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Lecture 1

January 17

1.1 Convergence in Distribution
We have two definitions:

e Probability measure (PM) p on R,

e Distribution function F' on R.
Given g, F(x) = p(—o0, ] is a distribution function.
Given F, there exists a p such that F(z) = pu(—oo, z].

x is a continuity point of F' if F(x) = F(xz—), which means u{z} = 0.

Theorem 1.1. For PMs (un,1 < n < co) and p on R, the following are equivalent.
1. F,, () = Fu(x) as n — oo for all continuity points x of F.

2. f ) i (dr) =22 Oog(w),u(dx) for all bounded continuous g : R — R.

3. There exist, on some probability space, RVs ()A(nA, 1 <n < oo) and (X) such that for all1 < n < oo,
dist(X,,) = dist(X,,), dist(X) = dist(X), and X,, — X a.s. as n — oc.

Note: 2 and 3 make sense for PMs on a metric space S and define “weak convergence” on S. In fact, 2 < 3
on general S (“Skorohod representation theorem”). The theorem shows that 1 is not just arbitrary.

dist(X) is often written as £(X) (for “law”). Write X, 4, X “n distribution” to mean dist(X,,) — dist(X).
Call this “weak convergence” p, — (.

Proof. 3 = 2: X, — X a.s. implies that g(X,,) — g(X) a.s. (g is continuous), which implies that
Eg(X,) — Eg(X) (g is bounded), which implies that Fg(X,) — Fg(X). 2 is equivalent to saying
Eg(X,) = Eg(X) for all bounded, continuous g.

2 = 1: Fix z¢ and define f;(z) by 1 when = < x¢, 0 when z > g + 1/, and linear in between.

Fun ('/EO) = / 1(me0)/’(‘n(dx)

— 00

< [ p@atas)

— 00
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limsup £, (@0) < lim / " i @)p(dz) = / " fi@)uldz) < Fuzo +1/4)

by 2. Let 7 — oo to obtain

limsup F},, (zo) < Fj(z0).
Define g;(z) by 1 when < 29 — 1/4, 0 when x > x, and linear in between.
liminf F}, (zq) > lim/ 9 (z) pr (d)

~ [ st
> Fu(xo—1/7)
Let j — o0.
lim inf F,, (20) > Fy(wo—)

If 2 is a continuity point, we have shown F), (z¢) = F,(x0).

1 = 3: Recall the inverse function of Fj,.

Fu_l(y) défsup{x tFu(x) <y} =inf{z: F,(z) >y}
If U is uniform on [0,1], then F, ! is a RV whose distribution is .

Egercise. 1 implies F*(y) — F,'(y) for all y such that {z : F,,(z) = y} is either empty or a single
point x.

The other case is when {z : F,,(z) = y} is a non-trivial interval. This can only happen for countably
many y. F,'(U) — F,;'(U) a.s. (all U outside a countable set). This is 3. O

1.2 Elementary Examples

Here are elementary examples where we show 1 by calculation.

Example 1.2. If X, has the uniform distribution on {1,2,...,n}, then X,,/n 4 U, which is uniform
on [0, 1].

Example 1.3. X, has the Geometric(f) distribution. P(X > i) = (1 —6)% i = 0,1,2,.... Then,
0Xy %Y with the Exponential(1) distribution, P(Y >y) =e ¥, 0 <y < 0.

Example 1.4. B,, is the “birthday RV”, min{j : & = & for some 1 < ¢ < j} for IID &; uniform on
{1,2,...,n}. Then n=Y/2B,, % R with Rayleigh distribution P(R > z) = exp(—22/2).

1.2.1 Artificial Examples

Example 1.5. For any X: X +1/n 4 X asn — 0.
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Note: Fxi1/n(z) = Fx(z —1/n) = Fx(z) iff Fx(z) = Fx(z—).

Example 1.6. If X,, is uniform on the interval [zg — 1/n,2 + 1/n], then X, 4, zo9. Above, we had
examples of discrete distributions converging to continuous distributions. This example shows that
continuous distributions can converge to discrete distributions.

Example 1.7. X, has density f,(z) = (1/2)(1 +sin(2mnz)) on 0 <z < 1. X, 4 U, uniform on [0,1],
with fy(z) = 1. Here, it is not true that fx, () — fu(z).

1.3 Consequences of Weak Convergence

For a function g : R — R, write D, = {x : g is not continuous at z} and assume D, is measurable.

Corollary 1.8. If X, 4, X, if P(X € Dy) =0, then g(X,,) 4, g(X). Then, if g is bounded, we have
Eg(Xn) — Eg(X).

Proof. Use 3. There exist X,, — X a.s. (outside some €, P(€) = 0), so g(X,,) = g(X) a.s. (outside
QoU{X € D,}), which by 3 implies g(X,,) 4 g(X). By bounded convergence, Fg(X,,) — Fg(X). O

If X, & X, then 1/X,, % 1/X, provided P(X = 0) = 0.

Corollary 1.9. If X, > 0, if X,, % X, then EX < liminf, EX,,.

Proof. This is Fatou’s Lemma for Xn — X a.s., Xn > 0. Apply 3. O

Theorem 1.10 (Scheffe’s Theorem). Let 6 be a o-finite measure on (S,S). Suppose that measurable
B, h 2 S — [0,00] are such that [¢h,d0 =1 for all n, [¢hdf =1, and hy(s) — h(s) a.e. (). Then
Jslhn(s) — h(s)|6(ds) — 0.

Proof.
/|hn(s) _ h(s)[8(ds) = 2/(h ~ hy)t0(ds),
S S

but 0 < (h—ho)" < hand (h—h,,)" — 0 a.e. The Dominated Convergence Theorem implies the result.
O
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2.1 Conditions for Weak Convergence
Theorem 2.1 (Scheffe’s Theorem). Let 6(-) be a o-finite measure on S. If hyp,h : S — [0,00) satisfy
Jshndd =1, [(hd0 =1, and h,(s) — h(s) 0-a.e., then [4|hn(s) — h(s)|f(ds) — O.

Proposition 2.2. Suppose (X,,1 <n < 00) and X are integer-valued. The following are equivalent:
(a) X, S X.
(b) P(X, =i) 2= P(X =), for alli.
(c) > ;,|P(X, =1i) —P(X =1i)| = 0.

Proof. (a) = (b): P(X,, <i+1/2) - P(X <i+1/2). Then,
P(Xp=i)=P(X, <i+1/2) — P(X, <i—1/2) = P(X <i+1/2) — P(X <i—1/2) = P(X = ).
(b) = (c): Scheffe’s Theorem 2.1 for 6(i) = 1 for all 4, h, (i) = P(X,, = 1).

(¢) = (a):

Proposition 2.3. If X,, and X have probability densities f,(x) and f(z), if fn(x) — f(z) for almost
all z, then Xn % X.

Proof. Scheffe’s Theorem 2.1:

IP(Xn <2) = P(X <0)| < [ Ifao) - f(a)|do >0 O
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2.2 Tight Distributions

Consider R-valued (X,,1 <n < 00).

