The Annals of Applied Probability

2025, Vol. 35, No. 1, 158-195
https://doi.org/10.1214/24-AAP2112

© Institute of Mathematical Statistics, 2025

THE CRITICAL BETA-SPLITTING RANDOM TREE I: HEIGHTS AND
RELATED RESULTS

BY DAVID ALDOUS!? AND BORIS PITTEL%P

1Departmem‘ of Statistics, University of California, Berkeley, *aldous @stat.berkeley.edu
2Department of Mathematics, The Ohio State University, bpittel.l @osu.edu

In the critical beta-splitting model of a random n-leaf binary tree, leaf-
sets are recursively split into subsets, and a set of m leaves is split into subsets
containing i and m — i leaves with probabilities proportional to 1/i(m —i).
We study the continuous-time model in which the holding time before that
split is exponential with rate 4, 1, the harmonic number. We (sharply) eval-
uate the first two moments of the time-height D,, and of the edge-height L,
of a uniform random leaf (i.e., the length of the path from the root to the
leaf), and prove the corresponding CLTs. We study the correlation between
the heights of two random leaves of the same tree realization, and analyze the
expected number of splits necessary for a set of ¢ leaves to partially or com-
pletely break away from each other. We give tail bounds for the time-height
and the edge-height of the tree, that is, the maximal leaf heights. We show
that there is a limit distribution for the size of a uniform random subtree, and
derive the asymptotics of the mean size. Our proofs are based on asymptotic
analysis of the attendant (sum-type) recurrences. The essential idea is to re-
place such a recursive equality by a pair of recursive inequalities for which
matching asymptotic solutions can be found, allowing one to bound, both
ways, the elusive explicit solution of the recursive equality. This reliance on
recursive inequalities necessitates usage of Laplace transforms rather than
Fourier characteristic functions.

1. Introduction. The topic of this paper is a certain random tree model, described below,
introduced and discussed briefly in 1996 in [3] but not subsequently studied. There is a slight
“applied” motivation as a toy model of phylogenetic trees (see Section 1.3), but our purpose
here is to commence a theoretical study of the model. A key point is that it has qualitatively
different properties from those of the well-studied random tree models that can be found in
(for instance) [7, 12].

One fundamental question about a random tree concerns the height of leaves. It turns out
that this question, and many extensions, can be answered extremely sharply via an analysis
of recursions, and this paper gives a thorough and detailed account of the range of questions
that can be answered by this methodology.

In addressing the Applied Probability community, let us observe that there are also other
questions about the model that can be studied via a wide range of general modern probability
techniques. Some such work in progress is briefly described in a final Section 3, and a current
overview can be found in the preprint [4].

1.1. The model. For m > 2, consider the distribution (g(m,i),1 <i <m — 1) con-
structed to be proportional to m Explicitly (by writing m = (% + m£ =)/ m)

m 1
2hpm_1 i(m—i)’

(1) q(m,i)=

1<i<m-—-1,
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FIG. 1. The discrete time construction for n = 20. In the tree, by edges we mean the n — 1 vertical edges. The
leaves have edge-heights from 2 to 9.

where h,,_1 is the harmonic sum Z;":_ll 1/i. Now fix n > 2. Consider the process of con-
structing a random tree by recursively splitting the integer interval [n] = {1,2,...,n} of
“leaves” as follows. First, specify that there is a left edge and a right edge at the root, leading
to a left subtree which will have the L, leaves {1,..., L,} and a right subtree which will
have the R, =n — L, leaves {L, + 1, ...,n}, where L, (and also R,, by symmetry) has
distribution ¢ (n, -). Recursively, a subinterval with m > 2 leaves is split into two subinter-
vals of random size from the distribution g (m, -). Continue until reaching intervals of size 1,
which are the leaves. This process has a natural tree structure, illustrated schematically! in
Figure 1. In this discrete-time construction we regard the edges of the tree as having length 1.
It turns out (see Section 1.3) to be convenient to consider the continuous-time construction in
which a size-m interval is split at rate h,,_1, that is, after an exponential(h,,_1) holding time.
Once constructed, it is natural to identify “time” with “distance”: a leaf that appears at time
t has time-height t. Of course the discrete-time model is implicit within the continuous-time
model, and a leaf which appears after £ splits has edge-height £.

We call the continuous-time model the critical beta-splitting random tree, but must em-
phasize that the word critical does not have its usual meaning within branching processes.
Instead, among the one-parameter family of splitting probabilities with

() gm,i)xi?(m—i)f, -2<p<oo

our parameter value 8 = —1 is critical in the sense that leaf-heights change from order n=#~!
to order logn at that value, as noted many years ago when this family was introduced [3].

Finally, our results do not use the leaf-labels {1,2,...,n} in the interval-splitting con-
struction. Instead they involve a uniform random leaf. Equivalently, one could take a uniform
random permutation of labels and then talk about the leaf with some arbitrary label.

1.2. Outline of results. Our main focus is on two related random variables associated
with the continuous-time random tree on n leaves:

e D, = time-height of a uniform random leaf;
e L, = edge-height of a uniform random leaf.

We start with sharp asymptotic formulas for the moments of D,, and L,,. They are of con-
siderable interest in their own right, and also because the techniques are then extended for

! Actual simulations appear in [4].
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analysis of the limiting distributions, with the moments estimates enabling us to guess what
those distributions should be.
Write ¢(-) for the Riemann zeta-function, ¢(r) := ] 1 ],, (r > 1). Note that £(2) =

72/6 and that £ ~!(2) below means 1/¢(2), not the inverse function. Write y for the Euler—
Masceroni constant, which will appear frequently in our analysis: Z’}:l % =logn +y +

O(n~1). Asymptotics are as n — 00.

THEOREM 1.1.
E[D,]=¢"'(2)logn + O(1),

20,
5(2)

and, contingent on a numerically supported “h-ansatz” (see Section 2.2),

n,

var(D,) = (1 + (1))

1
E[D,1=¢"'2)logn+co— ~——=n"'+0(n"?)

2@
for a constant cq estimated numerically, and
2£3)
D,)=——1o o
var(D,,) = 30 ogn+ O(1).
THEOREM 1.2.
Y52 +£3)
E[L,]= 2§(2)1 Wlogn—i-O(l),
ar(L,) = 206 log®n + O (log? n).
3¢3 (2)

The various parts of Theorem 1.1 are proved in Sections 2.1-2.4 and 2.7, and Theorem 1.2
is proved in Section 2.8. These theorems immediately yield the WLLNs (weak laws of large
numbers) for D,, and L,,, with rates, as follows.

COROLLARY 1.3. In probability

IP‘D 1‘ IP"L" 1’> = 0(¢*log™ " n)
<Ewu )’(Emu_ —9_ &g

Consider next the time-height D,, and the edge-height £, of the random tree itself, that
is, the largest time length and the largest edge length of a path from the root to a leaf. By
upper-bounding the Laplace transforms of D, and L,, we prove in Sections 2.6 and 2.9

THEOREM 1.4. There exists p > 0 such that for all ¢ € (0, 1) we have

P(D, > (2+¢)logn) < —

’

THEOREM 1.5. Let B =ming=1/10g2[a + ] ~429. Fore €(0,1),

a10g2 1

P(L, > (14 ¢)Blog®n)) < exp(—O(elogn)).
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logn log?n

The definitions of D,, and L, involve two levels of randomness, the random tree and the
random leaf within the tree. To study the interaction between levels, it is natural to consider
the correlation between the heights of two leaves within the same realization of the random
tree. Write D,(ll) and D,(lz) for the time-heights of two distinct leaves chosen uniformly from
all pairs of leaves. We study the correlation coefficient defined by

We conjecture that both and

converge, in probability, to constants.

__ED," DY) - E’[D,]
n — 9’

Var(Dy,)

and prove in Section 2.5

THEOREM 1.6. Contingent on the h-ansatz, r, = O(log™!

D,sl) and D,(lz) are uncorrelated.

n), that is, asymptotically

We conjecture that a similar result holds for the correlation coefficient of L,gl) and L,(lz),
the edge-heights of two distinct, uniformly random leaves, independently of the h-ansatz.

Returning to properties of D, and L,, in Sections 2.7 and 2.10 we will prove the CLTs
corresponding to the means and variances in Theorems 1.1 and 1.2.

THEOREM 1.7. In distribution, and with all their moments,
D, — ¢ )1 L, — (2¢(2))"'og?
n— ¢ Dlogn La= K@) log'n i maio, 1),
2¢(3)

2%(G) 13
o) 33) 108"

logn

The sharp asymptotic estimates of the moments of D, and L,, and the ample numeric
evidence in the case of D, provided a compelling evidence that both D, and L, must be
asymptotically normal. However, the proof of Theorem 1.7 does not use these estimates,
providing instead an alternative verification of the /eading terms in those estimates, without
relying on the A#-ansatz.

After posting the original preprint version of this article, alternative proofs of these CLTs
have appeared in preprints. Via a martingale CLT [4] (continuous model); via the contraction
method [13] (discrete model); and via the theory of regenerative composition structures [11]
(discrete model). Presumably these methods can also be applied to the alternate model. Of
course, in Theorem 1.7 there is presumably joint convergence to a bivariate Gaussian limit. It
would be interesting to see which method would be best for proving such joint convergence.

Like Theorems 1.4 and 1.5, the proof of Theorem 1.7 is based on showing conver-
gence of the Laplace transform for the (properly centered and scaled) leaf height to that
of Normal(0, 1). Why Laplace, but not Fourier? Because, even though there is enough inde-
pendence to optimistically expect asymptotic normality, our variables are too far from being
the sums of essentially independent terms. So, the best we could do is to use recurrences to
bound the (real-valued) Laplace transforms recursively both ways, by those of the Normals,
whose parameters we choose to satisfy, asymptotically, the respective recursive inequalities.
The added feature here is that we get convergence of the moments as well.

