnt1, X1, -, X5) < (Xn,X1,...,X,). By the Lemma, P(X,41 € A|F,) = P(Xy € A|F,) as.,
which implies that P(X,,+1 € A| Fr) = P(Xn € A| Fr) a.s. on {T = n}, for all n, so they equal each
other everywhere. Now, take expectations:

P(XT+1EA):P(XNEA)

Xro1 = Xn =X, O

25.2 de Finetti’s Theorem

Given random A and B > 0, form the following construction: given A = a and B = b, let (X;,1 < i < c0)
be IID Normal(a, b). This is a parametric Bayes formulation.

Let P(R) be the space of all PMs on R. M is a random variable with values in P(R). Construction: given
M = p, let (X;,i > 1) be IID(u). This gives an infinite exchangeable sequence.

Theorem 25.2 (de Finetti’s Theorem). Let (X;,1 < i < c0) be exchangeable and R-valued. Let T be
the tail o-field. Then, conditionally on T, the (X;) are IID. That is,
(a) X1,Xs,... are CI given T.

(b) There exists a kernel Q(w, ) (a random PM) such that Q(w, -) is the regular conditional distribution
of X; given T, for each i.

P(X; € A|T)(w) = Qw,4) Vi
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Proof (Sophisticated). Let ¢ : R — R be bounded and measurable. Exchangeable implies that
(X1, Xn) = (X1, Xi, Xng 1y o> Xptko1)
Let n — co. Then, (X1, Xa,...) = (X1, Xk, Xkt1,---). Therefore,
E[¢p(X1) | Xo, X3,...] = E[¢(X1) | Xiy Xk, ---]

0(Xg, Xkt1,---) 4 7 as k — co. Apply reversed MG convergence, so the RHS converges to E[¢(X7) | 7]
a.s. We conclude that E[¢(X) | X2, X3,...] = E[¢(X1) | 7].

Fact: If E[Z|G] = Z, then E[Z|G] = Z as. If G C H, if E[Z|G] = E[Z|H)], then E[Z|G] = E[Z|H] as.
By the exercise, E[¢(X1) | X2, X3,...] = E[¢(X1) | 7] a.s. By the same argument: Vk > 1,

Blp(Xk) | Xpt1, Xpt2, -] = E[p(Xp) [ 7] as.

U and V are CI given 7 if and only if E[¢(U)|V, 7] = E[¢p(U)|7] a.s. Therefore, X, and (Xx+t1, Xk+2,---)
are CI given 7. This is enough to show that (X1, X5, X3,...) are CI given 7.

Exchangeable implies that (X1, X; 11, Xito,...) = (Xi, Xis1, Xiy2,...). By the Lemma,
E[¢(X1) | Xi+1,Xi+2, 00 ] = E[d)(XZ) | Xi+1, 00 ] a.s.

Condition on 7: E[¢p(X;) | 7] = E[¢(X;) | 7] a.s. Therefore, X; and X; have the same conditional
distribution given 7. O

Recall Glivenko—Cantelli: Deﬁne F(Z‘l, T2,...,Tn, t) to be the empirical distribution Of (.171, N ,l‘n)l
F( t) = *1 E 1
1,42, y Ly n 4 - (z:<t)

If (X;,i > 1) are IID with distribution function F, then F(X1,..., X,,t) a5 F(t), for each t, as n — co.
Given exchangeable (X;,1 < i < 00), de Finetti’s Theorem 25.2 implies that

F(X1,-, Xn,t) 225 G(w,t) (25.1)
which is the distribution function of Q(w, -).

We can identify @ with the limit 25.1.

25.3 MGs in Galton-Watson Branching Processes

¢ takes values in {0,1,2,...}. Each individual in generation g has £ offspring in generation g+ 1. The £ are
independent. Z,, is the number of individuals in generation n, with Zy = 1 as a default. Write y = E¢£ < oc.

“Extinction” is the event {Z, = 0 for some n} and “survival” is the event {Z, > 1Vn}.
Let ‘/—"n = O’(Zo, Zl, ey Zn)
E[Zyi1 | Fo) = uZn (25.2)

This implies that EZ,,11 = p - EZ,, so inductively, EZ,, = p".
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If p < 1, then P(Z, > 1) < EZ, < p"™ — 0, so P(extinction) = 1.
Undergraduate: “P(extinction) < 1”7 if and only if 4 > 1 or P(( =1) = 1.