Definition 2.4. Say (X,,) is tight if lim gt sup,, P(|X,,| > B) = 0.

Definition 2.5. Say (X,) is uniformly integrable if limpto sup,, E[| X, |1(x, |>5)] = 0.

Actually, the above definitions are properties of u,, = dist(X,,).
Lemma 2.6 (Easy). (a) If sup,, E|X,| < oo, or more generally if sup,, E¢(|X,|) < oo for some
0 < ¢(x) T oo as T oo, then (X,) is tight.

(b) If sup, EX2 < oo, or more generally if sup,, E¢(|X,|) < oo for some 0 < ¢(z) 1 oo such that
o(z)/x — o0 as & — oo, then (X,) is UL

Proof. (a) Markov’s inequality:
E¢(|Xnl)

Lemma 2.7 (205A). If X,, — X a.s., if (X,,1 <n < o0) is UL then E|X| < oo and EX,, - EX.

Corollary 2.8. If X, 4 X, if (Xn,1 <n <o) is UL then E|X| < o0 and EX,, -+ EX.

(Apply the lemma to Xn)

Distribution functions F, or equivalently, PMs p on (—o0, 00), satisfy:
e 0< F(zx) <1,Vx € (—00,00).
e © — F(z) is increasing,.
e F(z+) = F(z) (right-continuity).
o limy1oo F(z) =1, limy| oo F(z) = 0.
An extended distribution function (EDF) F' has the first three properties above.

lim F(z) = “F(o0)” <1

zToo
lim F(z) = “F(—00)” >0
rl—o0
There is a one-to-one correspondence between PMs p on [—00, 0o] and EDFs. Think of an RV X with values
in [—o0, o0].
Theorem 2.9 (Helly’s Selection Theorem). Let Fy, Fs, ... be distribution functions on (—oo,00).

o There exists nj — oo and an EDF G such that F,,;(x) — G(x) for all continuity points x of G.

o If (F,,1 <n < o0) is tight, then G is a distribution function on (—o0,00).
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Suppose Z is standard Normal, with distribution function ®(z). J is uniform on {1, 2,3}, and

—n, if J=1,
Xn=12, ifJ=2,
n, if J =3.

Then, the distribution function of X, does not converge to a distribution function.

Proof.

(a) Let ¢1,42,4s, ..., be the rationals. The sequence Fy(q1), F2(q2), F5(g3),... is in [0,1] so
(compactness) there exists a subsequence m(1,1),m(1,2),m(1,3),... such that
F1,i)(q1) — some limit Go(q1).
1— 00
Then, we use a diagonal argument. F,, ;)(q2), i = 1,2,... is a sequence in [0, 1]; there exists a

subsequence m(2,1),m(2,2),m(2,3),... such that F,, ;) (g2) — some Go(qz).

Repeat for each k > 1: find a subsequence (m(k,4),i > 1) of (m(k — 1,7),4¢ > 1) such that

Frn(k,i)(ar) o Some Go(qr)-
Consider m(i,i) (the “diagonal”): this has the property Fy, ¢ i (qx) — Go(qx) for all k.
11— 00

Now, define an EDF G by
G(z) = inf Golg).

q rational
q>z

Check that G is an EDF.

Fix x. For any q > z,
lim sup Fyp,(i,4) (#) < limsup Fpyi,6)(q) = Go(q)
< G(x)

by letting ¢ | . By the same argument, liminf; F,,,; ;(z) > G(z—). So, if G(z) = G(z—), then

Tight implies that there exists K (B) such that limsup, P(X,, < B) > 1 - K(B), K(B) | 0 as
B 1 oco. Consider F,,(; ;)(q) = G(q) Vq, which implies that G(B) > 1 — K(B), so G puts 0 mass
on +00.

O

Corollary 2.10. Given (X,,,1 <n < o0) and X (R-valued RVs), suppose (X,) is tight. Suppose that,
whenever Xy, 4 some Y as j — oo for some (n;), we have Y < X. Then, X, L X asn — oo.

Proof. By contradiction. If X,, 4 X in distribution, then there exists x(, a continuity point of X, such
that P(X, < x9) /4 P(X < ). 3¢ > 0 and m; — oo such that |P(X,, <z) — P(X < )| > ¢ for all

J. Apply Helly 2.9 to (X,,): there exists a subsequence X, 4 some Y. But V = X by hypothesis, so
|P(X,, <) — P(X < )| — 0, which is a contradiction. O
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Lemma 2.11. Suppose EX =0, EX? =1, and EX* < K. Then, there ezists c(K) > 0, depending on
K, such that P(X > 0) > ¢(K).

Proof. By contradiction. There exists K such that the statement is false. So, there exists X,, such
that EX,, = 0, EX2 = 1, EX} < K, but P(X,, > 0) < 1/n. Helly 2.9 implies that there exists a

subsequence X, 9 some X. So, EX =0, EX? =1, and P(X > 0) = 0, which is impossible. O
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3.1 Transforms

There are three variants of the same idea.

1. Let X take values in {0,1,2,...}. The probability generating function is
hx(z) = Z P(X =n)z" = Ez¥
n=0

for0<z<1.

2. If X takes values in [0, 00), the Laplace transform is Lx (0) = Ee~%% = [ 7% fx () dz if X has
density fx (z). If X has distribution p, then Lx (0) = [;* e=%pux (dz). The Laplace transform is finite
for 0 <6 < 0.

3. For X, an arbitrary R-valued random variable, the characteristic function (Fourier transform) is
¢x(t) = Be'™ = Ecos(tX) + iEsin(tX). If X has a density, then ¢x(t) = [~ €@ fx(z)dx.

— 00

Point. If S = X1 + X5 for independent X7, X5, then

hs(z) = hx, (2)hx,(2),
Ls(0) = Lx,(0)Lx,(0),
¢S(t) = ¢X1 (t)QSXQ (t),

since
EeitS = FleitX1¢itXe]
= (Be"X1)(Ee'X2)
ds(t) = ox, (H)ox, (t)
by the product rule.

Notation. t,z,y € R. z € C, z =z +iy. |z| = /22 + 92, 2120 = |21]22]. |€"®| = 1. For a C-valued RV
Z=X+iY,EZ =EX +iEY. |EZ| < E|Z|. ¢x(t) = Ee™™ where ¢x : R — C. The modulus is

ox ()] = |Ee™™| < Bl | = 1.
¢X(t + h) _ ¢X(t) — E[ei(t+h)X _ eitX] — E[eitX(eihX _ 1)}7 S0
6x(t+h) — dx(t)| < E [[e"X] - [e"X —1]] = Ble™™ — 1| = ¢(h),

say. As h | 0, then ¢?X — 1 — 0. Use bounded convergence to see that ¢ — ¢x () is uniformly continuous.