Leaving Laplace versus Fourier issue aside, there are many cases when a limited moment
information and the recursive nature of the process can be used to establish asymptotic nor-
mality, but the standard techniques hardly apply; see [8, 15, 17-20]. The concrete details
vary substantially, of course. For instance, in [19] it was shown that the total number of linear
extensions of the random, tree-induced, partial order is lognormal, by showing convergence
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FI1G. 2. The left and center diagrams show t = 6 leaves o in the n = 20-leaf tree in Figure 1. The right diagram
is the pruned spanning tree on those leaves, with 8 edges.

of all semi-invariants, rather than of the Laplace transforms. In [20], for the proof of a two-
dimensional CLT for the number of vertices and arcs in the giant strong component of the
random digraph, boundedness of the Fourier transform made it indispensable. The unifying
feature of these diverse arguments is the recurrence equation for the chosen transform.

The structure theory studied in [4] involves the notion of pruned spanning tree, illustrated
in Figure 2, and here we study its edge-length. Given a set T of ¢ := |T'| < n leaves of the tree
on n leaves, there is spanning tree on those leaves and the root; the edges of the spanning tree
are the union of the edges on the paths to these leaves. Now we can “prune” this spanning
tree by cutting the end segment of each path back to the internal vertex v where it branches
from the other paths; the spanning tree on those branchpoints v forms the pruned spanning
tree. Equivalently, the edges of the pruned spanning tree are the edges in the paths from the
root to vertices v such that each of the two subtrees rooted at v’s children has at least one
leaf from 7. Write S; , for the number of such edges, when 7' is a uniform random choice of
t < n leaves. In Section 2.11 we prove the following theorem.

THEOREM 1.8, With B(t1, 12) = TUR"2), we have

-1
E[S:J] =a(t)logn+01), oa@t)= (ht_l — Z B(tl,t2)> ,

H+th=t

along with a related result (Proposition 2.14) for the edge-height of the first branch-point
in the pruned tree. At long last, the Riemann zeta-function has suddenly loosened its grip,
and appropriately the beta-function has taken the stage.

Finally in Section 2.12 we prove

THEOREM 1.9. Letu, := {u,(t)};<n be the distribution of the number of leaves in a sub-
tree rooted at a uniform random vertex, that is, one of the 2n — 1 leaves or branchpoints. The
sequence {W, },>1 converges to a proper distribution w. However )~ | tuy(t) ~ 2%2 log2 n.

1.3. Motivation and background. The one-parameter family at (2) was introduced in [3]
in 1996 as a toy model for phylogenetic trees. It was observed in [5] that, in splits m —
(i,m — i) in real-world phylogenetic trees, the median size of the smaller subtree scaled
roughly as m!/2. This data is not consistent with more classical random tree models, where
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the median size would be O (logm) or ® (m). However, in the “critical” case 8 = —1 of the
model studied in this paper, that median size is indeed order m'/?, because

1
2 Z q(m,i)—)i as m — oQ.

i<ml/?

Of course the model is not a biologically meaningful “forwards in time” model, but is a math-
ematically basic model that could be used for comparison with more realistic models [14] that
are deliberately constructed in the mathematical biology literature to reproduce features of
real phylogenetic trees. The distributional results of this model might therefore be useful for
some future “applied” project of that kind.

2. The proofs. Let t, be the holding time before a split of a subset of size v. So 1, has
exponential distribution with rate hy—1. By the definition of the splitting process, for v > 2
we have, with g (v, i) = 2h - l(v 7y as at (D),

ty 4+ D;,  with probability g(v,i)—,i=1,...,v—1,
D, = i
T, + Dy_;, with probability g(v,i)——,i=1,...,v—1.
V

Introduce ¢, (1) = E[e*P], the Laplace transform of the distribution of D,; so, ¢1(u) = 1.
The equation above implies that for v > 2,

—k
oy(u) = Z g, k)( Elexp(u(zy + Di))] + VT E[exp(u(z, + D,,_k))])
k=1

3)

v— 1 1 v—1
2E[exp(ur,)] Z " rg s = ol

Furthermore, introduce f, (1) = E[e*Lv], the Laplace transform of the distribution of L,; so
f1(u) = 1. In this case we have, for v > 2,

|4+ L;,  withprobability g(v,i)—,i=1,...,v—1,
L, = v

14 L,_;, with probability ¢(v,i)o—,i=1,...,v—1.
V
Therefore,
v—k
fow =40 0 (5 Blexp(u(1 +0)] + = Elexp(u(1 + L-)]

k=1

“)

k u v—1
=2¢" Z vfk(u)qu k= ¢ Z {k(u).

k=1 ho1 ;v —k
In particular, we make extensive use of the following fundamental recurrence for E[D,]:

1 " E[D
5) E(D,] = (1+2 [k]).

= v—k

This follows directly from the hold-jump construction of the random tree, or by differentiating
both sides of (3) at u = 0.
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2.1. The moments of D,,. Our first result includes one part of Theorem 1.1.

PROPOSITION 2.1.
:7'@)logn <E[D,] < max{0, 1 +log(n — 1)}, n>2,

E[D,]=¢"'(2)logn + O(1).

PROOF. The proof has three steps.
(i) Let us prove that E[D,] > % logn. Introduce 6, = Alogn. Then E[D;] =0=6,. If

we find A such that
1 >2,
< ( + Z ) n>

then, by induction on n, E[ D, ] > 6, for all n > 1. We compute

1 oo 1 ! Alogk
1 = 1
hn_1<+2::n—k> hn_1(+Zn—k

k=1

(6) 0,

n—1
— 1 (1—|—A(10gn)hn 1+AZ%)

=1 og(k/n)
hp— <1+Azn(l—k/n)>

1 Tog(1
(1 A f log(1/x) dx),
hn—1 0 1 —x
The inequality holds since the integrand is positive and decreasing. Since
Iog(1
/ log/x) , _Z/ x log(1/x)dx = ¥
o 1—x

Jj=0 j=>0

we deduce that (6) holds if we select A = 2 =¢:"12).

> 0p +

2

===

(j+1)?

NOTE. The proof above is the harbinger of things to come, including the next part. The
seemingly naive idea is to replace a recurrence equality by a recurrence inequality for which
an exact solution can be found and then to use it to upper bound the otherwise-unattainable
solution of the recurrence equality. Needless to say, it is critically important to have a good
guess as to how that “hidden” solution behaves asymptotically.

(ii) Let us prove that E[D, ] < f(n) := max{0, 1 4+ log(n — 1)} for n > 2. This is true for
n=1,2since E[D{] =0, E[D,] = 1. Notice that 1 +1log(x — 1) <x — 1 for x € (1,2]. So
f(x) <g(x),Vx >1,where g(x) =x — 1 forx €[1,2], g(x) =1+ log(x — 1) for x > 2,
and g(x) is concave for x > 1. So, similar to (6), it is enough to show that g(n) satisfies

1 = g()
1+ -], n>2.
hn—l( ;n—l

By concavity of g(x) for x > 1, we have

1 ) 1 n-l
hn_1(1+lzn—l>_hn 1+g(zn—l>

i=1
1

+ ( ”‘1)< Lo e —g )(”_1)
n— n)—gi(n ,
hn—l 8 hn—l a hn—l 8 8 hn—l

(7 g(n) =
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which is exactly g(n), since g'(n) = = forn > 1.

(ii1) Write E[D,,] = n2 logn + u,, so that u, > 0and u; =0. Let us prove that u, = O(1).
Using (5) we have

1 s 6 ( 1 "Zlogk
hnl( +k2::1n—k>+ (h 2y~ loen

w2 \ -1 (5

n—1 n—1
Uy 6 log(k/n)
1 .
( +I;n—k>+n2h Z n—=k

n=l =1

n—1

The proof of (iii) depends on the following rather sharp asymptotic formula for the last sum,
which we believe to be new. We defer the proof of the lemma.

LEMMA 2.2.

n—1
lo ) log(2me) logn 5
=—c(2 (0] .
(D+ = T et o)

k=1

Granted this estimate, the recurrence (8) becomes

~1
) (log(Znen) N logn n O(n_2)>

" 2n 12n2
©) [l
Uk
+ , n>2,u1=0
hn—1 ]; n—=k

It is easy to check that the sequence x,, := ”n;l satisfies the recurrence

n—1

Xk
Z , n>2,x1=0.
=1 "

Xp = —

hn—l

As the explicit term on the RHS of (9) is asymptotic to g—zln(z) , we can deduce that u,, = O (1),
establishing (iii). Indeed, by the triangle inequality, the equation (9) implies that

n—1
|ukl
Z _ k‘

n—1 k=1 n

1

C
lup| < —+

n h

By induction on n, this inequality coupled with the recurrence for x,, imply that |u,| < 2cx, <
2c. O

Proof of Lemma 2.2. First, we have, for n > 2

n-l log(k/n) _ "Z‘ <log(k/n) N klog(k/n))

=l n n(n —k)
(10) 1
1 n—1)"! & (k/n)log(k/n)
= ;log P + Z Tk .

k=1

By Euler’s summation formula (Graham, Knuth, and Patashnik [10], (9.78)), if f(x) is a
smooth differentiable function for x € [a, b] such that the even derivatives are all of the same
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sign, then for every m > 1,

S flk = /f(x)dx——f(x)

(11) a<k<b

2¢—-1)
) Z(%),f <>

BZm+2 2m+1
O G+ D)
O o+ 21! |
Here 6,, € (0, 1) and {B»,} are even Bernoulli numbers, defined by ef—_l => ) BM%. The
equation (11) was used in [10] to show that

a

m
Z logk_nlogn—n+—log +Z

2e-1
1 5ien 1o 2028 — 1)n

Bom+2
2m 4+ 2)2m + 1)n2m+1’

+9m,n

Om.n € (0, 1). Here f(x) =logx, so that f(ze)(x) < Oforx > 1and £ > 1. Using this estimate
for m = 1, we obtain a sharp version of Stirling’s formula:

1 (n—1)! log(2mn) _5
12 —log—F=—-14+—""""7S+0 .
(12) —log— +— — +00™)
Consider the sum in the bottom RHS of (10). This time, take f(x) = M’ X €

n—x

[1,n—1],and f(n):= —%. Let us show that f(%)(x) > 0 for x € (0, n), or equivalently that
g(%)(y) > 0 for y € (0, 1), where g(y) := yllo_—gyy. We have

logy (1—y)/~!
gy)=—logy+——=—logy— ) ————
1=y jz1 J

/1
=—logl—-2)— ) —, z:=1—-y.
j=1 J
So, we need to show that
i—1\ (20)
20 Z/
jz1 J

or equivalently that

@t-Dt Z (J— 1)2cizj_1_22.

