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Abstract

In 1971, Schelling introduced a model in which families move if they have too many
neighbors of the opposite type. In this paper we will consider a metapopulation version
of the model in which a city is divided into N neighborhoods each of which has L houses.
There are pN L red families and p/N L blue families for some p < 1/2. Families are happy if
there are < p.L families of the opposite type in their neighborhood, and unhappy otherwise.
Each family moves to each vacant house at rates that depend on their happiness at their
current location and that of their destination. Our main result is that if neighborhoods
are large then there are critical values p, < pg < p.. so that for p < p, the two types are
distributed randomly in equilibrium. When p > p, a new segregated equilibrium appears; for
Py < p < pq there is a bistability, but when increases past pg the random state is no longer
stable. When p.. is small enough, the random state will again be the stationary distribution
when p is close to 1/2. If so, this is preceded by a region of bistability.

Significance Statement

Over forty years ago, Schelling introduced one of the first agent-based models in the
social sciences. The model showed that even if people only have a mild preference for living
with neighbors of the same color, complete segregation will occur. This model has been
much discussed by social scientists and analyzed by physicists using analogies with spin-1
Ising models and other systems. Here, we study the metapopulation version of the model,
which mimics the division of a city into neighbor hoods and we present the first analysis
which gives detailed information about the structure of equilibria, and explicit formulas for
their densities.



1 Introduction

In 1971, Schelling [1] introduced one of the first agent-based models in the social sciences.
Families of two types inhabit cells in a finite square, with 25%-30% of the squares vacant.
Each family has a neighborhood that consists of a 5 x 5 square centered at their location
If the fraction of neighbors of the opposite type is too large then they move to the closest
location that satisfies their constraints. Schelling simulated this and many other variants of
this model (using dice and checkers) in order to argue that if people have a preference for
living with those of their own color, the movements of individual families invariably led to
complete segregation. [2]

As Clark and Fossett [3] explain “The Schelling model was mostly of theoretical interest
and was rarely cited until a significant debate about the extent and explanations of residential
segregation in U.S. urban areas was engaged in the 1980s and 1990s. To that point, most
social scientists offered an explanation that invoked housing discrimination, principally by
whites.” At this point Schelling’s article has been cited more than 800 times. For a sampling
of results from the social sciences literature see Fossett’s lengthy survey [4], or other more
recent treatments [5, 6, 7]. About ten years ago physicists discovered this model and analyzed
a number of variants of it using techniques of statistical mechanics, [8]-[14]. However to our
knowledge the only rigorous work is [15] which studies the one-dimensional model in which
the threshold for happiness is p. = 0.5 and two unhappy families within distance w swap
places at rate 1.

Here, we will consider a metapopulation version of Schelling’s model in which there are N
neighborhoods that have L houses, but we ignore spatial structure within the neighborhoods,
and their physical locations. We do this to make the model analytically tractable, but these
assumptions are reasonable from a modeling point of view. Many cities in the United States
are divided into neighborhoods that have their own identities. In Durham, these neigh-
borhoods have names like Duke Park, Trinity Park, Watts-Hillendale, Duke Forest, Hope
Valley, Colony Park, etc. They are often separated by busy roads and have identities that
are reinforced by email newsgroups that allow people to easily communicate with everyone
in their neighborhood. Because of this it is the overall composition of the neighborhood that
is important not just the people who live next door. In addition, when a family decides to
move they can easily relocate anywhere in the city.

Families, which we suppose are indivisible units, come in two types that we call red and
blue. There are pNL of each type, leaving (1 — 2p)NL empty houses. This formulation
was inspired by Grauwin et al. [16], who studied segregation in a model with one type of
individual whose happiness is given by a piecewise linear unimodal function of the density
of occupied sites in their neighborhood. To define the rules of movement, we introduce the
threshold level p. such that a neighborhood is happy for a certain type of agent if the fraction
of agents of the opposite type is < p.. For each family and empty house, movements occur
at rates that depend on the state of the source and destination houses:

from/to | Happy | Unhappy
Happy | r/(NL) | ¢/(NL)
Unhappy | 1/(NL) | q/(NL)

where ¢,r < 1 and € is small, e.g., 0.1 or smaller. Since there are O(N L) vacant houses,
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dividing the rates by N L makes each family moves at a rate O(1). Since € is small, happy
families are very reluctant to move to a neighborhood in which they would be unhappy, while
unhappy families move at rate 1 to neighborhoods that will make them happy. As we will
see later, the equilibrium distribution does not depend on the values of the rates ¢ and r for
transitions that do not change a families happiness. We do not have an intuitive explanation
for this result.

2 Convergence to a deterministic limit

To describe the dynamics more precisely, let n; ;(t), be the number of neighborhoods with i
red and j blue families for (,7) € Q = {(4,7) : 4,7 > 0,i+ j < L}. The configuration of the
system at time ¢ can be fully described by the numbers v} (i, j) = n; j(¢)/N. If one computes
infinitesimal means and variances then it is natural to guess (and not hard to prove) that if
we keep L fixed and let N — oo, then v/}¥ converges to a deterministic limit.

Motivated by individual-based models in finance, Daniel Remenik [17] has proved a gen-
eral result which takes care of our example. To describe the limit, we need some notation.
Let A(aq,bq;a9,by) be N times the total rate of movement from one (aq, b;) neighborhood
to one (ag, by) neighborhood. Let b(wy,wq;w],wh) be N times the rate at which a movement
from one wy = (ay, by) neighborhood to one wy = (asg, bs) neighborhood turns the pair wy, wy
into w},w). The exact formulas for these quantities are not important, so they are hidden
away in Section 1 of the Supplementary Materials.

Theorem 1. As N — oo, the v (i, j) converge in probability to the solution of the ODE:

PUT) —  11(5,3) TN i0) + M) W

we

) [bwr,wes (i, 5), W) + blwr, was o (7 ))] ve(wn)vi(ws).

w1,w2EN

We do not sum over ' since its value is determined by w; and ws. The first term comes
from the fact that a migration from (7, j) — w or w — (i, j) destroys an (i, j) neighborhood,
while the second reflects the fact that a migration w — w’ may create an (i, j) neighborhood
at the source or at the destination.

3 Special case L =2

To illustrate the use of Theorem 1, we consider the case L = 2, and let ¢, = [p.L| be the
largest number of neighbors of the opposite type which allows a family to be happy. Here,
[z] is the largest integer < x. When L = 2, a neighborhood with both types of families must
be (1,1), so the situation in which ¢, > 1 is trivial because there are never any unhappy
families. In the case L = 2 and ¢, = 0, it is easy to find the equilibrium because there
is detailed balance, i.e., the rate of each transition is exactly balanced by the one in the
opposite direction.