11
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3.2 Inversion

Theorem 3.1 (Inversion Formulas). Let ¢(t) be the CF of a PM p.
(a)

1 1 T e—ita _ o—ith
= = lim — [ — % - .
pla,) + 3 (1fa} + ufb}) = Jim o / = ea —o<a<b<oo

1(T)

(b) If [7 |6(t)| dt < oo, then pu has a bounded continuous density

ft) = 1 /oo e We(t)dt.

2r J_ o

T .
S(T)dZCf/ Pl e o = as T — oo.
0 €T 2

—ita —ith b
e —e .
—— = ey,
it @

so the modulus is at most b — a.

o T e—ita _ efitb )
I(T) = / / € ¢ etar)| p(da).
— 00 -T it

The inner integral contains a term

/T ieo dt:/T Sin(t(z“))dt+1./T cosltr =)y,

T it -T t T J_rT t

Proof. By Fubini,

=0 by symmetry

it

since e'* = cost + isint. The first term is
T T .
ot ot
/ wdt:Q/ SO 44 — 2507, 0> 0,
_r t 0 t
= 2sgn(0) - S(T'|0|) = R(T,0), —00 < 6 < o0,
— 7 sgn(0) as T — oo.
Here,
1, z > 0,

sgn(z) =40, =0,
-1, z<0.
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Therefore,

I(T) = /OO (R(x —a,T) — R(x — b,T))p(dx).

— 00

The integrand is bounded by 2sup, r R(67) = K < oo. Let T' — oo.

tim 17) = [ xas(a)u(da),

T— o0 —63
where

0, xz<aorax>b,
Xab(Z) =< 21, a <z <b,
™, T =aorx=n>h.

(Check.) This is (a).

In case (b), the integral

is absolutely convergent. Use (a):

Mm@+%M@+%M@§b;7/wW®Mt

— 00

Note that if (a/,b’) | {z}, then p{x} = 0Vz. By (a),

uww)=é;/j;<laf”ﬁm>¢@dt
:/ab (;ﬂ /_Z e Me(t) dt) dy

by Fubini. The integrand is the density function f(y) for u, and

f@<i/ﬁwwt 0

T2 )
Comments.
1. If ¢, (t) = ¢, (t) Vt, then v = p. (Uniqueness)
2. In principle, we can calculate the distribution of S,, = X7 + X5 + -+ 4+ X, for independent X; using
s, = [1i=1 ox, (1)
Example 3.2. If X has Normal(0,0?) distribution, then ¢x (t) = exp(—o?t?/2).

So, if X1, X5 are independent Normal(0,0?), then S = X; + X5 has

¢5(t) = px, ()9, (t) = exp(—0it*/2 — 03*/2) = exp(— (o] + 03)/2)
= CF of Normal(0, 07 + 03).
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Example 3.3. X has the Exponential(1) distribution, f(z) =e™ %, z > 0.

1) = ite —Z dp = —(1—zt)rd _
dx(t) /0 e're z /0 e T= T

For ¢ > 0, ¢ox(t) = ¢px(ct) = BeletX.

Example 3.4. Y has density

1 _
fy(y):ie |y‘, —o0 <y < o0.
Since
1 1
Hy = §HX + §H—X7

which implies that

by (1) = 56x(0) + 36-x(0) = 5(6x(t) + 6x(~1)

R SR S 1 1
S 2\1—dt 1+it) (QA—at)A4at) 1+

3.3 Parseval Identity

Theorem 3.5 (Parseval Identity). Let u and v be PMs with CFs ¢,, and ¢,,. Then

[ awtontan = [ suowtan

Proof. Take X, Y independent, dist(X) = u, dist(Y) = v.
BleXY |Y = y] = Be"™ = ¢u(y),

SO

E[eXY] = B¢, (V) = / $u(y)v(dy) = right side.
Also, ) )
E[erY] — E[E[eZYX | X]] = left side. O

By choice of “simple” v, we get general identities between p and ¢(u).

Example 3.6. v is uniform on [—c, c].

For any u,
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Example 3.7. Take v to be Normal(0, 0?). For any pu,

S| 2 j(os2
/ ———e /g (1) dt

oo OV 2T

/ 6702t2/2ﬂ(dt).

15
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4.1 Applications of Inversion Formula

Inversion Formula: If a PM y has CF ¢ such that [~ |¢(t)|dt < oo, then y has a bounded continuous
density

f@) =5 [ T et (n) dt.

21 J_

In general, ¢ow (t) = dw (at).

Corollary 4.1. Given a PM p with CF ¢ and density f, suppose ¢ is R-valued, ¢ > 0, and
/ o(t) dt < co.

Then,

def P(x)

is a density function, and its CF is f(t)/f(0). Here, f and g are called dual pairs.

Proof. By the inversion formula,
fy) _ > —it ¢(t) _
———

g(t)

e
L= /_oo arf(0) " -
~——

=g(t)

For y =0,

Example 4.2 (Last Class). If

16
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then

The dual is

x  w(l+22)’

the standard Cauchy distribution, and this has CF f(¢)/f(0) = e~ ", for —0o < t < co. Write W for a
RV with the standard Cauchy distribution. Take W7, Wa, ..., IID copies of W.

OWs+Watt Wy () = (7)™ = &7t = ¢,y (¢).

. d
By uniqueness, Y., W; = nW, so

1 n
= § W, = W.
n-
=1
The LLN does not hold. E|W| = cc.

4.2 Another Proof of Inversion

Ezercise: If'Y, 4, ¢, then Y,, — ¢ in probability. If Y, LN ¢, then X +Y, 4 x + ¢ (for any X).

2nd Proof of Inversion Formula. Take X with dist(X) = p. Take Z, = Normal(0,02), independent of
X. X+Z, % X as 0 L 0. Note: X + Z, has density

frrzm 0 = [ "tz (Du(dt)

L7 /e
= e 7 dt).
o2 /_oo u(de)

Use Parseval’s Identity for the normal distribution, § = 1/0.

1 o 2 2 2
e U 2g(t) dt

21 o
Then, ¢x_.(t) = e ¢y (t). Applying the above to X — x instead of X, we have

1

fX+ZU (33) = o

& 2 2 .
/ e—t o /26—zt1¢(t) dt.
—o0

Let 0 | 0. Appeal to bounded convergence.

i fsz,(2) = o= [ o0 dt.

al0 27 J_ o

f(=), say

Final detail:

Pla<X <b)=lmP(a<X+2, <b)
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at continuity points a, b of X. The limit is f; f(z)dz. This is enough to prove that f is the density of
X. O

4.3 Continuity Theorem
Theorem 4.3 (Continuity Theorem). Suppose X,, has CF ¢,,.

(a) If X, 4, XKoo, then ¢, (t) = doo(t), for each t.

(b) Suppose lim,,_s oo ¢, (t) exists (= ¢(t), say), for each t. If either
(1) ¢ is a CF, or
(2) ¢o(t) > 1 ast — 0, or
(3) (Xpn,n >1) are tight,

then X % Xoo, and Xoo has CF .