Study the case p > 1. 25.2 implies that (Z,/p™,n > 0) is a MG, since E[Z,/u"] = 1. By the MG conver-

gence theorem, Z,, /u" &5 W > 0, EW < 1. Suppose E¢? < co. We will show (Z,,/u™,n > 1) is UL Then,
Zy/u™ — W in L' and EW = 1. Clearly, {extinction} C {W = 0}. We can prove {extinction} = {W = 0}
a.s. S0, either we have extinction, or Z,, grows exponentially fast.

Calculation:

var(Z,) = Evar(Z,, | Fn—1) +var E[Z,, | Fp—1]

Zy—1 var(€) Wy —1

Z, _
var [ =2 ) = var(f) -+ var Zn-1
'un MnJrl ’unfl

Z, 1
var ( ) = var(§) - ; 7

na

By induction,

<K <o for all n

so (Zp/p™,n > 1) is UL

25.4 L? Theory

Topic: L? theory. (See Durrett for more.)
Consider (M,,,n > 0), My = 0, with A,, = M,, — M,,_;. Suppose EM?2 < oo, for all n.

Orthogonality of Increments. E[A;A;] = 0, for i < j, because E[A;A; | Fj—1] = AE[A; | Fj—1] = 0. So
EM?Z =" | E[A?]. Say that the martingale is “L? bounded” if sup,, EM? < oo, which is equivalent to

Sooe, E[A?] < oo. If (M,,) is L? bounded, then (L' convergence) M,, &% M. and in L. In fact, we also
have M,, - My in L?.

For ny < na, E[(My, — M,,)?] =72 E[AZ2]. If (M,,) is L? bounded,

i=n1+1

lim sup ||Mn2 - MTL1||2 =0

n— o0 na>nq

“Cauchy criterion = convergence” is the definition of a “complete metric space”.
Fact. L? is a complete metric space.

This implies that M,, = M, in L2



Lecture 26

November 22

26.1 Brownian Motion

A Rl-valued process (B(t),0 <t < o) is (standard) Brownian motion (Wiener process) if B(0) =0
and

(a) B(to),B(t1)—B(to),-..,B(tn)—B(tn—1) are independent, for any 0 < ¢y < t; < --- < t,, (“independent
increments” ).

(b) B(t) — B(s) has the Normal(0,t — s) distribution, where ¢ — s is the variance.

(¢) The sample paths t — B(t) are continuous. We have a measurable function B(w,t). In other words,
for all w, t — B(w,t) is continuous [0, c0) — R.

Write Q; for the dyadic rationals, the set of {i/27,i,j > 0}. We will work on the time interval [0, 1].
Enumerate Qs as ¢1, g2, gs, . ... For each n, properties (a) and (b) specify a joint distribution of

(B(q1), B(g2), - - - B(qn))

by relabeling the g;. These are consistent, as n increases. Suppose that we add a time s between t; and t5.
We check that Normal(0, s — 1) + Normal(0,¢2 — s) = Normal(0, t2 — ¢1) for independent normals. Use the
Kolmogorov Extension Theorem to show that there exists a process (B(q),q € Q2 N [0,1]).

For f:Q2N10,1] = R and § > 0, define

w(f,6)= sup |f(g2) — f(q1)]
0<q1<q2<1
q:€Q2
q2—q1 <8

Lemma 26.1. If
w(f,0) =0 as 0—0 (26.1)

then there exists a continuous f : [0,1] — R such that f(q) = f(q) Yg € Q2N [0,1].

Proof. Define

£(t) = limsup £(q)
qlt
q€Q2

If |t — 5| < &, then |f(t) — f(s)| < w(t,d). Then, (26.1) implies that f is continuous. O
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Now, it is enough to show P(w(B(-),0) >¢€) — 0 as ¢ | 0, with € > 0 fixed. This will imply w(B(-),d) — 0
a.s. as 6 — 0. Then, we can apply 26.1 to show that there exists B such that (¢ — B(w,t) is continuous)
a.s. It is easy to check that properties (a) and (b) remain true for all real ¢. Redefine B(t,w) = 0 Vt on a
null set.

Define
w(f,27™) = _max sup |f(a) = f(5/2™)]

0527 =1 j/om <q<(j+1)/2m

Consider 0 < ¢ < g2 < 1 with g2 —¢; < 1/2™, which means they are either in the same or adjacent intervals.
Then |f(g2) — f(q1)] < 3w(f,27™). It is enough to prove P(w(B(-),27™) >¢) - 0asm — co. (¥, L 0in
probability implies Y, | 0 a.s.)