TV o = 4rvg e (1,0)(1,0
T, = 4rvg ot (0,1)(0,1
2vgv1,1 = evipron (1,1)(0,0
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Vol = 2EV0,2V170 (1 0)(1 1

After a little algebra, see Section 2 of the Supplementary Materials, we find that this holds
if and only if:

2
Voo =Voo2 =T Vg =26 Vig=1U1=Y UVo=1y /4x.

At first, it may be surprising that the rate r has nothing to do with the fixed point, but if you
look at the first two equations you see that the r appears on both sides. The parameter ¢ does
not appear either, but when L = 2 it is for the trivial reason that transitions (1,1)(1,0) —
(1,0)(1,1), which occur at rate g, do not change the state of the system.

Using now the fact that the equilibrium must preserve the red and blue densities, we can
solve for x and y to conclude that

_ 1—/8(1l—e)p>—4(1—¢€)p+1
1—e€
(2—26)p—14++/8(1—€e)p>—4(1—€)p+1
2(1+¢€)(1—¢) '

Y

xr =

The argument given here shows that this is the only fixed point that satisfies detailed balance.
We prove in Section 2 of the Supplementary Materials that it is the only fixed point. Since
the formulas, which result from solving a quadratic equation, are somewhat complicated,
Figure 1 shows how the equilibrium probabilities v; ; vary as a function of p.

Unfortunately, when L > 3, there is no stationary distribution that satisfies detailed
balance. One can, of course, solve for the stationary distribution numerically. Figure 2
shows limit behavior of the system with L = 20, and p. = 0.3, i.e., £. = 6 for initial densities
p=0.1,0.2, 0.25 and 0.35. In the first two cases, most of the families are happy. In the third
situation, the threshold ¢. = 6 while the average number of reds and blues per neighborhood
is 5, but since fluctuations in the make up of neighborhoods can lead to unhappiness, there
is a tendency toward segregation. In the fourth case segregation is almost complete with
most neighborhoods having 0 or 1 of the minority type.

4 Neighborhood-Environment Approach

Finding the stationary distribution requires solving roughly L?/2 equations. To be precise,
231 equations when L = 20 and 5151 when L = 100. In this section, we will adopt a different
approach, which allows us to explicitly compute the stationary distribution. We concentrate
on the evolution of neighborhood 1 and consider neighborhoods 2-N to be its environment,
which can be summarized by the following 4 parameters: (1) the average number of happy
red and blue families per neighborhood, h} and hh and (2) the average number of vacant
sites happy for red or blue, h% and h%, again per neighborhood.



If we specify these four parameters, then it is (almost) easy to compute the stationary
distribution. Divide the state space €2 into four quadrants based on red and blue happiness.
Writing 0 for H and 1 for U, we have

J>Le | Qup Qi
J<tl.| Qoo | Qoa
1<l | 1> 4,

If we let Tri(pgr, pg) be the trinomial distribution
L!
iy (L —i—j)

then inside Q. ¢, the detailed balance condition is satisfied by Tri(pg, ps) where

'p%pfg(l —pr—pp)" (2)

Qg g B

PR= — ", pp= ———
1+ age + By 1+ age + By

and formulas for oy, and G, are given in Section 3 of the Supplementary Materials.

Unfortunately, the Kolmogorov cycle condition, is not satisfied around loops that visit
two or more quadrants, so there is no stationary distribution that satisfies detailed balance.
A second problem is that a distribution satisfying detailed balance inside each quadrant but
not across the boundary, may not be close to the true stationary distribution.

5 Outline of our solution

Our analysis of Schelling’s model is carried out in three steps. The first is to identify the
stationary distribution of the neighborhood-environment chain that are self-consistent.
That is, if we cut the connections between the quadrants, so the trinomials introduced above
are stationary distributions, and then we calculate the expected values of hk, h%, hl and
h% in equilibrium, they agree with the original parameters. At this point, we can only do
this under

Assumption 1. Stationary distributions are symmetric under interchange of red and blue.

The answer given in Section 6 is a one-parameter family of stationary distributions indexed
by a € [0,1/2]. There, and in the next two steps, we have a pair of results, one for p < p,.
and one for p > p..

In Section 7 we investigate the flow of probability between quadrants when transitions
between the quadrants are restored. The key idea is that the measures in each quadrant
are trinomial, so the probabilities will decay exponentially away from the mean (prL, pgL).
This implies that the flow between quadrants occurs at rate exp(—cL), which is much smaller
than the time, O(1), it takes the probability distributions to reach equilibrium. In words,
the process comes to equilibrium on a fast time scale while the parameters change on a
much slower one. We will prove this separation of time scales in a version of the paper for a
mathematical audience. Here, we will only give the answers that result under

Assumption 2. The process is always in one of self-consistent stationary distributions, but
the value of a changes over time.



In Section 7, we use the stability results to show that the only possible stable equilibria
the end points:

a = 0 which represents a random distribution,
a = 1/2 which represents a segregated state.

We will call these measures p, and ps when p < p., fi, and fis when p > p,.

6 Self-consistent stationary distributions

The results given here are proved in Sections 4 and 5 of the Supplementary Materials. The
formulas, which again come from solving a quadratic equation, are ugly but they are explicit
and easily evaluated.

Theorem 2A. Suppose p < p.. Fora € (0,1/2] let

~1+(a+p)(l—e)+ /[l —(a+p)(1—¢€)2+4a(l—e)p
2a(1 — €2) '

pi(a, p) = (3)

Let p1(0, p) = lim,_0 p1(a,p) = p/(1 — p(1 —€)) and for a € [0,1/2] let
ta = (1= 2a) Tri(po, po) + aTri(ps, p2) + aTri(pz, p1)

A symmetric distribution u is self consistent if and only if it has the form above with param-
eters p1 > pe, p2 = €p1 < pe and po = p1/[1+ (1 —€)p1] < pe.

To clarify the last sentence: the definition of p; does not guarantee that the three condi-
tions are satisfied for all values of a € [0,1/2], so the inequalities are additional conditions.
As shown in Section 7 of the Supplementary Materials a — p;(a, p) is increasing, so the
range of possible values of p; for a fixed value of p is

(0.0 (1/2.0)] = | {5 T (1

The possible self-consistent stationary distributions are similar in the second case but
the formulas are different.