Proof. (a) X, 4, X implies that Eg(X,) = Eg(Xs) for bounded, continuous g. Take g(x) = e%®,
which shows that ¢, (t) = ¢oo(t) as n — oo, for ¢ fixed.

(b) Suppose (3). Helly’s Theorem implies that there exists a subsequence X, 4 some X. By (a) and
the hypothesis, X has CF ¢. By a previous lemma (every convergent subsequence has the same

limit distribution) implies that the whole sequence X, 4 X with CF ¢, which is a proof of (b).
Claim: (1) = (2). A CF ¢ is continuous, with ¢(0) = 1.

We need to prove that (2) and the hypothesis imply (3).

Fix K, put ¢ = 2/K. (Trick)

1
P(|X,|>K)<E2(1——— |1
(%12 ) < B2 (1= =) gm0

sin(c| Xy|)
Ell-—=)1
( X, (1 Xn|=K)

sin(c| Xy|)
Ell—-——=
( c| Xnl 7

IA
Do

IA
DO

because siny < 1 and

siny <
Y

1.

Use the Parseval Identity for the Uniform[—c, ¢] distribution.

P(X,| > K) <2 (1 o [ ot dt) =1 [ - supa

—C

Use bounded convergence as n — co.

c

1
timsup P(X| 2 K) < 3 [ (1= o(6) de
n —c
On the LHS, we can take the limit as K 1 co. On the RHS, we can take the limit as ¢ | 0. Then,
the RHS is 0 by (2), which gives tightness.
O

18
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4.4 CFs & Moments

This suggests that the CF ¢ of X is

(oo} .

E@itX)™ _ t2

dx(t) = Z % :1+ztEX—5EX2+--~
m=0 '

However, EX™ may be infinite.

Lemma 4.4 (Technical Lemma, Durrett 3.3.7).

vy W8
m:

n+1 n
< min |y 7 2|y|
(n+1)!" n!

n+1 n
X
§Emin<|tX 20t X]| )

Apply this to y = tX.

ox(t) = W

m=0

(n+1)!" nl

t n ¢ X n+1
= %Emin <| [1X] , 21X "
n:

n+1

Zy
Corollary 4.5. Suppose E|X|" < oco. Then,

ox(t) = Z W +o(|t]™) ast— 0.

m=0

19

Proof. Z; — 0 a.s. as t — 0, and is dominated by 2| X|" which is integrable. Hence, EZ; — 0 as t — 0.

O
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5.1 Characteristic Function Proofs

Convergence Theorem: X, has CF ¢,. If ¢,(t) = ¢uo(t) as n — oo, for each ¢, if ¢oo(t) is the CF of
some X, then X, i> Xeo-

Suppose E|X|" < co. Then

n

ox(t) — Z M =o(|t|") ast — 0.

m!
m=1

Theorem 5.1 (Weak Law of Large Numbers). Let X1, Xo,... be IID with EX =0, S, = Y i, X,
then S, /n — 0 in distribution, and hence convergence in probability.

Proof. The PM ¢ has CF €'*. It is enough to prove ¢g, /,(t) — €'’* as n — oo, for a fixed t. Since

s, (t) = (¢x (b)),
o= o () = 1+ 2otz

If z, — z € C, then (1 + z,/n)" — €*. It is enough to prove

(o) ) o

Left

The bound for n =1 gives |¢x(s) — (1 +is6)| = o(]s|). Apply the bound with s = t/n. Then, we know

Leftn(it9+0(|t|)>it9+n-0<|t|>%it9. O
n n n

Remarks. The proof shows that
¢ (0) =0 (5.1)
is sufficient for the WLLN 5.1.

Fact. In fact, (5.1) is also necessary. The property EX = 6 implies ¢'s (0) = 6, but not conversely.

20
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5.2 Central Limit Theorems

Theorem 5.2 (IID Central Limit Theorem). Let (X;,i > 1) be IID, EX = pu, var(X) = 02 < oc.
Then,

Sn —nu
vn

4 Normal(0, o%).

Proof. WLOG take p = 0. It is enough to show

o*t?
¢Sn/\/ﬁ(t) — exXp (2) o
Left

Also,

bs,/vm(t) = <¢X (\}%))n = (1 i n(¢X(t/f) — 1)>n.

It is enough to show n(¢x (t/v/n) — 1) — 2t?/2. The bound for n = 2 and EX = 0 is

2 2

ox(s) - (1- 55 )| = ot

Then, with s = t//n,
t2 2 t2 t2 2 t2 t2 2
Left =n *0’74—0 — :L—Fno — _>70’ O
n 2 n 2 n 2

Theorem 5.3 (Lindeberg’s Theorem). For eachn, let X,, 1, Xy 2, ..., Xn,n be independent, EX,, ., =0,
var X, m = U%,m < oo. Write Sp, =Y 0 1 Xpm, 02 => 1 _, O’?hm =var(S,), ES, = 0. Suppose

(i) 02 — 0 < 00 asn — oo,

(i) imyp, 500 Yy E[X7 11X, |>6)) = 0, for each e > 0. This is known as the Lindeberg condi-
tion: UAN = uniformly asymptotically negligible.

Then, S, % Normal(0, 02).

Proof. ¢nm(t) is the CF of X,, ,,,. The more precise bound is
202 tXnm|®
Pn,m(t) — (1 - Ué“”) < Emin <nm|, |t X |

6
Cheap: If |z| < ¢, then |z]* < ex?.

elt]®
< 27

2
< =5 BXoml + P EXS (X, 20
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Then,

n
lim nsup Z

m=1

t20'2 t3
Grm (t) — <1 - 2’””>| < 5‘6| -2 40,

SIBN©)
by hypothesis (ii). Let € | 0. Then, the summation goes to 0 as n — co.

Claim.

(a) maxp, 02, — 0 asn — oo.

() >, omm — 0asn— oo.
Proof.

(a)

2 _ 2 2
Tnm = EXom (1%, m|2e) + EXnmL(1X0, ml<e)
<D EXpnl(X,l2e) €7

SO

. 2 2
lim sup max oy, <0+¢€7,
n

by (ii). Let ¢ | 0.

by (5.2), using Claim (a).
So, it is enough to prove

n t20-2 t20.2
H 1—# —>exp(—2).

g=Il

This will follow from 5.5 applied to @y m = 07 ,,. Assumption (i) is (i), while (ii) is Claim (b).

Lemma 5.4. If w;,z; € C, |w;| <1, |z| <1, then i, 2z — [T} wil < >;lwi — 2.