Define S, = supg<,<i/om [B(q)|. w(B(-),27™) is the maximum of 2™ identically distributed RVs. Then
P(w(B()a2im) > 5) < 2mP(Sm > 5)'

Fix m and take n > m. Consider B(i/2",0 < i < 27/2™). This is a MG. Therefore, B*(i/2",i > 0) is a
sub-MG. Use the L' maximal inequality.

; 1
P max B*(—2)>e) <e*EB'(—) =c 2 2mpzt
i/2n<1/2m on 2m

(If Z is Normal(0,1), then B(t) = t'/2Z.) Let n — co. Then P(S,, > ¢) < e *272mEZ%.

P(w(B(-),27™) > ) <2MP(S,, > ¢) <2 ™ *EZ* -0 as m — 0o

Theorem 26.2. For almost all w, the sample path t — B(w,t) is nowhere differentiable.

If Brownian motion were differentiable at the origin, we would expect B(t) ~ O(t) as ¢ — 0, which contra-
dicts the fact that B(t) has SD t!/2.

Analysis. Consider f : [0,1] — R. Fix C' < co. Suppose s such that f'(s) exists and |f/(s)| < C/2. Then,
there exists ng such that for n > ng,

[f@&) = f(s)] < Clt—s] for all ¢t such that |t — s] < 3/n (26.2)
Rewrite the above statement: define A,, = {f : (26.2) holds for some s}. As n — oo,

A, TAD{f:|f'(s)] < C/2 for some s}
For 0 < k <n —1, define

vk =mex (| (S52) - r (S22 (22 - ()Ll (50) -+ (5)))

Given f € Ay, (26.2) holds for some s, say k/n < s < (k+ 1)/n. Near s, the slope is C, so the maximum
difference is at most C' - 5/n, so Y (f,k,n) < 5C/n. Then

) b

A, €D, ={f:Y(f k,n) <5C/n for some k <n — 1}

Probability.
E+1 k 5C 5C
(o5 -0(2)=29) o (35)
< (2m)~2%. 10 (26.4)

nl/2
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since the increment is Normal(0,1/n) = n~'/2Z. Regard B(-) as a random f.

1000C*

P (Y(B,k,n) < 55) <(26.3)% <

Then

P(B(-) € D,) < n - (26.5)
1000C3
nl/2

3
P(B(.) c An) < %

= 12

<

Let n — co. P(B(-) € A) =0.



Lecture 27

November 29

27.1 Aspects of Brownian Motion
e model for many processes fluctuating continuously: stock market, etc.
e (Theory) limit of RWs with small step size
e Gaussian process
e “diffusions”: continuous-path Markov processes
e martingale properties

We will concentrate on the last aspect.

Definition 27.1. Brownian motion (B(t),0 < t < co) has the properties
e for s < t, B(t) — B(s) = Normal(0, ¢ — s)
o for 0 <t <ty <--- < ty, the increments (B(t;+1) — B(t;),1 <i <n — 1) are independent
e the sample paths ¢t — B(t) are continuous

e B(0)=0

27.2 Continuous-Time Martingales
(My, Fy) with the filtration (F;,0 < t < 00) is a MG if

o E|M;| < ooVt

e M, is adapted to F;

o for s <t, E[M;|F;] = M; as.

All of our MGs will have continuous paths. The general theory requires only right-continuity.

T:Q — [0,00) is a stopping time if {T <t} € F;, for all 0 < ¢ < co. In discrete time, the stopping time
property with {T' < n} was equivalent to the definition with {T" = n}, but this is not true in continuous time.

Theorem 27.2 (Optional Sampling Theorem). If (M) is a MG, if T is a stopping time, and if (for to
an integer, WLOG) P(T < ty) =1, then EMyp = EM.
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Proof. Fix m and look at times that are multiples of 27". Define T,,, = inf {i/2™ : /2™ > T}. Note
that {T" < t} = J {T <t—1/n} € F;. This T, is a stopping time for (M; om, F;/om,i > 0), and
T, < to+1. Apply the discrete-time OST to obtain EMy, = EMy and My, = E[M,;,+1 | Fr,,| (which
implies that (Mg, ,m > 1) is UI). As m — oo, Tp,, | T, and right-continuity implies that My, — My

m ) m

a.s., so EMr,, — EMr. O

With BM we associate the natural filtration F; = o(Bs,0 < s < t).

