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3. Partial autocorrelation function.
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‘ Review: One-step-ahead linear predictio:'

Xg—l—l — ¢n1Xn + ¢n2Xn—1 + - T ¢nnX1
anbn = Tn,

(n—1) A(n—2)
an — <¢n17 ¢n27 I} qbnn)/:




‘ Review: The prediction operator'

For random variable¥, 74, ..., Z,,, define the
best linear prediction of Y givenZ = (74,...,2Z,)’
as the operatoP(-|Z) applied toY:

P(Y|Z) = py + ¢'(Z — pz)
I'¢ =17,
v =CouY, Z)
I'=Cov(Z, Z).




‘ Review: Properties of the prediction operator'

1.E(Y — P(Y|Z)) =0,E(Y — P(Y|2))Z) = 0.

2.E((Y — P(Y|Z))?) = Var(Y) — ¢'.

3. P(ar Y1 + oY + aplZ) = ag + a1 P(Y1|Z) + as P(Y5|Z).
4. P(Z,|Z) = Z:.

5. P(Y|Z) = EY if v = 0.




Review: Partial autocorrelation function I

The Partial AutoCorrelation Function (PACF) of a station
time serieq X, } is

»11 = Corr( X1, Xo) = p(1)

¢nn = Corr( Xy, — X,’f_l,Xo = Xél_l) forh =2,3,...

This removes the linear effects &f;, ..., X}, _1:

o X, Xo, X0, Xy Xny, Xy X,

N

partial out




Review: Partial autocorrelation function I

The PACF¢y,, Is also the last coefficient in the best linear prediction of
Xpai1givenXq,..., Xy:

I'non = v Xp =X
On = (On1, On2s - - - Oun).




Example: PACF of an AR(p)I

p
For Xt = Z ¢iXt—’i + Wt7
1=1

p
Xp = ¢iXnp1oi
=1

o H1<h<p

0 otherwise.

Thus, ¢, = {




Example: PACF of an invertible MA(Q) I

q ee)
For X; = Z OWi_i + We, Xy = — Zﬂ-z'Xt—z' + Wi,

X" = P(Xp1] X1, .., X0)

=P <— Zﬂz’XnH—z’ + Wi Xy, ... 7Xn>

1=1

= — Z’]TZP (Xn_|_1—z'|X17 s 7X77f)
1=1

=Y X Y P (Kol X,
i=1 1=n+1

In general gy, # 0.




ACF of the MA(1) process'

MA(1): X =Z +6Z_,

©

® 6/(1+6%)
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‘ACF of the AR(1) procesﬂ

AR(1): X = @X_, +Z,
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PACF of the MA(1) procesil

MA(1): X =Z,+07Z,_,

12



‘ PACF of the AR(1) procesi

AR(2): Xt = (pXt_1 + Zt

13



PACF and ACF I

Model: ACF: PACF:
AR(p) decays zero fok > p
MA(Q) zero forh > ¢ decays

ARMA(p,q) decays decays

14



Sample PACFI

For a realization, . .
thesample PACFis defined by

A

., T, Of atime series,

ngo:l

onn = last component of,,

wheregy, = I'; '4p,.
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The importance of P ;. Prediction intervals

X??—l—l — ¢n1Xn + ¢n2Xn—1 + -+ annXl

Fn(/bn = Tn, P;Z—}—l =E (Xn‘l‘l o X??”Z-i-l)Q

After seeingXy, ..., X,,, we forecastX]’ ;. The expected squared error o
our forecast is”", ;. We can construct a prediction interval:

For a Gaussian process, the prediction error has distoibiXi(0, P’ ), SO
Co.05/2 = 1.96 gives a 95% prediction interval.

17



‘ Computing linear prediction coefficients'

7?—}—1 — ¢n1Xn + ¢n2Xn—1 + -+ annXl

Fn¢n = Tn,

n n 2 _
Pn—l—l =E (X’fl—l—l o Xn—l—l) — 7(0) o W?lzrnlfyn

How can we compute these quantities recursively?
i.e., given the coefficient,,_; of X"~ !, how can we
compute the coefficients,, of X' ,, without

solving another linear systein, ¢,, = v,,?

18



\ Durbin-Levinson '

¢O — 07
¢1 — ¢117

nn

gbn _ ( ¢n—1 - annggn—l
¢

¢n — (anla---aqbnn)/ ggn — (gbnna---agbnl)/a
Yo = (Y1), ..., y(n)) T = (y(n), ..., y(1))".