22
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Proof.
|z122 - ZsWig1 -+ wWn — 210 Zip Wit - Wa| = |(2i41 — wig1) - Al
< |zit1 — wital,
where |A4| < 1. O
Lemma 5.5. Let a, ,, € R. If
(i) Y., 0nm —a as n — 0o,
(it) Y, a%’m — 0.
Then, TT" _1(1 — anm) = e
Proof. We know that max,,|a, | — 0 by (ii). Since [log(1 — z) + z| < Cz? for |z| < 1/2,
Z log(1 — an,m) + Z | £ CZafLym for large n,
m=1 m=1 m
—0 as n — o0.
Hence, log [T _,(1 — anm) = —a. O

Theorem 5.6 (Equivalent Form of Lindeberg CLT). For each n, let X, 1, 1 < m < n, be independent,
EXpm=0. Let Sy =30 | Xy and s2 = var(S,) = > i, var(Xn, m). Suppose

m=1

S B

m=1

2

2
Xn,m
Sn

1(|Xn,m|2€3n)] —0 as n — oo.

Then, Sy /sn 4 Normal(0, 1).

This is the previous theorem 5.3 applied with )A(n,m = X,,,m/Sn. Now, it looks more like the IID version.

23
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6.1 Lindeberg Theorem

Restatement of the Lindeberg Theorem without prior rescaling:

Lindeberg Theorem: For each n, assume that the (X, m,,1 < m < n) are independent, EX, , = 0,
s2 =" _ var(Xp ;) <00, Sp =Y 0 _ Xpm (so ES, =0). If

n m=1

n X2
Z E 827 1(|Xn,m‘255n) =0
m=1

n

as n — oo, for each € > 0 (UAN), then S, /s, LN Normal(0, 1).

This is the previous version applied to X, ,/Sn.

Corollary 6.1. Suppose (Y1,Ya,...) are independent, EY; = 0. Suppose s2 = > var(¥;) < co. If
Y| < M a.s. and if s, — 00 as n — oo, then

n

1
Z Y; 4, Normal(0, 1).
=1

Sn *

Proof. Apply the Lindeberg Theorem 5.3 to X,, ,,, = Yy,,. The event |X,, | > s, can only happen if
M > es,,, that is, s,, < M/e. The event has probability 0 for large n, which implies UAN. O

Corollary 6.2. In 5.3, we may replace UAN by Lyapunov’s condition: 35 > 0 such that

)
I Zzpl E|Xn,m|2+
n =

370 — 0 as n — oo.
Sn

Proof.

) 2, (2]’
T L(jz|2e5,) < e \esm i
n

24
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So,
n X2 Zn E|X |2+5 L
n,m m=1 n,m . n
mZ:l E 52 1(XnYm|zgsn)‘| < S%<58n>5 == —0 as n — oo,
which checks UAN. O

Corollary 6.3. Let (Y;,i > 1) be independent, EY; = 0. Suppose var(Y;) — 0% < 0o as i — oo.
Suppose 30 > 0 such that M := sup;, E|Yi|2+6 < 00. Then

i1 Vi
ayn

4 Normal(0, 1).

Proof. Set X, », =Y, and check Lyapunov’s condition.

n
s2 = var < E Yi> ~no?,
i=1

Mn Mn M 5/

< ~ = .
Ln_s%+6 21O 145/2 U2+5n —0 asn — 0o
We conclude N
A
iz Vi — Normal(0, 1)
&
and s, ~ o/n. O

Corollary 6.4. If (X;,i > 1) are independent, |X;| < A, u; = EX;, 0? = var(X;) < oo, and if

Sp =01 X —> some Seo, which is finite, then Y- | p; and > i, 02 converge to a finite limit.

Proof. By contradiction. Suppose s,, = Z?:l 02 — 0o as n — 0o. We can apply 6.1 to X; — ;.

n

1
. Z(Xi — 1) 4 Normal(0, 1)
" i=1
R
S L E i 4 Normal(0, 1)
s

s
" " i=1

The first term converges in distribution to 0. The second term is a constant. The LHS can only converge
in distribution to a constant. This contradiction implies that s,, — so < 0.

By 205A, this implies Z?Zl(Yi — ;) converges a.s., so Sy, — Z?:l 1; converges a.s. Since S, — S a.s.,
this implies Y 7 | y; converges a.s. O

6.2 3 Series Theorem

Theorem 6.5 (Classical “3 Series Theorem”). Suppose (X;) are independent. Then ., , X; converges
a.s. to a finite limit if and only if, for some A,

1. . P(Xs] > A) < oo,

2. ForY; = X;1(x,/<a), we have Z?:l EY; converges,



LECTURE 6. FEBRUARY 2 26

3. > var(Y;) < oo.

Proof. “If”: We implicitly proved this part in 205A.
For “only if”, assume Y. | X; converges. The events {|X,| > A} occur only finitely often. By Borel-
Cantelli 2, >, P(|X,| > A) < co. Also, ). Y; converges a.s. Apply 6.4 to (Y;): >, EY; and ), var(Y;)
converge. O
6.3 Classical Theory: “Infinitely Divisible Distributions”
What are all possible limits

7'1 Xi_ n
721:11) In 4,y

See Durrett 3.7 and 3.8.

6.4 Poisson Limits
For PMs g1, p2 on measurable (S,S),
2 — pa|| = sup |p1 (A) — pa(A)].
AeS
This is the variational distance.

(Easy) If S is countable, then

i = ol = 5 Ylima{s} — a5}

sES

If S =R and p; has density f;, then

=l =5 [ 1@ =~ @)l de
Know. Class 2 says for countable S,
fn = Poo Weakly <= ||t — Hool — 0.
Let foo =1 and f,, be a sinusoid on [0, 1] with period 1/n. Here, u, — oo weakly but ||p, — pioo|| 7 0.
Lemma 6.6 (Easy?). (a) If dist(X;) = p;, i = 1,2, then P(X1 # Xa) > |1 — po]|-
(b) Given py, pe, there exist (X1, Xs) with dist(X;) = p; and P(X1 # Xa) = |1 — pzl|-
This uses a coupling argument.

“X is Bernoulli(p)” means P(X =1)=p, P(X =0)=1—p.

Theorem 6.7 (Le Cam’s Theorem). Suppose (X,,1 < r < n) are independent Bernoulli(p,). Write
S=3"_ X, A= pr. Then ||dist(S) — Poisson(\)|| < >"_, p2.
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Proof. Given p (small), we want (X,Y), X = Bernoulli(p), Y = Poisson(p), and P(X # Y) is small.
Define

P(X=0,Y=0)=1—p,
e~PpY
y!
P(X=1,Y=0)=e?—-(1-p).

>1

) y — )

(Check that this works.)

PY#X)=e?-(1-p)+P(Y 22)
=e?—(1-p)+(1—e"—pe?)
=p(l—e?)<p’

For each r, construct the coupled pair (Xr, }A/}) for p = p,.. Let the pairs be independent as r varies.
aist (zx) ais (zy> <p (zx . zz) <SP AT <30
r=1 r=1 i=1 i=1 i=1

i=1
Then, dist(3"_, X,) has the same distribution as S and dist(3_"_, ¥;.) = Poisson(Y p, = A). O
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7.1 Method of Moments

Say that dist(X) is determined by its moments if E|X|k < oo Vk and for all Y, if EY* = EX* Vk, then

Yy = X.

