Introduction to Time Series Analysis. L ecture 8.

. Review: Linear prediction, projection in Hilbert space.
. Forecasting and backcasting.
. Prediction operator.

. Partial autocorrelation function.




‘Linear prediction'

Given X, X, ..., X, the best linear predictor

n
X:LL_'_m — (X —+ E Ckz'XZ'
1=1

of X,,,, satisfies thg@rediction equations

E(Xppm — X

n—l—m) :O
E[(Xnim — X)) Xi] =0 fori=1,...

This is a special case of tipgojection theorem




‘Proj ection theorem'

If H is a Hilbert space, .
M is a closed subspace #f,
andy € H,

then there is a poinPy € M
(the projection of y on M)
satisfying

L [Py —y| <[lw—yl

2. (y — Py,w) =0

for w € M.




‘ Projection theorem for linear forecasting'

Givenl, X1, X,,..., X,, € {rv.sX : EX? < oo},

chooseng, o1, ...,a, € R
sothatZ = ap + Y., @; X; minimizes BEX,, ., — Z)*.

Here,(X,Y) = E(XY),
M={Z=ay+> ", 0;X;:a; € R} =sp{1,Xy,...,X,}, and
Yy = Xn—i—m-




‘ Projection theorem: Linear prediction I

Let X', denote the best linear predictor:

n+m

1X™ = Xpamll? <1 Z = Xngml||? forall Z e M.

n—+m

The projection theorem implies the orthogonality

(X

n—+m

(X5

n—+m

— Xpnim,Z)=0 forall Z e M

E(X 0 — Xnim) =0

T

n—+m

- Xn—i—m) Xz] =0

— Xpaim,Z)y=0 forall Z e {1, X,,...



‘Linear prediction'

That is, theprediction errors X7, — X,,+.,) are orthogonal to the

prediction variables 1, X, ..., X,).

Orthogonality of prediction error antimplies we can subtragt from all
variables X', ., and.X;). Thus, for forecasting, we can assume- 0.




‘ One-step-ahead linear prediction I

Write Xg—kl ¢n1X + ¢n2Xn—1+ il s ¢nnX1
Prediction equations: BX) 1 — Xn41)X;) =0, fori=1,...,n

& Zqﬁm Xny1-5X;) = B(X 1 X5)

> bun(i =) =100

Fn¢n — Tn;




‘ One-step-ahead linear prediction I

Prediction equations: I',¢, = Vy.

v(n —1)
v(n —2)

A(n-1) -2
¢n — (¢n17 ¢n27 I ¢nn)/7




‘ Mean squared error of one-step-ahead linear prediction I

whereX = (




‘ Mean squared error of one-step-ahead linear prediction I

Variance is reduced:

P??—i—l =E (Xn+1 - Xg+1)2

=(0) — %Fﬁl%
= Var(X,,+1) — Cov(X,, 1, X)Cov( X, X)) 'Cov(X, X,,41)
— E(X,41 — 0)? — Cov(X,p41, X)CoV(X, X) " CoV(X, Xpi1),

whereX = (X,,, X,,_1,...,X1)".
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‘ Backcasting: Predicting m stepsin the past I

Given Xy, ..., X,,, we wish to predictX, _,,, for m > 0.
That is, we choos& € M = sp{X1,..., X, } to minimize||Z — X1 _,,||*.

The prediction equations are

(X1, —X1-m,Z)=0 foral Z e M
E((X?_m — Xl—m) Xz) =0 fori=1,...,n.
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‘ One-step backcasting'

Write the least squares prediction &f, given X4, ..., X,, as

where the predictor vector is reversed: nawv= (Xq,..., X,)’.
The prediction equations are

E(X)—X0)X;)=0 fori=1,...

& E[[) énX;—Xo|Xi] =0
j=1

N qunmj — i) =(i)
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‘ One-step backcasting'

The prediction equations are

Fn¢n — Tn;

which is exactly the same as for forecasting, but with thécesl of the
predictor vector reversedX = (X1,...,X,) versusX = (X,,..., X1)".
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‘ Example: Forecasting AR(1) I

AR(1) model: Xe =1 X4 1 + W,

linear prediction ofXs: X, =Xy
Prediction equation: v(0)p11 = (1)
= Cov( Xy, X1)
= ¢17(0)
¢11 — ¢1-
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‘ Example: Backcasting AR(1) I

AR(1) model: Xe =1 X4 1 + W,

linear prediction ofX: X = d11X4
Prediction equation: v(0)p11 = (1)
= Cov( Xy, X1)
= ¢17(0)
¢11 — ¢1-
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‘The prediction oper ator I

For random variable¥, 74, ..., Z,,, define the
best linear prediction of Y given Z = (74,...,2,)’
as the operatoP(-|Z) applied toY:

P(Y|Z) = py + ¢'(Z — pz)
I'¢ =17,
v =CouY, Z)
I'=Cov(Z, Z).
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‘ Properties of the prediction operator I

LE(Y — P(Y|Z)) =0,E(Y — P(Y|2))Z) = 0.