Proposition 27.3. The following are MGs.
e B
e B2t

exp(0B; — 0°%t/2), for 6 € R

B} — 3tB,
B} — 6tB? + 32

Proof. Fix s < t.

Bt = Bs + (Bt - Bs)
E[B; | Fs| = Bs + E[B; — B | ]
= B, + E[B; — By]
=B,+0=B,
B, — By is independent of (Bs,, Bs,,...,Bs,) forall 0 < s1 < s9 < --- < s, < s. We conclude that

def

B; — By is independent of Fs = o(B;,0 < u < s) using the MT fact about independence: it suffices to
prove independence for any finite subcollection.

Write Y; = B2 —t = (By 4 (B; — B;))? — t.

Y; =Y, +2B,(B; — B,) + (B: — B;)? — (t — 5)
E[Y; | F) =Y + 2B, E[B; — B, | Fs] + E[(B; — Bs)? | F.] —-(t —s5) = Y,

=0 =E(By—B,)?=t—s

Aside. If W = Normal(0, 02), then E exp(8W) = exp(6202/2).
Write Z¢ = exp(0B; — 6%t/2).

2= L0~ B exp (- 1= 9))

E|Z | Fs] = Zsexp (i(t — s)) Eexp(6(B: — Bs)) = Zs

—exp(62(t—s)/2)

Informally, (Z¢,0 <t < 00) is a MG, so

dk

should be a MG. If we differentiate k times, and set 8 = 0, we get a sequence of polynomials in B;. [
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A typical stopping time is T, = inf {¢t : B(¢t) = b} = inf {¢ : B(t) > b} (for b > 0). Also, for b > 0, t > 0,
{T, <t} = {sup,<, B(s) > b}. Note that

supB(s) = sup B(u)
s<t u<t
u rational

is F;-measurable.

Lemma 27.4. Fiz —a <0 <b. Consider T = min{T_,,Ty}. Then

P(Br = b) = - i ;= P(Ty <T_,) (27.1)
P(Br = —a) = — i - (27.2)
ET = ab (27.3)

Proof. P(T >t) < P(B(t) € [-a,b]) > 0ast— 0o, 80T < oo a.s. Apply OST, 27.2, to 0 and T A t.
0= EBy = EBra:

As t — 0o, Brat — Br a.s. and
|Brat| < max(a, b)

This implies that 0 = EBr, but By takes values in {—a, b} only, so we must have the distribution (27.1)
and (27.2).

Apply the OST 27.2 to B} —t. Then EBZ,, = E[T At]. Let t — oo.

b
EB%ZET:lF(aib)+(—a)2(a+b)zab O

Note P(Tp, < 00) > P(Ty < T—y) — 1 as a — 00, so T < 00 a.s.

Fix ¢ > 0 and —oo < d < 00. Consider T'=inf {t : B; = ¢+ dt} < 0.
Lemma 27.5.
E exp(—AT) = exp (fc (d +Vd? + 2)\)>
for 0 < X\ < oo. This is the Laplace transform of T.
Proof. Consider § > max(0,2d). Apply the OST 27.2 to exp(6B; — 6%t/2) and T A t.
92
1 = Eexp <0BTM - (T A t)) (27.4)

Case d <0, 0 > 0: Here, Bra; — (02/2)(T At) < 0c, T < T, < .
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Case d >0, 0 > 2d:

62 62
OBra: — ?(T/\ t) < sup (9(0—!— ds) — 25) = fc

0<s<0

and 0Bra; — (0%2/2)(T At) — oo as t — oo on {T = co}.

Let t — 00. 1 = Elexp(0Br — (62/2)T)]1(1<o0)- Put By = ¢+ dT on {T < oo}.

92
1 =exp <96 + <0d — 2> T) Lir<o0)

Given X\ > 0, define § = 6()) as the solution of 0d — 02/2 = —\, so O(\) = d + V/d? + 2)\ > max(0, 2d).

