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1 Convex Loss

2 Rao Blackwell Theorem

3 UMVU Estimators

4 Examples



Unbiasedfstination

Recall strategies to choose an estimator

1 Summarize risk by a scalar avg ou sup

2 Restrict to a smaller class of estimators

today Unbiased estimation
gestimand

Require Eon glo Voe

If we have complete sufficient stat Tex

o there is almost one unbiased YT x

If 08 IT 8 Ct 9101 V0 then 8 82

if it exists it uniformly minimizes risk

for
any

convex loss function



Convexloss Functions

Recall fly is convey if for all x xz all 240

flax i g x I yffx l g fixe

strictly if

They Jensen If f convex then

f EX E If X for
any

ru X

f strictly convex then a unless X c

Convexly 10 d
means convex ind

Ey 210 d glo d 2

M SECO S Ig O Tx

Biaso s Varg o

Varg t if 8 unbiased

Convex losses penalize us for making the
estimator too noisy



a
the suff principle

Theorem Rao Blackwell

Tsuneo TCX sufficient 8 X estimator

Let FITCH IE ax Tex

no 0

If 210 d convex then RCO F ERCO D
If strictly convex then RIO F RCO D

unless J X ICTCX for all O

Prof RCO D ELLO ELE IT
E E ELLIOT 5 It

RIO o

if strictly unless 8 I xD

fit called the Rao Blackwellization of 81 1



U estimable functions

Not all estimands have unbiased estimators

We say glo is UestimableRif Fox with Eos glo to

Def MingitomiiiigIIsunbiased

Varo Fx e Vara TX toe

For model D Po O 3 assume

Thegty complete suff
it g o d estimable

Then there exists a unique
estimator

of the form Étaxi which

1 is UMWA and minimizes

2 uniformly minimizes risk among
all unbiased estimators



Proof
All Rao Blackwellization lead to St

Effie any so unbiased for glo
Let SH Ef It

no O 7

EOE ELEGIT EOE glo

t unbiased then

LEO SET OCT 0 FOE

JET JCT completeness

Optimality wit any convex loss

Suppose I X unbiased y
uniqueness

let ECT EX IT ECT

Rao Blackwell
RIO s RCO E E RIO s

Hence M SECO 8 I MSE Oo
71

Va 60 1 Va s

So S UM Un XD



FindingtheUMVU
2 methods for finding UMUUE

1 Find
any unbiased estimator based ont

2 Find any unbiased estimator at all
then R B'ize it

Ex X Xn rid Pois o glo O

Pol lx
O

o o x o t

Complete suff stat Tex Ex n Pois no

p e 4É
JCT unbiased

É SCAPE O to

ITCH II Ot end o E TIO's to

Match terms in power series

510 JCI O Oct II It 22

Oct Tft x In for target



Alternatively we could RBize Jo x X X

E X X Ex E X O

What is Est E Xix It

X IT t Multi nom n I In
X Ift Bi nom f n I

E x I t In

Var X It T I t t Tiny

ECX.lt X IT

II X X It Efx Ya it x I T

E X I Xi it

In I I t

th th T Tin D

III



EI X Xn El U 0,0 Oso

Te Xen complete sniff

pot In th
t
19 te O

Eat foot Int dt NITO

T is UMVU

Alternate 2X is unbiased

X IT n
T we In

U at we

E 2X IT 2T I T HI
T

Actually T is inadmissible tool
Keener shows 7 T has best MSE

for any estimator c T

Raisesqueslion why do we require 0 bias



the umfuit.is i I ticiat
or inadmissible or just dumb in cases where

another approach makes much more sense

Ex X Bin 1000,0

Estimate glo IPO X 2500

UMV HE is 19 25003 why

X 500 Conclude glo 1009

X 499 Conclude glo 0

This is not epistemically reasonable
Could do much better with e g MLE or a

Bayes estimator

In fact our theorem should make us

suspicious of UM UU E's every
idiotic function of T is a Umune

of its own expectation



x ngj.ms 1d indee
or X Ndu Id nerd estimate

g lull

X is complete sufficient

lE1X11 E Antill

Hull't E IN LEXX
llull't d

Sox 11 11 d

If M O 8 x o about half the time

11 11 d max O 11 11 d

strictly dominates
UMUU


