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‘ Recall: Regularization'

Regularized minimization

Consider the family of strategies of the form:

t
— i ls .
Gr41 = arg min (77 z_:l (a) + R(CL))

The regularizei? : R? — R is strictly convex and differentiable.
Define®y = R, &; = ;1 + nl;, so thata; 1 = argmingec 4 P¢(a).

If we replacel; by V/;(a;), this leads to an upper bound on regret. Thug
we can assuminear/;.




Recall: Bregman Divergenci

Definition 1. For a strictly convex, differentiabl® : R — R, the
Bregman divergence wik is defined, fow, b € RY, as

Dg(a,b) = ®(a) — (®(b) + VO(b) - (a —b)).

For linear?,, Dy, = Drg.




Recall: Properties of Regularization Methodﬂ

In the unconstrained casd (= RY), regularized minimization is
equivalent to minimizing the latest loss and the distangedBian
divergence) to the previous decision. Constrained miratmon is
equivalent to unconstrained, followed by Bregman progecti

Theorem:

Ge41 = arg min &(a)

arg min (¢y(a) + Da,_, (a,d1))

in ¢
argzrélﬂ t(a)

— Hi)lt <C~Lt_|_1 ) .




Recall: Linear Loss.

We can replacé; by V/,(a;), and this leads to an upper bound on regrej.

Thus, we can work wittinear/,.

(And thenDg, = Dg.)




‘ Regularization Methods: Mirror Descent'

Regularized minimization for linear losses can be vieweghggor
descent-taking a gradient step in a dual space:

Theorem: The decisions

t
Gert = 8T8 T (77 D 9s-a+t R(a))
s=1

can be written

ar11 = (VR) ™ (VR(ar) — ng:) -

This corresponds to first mapping fraipthroughV R, then taking a step
in the direction—g,, then mapping back througiVR)~! = VR* to

iyt




Online Convex Optimization'

. Problem formulation

. Empirical minimization fails.

. Gradient algorithm.

. Regularized minimization and Bregman divergences

. Regret bounds
Unconstrained minimization
Seeing the future

Strong convexity

Examples (gradient, exponentiated gradient)

Extensions




Regularization Methods: Regret.

Theorem: For A = R9, regularized minimization suffers regret agains
anya € A of

zn:&(at)—zn: li(a) = Dr(a,a1) = Do, (@, @nt1) |

Ui

and thus

Dg(a,a ] —
T a0, 01) + —Zcht(at,&tH)-
g =

So the sizes of the step3s, (a:, a;11) determine the regret bound.




Regret: Proof'

Also, nli(a) = ®4(a) — Pi_1(a).

n(li(ar) — Ce(a))
= ®4(at) — Pr—1(ar) — (Pe(a) — Pi-1(a))
= ?t(%) — (I)t(at—HZ"‘iI)t(at—l—l) — (I)t(aeriI)t—l(&) — (I)t—l(atz

"~ "~ "~

— DCDt <CLt, aJt—l—l) — DCI)t (CL, at+1) + Dq)t_l(afv at)'




Regret: Proof'

n

n Z (U(ar) — Ci(a))

= Z (Dcpt <CLt, CLt_|_1) + cht_l(a: at) o Dq’t <CL, &t‘|‘1>)

t=1

= Z Ds,(at, at+1) + Doy (a,a1) — Da,, (@, ant1)

t=1

- Z cht (ata at—|—1) + DR(&, &1) - DCI)" (Cl, Cln_|_1)
t=1

S Z Dcpt (Clt, Clt_|_1) + DR(aa al)-
t=1




Regularization Methods: Regret.

Theorem: For 4 = R, regularized minimization suffers regret

a, a 1 —
S lenﬂgd (Z Et 1)> + E ZD(I)t (at,&t+1)-
¢ t=1

Ui

Notice that we can write

Do, (at, at41) = Dor (VOi(aty1), VOi(ar))
= Dq);; (O, V(Dt_l(at) -+ nVEt <CLt))
— Dq): (O, nVEt <Cl,t)).

So itis the size of the gradient stefi3s+ (0,nV/;(a;)), that determines
the regret.