Lemma 7.1 (Method of Moments). To prove X, 4 X, it is sufficient to prove

(i) X is determined by its moments,

(ii) EXF — EX* asn — oo, for each k > 1.

Proof. EX? is bounded, so (X,,n > 1) is tight. If X, 94 some Y, then EY* = EX* implies that

Yy £ X. By the old “subsequence trick” lemma, X, 4 x.

Not all distributions are determined by moments.

Theorem 7.2 (Durrett Theorem 3.3.11). If

l;)(k 1/k
lim sup Q

k—o0, k
k even

< o0,

then dist(X) is determined by its moments.

Consider X = Normal(0,1).

2mm]!

Also (n!)Y™ ~n/e as n — oco. Set k = 2m.

2m/e

At 1/2
21/2(m/e)t/22m i -0

lim sup

So, (7.1) holds for Normal(0, 1).

7.2 Application to Poisson Limits

It is easy to check (7.1).

28

O
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Notation. z(z —1)(x —2)---(x — k+ 1) = [z]g. [2])1 =z, [2]2 = z(x — 1), etc.

For X > 0, integer-valued,

X!

E[X]y = E [(X T 1<X2k)] .

For X = Poisson(\),
= m! e AAm = A
BX= 2 ool e ¢ 2
m=k m=k+i =0
=k

z* can be written as a linear combination of [z]y, [z]s, .. ., [Z]%-

Corollary 7.3 (Method of Moments Adapted to Poisson). For positive integer-valued X,,, to prove
X, % Poisson()\), it is enough to prove E[X,]x — A\¥ as n — oo, for all k.

Consider a counting RV X = 3~ 1(4,) for events A;. [X]i =3 14, 14, - 14, over ordered distinct
(il, PN ,7]€) Then, E[X]k = Z( i) P(Ail N Ai2 n---N Azk)

TLyeey?

Example 7.4. Put M balls at random (uniformly, independently) into N boxes. Let X = X n be
the number of empty boxes, 21]11 A;, where A; is the event “box i is empty”.

M
E[X]kZ[N]kP(AlﬂAzﬂ“'ﬁAk):[N]k <1—ka> .

Consider N, M — oo in some way, and we want to prove Xy 4 Poisson(e~¢). We must prove
E[X]; — e~°k. Asymptotically, we want

M
N¥exp (—kN> — ek,

This is true, provided M = o(IN?). Hence, we want to show N exp(—M/N) — e~¢, so we want to show
log N — M/N — —c. Rearranging,

M — Nlog N

— = ¢

~ (7.2)

Define M = My by (7.2) and check that the argument works.

7.2.1 Coupon Collector Problem

Put balls uniformly independently into N boxes. Let Ly be the number of balls until there are no empty
boxes. P(Ly < M) = P(Xn,m = 0) because they are the same events. Under relation (7.2), the probability
goes to exp(—e~°) because Xy a 4 Poisson(e~¢). Then, P(Ly < Nlog N + ¢N) — exp(—e™©), so

Ly — NlogN
P <Nog < c> — exp(—e™ ),
N
that is,
Ly —NlogN g4
— _>
= 3

where £ has distribution function P(£ < ¢) = exp(—e~¢) for —oo < ¢ < oo. This is known as the Gumbel
distribution.
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7.3 Weak Convergence in Metric Spaces

Recall the definition of a complete, separable metric space (S, d). As an example, take R* with

d(z,y) = |lv—yl= > (x:i — i)

i
for x = (1,...,2k).

On R*, we have a partial order z < y <= z; <vy;, 1 <1< k. We can define a distribution function for
R*-valued X = (X1,..., X).

F(z)=P(X <z)=P(X; <zjall 1 <i<k)

However, this is less useful than in one dimension.

Theorem 7.5 (Portmanteau Theorem). On (S, d), let p,, 1 <n < oo be PMs on (S,d). The following
are equivalent, and define weak convergence fy, — oo -

n— oo

(a) [sfdpn —— [ fdpes for all bounded continuous f: S — R.

(b) limsup,, pn(C) < poo(C) for all closed C.

(c) liminf,, p,(G) > pieo(G) for all open G.

(d) pn(A) = p1oo(A) for all A such that pioo(A\ A°) = 0. (This is the analog of continuity points.)
(e) There exist S-valued RVs X, such that dist(Xn) = i, 1 <n < o0, and X, — Xoo a.s.

The hard part is = (e), which is the Skorokhod Representation Theorem.

We will state analogs of R! results.

Lemma 7.6 (Continuous Mapping Theorem). If X, 4, Xoo, then f(X,) 4, f(Xoo) forany f: S — 5’
such that P(Xo, € Dy) =0, where Dy ={x € S : f is not continuous at }.

Theorem 7.7. For R¥-valued (X,,), X, 4 X if and only if F,(x) = F () for all continuity points
z of Fi.

Definition 7.8. (X,,1 < n < o) is tight if for all € > 0, there exists a compact K. C S such that
sup,, P(X,, ¢ K.) <e.

In R*, (X,,,1 <n < o) is tight if and only if Ve > 0 3B. < oo such that sup,, P(|X,| > B.) < .

Theorem 7.9 (Prohorov’s Theorem). (a) If X, 4 some Xo, then (Xn,1 <n < oo) is tight.
(b) If (X, 1 < n < 00) is tight, then there erists a subsequence X, 4, some Xoo.

See the section in Billingsley on Convergence of PMs.
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8.1 Characteristic Functions in R”

FortcRF zeRF t-z = Zle t;w;.

X = (X1,...,Xg) is a RF-valued RV. t - X = Zle t;X; is a Rl-valued RV.
The CF of X is a function ¢(t) = Eexp(it - X) as a function from R¥ to C.

The Uniqueness and Continuity Theorems are the same as in R? (see the Billingsley textbook).

Theorem 8.1. Let X(™, n > 1, be RF-valued RVs. Suppose ¢x ) (t) — some limit ¢(t) Vt € RF. If
either

(i) (X n > 1) is tight, or
(i) ¢ is a CF,
then X & X, where X has CF ¢.

Theorem 8.2 (Cramér-Wold Device). Let (X)) be RF-valued RVs. Suppose t - X L some W,
(convergence in R') as n — oo, for all t € R*. If either

(i) (X n > 1) is tight, or
() 3X such that t - X = W, Vt € RF.

Then, X (™) LN X, where t - X = W, Vt.

Proof.
dx (t) = Bexp(it- X ) — Bexp(ithi) = (1)

Under (i), 8.1 implies that X (™) 4, some X. We know that t- X & W;. By the Continuous Mapping
Theorem, t - X = W,.

Under (ii), ¢(t) = Eexp(it- X), and so is a CF. Apply (ii) of 8.1. O

31
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Corollary 8.3. To show X™ % X in RF, it is enough to show EH;?:1 fj(X](-")) — EH§:1 fi(X;) for
all bounded, continuous f; : R — R.