Theorem 2B. Suppose p > p.. For a € (0,1/2] let

Let 51(0, p) = lim o p1(a, p) = p/(e + (1 — )p)), and for a € [0,1/2] let
fta = aTri(p1, p2) + aTri(pe, pr1) + (1 — 2a) Tri( ps, p3)

A symmetric distribution [i is self-consistent if and only if it has the form above with param-
eters pr > pe, po = €p1 < pe and pz = epr/[1 — (1 —€)p1] > pe.



This time a — p;(a, p) is decreasing, so the range of possible values of p; for a fixed value of
pis
2p P
6
I+e e+ (1—¢€)p (6)
i.e., the old upper bound on the range of p; in (4) has become the lower bound. See Figure

3 for a picture. There the two curves are p;(0, p) for p < p. and p1(0, p) for p > p., while
the straight line is p1(1/2,p) = p1(1/2,p) = 2p/(1 + €)(.

[ﬁ1(1/27 p)v ﬁl (Ov p)] =

7 Stability calculations

The results in this section are proved in Sections 7 and 8 of the Supplementary Materials.
Using “large deviations” for the trinomial distribution, which in this case is just calculating
probabilities using Stirling’s formula, we conclude:

Theorem 3A. Suppose p < p. and recall p, has no mass on Q11. The flow into Qoo from
Qo1 and Q1 is larger than the flow out if and only if

1_6p1 17pc
1+ (11— .
(F=2) " <i+ra-om )

Theorem 3B. Suppose p > p. and recall fi, has no mass on Q. The flow out of Q1.1 to
Qo1 and Q1 s larger than the flow in if and only if

(12 ) <(-(-pm )

L —p
8 Phase Transition

Combining Theorems 2A and 3A, we can determine the behavior of the process for p < p..
The set of possible values for p(a, p) for a fixed p is the interval [p,(0, p), p1(1/2, p)] given
in (4). Since 0 < p < p., we are looking for a solution to

1 — 1—pc
( “”0) =1+ (1— )z

1—I0

with zg € [0,2p./(1+¢€)). In Section 9 of the supplementary materials we show that x, exists
and is unique. Here, we will concentrate on what happens in the example p. = 0.2, ¢ = 0.1.
When p. = 0.2 the intervals is [0,0.4/1.1] and we have xy = 0.2183.

Let p, be chosen so that o = p1(1/2, py) and pg be chosen so that zq = p1(0, pg). See
Figure 3 for a picture. When a solution z exists in the desired interval

Zo

(14 €)xg
1+ .%'0(1 — 6) ’

5 and pg =

Po =

In our special case, p, = 0.1201 and pg = 0.1825.

fsp

flp



Theorem 4A. The stable stationary distribution for p < p. are

pr for 0> p < py,
pr and ps - for pp, < p < py,
Hes for Pd <P < Pe-

Why is this true? When p < pp, po > p1(1/2,p), so the flow into Qoo is always larger
than the flow out, so pu, is the stationary distribution. When p, < p < pg there will be an
a. € (0,1/2) so that pi(ac, p) = po. The flow into Qoo is larger than the flow out when
a < a, and the a in the mixture will decrease, while for a > a. the flow out of Qg will be
larger than the flow in and a will increase. Thus we have bistability. When pg; < p < p.,
p < p1(0, p), the flow out of Qg0 is always larger than the flow in, and the segregated fixed
point with a = 1/2 is the stationary distribution. m

Using Theorems 2B and 3B, we can determine the behavior of the process for p > p..
The set of possible values for py(a, p) for a fixed p is the interval [p1(1/2, p), p1(0, p)] given
in (6). Since p. < p < 0.5, we are looking for a solution to

( Zo )HG — (1= (1= i)

1 — 2

with in 29 € [2p./(1 +€),1/1 + €]. In Section 10 of the supplementary materials we show
that there is a solution in the desired interval if and only if €’ > (e 4 1)/2, and it is unique.
The condition comes from having = in (8) at the right end point 1/(1 +€). When € = 0.1
the condition is p. < 0.25964

When p. = 0.2 and € = 0.1, this interval is [0.4/1.1,1/1.1], and %o = 0.8724. Let p, be
chosen so that 2o = p1(0, pp) and pg be chosen so that &g = p1(1/2, pg). When a solution Zg
exists in the desired interval, we have

A~

€EXo

B (1+ €)xg
S 1—3o(1—e) ‘

and pg = 5

Pd

In our example, p, = 0.4061 and p; = 0.4798.
Theorem 4B. The stable stationary distribution for p > p. are

ﬂs for pe < p < ﬁlh
/lr and ﬂs for ﬁb <p< ﬁda
[y for pg < p < 0.5.
The reasoning behind this result is the same as for Theorem 4A. To show that these result

can be used to explicitly describe the phase transition, Figure 4 shows how the four critical
values depend on p. when € = 0.1.



9 Discussion

Here, we have considered a metapopulation version of Schelling’s model, which we believe is a
better model for studying the dynamics of segregation in a city than a nearest neighborhood
interaction on the two dimensional square lattice. Due to the simple structure of the model,
we are able to describe the phase transition in great detail. For p < p, a random distribution
of families u, = Tri(p, p) is the unique stationary distribution. As p increases there is a
discontinuous phase transition to a segregated state us at pg preceded by an interval (py, pa)
in which both u, and pg are stable. Surprisingly the phase transition occurs to a segregated
state occurs at a value pg < p,, i.e., at a point where in a random distribution most families
are happy. This shift in hbehavior occurs because random fluctuations create segregated
neighborhoods, which, as the analysis in Section 7 shows, are more stable than the random
ones.

If p. is small enough then as p nears 1/2, there is another discontinuous transition at pg
which returns the equilibrium to the random state fi, = Tri(p, p), and this is preceded by
an interval (py, pg) of bistability. To explain this, we note that when families are distributed
randomly, everyone is unhappy and moves at rate 1, maintaining the random distribution.
In our concrete example, p. = 0.2, ¢ = 0.1, the fraction of vacant houses at p; = 0.4798 only
4.04%, so it is very difficult to make segregated neighborhoods where one type is happy. The
stability analysis in Section 7 implies that these segregated neighborhoods are created at a
slower rate than they are lost, so the random state prevails.