1 _ 2t =
== 5

This inequality will follow if we prove a stronger inequality,> namely that, for every v > 0,

2¢—-1)! (j — 1)gez/~172¢
1 Y .
T =5
But this is equivalent to
(20 4+ v)!
20 -l —
26+v = 24+v+1’

2[2"] denotes the coefficient of z".
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which is obviously true. Therefore, applying (11), we have, with 6, , € (0, 1),

— k/n)log(k/n) 1 1 1
Z:: —_ /l/n g dy = 3-g()

1/n
m 1
By _
(13) (2e—1)

+> and W ”

=1

BZm+2 @ !

l m—+1)

+9m,n—n2m+2(2m ) ) o

For the first terms in (13)
1 1y] I/n .
ylogy
/ g(y)dy=f dy—Y / y’logydy
1/n o 1—y =170

=—C@)+1+(ogn) Y n T j7 + > 0l j 7

Jj=2 Jj=2

logn
-1

gWyn =1+

The integrals were evaluated using the more general identities (23) and (24) later.
For the next term in (13) we need g ¢~V (y)| } /n- We use the Newton—Leibniz formula and

evaluate g(%_l)(l /n) and g(%_l)(l) using respectively

201 2e—1—j)
_ 20— 1 ; y d
00 =3 (27 1) tosn@ () .
i20 J 1—y
201 2—1—7)
_ 20— 1\ (j( logy\@1=/
g(ze 1)(y): Z ( ] )y(1)<1 ) .
=0 7 —

In the second sum there are only

—y)/~1 . .
—Yis 4 ﬁ.) we obtain, with some work, that

20 —2)!
Q=11 =_( ‘
8 (D Y

For g(zg_l)(l /n), we use (%)(“) = (%)(“) for © > 0, and after some more protracted
work we obtain

201! X, Qe ¢ —2)!
22e-1) 1 = —(1 (7 g M0 20-2 _
¢ (/m (ogn)(l_n_l)%+;” j( —n—12t=j " 1—1/n
Therefore,
Q-1 ,. 1 2= 20 —1)!
8 (y)|1/n——T+(logn)m
LN D e L2
JjA —n=1H2=J 1—1/n"

j=1
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This term enters the RHS of (13) with the factor n~2¢, making the product of order n =2
regardless of m > 1. And the remainder term in (13) is of order n~2, again independently of
m > 1. So we choose the simplest m = 1. Collecting all the pieces we transform (13) into

n—1
Z (k/n)liglik/n) e 14+ 1 . logn 0(n_2).

14
(14 2n  12n?

k=1
So, combining (10), (12), and (14), we have
n! log( / ) log(2we) logn

B )
() + > +12n2—|—0(n )

k=1

which is the assertion of Lemma 2.2.
This completes the proof of Proposition 2.1.

2.2. An ansatz for sharper results. Knowing that E[D,] = ') logn 4+ O(1), it seems
natural to seek more refined estimates by imagining that

E[D,)=¢"'(2)logn+ Y cjn™’
j=0

almost satisfies the recurrence, and then calculating c;. Let us call this the h-ansatz, being
analogous to a known expansion for /,,. So to use this ansatz we write

wy, = Z cjn™’
j=0

and seek to identify the c¢; from the recurrence (9), which we rewrite as follows:

di 1 d !
wy= 0802 % =2,
nh,_ nhy_1  hp_1—n—k
(15) k=2
12 12
d = ¢ 2( ), dr = ¢ 2( )log(27re).
Here
logn 1% 2
=1- ol ,
hy_1 logn + (og n)
where
o.¢] . _1
(16) yi=1=> £ =1 05772156649,

j=2

is the Euler—Masceroni constant coming from A, = logv + y + O(v~"), [10]. For n > 3,
using ﬁ = n_l(% + ﬁ), we have

Z Zkl(n—k)

k=" j>0

1
:CO<hn1 - —) +Cln_1<2hn1 — " )
n—1 n—1

IZC’Z(H )

Jj=2

n—1
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1 n
:Co(h ]—j>+C1n_l<2hn_]—n_1>

n! ch(g(j) —1)4 O0(n%logn).

jz2
Therefore,
dilogn  d» 12wy
PR N k; n—k "
di+c 1 . 5
= + —dl)/-i-dz—c()—cl+ZC_/(§(])—1) +O(n )
n nh,_1 =)
So, selecting
3 d .
(17) Clz—dlz——z, CO:d2+Z(Cj+_)(§(])_1)v
m , J
j=2
(as suggested by (16)) we have
dilogn  d 1w
L8 2 = 0(n7?).
nh,_1 nhy,_1  hu_1 bR k

Therefore, w,, = Y_ j=0¢€ jn_j satisfies (9) within the additive error O (n2), provided that
{cj}j=0 satisfies (17). It is worth noticing that co is well defined for every {c;};>2> pro-
vided that the series in (17) converges. The constant ¢y can be viewed as a counterpart of
the Euler-Masceroni constant y. Strikingly, co depends on all cj, j > 2, while ¢y is deter-
mined uniquely from the requirement that w, satisfies (15) within O (n=?) error.

So the conclusion is as follows.

PROPOSITION 2.3. Assuming the h-ansatz, there exists a constant co such that

(18) [D]—610gn+co—nin +O0(n~ )

This is another part of Theorem 1.1. One can calculate E[D, ] numerically via the ba-
sic recurrence, and doing so up to n = 400,000 gives a good fit’ to (18) with ¢y =
0.7951556604..... We do not have a conjecture for the explicit value of cg.

In what follows, we will use only a weak corollary of (18), namely

6
(19) E[D,,]=Flogn+co+0(n—1).

Paradoxically, the actual value of ¢y will be immaterial as well.

2.3. The recursion for variance. Parallel to the recursion (5) for expectations, here is the
recursion for variance.

LEMMA 2.4. Setting v, := var(Dy,), we have

1 'S v+ (E[D,] — E[Dy])?
Z n—=k ’

(20) vy =

3Taking the coefficient of n~! as unknown, the fit to this data is 0.30408, compared to % =0.30396.
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PrOOF. Differentiating twice both sides of (3) at u = 0, we get

2 2 "ZIE[Dy] 1 "ZE[D?]
E[D?|= — -h + k
R A Sy A B
2 "I EDi] 1 " E[D}]
=1+ +
h%_1< /;n—k hn—l,; n—k
2E[D,] 1 "ZAE[D]]
= + .
hnoy haot o n—k

Since v, = E[D,%] — IEZ[D”], the equation above becomes

Yok + B2 Dy

:2IE[D,,]+ 1 %
n—=k

hn—l hn—l
The identity (20) holds because, by (5),

— E2[D,].

M

Un
k

Il
—_

2E[D,] | | "R Dy] 1 " (E[D,] — E[D:])?

—E*[D,] =
hn—1 hn—1 ]{2::1 n—k hn—1 ]{2::1 n—k O

NOTE. The equation (46) could be obtained by using the “law of total variance”. We
preferred the above derivation as more direct in the present context, inconceivable without
Laplace transform. Besides, the similar argument will be used later to derive a recurrence for
variance of the edge length of the random path. It will be almost the “same” as (20), but with
an unexpected, if not shocking, additive term —1 on the RHS.

2.4. Sharp estimates of var(D,). Assuming the h-ansatz, and using (20), we are able to
obtain the following sharp estimate, asserted as part of Theorem 1.1.

PROPOSITION 2.5. Contingent on the h-ansatz,

_2¢(3)
vy =
32

logn + O(1). n>2.

NOTE. It is the term (E[D,] — IE[Dk])2 in (20) that necessitates our reliance on the h-
ansatz. Comfortingly, the first-order result var(D,) ~ =1E) logn follows from the CLT proof

3@
in Section 2.7, independently of the h-ansatz.

PROOF. By (19), we have
(ELDy] — E[DL))* = £ ~2(2) (log(n/ k) + O (k))?

(21) 2 2 1 2
=¢ () (log"(n/k) + O (k™ log(n/k)) + O (k™).

We need the estimates

n—1 n—1
Z % =n—1 Z(k—l + (n — k)_l)log(n/k) — O(H_l 10g2n)’
i1 K=k k=1
n—1 n—1

! -1 -2 —1(7—1 —1 _1
gk%n—k) " ,;( (kKT —hT)) =007
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Consider the dominant term in (21). Observe that the function lOg ("/ %) §

(11) for m = 0, we obtain

1S convex. SO LlSll’lg

n

1 2 2

1 k n]
og“(n/k) / og-(n/x) dx + 0(n"og? n)
] n—=k n—x

(22)

1
_/ log” (1/x)d + 0(n"'log?n)

1 —x
=2¢(3) 4 O(n'log?n).
To explain the final equality, by induction on r and integrating by parts, we obtain

r

(23) /0 Zjlog ZdZ—( 1) W

Consequently

Iog" z

9 -z

dz—/ (log"2) Y z/dz=(-D'rlcr+1), r=1
jz0

used for r = 2 at (22). Now the recursion in Lemma 2.4 becomes

1 (20 oS w
”"‘hn_1(¢2(z) (" log ”)+Zn—k)'

k=1

Recalling that

1 "“'E[D
E[Dy]= 1<1+Z [_’;€]>,

=1 "

it follows that wy, := |v, — I{E)] E[D,]]| satisfies

¢2(2)
| -
(25) w, < llogn—i—z ), n=2,w =0,
hy—1 on—k
for some constant ¢ > 0. Let us prove that the sequence
log?(14
Zn = c<10g2(14) _ M)
n
satisfies
1
(26) Zn > n~!log? n—l—Z <k n>?2.
hyn—1 on—k

Because z1 = 0 = wy, we will get then, predictably by induction using (25), that w, < z,.