1 = Eexp(cd(N) — AT
E exp(—AT) = exp(—cf(N)) O
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December 1

28.1 Explicit Calculations with Brownian Motion
Last class:

T, =inf{t: B; = a}
T.q =inf{t: B, = c+dt}, c>0,—0c0<d<

Eexp(—AT,q4) = exp (—c (d +/d?+ 2)\)) , 0<A<oo

28.1.1 Consequences of Formula (28.3)
Special Cases.
1. d=0,¢c>0.
Eexp(—AT.) = exp(—cV2)), 0<A<o

We can invert this to get the formula for the density.

exp(—2cd), d>0

P(T, 4 < o0) = lim E exp(—AT. 4) =
(Te,q < o0) lim exp( d) {1, d<0

(28.1)
(28.2)

(28.3)

We know 0 < T' < 0o. As A | 0, exp(—=AT) T 1(r<o0), SO the expectation converges to P(T' < co) by

monotone convergence.

Define My = sup,sq (By — dt), which is BM with drift —d. The event {My > ¢} = {T.4 < oo}, so

P(My > ¢) = exp(—2dc) (for d > 0). Therefore, the distribution of My is Exponential(2d),

1
EM; = >4

28.1.2 Reflection Principle Formula & Consequences

Theorem 28.1 (Reflection Principle). For a,b > 0, t > 0,

P(T, <t,B;>a+b)=P(T,<t,B <a—b)

Condition on T, = s, say. The future process Bu = Bsyy —a, 0 < u < o0, is distributed as BM.

PB;>a+b|T,=s)=P(Bi_s >b)
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P(By<a—b|T,=s5)=P(B_s < —b)
PBi>a+b|T,=5)=P(B;<a—-0b|T, =5)
This implies (by integration)

P(By>a+b|T,<t)=P(By<a—b|T, <t)

P(T, <t)=2P(B; > a) = P(|B:| > a) (28.4)
The standard Normal density for Z is

P(x) = \/% exp (—f)
b(z) = :O o(u) du

and B; = t/2Z.
P(T, <t)=2P(Z > at™'/?) = 2&(at /%)

T, has density

i) =2 (~gat™") (~o(ar )
= \/%t—?)/z exp (J;) ,  O0<t<oo

Check that this is consistent with E exp(—AT,) = exp(—av/2\). Because fr, (t) =~ t~3/? ast — oo, ET, = oo.
Consider M; = supg<,<; Bs. Then the event {M; > a} equals the event {7, <}, so

P(My > a)=P(T, <t)=P(|B| > a)
by (28.4). Therefore, M, = |B,|, for each 0 < t < 0o, but they are not the same as processes.

We can use the Reflection Principle 28.1 formula to find the joint distribution of (M, B;). We know that
P(T,<t,Bi>a+b)=P(B,>a+0b),so P(B;>a+b)=P(M; >a,B <a—b). Replace b by a — b.

P(Bt22a—b):P(Mt2a,Bt§b)

(for a > 0, a > b). Hence,
- (2a—0b
P(MtZa,BtSb)‘I)<t1/2>

So, (M, Bt) has joint density
dd:/2a—b

[, B,(a,b) = *@&‘b (t1/2>
- d _1/2 2a—b
-4 (t o (2

2a — b

12 op—1/2
=t 2t~ 12 < e )

22a—b 1 (2a — b)?
:7776)(1) . —
t t1/2 \for 2t
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a— a@—b)2
fo«vBt(avb) = 2 2 ((Qb)

Ner e ot
using ¢'(z) = —z¢(x).

Special Cases of (28.5) with t = 1.

4a
f(a’ O) == E exp(—2a2)
The conditional density of M; given By = 0 is
fary B (a]0) = Sfmy,Bi(a,0)

fB1 (0)
= 4a exp(—2a?)

since

5~
3

Therefore,

P(M; > a| By = 0) = exp(—2a?)

Brownian bridge (Bf,0 < t < 1) is defined as (B;,0 < t < 1), conditioned on (B

P(M° > a) = exp(—2a?) for M" = supg<,<; Bf.

Another Special Case: a = 0. Consider

i (0,-b)  2b (_b

fBﬂMl(_b ‘ 0) - fJVI (0) = \/ﬂ exp

Therefore,

2

b2
P(31zb|Btzowe[0,1]>—exp<)7 b>0

M, = |By| implies far, (0) = 26(0).

), forco>a>b>—o0
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(28.5)

Hence,

Brownian meander (Bt(m), 0 <t <1)is defined as BM conditioned on (B; > 0,0 < t < 1). The calculation

gives the distribution of B;m).
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