19



Durbin-Levinson: Example'

¢0207

¢1 — gblla

gbn _ ( ¢n—1 _ ¢nn(/gn—1
Prn

This algorithm computes, s, ¢3, . ..

X, =X1¢1, X;5=(Xo,X1)p2, X = (X35 ,Xo,X1)p3,...

20



Durbin-Levinson: Example'

¢1 — ¢117

¢n _ ( ¢n—1 _ gbnnggn—l
Prn

7(1) (1 _ A@)=()
7(0) (0= (1)

7(2)—~(1)
v(0)—~(1)

21



Durbin-Levinson: Why it works (Details) I

CIearIy,Flgbl = V1.
Supposd’,,—1bn—1 = Yn—1. Thenl,,_1én_1 = 4n_1, @and so

anbn _ Fn—l :Yn—l ¢n—1 - annggn—l
5/7/1—1 7(0) ¢nn

— Tn—1
:yn—lgbn—l + gbnn (’7(0> — ’Y;L_lgbn_l)
= Tn-

22



‘ Durbin-Levinson: Evolution of mean square error'

P7?+1 — V(O) - drﬁn

¢n—1 _ ¢nn$n—1

O _
7(0) b

— Pff_l - ann (’7(”) — 95;1—1771—1)
_ Pg—l L gb?@n (,y(0> _ Qb;ﬂb_l%v,—l) (From expression foe 1, 1, )
=Pt (1= ¢7,) -

i.e., variance reduces by a factor- ¢2 .
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The innovations representatiod

Instead of writing the best linear predictor as
X?:/L—I-l = Pn1Xn + On2Xn—1+ -+ Pnn X1,

we can write

P =0n1 (X — X071) +0n2 (X1 — X;}:f)+- A, (X1 — X7) -

\ - 7
"

innovation

This is still linear inX4, ..., X,.

The innovations are uncorrelated:
Cov(X; — X771, X; — X/7') = 0fori # j.

25



Comparing representations:U,, = X,, — X" ! versus X,

{U,,} form adecorrelated representation for théX,, }:

(U,

Us

o

26



Comparing representations:U,, = X,, — X" ! versus X,
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Innovations Algorithm I

X? — 07 Xg—i—l — Zenz (Xn+1 ) XZJJ z) .

§ HZZJnnj j+1
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‘ Innovations Algorithm: Example I

n_Z § ‘97,7, —7 nn ] j—i—l

§ :enn 7 z—l—l'

011 =~(1)/P, Py =~(0) — 67, P}
Oo0 =(2)/P), 621 = (y(1)—011022P) /Py,

P; =~(0) — (93,2})10 T 9%,1})21)
033, 032, 031, P}, ...
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Predicting h steps ahead using innovation'

The innovations representation for the one-step-ahe@atdst is

P<Xn—|—1|X17 s 7Xn) — Z ‘977,7, (Xn—l—l—z’ — Xg_;{_z),
1=1

What is the innovations representation (X, . | X1, ..., X,,)?

Itis P(X,on|X1,..., Xpn1n—1), but with the unobserved innovations
(fromn + 1ton + h — 1) set to zero.
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Predicting h steps ahead using innovation'

What is the innovations representation 0(X,, . | X1, ..., X,)?

Fact: If h > 1 and1 < ¢ < n, we have
COV(Xn+h - P(Xn_|_h‘X1, “ e 7Xn—|—h—1)7 Xz) — O

Thus,P(X,1p — P(Xpan| X1, o, Xpan_1)|X1,...,X,) =0.
That is, the best prediction of,,. ; is the
best prediction of the one-step-ahead forecast of ;, .

Fact: The best prediction ok, ; — X’ ; givenonly X, ..., X, Is0.

Similarly forn +2,....,.n+ h — 1.
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Predicting h steps ahead using innovation'

Innovations representation:

P(Xpin X1, .., Xpn) = 29n+h—1,h—1+z‘ (Xng1—i — X001 3)
i=1

33



‘ Predicting h steps ahead using innovations (Detaili

P(Xponl X1, X))
= P (P(Xp4nlX1, s Xppn—1)[ X1, ..., Xp)

n+h—1
=P ( Z Ontn—1,i (Xntn—i — X;fi,if:,f‘l) X1, .., Xn>
i—1

n+h—1 |
Z Ontn—1,iP ((Xnth—i — X;}i,fj:;‘l) X4, ..
i=1

n+h—1 |
Z Ontn—1,iP ((Xntn—i — Xﬁi{j:;‘l) X4, ..
i=h

n+h—1
n+h—i—1
E Onth—1.i (Xn—l—h—z’ — X, h i )
i=h
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‘ Predicting h steps ahead using innovations (Detaili