2
M, we have

Let us prove (26). For g(x) := —
g (x) = x 2 (log?(14x) — 2log(14x)),

" _ 2 2
g"(x) = ——[log”(14x) — 3log(14x) + 1] <0, x>1,
X
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because log(14) > 2.63 > 3+‘/— , the larger of two roots of x% — 3x + 1. Therefore, g(x) is
concave on [1, 00). So,

1 "= e 1 ok n—1
< — _
PR Dy it Pasd Dl g(" hn_l)

n=l =1 n=l k=1

/ n—
Sg(n)—g(n)h

n—1

= g(n) —n>(log*(14n) — 210g(14n))r;l_ ! .
n—1

Since z; = c(log2(14) + g(k)), we obtain then

1 [clog’n "=! ;
g +Z k
hn_1 n kzln—k
¢ Tlog*n
<Zn+ |: g
hu_1 n

because the expression within square brackets is easily shown to be negative for n > 2. This
establishes (26). [

—n2(n — 1)(10g2(14n) - 210g(14n))} < Zn,

2.5. How correlated are leaf-heights? Recall the statement of Theorem 1.6, copied be-
low as Theorem 2.6. To study the interaction between the two levels of randomness, it is natu-
ral to consider the correlation between leaf heights. Write D,(,l) and D,(,z) for the time-heights,
within the same realization of the random tree, of two distinct leaves chosen uniformly over
pairs of leaves. Both time-heights individually are distributed as D,,, the time height of the
uniformly random leaf. We study the correlation coefficient defined by

E[D"” D{¥] — E2[D,]
Var(D,,) )

Ty =

1

THEOREM 2.6. Contingent on the h-ansatz, r, = O(log™ " n).

PROOF. Recall the splitting distribution n — (L, R,) at (1):

. . n 1 . .
(27) P(L,=i)=q(n,i)= i —1) =qn,n—1i), 1<i<n-1
There is a natural recursion for Z, := D,()l) . (2) , as follows:
(T + Di(l))(‘l,'v + Di(z)), with probability g (v, i) - %,
@+ D)@+ DP,),  with probability g(v, i) - (”(;);)2,
(tv+ D;”)(tv+ D,”;), with probability g (v, i) O
. U 2 .
04+ DPY(z, + D). with probability ¢ (v, i) - ).
l vV—I1 p y q (U)2

Here t, is the exponential(4,_1) hold time. The first two cases correspond to the two leaves
being in the same subtree, so their heights are dependent, whereas the last two cases corre-
spond to the two leaves being in the different subtrees, so their heights are (conditionally)
independent.
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Consequently
E[Zu|Lu=i]=( + 2 [D]+IE[Z]>()2
2 2 (v—1i)
+—FK D, _; Ezv—i
+<h31 oy Pvil R ]> )3
2 1 i(v—1)
2l — E[D; E[D,_; E[D;]-E[D,_;
+ (h%1+hu—1([ I+ LD, + E[Di] -E(D, 1) =

or, with a bit of algebra,
2 2iE[D;] 20w —-i)E[D,_;]
h2 "

v—1

E[Z)|L, =i]l= - -

+ %((1)2 E[Zi1+ (v — )2 E[Zy—i] 4 2i (v — i) E[D;] E[Dy—]).

Using (27) we obtain then

v—1

E[Z,]=)_ q.D)E[Z,|L, =i]
i=l1

2 2 gD
R h? Z v —i
v—1 v—1 i=1

(i — I)IE[Z]

v—1 —
_— E[D;1E[D,—;
+(v—1)hv_1g (D ELDu—i 145 —1)hv E

So, using E[D,] = h (1 +Y ! ELD: ]) we arrive at

i=1 v—i
1 i - DE[Z;
o (i = DEIZ]
(w—1Dh,_ P V—1
(29) X
2E[D,] 1 =
+ E[D;1E[D,_;].
hy—t (W —=1Dhyy ; R
We use (29) to sharply estimate [E[Z,] and then estimate r,, = % To start,
2E[D
2EID,T_ 2¢712) + 0(log™ ).
hvfl
Second,

E[D;1E[D,_i1=[¢""(@)logi +co+ O(i™")]
x [¢ 7' @) log(v — i) +co+ O((v —)71)].
The leading contribution to ) ; E[D;]E[D,_;] comes from

v—1
¢72(2) ) logi - log(v — i)

i=1
v—1

=¢22)(v — Dlog?v +2¢2(2) logv Y log(i/v)
i=1
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v—1
+:722) Z log(i /v)log((v —i)/v)

i=1
1
:;*2(2)vlog2v+2;*2(2)vlogu/ logx dx + O (v)
0

= §_2(2)(v log? v — 2vlog V) + O0(v).

The secondary contribution to >, E[D;]E[D,_;] comes from co§_1(2) (logi + log(v —i)),
and it equals 2c0§_1 (2)vlogv+ O (v). The terms co, oG Y, 0(v=i~hH contribute jointly
O (v). Altogether,

v—1

Y E[D/E[D,—i]=¢"*(2)(vlog*v — 2vlogv) + 2co¢ ' (2)vlogv + O (v).

i=1
Therefore, the equation (29) becomes

v—1
B €= DELZ)
B2 =52 1>hv >

i=1
+¢” (2)<1ogv—2—y)+2co;—‘<2>+0(log“ v).
Let us look at an approximate solution E@):= Alog?v + Blogv. The RHS of the above
equation is

+2¢712)
(30)

1 — (z—l)(Alog i + Blogi)

1
&~ Dy T

M

— v—i

+¢722)(logv —2 —y) + 20z 1 (2) + O(log ™' v).
Here, since ) ; E =w-—1)(h,_; — 1), we have
s, (i — l)log i 1 — (1 — 1)(log(i/v) -|—logv)2

2 —i _(v—l)hvl

i=1 =

M

v—i

(v— 1)hv 1

hoo1—1_ 2logv =1 (i — 1)log(i /v)
=—log“v+ .
hy—1 (v—=Dhy-1 v —i

1 = (= D log?(i/v)
(V_l)hv 1

M

i1 v—1i

log x

= log? v—logv+y+2/ dx—i—O(log_lv)

=log?v —logv 4y +2(1 — C(Z)) +O(log™'v),

and
v—1
!
Z(l )ogz =logv — 1 + O(log™ ' v).

i=l1

(v— l)hv 1

Therefore, with E (+) instead of E[Z.], the RHS of the equation (30) becomes
A(log?v —logv +y +2(1 — ¢(2))) + B(logv — 1)

+¢ @ (logy —2 =) +2(co+ D¢ () + Olog ™" v).
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And we need this to be equal to E() := Alog?v + Blogv within an additive error
O (log~! v), meaning that

—A+B+¢7%2) =B,
Aly +2(1-¢@)] =B - Q2+ )¢ 22 +2(co+ D¢ 1(2) =0,

or explicitly
(31) A=(7%2),  B=200¢"'2).

With these A and B, our approximation E (v) satisfies the same equation (30) as E[Z,],
excluding an exact value of the remainder term O (log_l v), of course. Consequently, A(v) :=
|E[Z,] — E(v)]| satisfies

v—1

3 (—DAG | O(log™'v), A(1)=0.

(32) 0L g Dl

With U, ;= (v — 1) A(v), the resulting equation is a special case of the later equation (65)
with the remainder term O (v~ log™!' v), when # = 2. Applying the bound for the solution
proved there, we obtain that I/, = O (v), or that A(v) = O(1). Thus

E[Z,] = Alog?v + Blogv + O(1).

Combining this formula with (31), r, = E[ZV;;(—%Z[)D] and E[D,] = ¢~ '(2)logn + co +

O(n_l), we compute
{22 log’ n 4 2c¢ ' (2) logn — (¢~ (2) logn + cp)* + O(1) .
Fp = = O(log™ " n).

" 22(3)
;3(2) IOgI’l + 0(1) D

NOTE. We do not need the h-ansatz in the rest of the paper.

2.6. Bounding the time-height of the random tree. Consider now the time-height D,, of
the random tree itself, that is, the maximum leaf time-height. We re-state Theorem 1.4, to-
gether with a tail bound on D,,.

PROPOSITION 2.7. (i) For some p > 0 and all ¢ € (0, n2/6 —1),
IP’(D,, > %(1 —i—s)logn) =0(n"").
(i) For some p' and all € € (0, 1),
P(D, = 2(1 + &) logn) = O (n~"%).

PROOF. (i) Since the tree with v leaves has v — 1 nonleaf vertices, rather crudely D,, is
stochastically dominated by the sum of v — 1 independent exponentials with rate 1. Therefore,
for u < 1, the Laplace transform ¢, (u) := E[e*P>] is bounded above by (1 —u)~". Recall

3):

1 S
= , > 2.
v (u) hvfl—u];l)—k V=
Pick ¢’ < ¢ and introduce o = %(1 +¢&’) (soa < 1) and ¥, (u) = exp(ua logv). Let us prove

that

A )
(33) IO —— g —,

if u € (0, 1) is sufficiently small, and v > 1 sufficiently large.