The results in this paper has been derived under two assumptions (i) stationary distri-
butions are invariant under interchange of red and blue, and (ii) the process is always in one
of a one-parameter family of self-consistent stationary distributions indexed by a € [0,1/2],
but the value of a changes over time. We are confident that (ii) can be proved rigorously.
Removing (i) will be more difficult, since when symmetry is dropped there is a two param-
eter family of self-consistent distributions. A more interesting problem, which is important
for applications to real cities, is to allow the initial densities of reds and blues and their
threshold for happiness to differ. While our solution is not yet complete, we believe it is is
an important first step in obtaining a detailed understanding of the equilibrium behavior of
Schelling’s model in a situation that is relevant for applications.
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Figure 1: Equilibrium for the case L = 2 plotted against p. fig : Figuref
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Figure 4: pp < pg < pp» < pq as a function of p. when ¢ = 0.1

15

fig:Phases



Supplementary Materials for Durrett and Zhang

1 Formulas for Theorem 1

To describe the limit, we need some notation. Let ¢, = [p.L], where [z] is the largest integer
< z. In words, a family is happy if there are < /. families of the opposite type in their
neighborhood. Let

roiy Sleia < L

€ i1 <l i >V,

1 iy > Ly < L,

q 0>yt >l

A(iy,ip) =

be the matrix of movement rates, which depends on the number of houses of the opposite
type at the source ¢; and destination 75. Let

1
A(ar, b1 az,by) = T la1(L — ag — b)) A(by,by) + b1 (L — as — ba)A(ay, as)]

be N times the total rate of movement from one (ay, b;) neighborhood to one (as, b2) neigh-
borhood. Let w; = (a;, b;), wi = (a}, )

17 71

(al/L)(L — ag — bg)A(bl, bg) if wi = (a1 - ]_, bl)wé = (CLQ + 1, bz)

b(w17w2;wiawé) = . ’ ’
bl((L — Q9 — bg)/L)A(bl,bg) if Wy = (al, b1 — 1)(,()2 = (CLQ,bQ + 1)

and 0 otherwise.

2 Neighborhoods of size 2

To apply Theorem 1, we need to compute

w1 Wy = (0, O) (1, 0) (O, 1)
(1,0) r* r/2 €/2
_(0,1) r* €/2 r/2
Mwr, wn) = (2,0) 2r r* €
(0,2) 2r € r*
(1,1) 2 (14a)/2  (1+q)/2
w wy = (0,0) (1,0) (0,1)

)| m1001.0*  T10020/2  €loo1)/2
)| m10001)*  €looon/2  rloei/2
) 27”1(1,0;1,0) 7“1(1,0;2,0)* 61(1,0;1,1)

) 27“1(0,1;0,1) 61(0,1;0,2) 7’1(0,1;1,1)>k

) Loaa,0 1(0,1:2,0)/2 L011,1)/2
+1la001  +e0la011)/2 +9l002)/2

1
(1,0
(0,1
and b(wy,ws;-) = (2,0
(0,2
(1,1




The entries marked with *’s do not change the n,;. Using the first table to see how things
are destroyed (terms in square brackets below) and the second table to see how things are
created — referring back to the first table for the rates, the limiting ODE is:

dvg ot
(:Z(;( ) = —1/0’0[2TV2,0 + 2V1,1 + QTVO,Q] + €V1,0V0,1 + [TVg’l + 7’1/1270]/2
dvy ot
%() = —VL()[?“VLO -+ €V0’1 + 1/1’1<1 + q)/2 + EVO’Q]
+ drvg glap + 2v1 10,0 + €Va gl + V1aV01/2 + V11042
dvg1(t
%() = —1/071[7“1/071 —I— 61/1,0 —I— 1/1,1(1 + q)/2 + 61/270]
+ drvg o2 + 2v1 10,0 + €V 2V10 + Vi1 0/2 + V1110142
dvs ot
2(;;( ) = —u9o[2rin + €] + [ruio + v1ov14]/2
dvg o (t
%() = —V072[27”V0’0 + EVL()] + [TVg’l + V071V171]/2
dvy 1 (t
%() = —vi,1[2100 + (110 + v0,1) (1 + ¢)/2]

+ evp 110 + €Vt + EVa ol + Vi (V1o + 101)q/2.
Inspired by the notion of detailed balance we make the following definitions;

I = 7”(1/1270 — 4V0’0V2’0) (]_, 0)(1 O)
T = T<V371 - 4V0’0V0’2) (0 1)(0 ].)
T3 = 21/070V171 — €V100,1 (1, 1)(0, O)
Xy = Vi10V1,1 — 261/270V0’1 (]_ 1)(1 O)
Ts = 1Moa1lV11 — 261/072V170 (]_ 0)(1 ]_)

Introducing these variable into the differential equations. We have that in order to have
a fixed point, the following equations has to be satisfied

x1/2429/2 —x3=0
—x1 + a3 —x4/2 +25/2 =0
—Xo + X3+ 14/2 —15/2 =10
x1/2+x4/2=0 '
xo/2 +5/2 =0
(23— x4 — x5 =0

Equations in (1) immediately implies that
Ty = —Iy4, Ty=—x5, T+ x3=1x3=0.
Plugging the formula for z;’s into the equations above, we have from xy + o =0

2 2
Vl,O — 41/0’0V270 + 1/071 — 4V070V072 =0



which implies

And from z3 = 0, we have

Combining the two equations above gives us

2€V1701/071(V0’2 + VQ,()) = V1’1(V02’1 + 1/1270). (2)
Moreover, from the equation that x4 + x5 = —x1 — x5 = 0, we have
2e(va0v0.1 + Vo 2v10) = V1a(V1o + Yo1)- (3)

vio* (3) — (2) gives us:
2€V0,2V1,0(V1,0 - Vo,l) = V1,1V0,1(7/1,0 - 7/0,1)

which implies
(2€V0,2V1,0 - V1,1V0,1)(V1,0 - 7/0,1) =0 (4)

Equation (4) show that we must have at least one of the following two cases:

Case I: 2ev o119 — 111191 = 0. By definition, we have x5 = 0, and thus z, = —25 = 0,
r1 = —x9 = 0 and x4 = —2x1 = 0. Which implies that the fixed point of the ODE satisfies
detailed balance, and thus must be the reversible measure.

