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‘Recall: Regularization'

Regularized minimization

Consider the family of strategies of the form:

t
— i ls .
Gr41 = arg min (77 z_:l (a) + R(CL))

The regularizei? : R? — R is strictly convex and differentiable.
Define®y = R, &; = ;1 + nl;, so thata; 1 = argmingec 4 P¢(a).

If we replacel; by V/;(a;), this leads to an upper bound on regret. Thug
we can assuminear/;.




‘Recall: Regret of Regularization Methods'

Theorem: For A = RY, regularized minimization suffers regret agains
anya € A of

PRAEDRAC




‘ Regularization Methods. Varying 77'

Theorem: Define

a1 = arg min [ Y 5.6.(a) + R(a)
CLERd —1 N ~ _y
(I)t (CL)

For anya € RY,

R n n 1
Ln_z li(a) < Z E (cht (at,at+1) + Do, _, (a,at) — Do, (a, at41
t=1 t=1




‘ Regularization Methods. Varying 77'

If we linearize the/;, we have

— th Z DR g, at—l—l) + DR(G at) DR(C% at—l—l)) .

The Dg(a, a;) terms no longer telescope. 4f are strongly convex, we
can do better.




‘ Regularization Methods. Strongly Convex Losses'

Theorem: If ¢, is o-strongly convex wriR, that is, for alla, b € R,

le(a) > L,(b) + V(D) - (a — b) + %DR(CL, b),

then for anya € R?, this strategy with), = -% has regret

R n n 1
Ly — th(a) < Z —DR<CLt, at+1)-
t=1

=1 Mt




‘ Strongly Convex Losses. Proof idea'

%
— Dg(a,a41) — %DR(CL at)>

And choosing); = 2/(to) eliminates the second and third terms.




Strongly Convex Losses'

Example: For R(a) = 1||al|?, we have

11 G” G”
- - < = — 1 :
I ALIED o=l Gty

Key Point:When the loss is strongly convex wrt the regularizer, theateg
rate can be faster; in the case of quadr&ti@nd/;), itis O(logn),
versusO(y/n).




Probabilistic Prediction Setting'

Recall this probabilistic formulation of a prediction pfein:

There is a sample of sizedrawn i.i.d. from an unknown probability
distributionP on X x V.
(X17 Yl): R <X’rL7 Yn)

Some method chooségs: X — ).

It suffers regret

Ef(f(X),Y) o %IIITIEE(]C( )7Y)

Here, F' iIs a class of functions frod” to ).




\ Onlineto Batch Conversion '

e Suppose we have an online strategy that, given observations
l1,y...,0;_1, producesy, = A(l1,...,0;_1).

e Can we convert this to a method that is suitable for a proisaicil
setting? That is, if thé; are chosen i.i.d., can we ugks choicesa;
to come up with ar@ € A so that

Eli(a) — min E
(1(a) min (1 (a)

IS small?

e Consider the following simple randomized method:

1. PickT uniformly from {0, ..., n}.
2. Leta = A(lpyq1,...,0n).




\ Onlineto Batch Conversion '

Theorem: If A has a regret bound daf’,.; for sequences of lengt
n + 1, then for any stationary process generating#he. ., /¢, .1, this
method satisfies

Cn—i—l

El,11(a) — min EZ, < .
+1(a) oo +1(a) < n 1

(Notice that the expectation averages also over the randssof the
method.)




\ Onlineto Batch Conversion I

E€n+1(d) — E€n+1<A<€T+1, . o 7€n))

1

—E Uit (A(lsar, ... 0,
T 2 b (Al )

1 n
== D Zén_t-Fl(A(gl: R 7€n—t)>
t=0

n—+1

1 n+1

—E Z&(A(ﬁh---agt—l))

n -+ 1

n+1
1
< E min li(a) + C,
<k (3 o)+ O

Cn—l—l

< min E/ .
< min 75(a)—|—n_|_1




\ Onlineto Batch Conversion I

Key Point:

An online strategy with regret bourd,, can be converted to a batch
method.

The regret per trial in the probabilistic setting is bountgdhe
regret per trial in the adversarial setting.




Optimal Regret'

We have:
a set of actions,
a set of loss functions.

At time ¢,
Player chooses an actiap from A.
Adversary choose§ : A — R from L.
Player incurs losg; (a;).

Regretis the value of the game:

Vi(A, L) = infsup - - -inf sup (Z 0i(ay) — i

b R




‘Optimal Regret: Dual Game'

Theorem: If Ais compact and all; are convex, continuous functior
then

n

Vn(Aa‘C)_S%pE(Zalt%&E[ét(at)wla-“agt 1 _0}2&2& >

t=1

where the supremum is over joint distributiod$ over sequence
Cr,.... 0, InLC"

e As we’ll see, this follows from a minimax theorem.

e Dual game: adversary plays first by choosiig

e Value of the game is the difference between minimal conaiio
expected loss and minimal empirical loss.

o If P were i.1.d., this would be the difference between the mihima
expected loss and the minimal empirical loss.




‘Optimal Regret: Extensions'

We can ensure convexity of thig by allowingmixed strategies

replaceA by the set of probability distribution® on A and replace
E(a) by EaNPK( )




\Dual Game: Proof Idea'

Theorem: [Sion, 1957] If A is compact and for every € B, f(-,b)
IS a convex-like} lower semi-continuous function, and for every A,
f(a, -) is concave-like, then

inf sup f(a,b) = sup inf f(a,b).
aEAbegf( ) begaev‘\f< )

We’'ll define 5 as the set of probability distributions @hand

f(a,b) =c+ E[{(a) + ¢(£)], and we’'ll assume thad is compact and
each/ € L 1s convex and continuous.