176 D. ALDOUS AND B. PITTEL

First note that
Vi (u) = ¥y (u) exp(ualog(k/v)), k<.
Therefore,
1 S 1 A exp(ua log(k/v))
1,ﬁv(’/t)(hv—l_u)kgi v—k hy_ 1—MZ —k

k=1

u \"! 1 = exp(ualogk/v)) — 1
_<1_hv—l> .<1+hvlz v—k )

k=1

N (1 T 0<h32 >>

v—1
y {1 N vu_l ]‘g alzg_(kk/v) N 0(}:: :é 10%)2(_k]/<v)>];
(where we used |e* — 1 — x| < x2/2, for x < 0). So, since & = ¢~ (2)(1 + &),
wv(u)(hlul ~u) ké = (1 e Z log(k/v)) 0<%>
gt (<) o)
=1- hvu_l(e — '@ +e) g( 1))+0(h’::>.

g , So that

To justify the inequality above: 1=

v—1
log(k 1] L/v ]

Z og(k/v) 5/ ogx dx—/ ogx dx
v—k 0 o 1—x

=t 1—x

og(ve)
-1
The big-O term is uniform over all u € (0, 1) and v > 1. It follows then from (34) that
there exist u(¢’) € (0, 1) and v(¢’) > 1 such that (33) holds for u € (0, u(¢')) and v > v(¢’).
Furthermore, for u € (0, u(¢')) and v < v(¢’),

N Yy —Vv(e)
b (1) < A()) = (1 b/t(8 ) .
Vo (1) exp(u(e’)alog(v(e’))
since, for o <1, ex&;T% attains its maximum on [0, v(¢’)] at v(¢’). Combining this in-
equality with (33), by induction on v we obtain that ¢, («) < A(¢")y, (u) for all v > 1 and
u <u':=u(e’). The rest is easy:

) 1/v
<)+ /0 log(1/x)dx = —(2) +

Elexp(u'Dy)] - A )Yy (u)
exp(u/%(l +e&)logn) — exp(u/%(l + &) logn)

< A(¢) eXP[“/(O‘ - %(1 + 8)) logn] = A(e)

6u' (oo
nﬂz(s e’

]P’(D > —(1 +e)logn>
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(ii) Predictably, we will use the union bound, which makes it necessary to upper-bound

P(D, > 2(1 + ¢)logn). To this end, we use a cruder version of the argument in the part (i).

Seto =1+ ¢/2 and choose u = é Denoting z, =u/h,_1 we bound

1 S 1 xp(ualog(k/v))
Vo () (ot — u) ,; v—k  hyi—u 2

_ hg Iy R T (1 v—l)““
hy_1—u h v—k hy_1—u vh,_i

<

V—] k:l
a( —1)
< exp(—log(l —z)— sz).

Since z, — 0, the last expression is below 1 for v € [v(«), n]. Therefore, arguing closely to
the part (i), we see that ¢, (1) = O (¥, (1)). Consequently

_ Vn (1) . 21(41_2'2)—1—1
P(Dy > 2(1 +¢)logn) = O(exp(Zu(l n e)logn)> =0(n 2T,

implying, by the union bound, that

2(1+e)

P(D, > 2(1 + &) logn) <nP(D, = 2(1 +¢&)logn) = O(n~ #2) = 0(n~ ™e12). O

2.77. Asymptotic normality of D,. Here is one part of Theorem 1.7.

PROPOSITION 2.8. In distribution, and with all of its moments,

D, — ¢~ '(2)logn

=— Normal(0, 1).

In particular, this provides a proof of the first-order result

%3,
) 8

without having to rely on the h-ansatz, as stated in Theorem 1.1.

var(D,,) ~

PROOF. By a general theorem due to Curtis [6], it suffices to show that for |u| =
@(log_l/ 2p) and properly chosen o, @y > 0, the Laplace transform ¢, (1) = E[e*Pr] sat-
isfies

(35) én () = (1 + o(1)) exp[ (uay + u’az)logn].
Recall from (3) that

(36) o) = — i"”‘(”) V2.

hl)*l —Uu
Define a function
W, (u) = exp[(uo1 + uzaz) logv], vel[l,nl;

obviously W (u) =1 = ¢1(u). We will use induction on v to prove a stronger result, namely
that there exist o1 and «» such that for |u| = ®(10g_1/ 2 n), the ratio &((IZ)) converges to 1,
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uniformly over n > v — 00, sufficiently fast. Pick § € (0, 1/6), and set v, = (exp(log‘S n)l,
so in particular u log v, — 0. Introduce ¥ (u) := 1 4+ ua logv. For u > 0, we have

37)

1 ”Z‘l W (u)
(hy—1 —w)W5u) ;= v—k
1 L 1 \/t .
= Jitj2 —al J2
hv—l 'Z: ! (hv—l> ( * OgV)
J1.j220
v—I1
log(k
X | (1 +ualogv)h,—1 +ua Z M
- vk
1
= (1 —i—u( — alogv) + 0(012u210g2 v)) . (1 +ualogv — ! ®(a))
hy—1 hy—1

u

P (1—0()) + O((o? + 1)u*log*v)
v—1

>1, ifv<v,,a>0andsmall,
<1, ifv<v,,a>0and large.

(For the bottom part we used § < é.) And the inequalities are interchanged if # < 0. Combin-
ing this with (36), we conclude that ¢, (1) = 1 + O (Ju|logv) = exp(O(|u|logv)), uniformly
for v < v,. So, for bounded «1, o>,

(38) lim max

Thus, we need to prove existence of a1, oy such that the property above holds for v > v,,
as well. To this end, let us determine «; and a» from the condition that W, (1), (v € [v,, n]),
satisfies the recursive inequality

1 i/
(39) “Ijv(u) = (S)m<z vk_(uk)), RS [Vn’ n].
v— k=1

First of all, we have
Wy () = W, (u) exp[ (uay + u’aa) log(k/v)], k<v.
Therefore,
1 =y, (u)

W () (hy—1 —u) ;o v—k

1 " expl(uay + u?ar) log(k/v)]

hy_1—u = v—k
(40) _ (1 _u )1 1+ 1 ”X_% expl(uay + u?an) log(k/v)] — 1
hy—1 hv—1 {7 v—k
u \-!
-(-527)
hv—l

' <1 N 1 /1 expl(uay + u?an)logx] — 1 dx 4 0(|u|logvn>>'
0

1—x Vn
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In the final line, the bottom integral does not depend on v. Let us first justify the remainder
term. Define f(k/v) as the kth term in the previous sum, (k < v), and, for continuity, set
f/v) = —v " uas + u?as). It can be checked that fi(k/v) does not change its sign on
[1, v]. So, replacing the sum with the integral for k varying continuously from 1 to v, we
introduce the error on the order of the sum of absolute values of

fe/WI]  and  fi(k/v)]].
The domil(lrant contribution to each of these terms comes from k& = 1. Since for o € (0, 1) the
2 Z_l decreases for z > o~ ! log ﬁ, we bound

exp(|uay + u?az|logv,) — 1

Vn

|f(1/v)| < = 0(v, '|ullogv,).

And the bound for | fk(l /Vv)| is even better. So the sum in question is of order 0('“Ilog L)
uniformly for v > v,. Extending the resulting integral to the full [0, v], we 1ntroduce the
second error on the order of

/1 expl(uay + u’ap)log(k/v)] —
0 v—k

The sum of the two error terms is O (v~!|u|logv), and dividing it by /,_; we get O( ‘”l)

Let us sharply estimate the bottom integral in (40). By (41), the contribution to this 1ntegra1
coming from x € (0, 1/v,]is O (v, 1|u| logv,). And for x € [1/v,, 1], we have |u|log(1/x) <
|u|logv, — 0, that is, we can use the Taylor expansion

(4D

1dk=0(|u|10gvn>‘

Vn

exp[(ua; + uzaz) logx] —1 . (o + uzaz) logx  (uay + uzaz)zlogzx

l—x - l—x 2(1 = x)
3 3
n 0<Iu| log (l/x)).
1—x

This means that, at the price of the error term of the order v;, ! |u|log v, + |u]? f; ! log (1/ 9 dx,

we can use the expansion above for all x € (0, 1].
So, using (24), we obtain

1 Uexp[(uay + u?az)logx] — 1
/ dx
0

hv—l 1—x
__at@u N u? 020 () — ant )]+ 0( Ju|? +V_1|M|).
hv—l hv_l 1 hv_ n
Consequently, for v > v, (= [exp(log® n)7),
! e
W, (u)(hy—1 —u) ,; v—k 1+ By i (I —a12(2)
(42) n u2 [ 2 (3)_ (2)]+0< |M|3 +M>
g T et PR
—14 Jul®
=1t —(—eit@) + O<hv_1>’
{203

if we select ap = @ which we certainly do. Suppose u > 0; set o] = ;‘1(2) +ub be
(1,2). Then, uniformly for v € [v,, n], we have

|u|3 ) _ ;—l(z)ub-l-l
hv—l B hu—l

1+ (1+0@u>?)<1.

hw»a—agen+0(
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So, (42) becomes

L 7
Z £ <V, (u).
hy_1 —u v—k

This equation and the equation (36) together imply, by induction on v € [v,,n], that

limsup,,_, o, Maxy e[, n] % < 1. Now,

W, (u) = exp| (uary + uzaz) logv]

= exp[(u{l(Z) + u2%> logv + O (u”*!log U):|

~ exp[(u{ 1) +u? ;3((32)) ) log v} ,

since u?*1logn = 0(log_% n) and b > 1. Therefore,

limsup max v () <1.
n—oo velv,,n] W, (1)

Analogously, setting oy = ¢ ~1(2) — u®, we have

liminf min dC) > 1.
n—00 yelv,,n] ‘Iju(”)

So, for u = ®(10g_1/2 n) > 0 we have

On(u)

lim 3 =1.
=0 exp[(ug—1(2) + uzﬁ) logn]
The case u < 0 is completely similar, so that the last equation holds for u = —® (log~'/% n) <

Oaswell. O

2.8. The moments of edge-heights of the leaves. Recall that L, denotes the edge-height
of a uniform random leaf. In this section we prove Theorem 1.2 via the two propositions
below.

PROPOSITION 2.9.