Case II: v; g — 191 = 0. Under this case, note that
vio+ v+ 2000 = Vo1 + i+ 2190 = p.
We have 159 = 12 and the fixed point is thus symmetric. This implies
T = r(yio — Ay olap) = T1 = r(yal — Ayl 2) = Ta.
Thus x; = 29 = (21 +22)/2 =0, 24 = —x; = 0 and x5 = —x3 = 0. So case Il is actually the
same as case .
3 Rates for the neighborhood-environment chain

If we let n; ; be the number of (4, j) neighborhoods then those parameters for red families

can be written as:
hp = migi, Wy =Y ni(L—i-j) (5)
i<le j<lec

Here, and in what follows, we will cut the number of formulas in half by not writing the
analagous quantities for blues. From the four parameters hk, hi, h? and hf, we can calculate

3



the rate at which reds arrive (superscript +) and leave (superscript —), sites in neighborhood
1 that are happy H and unhappy U for red. Letting Ny, Ng, and Ny be the total number
of red families, blue families, and empty sites,

Hjy = [rhy + (Ng — hg)]/NL  Hp = [rhy + (No — hi)]/NL

Up = lehg +a(Ng — hy)l/NL U = [hg +q(No — hiy)]/NL

From this, we see that the transition rates for neighborhood 1 are

1f]0§€c 1fj[)>£c
(40, jo) — (@0, jo +1) (L —io—jo)Hp (L —io— jo)Uf
(40, Jo) — (40, Jo — 1) toHp ioUg

Using this it is easy to verify that inside Q) ¢, the detailed balance condition is satisfied by
Tri(pr, pp) where

PR = Q0 and pg = ﬁk,e
R=——"————>— B= 11— 5
1+ o+ Brye 1+ age + By
and the oy ; and G, are as follows:
H+ U+
Qo0 = Qp1 = H—IE Q1o =011 = —}E
R Ur
Hg Ug
Boo = B0 = H_g Bo1 = P11 = U_];

4 Proof of Theorem 2A

The first step is to show

Lemma 1. A measure of the form

aTri(po, po) + bTri(p1, pa) + bTri(pa, pr) + cTri(ps, p3)
15 self consistent only if ac = 0, i.e. it cannot put positive mass on both Qv o and Q1.

Proof. Suppose a,c # 0. Then by self consistency, py = ago/(1 + 2a90) and p3 = a1 /(1 +
2a1). Since py < p. < p3, we must have oo < ay1. However, since € < ¢,r < 1,

bk Ne—Rh bt a(Ve = )

T rhi+e(No—hy) Wy +q(No — hy)

=011

since the numerator of the first fraction is larger than the numerator of the second, and the
denominator of the first fraction is smaller than the denominator of the second and we have
a contradiction. ]



Theorem 2A concerns the case in which there is no mass on ();; and the measure has
the form
(1 = 2a) Tri(po, po) + aTri(py, p2) + aTri(p2, p1)

with pg < ls, p2 < l. < pi. In the next section we will show that there is no mass on @1,
if and only if p < p.. Our goal is to show that any self-consistent distribution of this form
falls into the one-parameter family described in Theorem 2A. The first step is recalling that
under this case the environmental parameters are as follows:

hp =hp = (1—2a)py + ap
NR—h}%:NB—h%:apg

g = hiy = (1 —=2a)(1 = 2po) + a(1l — p1 — po)
No — h% = Ng — h% = a(l — p; — pa).

Thus in Qoo:

r[(1 —2a)po + ap1] + aps
r[(1=2a)(1 = 2po) + a(l — p1 — p2)] + €a(l — p1 — p2)
(1 —2a)po + a(rps + p2)
r(1—=2a)(1 = 2p0) + (r + €)a(l — p1 — p2)

Qo0 = 50,0 =

In QO,la Qp1 = Qo0 while

e[(1 —2a)po + ap1] + qaps
[(1=2a)(1 —2po) + a(l — p1 — p2)] + qa(l — p1 — p2)
€(1 — 2a)po + alepy + qp2)
(1 —=2a)(1 —=2po) + (L +q)a(l — p1 — pa)

since it is an unfriendly environment for blue individuals. Similarly, in @1, 10 = Bo1 and
B10 = Boo. For self-consistency, the following equations have to be satisfied:

Bo1 =

() e =, () =
7 1+ ap1 + Boa ’ 1+ a1+ Bo

(4)

7)) ———————— .
1+ ago + Boo P2

To treat (i) we first note that if ago = Gy = A/B where

A=1r(1~-2a)po + a(rp: + pa)
B =r(1-=2a)(1—2po) + (r+e€)a(l — p; — p2).
With the notations above, one can easily see that

B +2A
B

1+ a0 + Poo =
and condition (i) is equivalent to A = (B + 2A4)py or

r(1=2a)po +a(rpy + p2) = [r(1 — 2a) + 2a(rpy + p2) + (r + €)a(l — pr — p2)lpo.  (6)



Subtracting r(1 — 2a)py and then dividing by a on both side of (6), we have

po(r + €)(1 = p1 — p2) = (rp1 + p2)(1 = 2po). (7)
This implies ( Y )
o _\rpitpe 1 —2pg

I —p1—p2 pg(r I 6) . (8)

Conditions (ii) and (iii) imply that ag1/801 = p1/p2, so we have
pr_ (1=2a)(1—2po) + (L +q)a(l —p1—p2)  r(1—2a)po+a(rps + p2)

= . 9

p2 (1 —2a)(1—2py) + (r+e)a(l —p1—pa) €(1—2a)py+ alepr + qp2) (9)
Plugging (8) in to (9), we can simplify the equation and get

pr_ 1 (A=2a)po(r+e)+ (A +qlalrpr+p2) (1 —2a)po+ alrps + p2) (10)

pr THe r(1=2a)po + a(rpr + p2) €(1 —2a)po + alepr + qp2)’
Canceling out r(1 — 2a)po + a(rp; + p2) and cross multiplying gives us
pa[(1 = 2a)po(r +€) + (1 + q)a(rpr + p2)] = prle(1 = 2a)po(r + €) + a(r +€)(epr +qp2)]. (11)
For further simplification, note that we can rewrite equation (11) as
(1 =2a)p1(r + €)(p2 — €p1) + a(l + q)p2(rp1 + p2) — alr + €)pi(epr +1p2) = 0,

which is equivalent to

(1 =2a)pi(r + €)(p2 — ep1) + a[(1 + q)p2 + (r + €)p1](p2 — €p1) = 0,

and

(p2 —€p1) - [(1 —2a)po(r +€) + a(r+€)p1 + (1 + q)aps] = 0. (12)

Since (1 —2a)po(r +€) + ale +7)p1 + (1 + q)aps > 0, (12) implies that
P2 = €p1. (13)

Now plugging (13) back into (7), we have po(1 — (1 4+ €)p1) = p1(1 — 2po) and
P1

=" 14
T - o 14

To find p; note that ap; + aps + (1 — 2a)py = p since the system preserves density, combine
this with (13) and (14):

P1

a(l+e€)p; + (1 — 2a)m

Simplifying the equation above, we have:
a(l = €*)pi +[1 = (a+p)(1 —€)]ps — p=0.
Thus p; should be the positive solution of this quadratic equation:

~14+(a+p)(l—e)+ 1 —(a+p)(1—e)2+4a(l —e)p
2a(1 — €?)

pL = (15)

and we have proved Theorem 2A.