£ is convex-like [Fan, 1953]:

VYai,a9 € A, a € [0,1], Ja € A, al(ay) + (1 — a)l(ag) < £(a).




\Dual Game: Proof Idea.

Vi(A, L) = inf sup - - - inf sup (Z li(a) — 1

b R

— infsup- - -inf sup E (Z le(a) — |

b n Pn t=1

because allowing mixed strategies does not help the adyersa




\Dual Game: Proof Idea'

Vi(A, L) = inf sup - - - inf sup (Z li(ag) — 1
t=1

al £1 An, En

= infsup--- inf sup infsupE <Z li(ar) — i

aj el An—1 en—l Qn Pn i—1

= infsup--- inf sup supinfE (Z Ci(ag) — 1

aj 51 an—1 en—l Pn an —1

by Sion’s generalization of von Neumann’s minimax theorem.




\Dual Game: Proof Idea.

Vi(A, L) = inf sup - - - inf sup (Z 0i(ay) — i

b ol \3 21

— inf sup - - -ic?f sup E <Z li(ay) — 'E

a
bbb Pr t=—1 t=1

= infsup--- inf supsupinfE (Z li(a;) — inf Zﬁt(a)>
t=1

ai 61 An—1 en—l Pn @n t=1 CLEA

n—1
— inf sup - - - inf sup E (Z €t<aft) +

aj Kl an—1 Pn—l —1

sup (infE Wn(ap)|ly, .. 1] — i

P

splitting the sum anallowing the adversary a mixed strategy at round
n — 1.




\Dual Game: Proof Idea.

n—1
Vn(.A, ﬁ) = infsup--- inf supE (Z Et(at) +

a1 41 n—1 P, _1 t=1

sup
Py,

n—1
= infsup--- sup inf E (Z li(at) +

a g, P, 1 An-1 P

applying Sion’s minimax theorem again.




\Dual Game: Proof Idea.

n—1
Vi(A, L) =infsup--- sup inf E <Z li(ag) +

ai g, P, 1 %n—1 1

sup
Py,

n—2
— infsup--- sup inf (E Z Ci(ar) +

a1 el Pn—2 An—2 t=1

n—1

sup E( > inf B [¢(ar)|0y, ., 1] — in

1 t=n—1

= supE <Z lgle [ft(at)wl, . 7€t—1] — .E

P t—1




‘Optimal Regret and Sequential Rademacher Averages'

Theorem:

Vi(A, L) <2supE, ---supE,_ sup Z etli(a),
51 En aEA t=1

whereeq, ..., ¢, are independent Rademacher (unifativalued) ran:
dom variables.

o Compare to the bound involving Rademacher averages in the
probabilistic setting:

. 1
excess risk< cEsup |— Y e (Y3, f(Xt))| .

n
FEF T =1

e In the adversarial case, the choice&/pfs deterministic, and can
depend orq, ..., €6 1.




Sequential Rademacher Averages. Proof Idea'

n

V(A L) = SU.pE (Z inf E [li(ap)|ly, ...,

wherea minimizeszt li(a).




Sequential Rademacher Averages. Proof Idea'

t=1

int E |/
(Z altféA [ t(at)wla 3

< sng (ZE [le(a)lly, ... ba] —

t=1

<supEsup » (E[l(a)lly,... 1] — li(a)).
P acA —1




Sequential Rademacher Averages. Proof Idea'

Va(A, L) <supEsup » (E[l(a)llr, ..., 0—1] — li(a))

P ac AT,
(E [ggt(a)wlv s 76%] - gt(a)) )

where/; is atangent sequence: conditionally independent @} given
lq,...,0:—1, with the same conditional distribution.




Sequential Rademacher Averages. Proof Idea'

Va(A, L) <supEsup » (E[l(a)llr, ..., 0—1] — li(a))

P ac A —1

(El(a)|tq, ..., L, — £i(a))

<supEsup ) (¢;(a) — l¢(a)),

P ac A —1

moving the supremum inside the expectation.




Sequential Rademacher Averages: Proof Idea'

n

V(A L) <supEsup » (£(a) — (a))

P ac A —

P acA

= sup E sup < (ti(a) — Li(a)) + €, (6, (a) — En(@)) ;

t=1

fore, € {—1,1}, sincel, has the same conditional distribution, given
l,... ly_1,ast,.




Sequential Rademacher Averages: Proof Idea'

V(A L) <supEsup Y  (£(a) — £y(a))

= sup E sup (Z (¢4(a)

P acA —1




Sequential Rademacher Averages: Proof Idea'




Sequential Rademacher Averages. Proof Idea'

V(A L) < sup E, --- sup E._sup <Z €4 (E;(a)ét(a))>

01,6 botl,  acA \iT

= 2sup B, ---sup K, sup (Z €t€t<@>> 3

since the two sums are identical @and—¢; have the same distribution).




‘Optimal Regret and Sequential Rademacher Averages'

Theorem:

Vi (Av E) <2 Sup Ee1 ©r - Sup Een Sup Z etgt (a)a
41 ln ac ATy

whereeq, . . ., ¢, are independent Rademacher (unifatiirvalued) ran:
dom variables.

e Rademacher averages in probabilistic setting:
. 1 <«
excess risk< cEsup |— Y e (Y3, f(Xt))| .
fer |3

e Sequential Rademacher averages in adversarial setting:

Vi <~’47 £) < csup E, ---sup E sup Z Etgt(a)'
51 En CLEA t=1