1 2 y¢(2)+¢3)
43) E[L,]= —2“2) log“n + 74_2(2)

PROOF. The straightforward recurrence for E[L,] is

logn + O(1).

B 1 S E[L]
(44) BILy] =1+, — ]; N—

Write E[L,] = Alogzv + Blogv + u,, so that u; = 0. We need to show that u,, = O(1),
if we select A and B appropriately. (Sure enough, these will be the constants in the claim.)
Using (44), we have

1 1

Z log? & —log? v)

u, =1+
v—1 oy VK

> A

v—l oo VK h
1 logk

+B< Z o8 —logv).
ho-t 2 v —k

h
(45)
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Here, by (14),
1 logk 1 log(k/v 2 log(2me
Z g _logv = Z g(/)Z—C()+ g( )+0(v_2)’
hy—1 kepo1 VT k hy—1 ke VT k hy—1 vh,_1
and, combining the equation above with (22), we also have
1 log? k
o2 —logzv
hy— v

B log(k/v) - (log(k/v) 4+ 2logv)
h

V=1 kelv—1 v—k
2¢(3 2)1 log(2me)l
_24( )+0(vllogv)+2<—§( )logv N og(2me)logv +0(v210gv)).
hy_1 hy_1 vhy_1
Plugging the estimates above into (45) and using logv =h,_1 —y + O(v™1), we get
1 U 1
uy =+ +(1-24:) + —[24(y¢ () +¢(3)) - Be(2)]
v=1 oy VK hy—

+0(v ' logv).

B = Yi@Q+0O)

So, selecting A and B such that the (A, B)-dependent coefficients are both zeros, that is,
—_1 Y@ +¢0) ]
A=5 toy B=""¢p > wearrive at

Uy = > + O(v~"log v))
ho1 \t o2y v —k

From the proof of Proposition 2.5 (starting with (25)), it follows that u,, = O(1). U

PROPOSITION 2.10. var(L,) = 32{%((32)) log> n + O(log?n).

PROOF. (i) The key is

LEMMA 2.11. Setting v,, := var(L,), we have
1 "2 9+ (B[Ly] — E[Lg))?
46 U, =—1 .
(46) On . 1; —
NOTE.

In particular, v, = 0 as it should be, since L, = 1, unlike D, which is distributed
exponentially with rate 1.

ProoF. Differentiating twice both sides of (4) at u = 0, we get

1 E[L? 2 E[L
E[L§]=1+h [’i+h LLi]
v=1en—1 ¥

vl oy VK

1 n_lE[LZ]
=2F[L,] -1 — k-
(L] +hn_1k§n_k

1 V—IEZL 1 1)—1 =
—2E[L] 14y
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Since v, = IE[L%] — EZ[LV], the equation above becomes

1)+ EAL
B, =2E[L,]— 1 + Zv“:_lg"]

—E2[L,],
hn—1 ;= )

and it is easy to check that this equation is equivalent to the claim. [J

.. . ... _ 1 _ yL@)+¢(3)
(it) Using Proposition 2.9, we compute, for A = 5 ROL B = O

(E[Ly] — E[Li])? = (A(log? v — log? k) + B(logv — logk) + O(1))?
= [2A(log(k/v)) log v]* + O[P(log(v/k)) log v],

where P(n) is a fourth-degree polynomial. Therefore, invoking (22), we have

1 3 (E[Ly] - E[Ly])?  4Alog?v "i log?(k/v)

= o
v—k hy_1 v—k +od)

h k=1

_ 8A%7(3)log?v
B hv—l

v—1 k=1

+ 0(1) =8A%¢(3) logv + O(1).

So, since A = ﬁ, the equation (46) becomes

- 2(3) RS
(47) = 0n logv + O(1) + - > —

Let us use this recurrence to show that, for appropriately chosen A*,

v=lg—1

U, =V, + 0(log’v), V,:=A%log’v.

Here 0(log2 v) is uniform over all v > 2. We compute

1 Slogdk 1 ”i:l(logv—l—log(k/v))s

h v—k  hy_; v—k

v=1j—g k=1

1 "“Nog(k/v)
= log? vhy_1 +3log?y Yy ——~
hv_1< £ £ kg vk

v—1

+3logy Z i(k/v) +Zlog (k/v))
k=1 k=1
310g v 2110 (k/

=10g3v+ Z

3 +0(1)
- k=1

=log>v —3¢(2)logv + O(1).

It follows that

200) -
C(Z)2 Z

1

v (%O « =
=V, + W—3A £(2) )logv+0(1) =W, + 0(1),
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if we select A* = Combining this equation with (47), we obtain that W,, := v, — V),

3C 3 (2)
satisfies

v—1
Wi
Z v—k

vl =1

W,=0()+

h
Comparing with (44), we see that W, = O(E[L,]) = 0(log2 v). O

2.9. Bounding the edge-height of the random tree. ~As with the time-height in Section 2.6,
we use a tail bound on the edge-height of a random leaf to obtain a tail bound for the edge-
height of the tree itself.

PROPOSITION 2.12. Let L, denote the edge-height of the uniformly random leaf, and let
L, denote the largest edge-height of a leaf.
(1) Fore > 0,

3
]P’(Ln > —2(1 + 8)10g2n> =0(n°9).

2) Let B = m1na>1/10g2[a+ ] 42.9. Fore € (0, 1),
P(L, > (1+ 8),610g n)) <exp(—O(elogn)).
PROOF. (1) First of all, f,(u) :=E[e*f*] < e“~D for u > 0. By (4), we have

eu

v—1

vel2,n].

Consider u = 5~ gn, and introduce gx (1) = exp(ua log? k), a > 0 yet to be determined. Let

us prove that there exists v = v(«) sufficiently small, and v(«) sufficiently large such that

v—1
> 8i) Vv € [v(a), n].

u

48 > ,
(48) gv(u) > o 1k:11}—k
We compute
1 = k() 1 "3 explua(log? k — log? v)]
go@hy—1 [ v—k hy_1 /T v—k
1 ! explua(log?k —log?v)] — 1
49 =1
( ) * hv—l ]{2::1 v—k
v—1 2 2 v—1 2
uo log=k —log“v 2 log=(k/v)
<1 O|u“l — 7.
= —l—hv_l]; - + (u ogvg g

The big-Oh term is O (u*logv), and

"X_E log? k —log? v _ UZ_E log?(k/v) +210gv‘§ log(k/v) _
= v—k ] v—k = v—k

Therefore,

72
ey logv + O(1).

v—1 2
1 gr (1) <1 oaum

go@hy_1 v —k =

+ O(ulog~' v +u’logv),
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implying that

(50)

u v—1 2
e gk (u) S1_M<0”T__1)+o(ulog—‘v+uzlog\))-
gv(u)hy— =1V —k 3

Recalling that u = - g , we obtain that for o > 2 there exists a sufficiently small v(«) > 0,
and a sufficiently large v(«), such that for v < v(oz) and n > v > v(a), we have

u

e

go@hy_1 v —k =

D)

Furthermore, for u < 1”0(;‘2 and v < v(a),

Jo(u) exp(uv) [
52
(52) gv(u) = exp(ua log? v) = exp

v(o)v(a)
logn }

By induction on v € [v(a), n], it follows that for those v’s

v(a)v(a)

So(u) < eXp[ Togn M]gn(u),

]gv(u) — fn(u)SexP[ -

provided that o > 2, andu < ]”O(g“z. So, given ¢ > 0, we set o« = 7%(1 +e/2),a = %(1 +e),
and bound

1 2
IP’(L > —(1 +¢)log n) 0(w> ’ =0(n°®).
exp(ua’log® n) (@)

- logn

This is the assertion of (1).

(2) We need a more explicit, but cruder, version of (50), again for u = O (log_1 n). Instead
of (49), we bound

v—1 v—1 27 g2 2.21.52,, V=1 2
1 Z gk (u) <14 uo Z log=k —log“v n 20ccu”log“ v log (k/v).
ghy—_1 ;v —k hv-1 (5 v—k hy—1 o vk
Here
1 ‘Slog?k —log?v 1 il log?(k/v) | 2logv "~ og(k/v)
hy_1 = v—k hy_1 - v —k hy_1 - v —k
23 -1
< 1 )+210gv-log<1— ! )
v—1 vhy_q
_B) _,0=Dlogv _%®)
logv hy_1v logv

since % is increasing, log x is concave, and log(1 + z) <z, (z > —1). So, we replace (50)

with

e e 20(3) 5 5
(53) @ 1; m—— 1 —u<a(10g2— Tog v ) - 1) +u”(1 44272 (3)logv).

Given o > 0, the coefficient by u can be made arbitrarily close to « log 2 —1 for v sufficiently
large, thus positive if @ > . Assuming the latter, for those large v’s, still below 7, the RHS
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expression in (53) is below 1if 0 < u < % (6 > 0), and n > n(8). It follows that,

as n — 00, we have f, (u) = O(g,(u)). Consequently, given o’ > o > @,

eaulogzn
P(L, > o' log? n)<nP(L,>d log? n)=0 <n )

(54) ea’u log2 n
= O(exp[logn — u(a’ — a)log?n)]) — 0,
if
alog2 —1 / (4+8)a’c(3)
u= , o>+ ——mm
(4+8)a?¢(3)logn alog2 —1
Set

. [ 4% (3) ]
mmn |(o+—-—|,
a>1/log2 alog2 —1

and let @ stand for the point where the minimum is attained. Given & > 0, there exists § =
5(e) = ©(e) such that

4+ 8¢ (3)
alog2 —1
implying, by (54) with @ = &, that P(L, > o log2 n) = O(exp(—0O(e)logn)). O

o i=(1+e)B>a+

’

2.10. Asymptotic normality of L,,. Here is the second part of Theorem 1.7.

PROPOSITION 2.13.  In distribution, and with all of its moments,
L, — (2¢(2)"'log’n

2:03)
30%(2)

= Normal(0, 1).

log3 n

PROOF. Analogously to the proof of Proposition 2.8, it would seem natural to show that
for |u| = @(log_s/ 2 n) and properly chosen oy > 0, oy > 0, the Laplace transform f, (1) =
E[e"Lv] satisfies

(55) fow) = (1+0(1))gv(u), gv(u) :=exp(ua; log? v + u’az log*v),

uniformly for v < n. But we could only prove (55) for 0 < u < vlog=>/?n and a fixed v > 0.