2.E((Y — P(Y|Z))?) = Var(Y) — ¢'.

3. PlanY1 + a2Ys + aplZ) = ag + a1 P(Y1|Z) + as P(Y5|Z).
4 P(Z,|Z) = Z:.

5. P(Y|Z) = EY if v = 0.
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‘ Example: predicting m steps ahead I

X0 =0 X+ U Xy -+ 9 X
[, 6m) = o (m),
I, = Cov(X, X),
¥ = CoM( X, X)
= (y(m),y(m+1),...,y(m+n—1))".
= 7(0) — ™4™
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Partial autocovariance function I

AR(1) model: Xt = 01 X1 + Wy
v(1) = Cov(Xo, X1) = ¢17(0)
’7(2) = COV(X(),XQ)
— COV(XO, ¢1X1 -+ WQ)

_— COV(XO, ¢%X0 -+ ¢1W1 + WQ)
= $17(0).

Clearly, X and X are correlated through; .

In the PACF, we remove this dependence by considering thaeriemce of
the prediction errorsof X5 and X .
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Partial autocovariance function I

For AR(1) model: X, = ¢ X1,
X(% — ¢1X17

SO CO\(X21 — XQ, X(% — XO) = COV(¢1X1 — XQ, leXl — XO)
= COV(WQ, ¢1X1 — XO)
= 0.
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Partial autocorrelation function I

The Partial AutoCorrelation Function (PACF) of a station
time serieq X, } is

»11 = Corr( X1, Xo) = p(1)

¢nn = Corr( Xy, — X,’f_l,Xo = Xél_l) forh =2,3,...

This removes the linear effects &f;, ..., X}, _1:

o X, Xo, X0, Xy Xny, Xy X,

N

partial out
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Partial autocorrelation function I

The PACF¢y,, Is also the last coefficient in the best linear prediction of
Xpai1givenXq,..., Xy:

I'non = v Xp =X
On = (On1, On2s - - - Oun).
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Example: Forecasting an AR(p) I

p
= Z OiX—i + Wh,

1=1

Xg_|_1 — P(Xn—I—l‘le SR 7X’rl>

p
=P (Z GiXny1—i + Wit Xy, ...

1=1

- Zgbz (Xnt1-4 X1, .., Xn)

’L:

=Y ¢iXny1—;  forn>p.

1=1
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Example: PACF of an AR(p) I

p
For Xt = Z ¢iXt—’i + Wt7
1=1

p
Xp = ¢iXnp1oi
=1

o H1<h<p

0 otherwise.

Thus, ¢, = {
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Example: PACF of an invertible MA(q) I

q ee)
For X; = Z OWi_i + We, Xy = — Zﬂ-z'Xt—z' + Wi,

i=1 1=1

X" = P(Xp1] X1, .., X0)

=P <— Zﬂz’XnH—z’ + Wi Xy, ... 7Xn>

1=1

= — Z’]TZP (Xn_|_1—z'|X17 s 7X77f)
1=1

=Y X Y P (Kol X,
i=1 1=n+1

In general gy, # 0.

28



ACF of the MA(1) process'

MA(1): X =Z +6Z_,

©

® 6/(1+6%)
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‘ACF of the AR(1) process'

AR(1): X = @X_, +Z,
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PACF of the MA(1) process'

MA(1): X =Z,+07Z,_,
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‘ PACF of the AR(1) process'

AR(2): Xt = (pXt_1 + Zt
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PACF and ACF I

Model: ACF: PACF:
AR(p) decays zero fok > p
MA(Q) zero forh > ¢ decays

ARMA(p,q) decays decays
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Sample PACFI

For a realization, . .
thesample PACF is defined by

A

., T, Of atime series,

ngo:l

onn = last component of,,

wheregy, = I'; '4p,.
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