P(Xn+1‘X1, ce ,Xn) = Z enz (Xn—l—l—i o Xg;i—z)
=1

n+h—1
P(Xn+h‘X17 SO Xn) — Z 9”+h_1’j <X”+h_j N XZiZ:j_l)
j=h

n
= Onn—1n—14i (Xns1— — X700 ,)
1=1

35



Mean squared error of h-step-ahead forecast'

From orthogonality of the predictors and the error,
E(Xpon — P(Xnan| X1, ., X)) P(Xpan|X1,..., X)) =0.

Thatis, E(X 1 nP(Xpin| X1, ..., X0)) = E(P(Xninl X1, .., Xn)?).

Hence, we can express the mean squared error as

"= E(Xpan — P(Xnqnl X1, X0))?

— 2E(Xn+hP(Xn—|—h‘X17 SR 7Xn))

— 7(0) — E(P(Xn_|_h|X17 cee 7Xn>)2 .
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Mean squared error of h-step-ahead forecast'

But the innovations are uncorrelated, so

n 2
nh = V(0) — E(P(Xpqn| X1, .o X5))

n+h—1
n+h—j—
=7(0)—E| > Onrn-1; (Xn+h—j - X 1)
j=h

n+h—1 9
n+h—j—1
=1(0) = Y 0Py E (X — X057
j=h

n+h—1
_ 2 n+h—j—1
— 7<0) o E : 0n+h—1,j Pn—l—h—j .
j=h
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Example: Innovations algorithm for forecasting an MA(l)I

Suppose that we have an MA(1) procéss; } satisfying
Xy =W+ 0 Wiy,

Given X, Xo, ..., X,,, we wish to compute the best linear forecast of
X 11, Using the innovations representation,

XP=0, XM= Oni(Xpp1—i— X001
1=1

39



Example: Innovations algorithm for forecasting an MA(l)I

An aside: The linear predictions are in the form

mn
X = E OniZni1—i
i—1

for uncorrelated, zero mean random variabtgsin particular,

Xnt1 = Zpt1 + Z OniZn+1—i,
i=1

whereZ, 1 = X,,+1 — X, (and all theZ; are uncorrelated).
This is suggestive of an MA representation. Why isn't it an MA?

40



Example: Innovations algorithm for forecasting an MA(l)I

The algorithm compute®y = ~v(0), 61 1 (in terms ofy(1));
P3, 055 (interms ofy(2)), 62 1; P3, 05 3 (in terms of(3)), etc.
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Example: Innovations algorithm for forecasting an MA(l)I

For an MA(1),7(0) = (1 + 0%), ~(1)

Thus:6, 1 = ~v(1)/P};

020 =0,021 =~(1)/Py;

033 =032 =0;031 =~(1)/P§, etc.

Becausey(n — ) # 0only fori =n — 1, only6,, ; # 0.

42



Example: Innovations algorithm for forecasting an MA(l)I

For the MA(1) proces$ X, } satisfying
Xy =Wy + 0. Wi_q,

the innovations representation of the best linear forasast

XP=0, X' ,=0(X,—X").

More generally, for an MA(q) process, we hafyg = 0 for : > q.
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Example: Innovations algorithm for forecasting an MA(l)I

For the MA(1) proces$ X; },
X?=0, X! =0, (X,—X").

This is consistent with the observation that

X1 =Zns1+ Y OniZni1i,

1=1

where the uncorrelated; are defined by; = X; — Xf‘l for
t=1,....,n+ 1.

Indeed, as increasesp,’ ; — Var(W;) (recall the recursion foF;', ),
andf,,; = y(1)/P* ! — 6.
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‘ Recall: Forecasting an AR(p)I

For the AR(p) proces$X, } satisfying

b
X = Z OiXe—i + W,
i—1

p
XP=0, XIy=) ¢:iXpi1i
1=1

forn > p. Then

p
Xn+1 = Z GiXnt+1—i + Znt1,
i=1

whereZ, 1 = X510 — X7

The Durbin-Levinson algorithm is convenient for AR(p) pesses.
The innovations algorithm is convenient for MA(Q) processe
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