Fortunately, that is all we need, thanks to a relatively recent extension of the Curtis lemma:
it suffices to prove convergence of the sequence of Laplace transforms for the parameter v
confined to a fixed interval (0, o']; see [16] or [21].

Recall

e i fi@w)

(56) folw) = o

L

Pick 6 € (0,3/4) and set v, = |'exp(10g‘S n)]. For a constant «, introduce g'(u) :=
exp(ua log? v). For u > 0, we have

e i gl ()
hv—lg?;(”) k=1 v—k

e "Xexp(ualog(kv) log(k/v)
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u v—1
= he Z[l + ualog(kv) log(k/v) + O (u“a”log” log”(k/v))]
v—1 ,_
(57) = 1 1
_ yel1 9
:eu[l +ua®<logv Zlogac/v) ( zazlogvzloi (kiv))]
v 1 k= = —_

=e"[1—uB() + O(uza logv)]=14u(1 - O(@) + O(u?(1 + & logv))

>1, ifv<vy,,a>0andsmall,
<1, ifv <y, a>0andlarge.

(For the second line we used e* = 1 + z + 0(z%/2), uniformly for z < 0. For the bottom
line we used § < %.) Combining this with (56), we conclude that f, (#) = exp(O(u log2 V)),
uniformly for v < v,. So, for bounded «, a5,

fo(u)
gv(u)
Thus, we need to prove existence of o1, a» such that the analogous relation holds uniformly

for all v € [v,, n]. Predictably, we select a1 and a2, requiring that g, () is the asymptotically
best fit for the recurrence (56) for all v € [v,, n]. To begin,

gi(u) = gv(u) explua G (k/v, v) + ula2 G2 (k /v, v)],

(58) lim max
n—00 v<y,

~1]=0.

k
(59) Gik/v,v) = log(;> log(kv) <0,

k k
Gak/v,v) = log(—) |:3 logklogv + 10g2<—>] <0.

And, since G j(k/v, v) are nonpositive, the Taylor expansion of the exponential function holds
for u > 0, even though |uG(1/n,n)| = O(s/logn). (Notice that uzle(l/v v)|=0().)
So, proceeding analogously to (40),

u v—1

— gk(u)
gv(u)h, 12

V—

»
»—.—

explua1Gi(k/v,v) +u ang(k/v V)]

hv 1D v—k

(60) _ o 1 = expluai G1(k/v, v) + u’arG(k/v,v)] — 1
=¢ <1+hv—1z —

k=1

dx

1 f‘ explua1G1(x,v) + u?arGo(x, v)] — 1
0

u
—e' (1
e (+hu_1

1—x

exp(—ulog? v))

+0<
vlogv

where uniformly for x € (0, 1]

explua1G1(x,v) + uzasz(x, v)]—1 _ ua1Gi(x,v) + uzoeng(x, V)

l—x 1—x
(ua) G (x,v) + u?a2Ga(x, v))?
2(1 —x)
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N 0(14310g3(1/x)10g3 v).
1—x
Using (59), and (24), we have then
/1 explua1G(x,v) + u?arGo(x,v)] — 1
0 1—x

dx

2
=oqu(—2¢(2)logv +2¢(3)) + uz(%(8§(3) log? v — 24¢(4) logv)

+ @2(—=32(2) log? v 4 62 (3) log v — 6;(4))) + 0@ log®v).

Upon expansion ¢ =1+ u + u? /2 + O (13), the bottom RHS in (60) then becomes

~20(2)logv + 2;(3)) - “(8¢(3) log>v — 247 (4) log v)

1+ u(l + o
hv_l hl}—l

az(—3¢(2) log2 v+ 6¢(3)logy —6¢(4)) ta —2¢(2)logv +2¢ (3))
(61) hv—l ! hv—l
+ O(u’ log? v)
—2¢(2)logv +2¢(3)
hv—l

if, leaving a1 = o1 (v) > 0 to be determined shortly, we select a» = o (v) to make the coeffi-
cient by u? equal to zero. Looking closer at the coefficient by u?, we see that
4032 (3) |
ar=——7—+ O(log™ " v).
3¢(2) ( )

The rest is short. Pick a1 = (2¢(2)) "' (1 +u?), b < 28/3. Since u = ® (log—>/? n), the bottom
expression in (61) becomes

1+ u(—u® + 0(log™'v)) + O (4’ log? v)
=1—u"T 1+ 0w log'v) + 0(u* " log®n))
=1—u"[1+ 0(Qogn)™2"32) + O((logn)~13¥/%)] < 1.
So, it follows from (60) that

:1—|—u<1—|—a1 )+O(u3log2v),

e "2 gr(u)

hy_1 bl —k

<g ), velvy,nl
Combining this recursive inequality with (58), we conclude that

limsup max fol) <I.
n—oo VeE[v,,n] gv(u)

Now,
g () = exp(ua; log? v + u’a; log’ v)
£(3)
353(2)

log® v 4+ o(1) + O (u”*'1og? v)]

= exp[u((2§(2))_1(1 +u®))log? v + uz(

2 ¢(3)
3¢3(2)

+ 0(1)) log3 v]

_ exp[u (22(2)) ' log? v +u
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= (14 o0(1)) exp[u(2§(2))_1 log? v + u? 3;2) log® v},

if we select b > 1/3. Since b < 25/3, a desired b exists provided that § > 1/2, the constraint
compatible with the initial restriction § < 3/4. We conclude that for § € (1/2,3/4)

_ 3)
li ) —22112—24(13]<1.
;nl)so%pvg[l\i)fn]f (u)exp[ u(2¢(2))” log v —u 300 og’v| <
Likewise, picking a1 = (2¢(2))~1(1 — u?), b < 28/3, we obtain
_ 3)
liminf 22112—2“13}1.
im in Uen[nvlnn]fv(u)eXp[ u(2¢(2))" log“v —u 3030 ¢ )2

This verifies (55), as required. [

2.11. How soon do the species part their ways? Recall from Section 1.2 the notion of
pruned spanning tree on t random leaves within the tree model on n leaves. Write S,, ; for the
edge height of the first branchpoint in the pruned tree. In other words, the number of edges
from the root to the vertex after which the  sampled leaves are first split into some (k, t — k)
leaf subsets. Conditioned on the size k of the left subtree at the root of the tree with n leaves,
the probability that the ¢ sampled leaves are all in this left subtree is % Therefore, since

qgn, k)= m, we obtain the recursion
o

B 1 "X (n/ k) ELSk] (k)
62) BlSud =142 = o 1z

n—1 k=1
(E[Sk,1]1 =0), or, introducing &, ; = (n — 1);-1 E[ S, ¢],

v
)

63) By = (1 — 1)y g+ — f P
=n — _ .
n,t t—1 hnfl P n—k

PROPOSITION 2.14.

logn
E[S,] = —2
ht—l

+0() asn— oo.

PROOF. Given « > 0, define
Uy =y, — av' " 'logv.

Then, by (63), we have

12U 1 'Sk logk
(64) th:(])— 1)T—1+ Z kJ —|—O{ Og _Ut_llogv 9
’ hv-1 ;o h

and the coefficient by o equals

V=l (ke /v)log v 4+ log(k/v)] 4
— v logv
hv-1 i vk
- -1 v—1 t—1
k log(k
_v (logvz( /v) —I—logv E —+Z(/V) T /V))
hv—l k=1 k=1 v

— v~ ogv
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vt—l 1xz—1 _
= <logv/ 4dx+hu_1logv+0(1)) —vt_llogv
hy—y o l—x
tfll
= —ﬂht_l + 0(1)t_1 log™! V).
hv—l

So, the equation (64) becomes

v~ ogv 1 =y
Uv,tz(v—1>”+a(——gh,1+0(vf—‘1og—‘v))+ P
o hoot v —k
(65) -
— _ 1 — Ukt
=00 log7 ') + :
(v log™ w) 4 — PB—:

if we choose o = htl—l . Consequently, for some constant 3,

—1
Unsl < log v 3 1l
T hv_lkzlv-—k

For a constant B, to be chosen shortly, we have

1 V= Br-!
hy_1 =V —k

g1 log_l v+

Bv' =1 (k/v) !

t—1 —1
= 1
Bv og v+ A —

v—1 k=1

t—1

(h +/1x —1y +0(—1)>
v—1 0 1—x X v

(hy—1 —hi—1+ O(U_l)) < BV

B
=pv M og™ v + .

t—1
v—1
t—1

B
= /31)’_1 log_1 v+ hv

v—1

provided that

ht—l
hv—l

,Blog_lv—B< +0(v_1)) <0.

And this inequality holds for all v > 2, if we choose B sufficiently large. It follows, by
induction on v, that |U, ;| < Bv'~!. Consequently

®,, = av'~logv + O(v’_l),
so that

QVJ
E[SU,,]:mzalogv-i—O(l), Ol:ht_l. 0

Within the same notion of pruned spanning tree on t random leaves within the tree model
on n leaves, a more complicated statistic is the edge-length of the pruned tree, which we
denote as S, ;. To derive the counterpart of (62), notice that the total number of ways to
partition the set [n] \ [#] into two trees, the left one of cardinality &, with #; <1 vertices from
[#] and the right one of cardinality n — k, with f, = ¢t — #; remaining vertices from [¢], equals
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(+—;,)- Defining S, =0, S} | =0, Vn > 0, we have the recursion: forn > 1 > 2,

=14+ Z 2N, 1k(n —k) (Z)_l
xS (120 ) ISt + ELS )

] n K)oy (n = k)1,

:1+k§ S k=B 2

k H<t (n)[

(E[Slf,tl] + E[S:—k,tz])

D¢y —1(n — k),
ZZ _11 —k 2E[Sl><k,t|]'
Therefore, with W, ; :== (n — l)t—l E[ Sn’t], sothat W, o=V, 1 =0, ¥, =0forn <t, we
obtain

t n—1

Zz(n k)tz\ljktl’ n>t>2

=2k=2

(66) W=

This equation is similar to (63). Because of the new factor (n — k);,, we will use

b
(67) @p =Y s(b, jal,
j=1
where s(b, j) is the signed Stirling number of the first kind, so that |s(b, j)| is the total
number of permutations of [b] with j cycles.
We now repeat the statement of Theorem 1.8.