5 Proof of Theorem 2B

We move now to the case when there is no mass on (yp. Again we will prove in the next
section that this corresponds to p > p.. The measure in this case can be written as:

aTri(py, p2) + aTri(pa, p1) + (1 — 2a) Tri( ps, ps)
and the environmental parameters are now as follows:
h}% = hle = apy
NR—h}Q:NB—hIB = (1-2@)’53%-0,[)2
RS, = kY = a(l — p1 — po)
No — h% = Ng — h% = (1 — 2a)(1 — 2p3) + a(l — p; — p).
As in case 1, in ()11 we can compute the ratios o and 3 as follows:

eapy + q[(1 — 2a)p3 + apo]
1= p1 = p2) +q[(1 = 2a)(1 = 2p3) + a(l — p1 — p2))]
(1 —2a)ps + aleps + qp2)
q(1 = 2a)(1 = 2ps) + (1 + q)a(l — p1 — p2)

Whlle iIl QO,I, 6071 = ﬁl,l and

Q11 = 51,1 =
a(

rapy + (1= 20)ps + apy]

ra(l — p1 — p2) + €[(1 = 2a)(1 — 2p3) 4 a(l — p1 — p2)]
(1 —2a)ps + a(rpr + p2)

e(1 —2a)(1—2p3) + (r+e)a(l —pr — pa)

In case 2, a self-consistent distribution has to satisfy the following conditions:

Bo,1
1+ o1+ Boa

Qo1 =

a1

(.‘), Q.1
I1+ag;+ B

7
’L _—
(9) 1+ a91 + Boa

I
>
b

= p3; = p1, (W),
As before write a1 = A/E’ where

A= q(1 = 2a)ps + alepy + qp2)
B = q(1—2a)(1 = 2p3) + (1 + q)a(l — p1 — pa).

Thus

~ ~

B+ 2A=g(1—20) + (1 + q)a(l — pr — fa) + 2a(cj + o)
and we need A = (B + 2A)ps for condition (i)', which can also be written as
q(1 = 2a)p3 + alepr + gp2) = q(1 — 2a)ps + (1 + q)a(l — p1 — p2)ps + 2a(epy + qp2) ps.
Then again subtracting ¢(1 — 2a)ps and dividing by a on both sides:
epr+ P2 = (1+q)(1 — p1 — p2)ps + 2(ep1 + qp2)ps

7



which can be simplified as

(14 q)ps(1 — p1 — p2) = (1 — 2p3)(ep1 + qp2)

~ N (1 - QPAs)(EPAl + CJPAz) (16)
=(1—p1—p2) = - .
( ' 2) (1 + C])PS

From conditions (i7)" and (4i7)’, ap1/Bo1 = p1/pa2. Thus

Il _ q(1 —2a)(1 —2p3) + (1 +q)a(l — p1 — p2) o« (1 —2a)ps + a(rpr + p2) (a7)
p2 (1 =2a)(1=2p3) + (r+e)a(l — p1—p2)  q(1—2a)ps + alepr + qp2)

Then using exactly the same calculation as in the proof of Theorem 2 by plugging (16) into
(17), we get
pr
—=(1+gq
% ( )6(

q(1 — 2a)ps + a(epr + qp2) o (1 —=2a)ps + a(rpy + p2)
1—2a)(1+q)ps + (r + €)alepr +ap2) — q(1 —2a)ps + a(epr + qp2)

which implies:

pal(1=2a)(1+q)ps+ (1 +q)a(rpi+p2)] = pr (e(1 = 2a)(1 + q)ps + (r + €)alepy + gp2)) (18)

after we cancel the term of ¢(1 — 2a)ps + a(epy + gpo). Simplifying (18) with exactly the
same procedure as in the proof of Theorem 2, we have

(P2 = €p1) - [(1 = 2a)(1 + q)ps + (r + €)apy + (1 + g)aps] = 0. (19)

It is clear that the second term in the product on the left side of (19) is positive, which
implies:
/32 = 6,51. (20)
Using this in (16) gives
2p3(1 — p1 — €p1) = (1 — 2p3)(2¢p1)
which can be simplified to
R €1

="' 21
Ny (21)

Noting that a(p; + p2) + (1 — 2a)ps = p and using (20) and (21), we have

. €01
1 1—20)———MMmMm— =
Cl( +E>p1+( &)1—(1—6),51 p
and 0

a1 = ) — e+ (1= )a+ p))or+p =0, (22)

The coefficient of p? and the constant term are positive and the coefficient of p; is negative,
and we expect the roots to be real so the quadratic equation above has two positive solutions,
say 0 < w1 < xy. Suppose p; equals to the bigger solution x5. Then the smaller solution

x1 < e = p; < 1. Note that a(1+€)p; + (1 — 2(1)1_(?3_16);31 = p, which implies

a(l+¢€)p; < p.

8



Thus we have

However, from equation (22):

g PP 1L __»
T a1 =) al+el—c a(l+e

and we get a contradiction. Thus p; has to be the smaller solution z; of the equation above
and

5 = =9ty - \/[;(;21(1_—623)@ + )2 —4a(l - )p (23)

which completes the proof of Theorem 2B.

6 Density of Self-Consistent Distributions

Our next step is to show that whenever a self-consistent distribution falls into form of
Theorem 2A we must have the corresponding overall density

p=ap; +apy+ (1 —2a)po

satisfies p < p.. And similarly when it falls into case 2 we must have the density p > p..
For a self-consistent distribution in case 1, po = ep; and py = p1/[1 + (1 — €)p1]. Note
that

20— (1+ €)1 = 1+£+>p —(1+p
21— (14+9p - (1+9(L-p _ (L—pll = (L+)p]
1+ (1—=¢)m 1+ (=€)

since (14 €)p1 = p1+p2 < 1, 2p9 > (1 + €)p1 = p1 + p2. Combine this with the fact that
po < pe, we have p = (1 —2a)po + alp1 + p2) < po < pe.