Proof. This extends to f; : R — C. However, z — *'® = H?Zl e'i%i is of this multiplicative form. So,
we have E exp(it - X)) — Eexp(it - X) Vt € RF. O

8.2 Central Limit Theorem in RF

Theorem 8.4 (IID CLT in R¥). Consider X, RF-valued, EX = 0. Let E[X;X¢] = Tj, < oo (T is
the covariance matriz). Let X ) pe IID copies of X, S = Z?:l X®  RF_yalued, ES™ = 0. Then

n-1/28( 4, Y, where Y has CF

¢y (t) = exp —% Z Ztitgrj,g = exp (—;tTFt> . (8.1)

J L

Proof.
) |? i @) - 2 2
E)S” =Y B|s™ =03 EIX,? = nE|X|
j=1 j=1
E}Tfl/%’(”)|2 = E|X[?, so (n"2/25(M n > 1) is tight in R*. To apply Cramér-Wold 8.2, we need to

show t - (n=1/28(™M) 4 some W;.

n-1/2 Zt L x4 Normal(0, E(t - X)?)
i=1
= Normal(0,¢ ' I't)
== Wt7

by the 1-dimensional CLT, since
k k
Et-X)?=E || _t;X; (Z thg) =33 tjtelj e =t"Tt,
j=1 =1 P

and )
E exp(iW;) = exp (—2tTFt) . O

Definition 8.5. A R*-valued Y has Normal(0,T") distribution if its CF is (8.1).

Let A be an arbitrary non-random k x k matrix. Let Z = (Z1, Za, . .., Z;) have IID Normal(0, 1) components.
Consider Y = AAZ7 Y; = Z] AiJZj.

t-Y = Zti)/i = ZztiAi,ij
i i J
Et-Y)?=E(Y 3 tA,Z (ZZteA&mZm) =D 3N tiAi At
P 3 ) J i 4

m



LECTURE 8. FEBRUARY 9 33
=t AATt
This says Y has Normal(0, AAT) distribution.

Check: t-Y is Normal.

Proposition 8.6. For a k x k matriz T, the following are equivalent:

1. T = AAT for some A.

2. The Normal(0,T") distribution exists, and can be constructed as AZ for Z = (Z1,...,2Zy) 11D
Normal(0, 1) and for A as in 1.

3. T is the covariance matriz of some X with EX = 0.

4. T is symmetric and non-negative definite: t' Tt > 0 Vt.

Proof. 1 = 2: We already proved this.
2 = 3: Specialization.

3 = 4: t'Ttis var(t- X).

4 = 1 is matrix theory.

I'=U'"DU
—_ T pY2pl2g
= AAT
for U orthonormal, D diagonal, D > 0. O
The CLT 8.4 gives 3 = 2.

8.3 Weak Convergence in R”

Example 8.7 (Artificial Example). Consider a probability measure on the unit square which is uniform
on parallel diagonal lines. U is uniform on [0, 1], X, = U,

Y,, = nU — |nU| = decimal part of nU
= nU mod 1.

Asn — oo, (Xp,Yn) 4 (U,T), with U uniform of [0, 1], independent of U, which means that

(X, Y,) 4, uniform on square [0,1]2.
Simple Facts. For R-valued X's and Y's, a statement like
(X0, Yn) & (X,Y) (8.2)
is a statement about weak convergence on R2. Consider
X, LS Xandv, SV (8.3)
(8.2) = (8.3):
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Continuous Mapping Theorem. If (X,,,Y},) 4 (X,Y), then ¢g(X,,,Y,) 4 g(X,Y) for continuous g.
(z,y) — x is continuous.
Not conversely!

So, (X, Y,) S (X,Y) implies X, +V,, S X 47, X,,/Y, & X/Y provided P(Y = 0) = 0.

Lemma 8.8. Suppose X, 4 X and Y, Ly. If either
(i) P(Y =yo) =1 for some yo, or
(i) X, and Y, are independent (each n),

then (X, Yy) 4 (X,Y), where X andY are independent.

Example 8.9 (Artificial Example). ID and pairwise independence are not enough for the CLT.
19 = 10011 in binary
n = Z bi(n)21
i=1
Take &, &1,&2,..., IID, P(§ =1) = 1/2 = P(§ = —1). Define X,, = & Hi:bi(n)zl &, n>0. X, takes
values {£1}. Check that the (X,,) are pairwise independent.
291

§=) Xa=601+&)1+&) - (1+§)
n=0

ES =0, var(S) = 27. Then, P(S = 2/) = P(S = —27) = (1/2)277, and S = 0 otherwise. 277/25 does
not converge to Normal(0, 1).



Lecture 9

February 14

9.1 Markov Chains: Big Picture

state space S discrete time continuous time
finite very similar very similar
countable our focus similar
general: measure theory (%) doesn’t exist
general: topology (%) SDE (starting from BM)
semigroup setting

We will do a little of the sections marked (x).

9.2 Measure Theory Background

“X and Y are independent” means “o(X) and o(Y) are independent”.

Definition 9.1. X and Y are conditionally independent (CI) given G means
Eh(X)g(Y) |Gl = E[h(X)|G|E[g(Y)|G]  V bounded, measurable g, h.
This is equivalent to
Elg(Y)|G,X]=E[g(Y)|G] V bounded, measurable g. (9.1)
Idea: Given G, knowing also X gives no extra information about Y.
Easy Fact. If X and Y are CI given G, if V is G-measurable, then X and (Y, V') are CI given G.

Recall. 1 is a PM on Sy x Sy. pq is the marginal PM on S7. @ is a kernel Q(s1, B) from S; — Ss. There is
a one-to-one correspondence p <> (p1, Q).

Lemma 9.2 (The Splice Lemma). Given spaces S1, Sz, Ss (Borel spaces), given a PM py 5 on Sy x So
and a PM 123 on Sy x S3 such that their marginals on Sy are identical, then there exists a unique PM
w on Sy X Sy X Sy such that, for p = dist(X7, X2, X3),

o dist(X1,X2) = p1,2 and dist(Xa, X3) = po 3, and
o X, and Xs are CI given Xs.

35
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Proof. Consider (S; x S2) X S3. Specify u by
e the marginal on S x Sy is 1,2,

e the kernel () from S; x S3 to S3 is Q((Sl, 82), B) — Q2,3(52,B)7 where Q273 is the kernel S5 — S3
associated with ps 3.

This specifies u. Then,

BIh(X) | (X1, X2)) = [ h(@)Q((X1, Xa),do) = [ h(e)Q2a(Xe,do)
= E[h(X3) | Xa).
We have checked (9.1), which implies CI. The calculation also says that dist(Xs2, X3) = ua,3.