PROPOSITION 2.15.

_ _ —1
E[S:’l] =O((t) logn + 0(1)’ Ol(t) — (ht_l _ Z (tl 1)'(1’2 1)')

et -1

PROOF. The argument is guided by the proof of Proposition 2.14. Given « > 0, define
Vii=W,, — av' " llogy, v=1>2.

By (66), we have

t
—k
zz OBy,

=2k=2

t 1
—k
(h ZZ )tzktl MNogk —v'~ 1logv).

v—lt

Vv,t =

(68)

Consider the factor by «. By (67),

n

— —k
Z )tzkt1 "o gk=>"s(t, NS, 11, J),

k=2 j=0

v—1

Z, 1, )=y (w—k)/ K" ogk.
k=2
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Recalling that #; > 1, we write

v—1 71 —1 v—1 71 —1
k"~ logk k""" (logv +log(k/v))
B0 0= Y =) e L4
= YT k=2 v
v—1 7 —1 t—1 v—=17-1
kT =i k""" log(k/v)

= (1 h=lp, A -

<°g”>( S S )+Z ok

and

v—1 -1 t1—1 t—1
kK _ ph 1 44 -1
Zivzvn—(/ xidx—i—O(v_l))
0

1—x

-2
:vtl—l(_/ol > xtdx + O(v_l))

s=0
= —l)tlilhtl_l + 0(1)1172),

t1—1
wt}lnleflt is easy to see that ), _ ! % is of order v1~! fol %dx =00,
Therefore,

(69) S, 1,0) = (hy_1 — htl_l)v”_l logv + 0(1)”_1).
Suppose that j > 0. Then

v—1
(v, 1y, j) =01l (v_l (1 —k/v) ke /v) " logv + log(k/v)])

k=1
1
= v“““[(logv)/ (1 —x)/x=ldx
(70) 1 °
+/ (1 —x)/~1x"Tlogx) dx + O(v_llogv):|
0
(=Dl =D!
i+ j-D!

andt;+j—1<t;+1t —1=1t—1.Combining (69) and (70), and using s(b, b) =1, s(b,0) =
0 for b > 0, we have

1= ogy + 0 (V1 2 logv),

1
VX: (U k)lzktl 11 gk
— v—k

(t — Dl — D!

-1 -2
Ty v/ logv 4+ O (v ™" logv).

= (hy—1 = hy—1)v" ' logv +

So, the factor by « in (68) is

vi~ogv (th — Dty — D! 1 1
—hy_1 —hi1 + +00 )| =v"""logv
o e 2 ARG 00 :

v~ logy (2 — Dl — D! -1 )
hv—l < t—1 t; (l‘— 1)! (V )
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Consequently the equation (68) becomes

v~ ogv tHh— DIt — 1)!
Vi = = Dt o g(ht1+z(2 )“, )—i—O(v_l))
= (t—1)!

Z Z (V k)tzv k.t

hn— =2k=2
t
k
=0 og ) (v )tz — Vi,
=2k=2
if we select
(t1 — DIt — DI\ !
t1+n=t (r=1)!

We omit the rest of the proof since it runs just like the final part of the proof of Proposi-
tion 2.14. O

2.12. Counting the subtrees by the number of their leaves. Since the tree with n leaves
has 2n — 1 vertices, there are exactly 2n — 1 subtrees, with the number of leaves ranging,
with possible gaps, from 1 to n. Let X, () be the number of subtrees with ¢ leaves; so
Xn(1) =n, Xy(n) =1,and X, (t) =0forz > n.Now, 3 ;1 X, (1) =2n—1,80 {uy(t)};>1 :=
{E X, (’ )] }s>1 is the probability distribution of the number of leaves in the uniformly random
subtree that is, the subtree rooted at the uniformly random vertex of the whole tree. Further-

more

n—1 ) ) n—1 .
T E[Xu()] = — ZE[X./(I)]JrE[Xna,(t)]_ n ZE[X,(;)]
1

2hn-1 2 jn—j) _hn—ljzlj(n—j)'

So, with &,(t) := ,and hy = Z l , we have

n

-1
0 1
g -, nzt+1,<&(r)—t>,

="

1
(72) En) =+

n—1

£n ()

and clearly u, (1) = 7 =.

THEOREM 2.16. (i) &,(t) € [tz, T 1, z <D esibn(n) < <2 , the last bound implying that
the sequence of distributions {un(t)},zl is tight.

(ii) For g € (0, 1), Fy(q) := ;=1 q"&n(t) decreases with n. Consequently, the sequence of
distributions {u, (t)}s>1 converges_to a proper distribution {u(t)};>1.

(iii) However, the expected size of the uniformly random subtree is asymptotic to ﬁ log2 n.

We conjecture that (ii) can be improved to the stronger assertion that &,(¢) is decreasing
with n, for each . We are grateful to Huseyin Acan [1] for numerically verifying this for n
and ¢ below 1000.

PROOF. (i) Let us show that &,(1) > % for n =t > 1. By (71), we have &) =1 and

Ev1(t) = th , both above . Suppose that n >t + 1issuchthat (1) > >3 for all j €[t, n].
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This is true forn =t + 1. Forn >t + 1,

£1) > @ 1 ”Z‘:l a 1 P14
T T haei =) Phyy S = haoin—0t 0 hy
-4 1 hnflft_hnfl
2 h,_1(n—1t)t t2h,_q
1 1 1 t 1

22 hp_in—0t t2h,_; n—t 2’

which completes the induction step. The proof of &, () < % is similarly reduced to showing
that % <1forn >t + 1. This is s0, as the fraction is at most hhf . %

Let us prove that =< 2516 (7) < 7. Introduce Y, (1) = .5, X, (1), the total number
of subtrees with at least t leaves, and 7, (t) = E[Y”(’)] =) > &n(T); 50 (1) = 2”” L and

Ne(n) = ;. Analogously to (71), we have

= i (”,, P

We need to show that 5, (1) < % for all n > ¢. It suffices to consider n > t > 1. Suppose that
for some n >t and all j € [z, n] we have n; (1) < % This is definitely true for n = ¢. Then

1 & o0 2 < 21— _2
t) = _— —_— < -,
M1 (0) = 7 jZn—i-l—] thy, jZ:ln—l-l—] thy — 1

| A

which competes the inductive proof of 7, () < %
(i1) For n > 2, we have

Fu@)=) _q' énm—z

Z £§;(0)

t>1 t>1 n_J
! _
=hMJZl qu,(t)_ Z::n—]

Therefore,

L& Fi 1 (R@ & Fi@
F"H(q)_hn;n-i-l—j_hn( +J§—n+1_j)

n
Fi(q) -
s(fn T

n

1
) . ( - ha_ 1F(q>)5Fn(q),

since Fy,(q) > q&§,(t) =q, and h;, — h,_1 = E' Therefore, for each g € (0, 1) there exists
F(g) =limy—00 Y ;~1q'&, (1), implying existence of lim,— o0 Y ;~ ¢ un(t) = 2F(q). For
any weakly convergent subsequence of the distributions {un, (t)};z_l, for each x in the unit
disc there exists lim,, 00 »_,~1 X'un,; (t), dependent on the subsequence, which is analytic
within the disc. All these limits coincide for x € (0, 1), whence they coincide for all x within
the disc, whence on the whole disc. Since the characteristic function determines the distri-
bution uniquely, we see that the whole sequence of the distributions converges to a proper
distribution.
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(iil) Zy, := Y ;> t X (2) is the total number of the leaves, each leaf counted as many times
as the number of the subtrees rooted at the vertices along the path from the root to the leaf,
which is distributed as 1 plus L,, the edge-length of the path to the random leaf. Therefore,

%;52—”1] = 2nn—1 (1 +E[L,]), and it remains to use Proposition 2.9. [

3. Other methods. Our results here demonstrate that the analysis of recursions method
is very effective at deriving sharp asymptotics for the questions addressed here. However,
there are many other aspects of the model that could be studied, and a wide variety of familiar
general modern probabilistic techniques that could be applied. We indicate such possibilities
briefly below—see the preprint [4] for a more comprehensive account.

It is intuitively clear that for our tree model (call it 7,, say) there should be two n — oo
limit structures:

(a) A scaling limit process, which is a fragmentation of the unit interval via some sigma-
finite splitting measure.

(b) A fringe process, which is the local weak limit relative to a random leaf, describable as
some marked branching process. This starts with an explicit description of the limit distribu-
tion {u(¢)};>1 in Theorem 2.16.

Less intuitive is a piece of structure theory. In our discrete-time model there is no simple
connection between 7T, and 7,11. In the continuous-time model with our chosen rates 4,
(and this is the reason for that particular choice), [4] shows there is a nonobvious consistency
property under a “delete a random leaf and prune” operation. This enables an inductive con-
struction of a process (7,,n =2, 3,4, ...), which in turn suggests the possibility of a.s. limit
theorems.

Readers may notice that the issues above are somewhat analogous to those arising in the
theory surrounding the Brownian continuum random tree (CRT) as a limit of certain other
random tree models [2, 9]. However, in contrast to the CRT setting, the two limit processes
above would not capture the asymptotics of the quantities studied in this article.
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