Similarly, for self-consistent distribution in Theorem 2B, we have p3 = €p1/[1 — (1 —€)p1],
then

R N 2ep A
2p3 — (1 = ——FF — (1
P3 ( + E)pl 1— (1 —_ 6)/31 ( + e)pl
_2p (A4 dn A+ —9p _ 1=)n(l+dn—-1)
1—(1—6),51 1—(1—6)[71 ’
Thus (1 + €)py > 2p3 > 2p., and p = (1 — 2a)ps + a(py + p2) > pe.
7 Proof of Theorem 3A
To have the formulas at hand we p1(0, p) = p/(1 — p(1 — €)) while for a € (0,1/2]
—14+(a+p)(Q—€)+/[1—(a+p)(1—¢€]?+4a(l —€e)p
gy S =0+ I U= P RI=

2a(1 — €2)

9



Ha = (1 - QG’)Tri(p07 pO) + CLTI'i(pI, IOQ) + CLTI'i(p27 101>7 where
p2=epr <p. and po=pi/[1+(1—€)p1] < pe.
Suppose p < p., The first task is to determine when the p; given in Theorem 2 satisfy

the desired inequalities. Let b =1— (a + p)(1 — €). When a is small, \/b% + 4a(1 — €2)p =
b+ 2a(1—¢€*)p/bso

2a(1 —*)p p

0.
2al—-e)p 1-pl-¢o 47

pi(a, p) =

From this we see that when a = 0,

Do — p/(1 —p(1—¢) _,
- pl—a+pl-e)/(1-p(l-q) T

When a = 1/2 the quantity under the square root is
C=[1-(1/2+4p)1—e))+2(1—¢e)p.

We claim this is the same as
D=1—(1/2=p)(1 -
To check this note that

C—D=—4p(1—e)+2p(1—€)?+2(1—e)p
=p[—4+4e+2(1 -2+ +2(1—€*)]=0.

Putting D under the square root

2p(1 — ¢
1/2 = ——". 25
p1(1/2,p) = (25)
Since families do not change type, we must have
p=(1- 2a)L + apy + aepy
1+ (1 — E)pl

This equation shows that the mapping a — p1(a, p) so it must be monotone, so in this case
it is increasing.

We will now investigate the stability of our proposed equilibria. Suppose we have a

trinomial
L!

iGINL —i— j

)!p"Rpfg(l — pr — pp)tT.

Using Stirling’s formula n! ~ n™e™"+/27n, dropping the square root terms, and noticing the
e™" terms cancel in a multinomial coefficient, this becomes

LL

L—i—j
iiji(L—i—j '

)LflfijRpJB(]' — PR — pB)

10



We are interested in what happens when i = p.L. Dividing top and bottom by L* and
inserting the definitions

— p;ch<0)79L<1 — pe — e)lfpc—ep;;{Lp%L<1 — pr — pB)(lprfe)L
pr\"" (pe\oL (1 —pr—pp\"' "
_ (PR vB kB 26
(p) (9> (1—p—9) (26)
Taking logs and dividing by L we want to maximize:

1—pp—
pelog(pr/pe) + 0log(ps/0) — (1 — p. — 0) log (%) .

Taking the derivative with respect to

—1

G5 = 1oslon/0) +0(-1/6) ~tog (LR 12—y oL

do 1—p.—0
The derivative is 0 when
0 1—p.—0
pg 1—pr—Pp’
i.e., the trials that do not result in R are allocated between B and 0 (i.e., neither R nor B)
in proportion to their probabilities. Solving gives

(27)

(1—pc—0)pp=0(1—pr—pp) or
Using (27) in (26), the maximum probability is

peL (1—pc)L
1—
(PR) ( pR) _ (28)
Pe L= pe

In Qo0 where pr = pp = po < p. this is

(1—pc)
L= po

9:

Po < pPo < Pe-

In Qo1 where pr = p1 > p. and pp = €p1 < p, the maximizing 0 is

(1 B pc)
€pP1.
(1—p1)
Using (?7) this is
€Pec 1+ epe

S (1 - pC) < Pe;

—(-ap. 1-(—p
since p. < 1/2.

Putting the information from the last paragraph into (28), and discarding the denomi-
nators we want to show

pheE (1= po) 7Pl < phet (1 — py) Pk,

11



Remembering py = p1/(1 + (1 — €)p1) and noting 1 — pg = (1 — €p1)/(1 + (1 — €)py) this is
equivalent to

( P1 )ch ( 1 —e€p )(IPC)L < pch(l _ pl)(l—pC)L.
1+ (1 —¢)m 1+ (1 —¢)m '

Cancelling and rearranging we want

1 _Epl (l_pc)
<1 1-—
( L=p ) t{ =9,

which proves of Theorem 3A.

8 Proof of Theorem 3B
Recall that let pi(0,p) = p/(e + (1 — €)p)) while for a € (0,1/2] let

T e I e (e R e T T,
L= 2a(1 — €?)

i = aTri(py, p2) + aTri(pa, p1) + (1 — 2a)Tri(ps, p3), where
6,51
(- n

The first step is to determine when the p; satisfy the desired inequalities. Let b =
€+ (a+ p)(1 —¢). When a is small,

p2 =€p1 < p. and p3 = > Pe-

V0?2 —4a(l — e2)p = b—2a(1 —e*)p/b,

so we have
2a(1 — *)p p

2a(1— )b e+ p(l—e)

pi(a, p) ~ as a — 0.

Note that when a = 0, we have

_eplle+(1-9p) _
YT et (- ap)

At the other extreme a = 1/2, the quantity under the square root is

C=le+(1-e)(1/24p)* —2(1 —)p.
We claim that this is equal to
D=[e+(1—e)(1/2-p)>
To check this, note that
C—D=4e(l—e)p+(1—€?-20—2(1—¢€)
= plde — 46® +2 — 2e + 2% — 2+ 2¢%] = 0.
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Putting D under the square root,

2p(1 —¢)

51(1/2,p) =
p/2,0) = ——5

which agrees with (25), but now the possible values of p; are [p1(1/2, p), p1(0, p)].

To determine the rate of flow between @10 and @1, we use (28). We choose these
quadrants so that again the boundary is at ¢ = ¢.. In ()1 we have pr = po and pp = p1, so
the maximum occurs at

s (=p)  (-p).