‘ Regularization Methods: Regret Boundj

Example: Supposerk = ;|| - ||?. Then we have

A « a* —CL1
i< syl al ”ZugtHQ

And if ||g¢|| < G and|la* — a1|| < D, choosingy appropriately give:
L, — L* < DGyn.




‘ Regularization Methods: Regret Boundj

Seeing the future gives small regret:

Theorem: For regularized minimization, that is,

t
ary1 = arg grélﬁ <n;€8(a) + R(a

foralla € A,




‘ Regularization Methods: Regret Boundj

Proof. Sincea;; minimizesd,,

t

nY Lls(a)+R(a) > lo(ar1) + Rlaiq)

s=1 s=1

t—1

= nli(ars1) + 1) Ls(ar1) + Rlassr)

s=1
t—1

> nly(ara) +n ) Cs(ar) + R(a)

s=1

t

> 77268(&%1) + R(ay).

s=1




‘ Regularization Methods: Regret Boundj

Thus, ifa; anda; ;1 are close, then regret is small:

Corollary: Foralla € A,

S (lar) — 6(0) <3 (Eilar) — filar)) + % (R(a) -~ R(ay)).

So how can we control the incremetit$a,) — ¢ (as1)?




‘ Regularization Methods: Regret Boundj

Definition: We sayR is strongly convex wrt a normp -

R(a) > R(b) + VR(b) - (a—b) + %Ha b

If, for all a, b,

2

For linear losses and strongly convex regularizers, thémran of the

gradient is small:

then
lat — arv1]] < nllge |«

where|| - ||« is the dual norm tq - ||:

|v]|« = sup{|v-a|:a € A, |a| <1}

Theorem: If R is strongly convex wrt a norm - ||, and/;(a) = ¢; - a,




‘ Regularization Methods: Regret Boundj

Proof.

1
R(a;) > R(aiy1) + VR(ag1) - (ap — apy1) + §Hat — a1,

1
R(aiy1) = R(as) + VR(ay) - (a1 — ag) + §||@t — apy1|*.

Combining,
las — ary1||? < (VR(ar) — VR(at41)) - (ar — at1)
Hence,

lat — as1|| < [[VR(ar) — VR(as11)||« = ||ngel| -




‘ Regularization Methods: Regret Boundj

This leads to the regret bound:

Corollary: For linear losses, iR is strongly convex wrt] - ||,
alla € A,

n

> (Uilar) = ti(a <772H9tH2 R(a) — R(a1)).

t=1

Thus, for||g:||« < G andR(a) — R(a;) < D?, choosing; appropriately
gives regret no more thaG D+/n.




‘ Regularization Methods: Regret Boundj

Example: ConsiderR(a) = z|lal|?, a1 = 0, and.A contained in
Euclidean ball of diameteb.

ThenR is strongly convex wrf - || and|| - ||« = || - ||. And the mapping
between primal and dual spaces is the identity.
Soifsup,c 4 ||Vl (a)|| < G, then regret is no more thad-D+/n.




‘ Regularization Methods: Regret Boundj

Example: Considerd = A™, R(a) = ), a;Ina,. Then the mappin
between primal and dual spacesVid?(a) = In(a) + 1 (component;
wise). And the divergence is the KL divergence,

Dg(a,b) =) a;In(a;/b;).

1

And R is strongly convex wrf| - ||;.
Suppose thatg: || < 1. Also, R(a) — R(a1) < Inm, so the regret i
no more thar2v/n In m.




‘ Regularization Methods: Regret Boundj

Example: A= A™, R(a) =) _,a;Ina;.
What are the updates?

VR*(VR(at) — ngt))
VR*(In(a; exp(—ngt)) + 1)

at exp(—ng:));

where thdn andexp functions are applied component-wise.
This isexponentiated gradienmirror descent wittV R = 1 + In.
It iIs easy to check that the projection corresponds to norzaiadn,

IT(a) = a/llal-




‘ Regularization Methods: Regret Boundj

Notice that when the losses are linear, exponentiated@nach exactly
theexponential weights strategye discussed for a finite comparison
class (“experts”).

CompareR(a) = Y, a; Ina; with R(a) = $|al|?,
for ||gtl|oo < 1, A= A"

O(vnlInm) versusO(y/mn).