PB = ~ P1
1 —pr L —ep
In @11, we have pr = pp = ps3, so the maximum occurs at
_L1—pe
1 —ps

6

p3 > P3 > Pe-

Thus to show that there will be no mass on ()11 we want to show

/‘cAlch ~Pc A —Pc
PR Py < (1 = o)

Filling in the definitions we need

~ L ~ 1—pc)L
echﬁL<( €p1 )p ( L= )( o) '
! 1—(1—e)p 1—(1—¢)py

Cancelling, rearranging, and raising both sides to the 1/L power, we want

= )M) <(-(-om (30)

L—p
9 Existence and Uniqueness of ry when p < p,

The first step in describing the phase transition for p < p. taken in Section 8 of the paper is

to solve ()
1— €T e
=1 1—
( 1— =z ) + ( e)wo,

in (0,2p.)/(1+¢€). When z, = 0 both sides are = 1. To look at the behavior near 0 we take
log’s:

= patog (14 529 ) ~ (101 - 0

log(14 (1 —€)x) ~ (1 —€)x

so near 0, the LHS < RHS.
The RHS is linear. Our next step is to check that the LHS is convex. To do this we

rewrite it as
1—e\ 7
€+
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and differentiate twice

i_(l_ ) L Llze T _Loe
dr P\ T 12 (1 —x)?

dd_;:_pcu—pc) (€+ i:;)pal'%
+(1-pe) (€+i:;)pc'H

Rearranging we have

d? 1—e\ ™" 1—¢ 1—ce€

== (1—p, e —p(1 = 2(1 —

mmm (e t) e [ (e 25 20— 0)

The quantity in square brackets is —p.(1 — €) +2(1 — z)e + 2(1 — €) > 0 since p, < 1/2.
Since LHS = RHS at + = 0 and LHS < RHS for small x > 0, we now know that

there is at most one positive solution. To show that there is a solution in (0,2p./(1+¢€)) we
evaluate the two functions at the right end point

1—c¢

RHS = 1+2p01+
€

14+e—2ep.\ 7"
1+€_2pc

LHS:(

To prove that LHS > RHS for any p. € [0,1/2), we consider the following function

1+ € — 2ep, 1=p 1—e¢
— e —2p, 31
9p.(¢) (1+€—2pc) p1—|—€ (31)

one can easily see that it suffices to show g, (¢) > 1 for all € € [0,1). To prove this, we
establish:

Lemma 2. For any p. € [0,1/2), g, (¢) <0 for all e € [0, 1).
To explain our interest in this lemma, note that it implies for any € € [0, 1), p. € [0,1/2),

1+ €e—2ep,
1+€_2pc

1=pe 1—c¢
I e e RCEY AU RS

Thus, it is enough to prove the Lemma.

Proof. First, one can rewrite function g, (€) as

Gpu(€) = {(1 —2p.) + éﬂi(;—p:)pi)e} e, (—1 + 116) .

Taking the derivative we have

4pe(1 = pe) :|_Pc —4pe(1 = p) 4pe

9p.(€) = (1 = pc) {(1 —2pc) + O—2p)+c] [O=2p)+e  A+op
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Returning the expression in square brackets to its original form [1+4 (1 —2p.€)]/[(1 —2p.) + €]
the above becomes

= 4pc (ﬁ - (1 - pc)2[€ + (1 - 2pc>]_2+pc[1 + (1 - 2pc)€]_pc) .

Thus to show g/, (€) <0, we only need to prove that

1

(1= pePlet (1= 20 [ (1= 2007 2 s

Taking the square root of each side and rearranging, this is equivalent to
(L+e) (1= pe) = e+ (1= 2p)]' 2[1+ (1 = 2pc)e) 2. (32)

Again for the RHS of (32), let a = [e+(1—2p.)]* /2, b = [1+(1—2p.)e|*</?, p = 1/(1—p./2)
and ¢ = 2/p.. Noting that p~' + ¢! = 1. By Young’s inequality,

P B
RHS=ab< ™+~
p q (33)
= [6 + (1 - 2)00)]<1 - pc/2) + [1 + (1 - 2pc>€]pc/2
= (1= pe+ (1= po)*.
Using theis identity in (32)
A+ =pe) = (L= pp)e = (L =pe)* = (A —po)lL+) —elltp) = (A =pel] o
= pc(l - pc)(l - 6) > 0.
Combining (33) and (34) we now get (32), and complete the proof of this lemma. O

10 Existence and Uniqueness of £, when p > p,.

According to Theorem 3B, in order to compare the flows in/out region @) i, it suffices to
consider the sign of the function as follows:

ol = (1= 92+ (25 ) 1 (35)

T

Le. fy.e(x) > 0 if and only if inequality (8) in Theorem 3B holds. We have the following
theorem

Theorem 1. Let A(pe,€) = e'7Pe + e —2. For any 0 < p. <1/2,0<e <1, we have:
o When A(pe,€) >0, fo.e(x) >0 for all z € (0,1/(1 + ¢€)].
o When A(p.,€) < 0, there is a Zg, such that f, () >0 on z € (0,Z0), fo. (o) =0
and f,, () <0 onz € (Z9,1/(1+¢€)].
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Proof. First we show that for any 0 < p. < 1/2,0<e <1, f, (z) <0 forall z € (0,1), i.e
foe.e 18 a strictly decreasing function. We have

o) === =) (FF) T Lm0 - - —n e @)

T
Noting that 271 > 1 and € > 0,
(I=6) = (1 =p)(1—a) a7 <1—(L—pe)(1—a) ea
for all x € (0,1). Thus, to prove f, .(z) > 0, it suffices to show that
(1= pe)(1 =) Pea™ P > 1 (37)
for all p. € [0,1/2] and = € (0, 1). First, one can immediately rewrite (37) as
(1= po) = (1— 2ozl (39)

Let a= (1—x)f, b=a'"7 p=1/p. and ¢ = 1/(1 — p.). Noting that p~' 4+ ¢~ = 1, apply
Young’s inequality to the RHS of (38):
P
(1 — x)Pext™e = ab < @ + —
P q (39)
= pc(l —2) + (1= pe)r = pc + 7 — 2pc.
Then note that
(1= pe) = (pe+ 2 = 2pex) =1 —2p, —  + 2p
=(1-2p)(1—2x)>0.

Combining (39) and (40) gives us the desired inequality (38) and (37). Thus f)_.(z) < 0 for
all x € (0,1). The fact that f, . is a strictly decreasing function immediately implies that

(40)

e When f, (1/(1+¢€)) >0, f, (x) >0 for all z € (0,1/(1 + €)].

e When f, (1/(1+4¢€)) <0, there is a Zg, such that f, (z) > 0onz € (0,Z¢), fr.(To) =
0 and f, (z) <0onz € (Zg,1/(1+¢€)].

Then note that

1—e+€1_pc_1 €

e/ (14 €)) = 1 -

A(pe €).

Thus A(pe, €) > 0 if and only if f, (1/(1 +¢€)) > 0, and the proof is complete.
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