FEzercise: Prove uniqueness. O

9.3 Existence of General Markov Chains (Borel Spaces)

Theorem 9.3 (Existence of General Markov Chains (Borel Spaces)). Given Borel Sy, S1,S2, ..., given
a PM po on Sp, given kernels Q,, from S, to Sp,+1 (each n > 0), there exists (Xo, X1, Xa,...), unique
in distribution, such that

(a) dist(Xo) = o,

(b) Qn is the conditional probability kernel for X, 11 given X,
(¢) Xn+1 and (Xo,X1,...,Xn_1) are CI given X,, (alln>1),
(d) (Xn,Xn+1,-..) and F, are CI given X,,.

Proof. Suppose (induction) we have constructed (Xo, X1,...,X,). Apply the Splice Lemma 9.2 to
(X0, X1,...,Xpn-1) and X,, and X,,11. We have a joint distribution for (Xo, X1,...,Xp—1) and X,,.
The joint distribution of X,, and X1 is specified by dist(X,,) and the kernel @,,. The Splice Lemma
implies the existence of dist(Xg, X1,..., X, Xp+1) with the CI property. Apply the Kolmogorov Ex-
tension Theorem to get dist(Xo, X7, Xo,...).

(c) gives the “one-step ahead”property, but we want the analog for the entire future.
Write F,, = 0(Xo, X1,...,Xpn). (¢) and the “Easy Fact” imply

(¢’) Fn and (X, X,,11) are CI given X,,.
Claim (d): By MT, it is enough to prove, for each m,

(d) (Xn, Xnt1s--, Xntm) and F,, are CI given X,,, for all n.

Use induction on m. The statement is true for m = 1 by (¢’). We will prove the statement for m = 2.
The same argument (exercise) gives the inductive step m — m + 1.

Apply (¢’) to n + 1.

Elg(Xn+t1, Xnt2) | Fut1, Xnt1] = E[g(Xnt1, Xny2) | Xnt1]
=h(Xn41),  say.
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Condition on F,.
Elg(Xni1, Xnt2) | Fn] = E[0(Xn41) | Fn] = E[h(Xn41) | X
using the m = 1 case of CI. Condition on X,,.
Elg(Xnt1, Xnt2) | Xn] = E[A(Xni1) | Xn),
50 (X141, Xnt2) and F,, are CI given X,,. This is (d’) for m = 2. O
In practice, we usually consider time-homogeneous chains: S, = 5, @, = Q.

(Idea). Given X,, = =z, the future process (X,,4n,n > 0) has the same distribution as the process
(LL'O = XO,X17X27 ces )

Formula. For bounded, measurable h : S* — R,
E[h(Xno>Xno+1ﬂ = ) | ]:no] = g(Xno)7

where g(2) < Eh(Xo, X1,...), where (X,,,n > 0) is the chain with X, = z.

9.4 Elementary Examples

Recall the following elementary examples for S countable.

The kernel is specified by transition probabilities p; ; = p(i,j) = P(X; = j | Xo = ¢) which form a transition
matrix P = (p; j : 4,5 € 5).

Example 9.4 (Random Walk on Z%). Given IID &, i > 1, Z%valued, X, = "I | &. Then, (X,,) is
Markov, p(i,j) = P(€ = j —i). Here, S = Z%.

Example 9.5 (Renewal Chain). S = Z* = {0,1,2,...}. Take (&,i > 1) to be IID, P(¢ > 1) = 1,
S, = Z?:l &;. Define X,, = min{n — S,, : S;, < n}. This is Markov on Z*. Then,
p(i,i+1)=P(E>i+1]|§>4),

p(4,0) =P =i+1]|¢&>19).

Example 9.6 (Galton-Watson Branching Process). Given a PM pon {0,1,2,...}, Xo = 1 (1 individual
in generation 0). In each generation, each individual has a random (dist = p) number of offspring in the
next generation. X, is the population in generation n. This is Markov. p(i,7) = P(& + &+ +& = J)
for IID(u) RVs (&;).

S is infinite in 9.4 to 9.6.

Example 9.7 (Ehrenfest Urn Model). There are B balls and 2 boxes. Pick a random ball and move it
to the other box. X, is the number of balls in the left box.

p(i,i—1) =

p(i,i+1)=
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10.1 Markov Chains: Some Classical Methods

We have a countable S = {i,7,k,...} and a transition matrix P = (p; ;)i jes satisfying p; ; > 0 and
Zj pi; = 1. The Markov chain (Xo, X1, Xo,...) has

P(Xn-‘rl - .7 | Xn - 7:7Xn—1 - in—l; o aXO = ZO) =DPij-
We write

Pi() = B(-| Xo = i),
Eil] = E[ | Xo =il

Write p,, = dist(X,,). un can be viewed as a vector w,, = (tin(7),7 € S), where p, (i) = P(X,, = 7). Then,

pny1(j) = Zﬂn(i)pi,j-

In matrix form, we have the forwards equation p, ; = pu,, P, a vector-matrix product. Then,

Ky = P,
po =, P = poP?,

so w,, = poP", where P = PP - - - P is matrix multiplication. We obtained these equations by conditioning
on X,,.

Fix a function f : S — R. Consider v, (i) = E; f(X,,). Condition on Xj.

Va1 (i) = Bif (Xng1) = Y pij Bilf (Xni1) | Xo=T, X1 = j]
J

=E; f(X'n)

=> pivi(),
i

by the Markov property. Write v, (i) = E; f(X,,). The backwards equation is v, 11 = Pv,, so
v, = P"vy.

We see that (P™); ; = P(X,, =j| Xo =1).

38
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The analog of (p; ;) on general S is the kerenel Q = Q(x, A), which defines two maps.

For p € 2(S), we have a map p — fi, where ji(-) = [ p(dz)Q(z,-). Here, p — pQ.

For a function f : S — R, we have a map f — f, where f(x) = [Q(z,dy)f(y). Here, f— Qf.

Many questions about finite-state MCs can be answered in terms of the matrix P.

10.1.1 Hitting Times
For A C S, write

T4 =min{n > 0: X, € A},
Ta=min{n>1:X, € A}.

In either case, the hitting time could equal oo if X,, ¢ A Vn. Consider h4(i) = P;(T4 < 00).

First way to study ha: Define the matrix Q, the “P-chain killed after entering A”.
_ Di,js { ¢ A7
Qi,j = )
0, 1€ A.
Easy: Pi(ta =n, X;, = j) = (Q");, for j € A.
oo
[(I - Q)il}zﬁj = [Z Qn] = Pi(TA < OO7X7'A = ])7 JE A
n=0 i,j

This is the matrix form of the identity

= 1—2
From this, we obtain
hy=(I-Q) '14.
Second way to consider h4:
Proposition 10.1. (a) h =hy satisfies

(i) h(i) =32, pih(j) fori€ A,
(it) h(i) =1 fori € A,
(iii) h > 0.

(b) If h satisifes (i) to (i), then ha < h, so ha is the minimal solution of (i) to (iii).

Proof. (a) Condition on the first step for (i).
(b) Define P# and (X, n > 0), the “P-chain stopped on A”, by
pf}j =p;;, i ¢ A, Dij = 0ij, 1 € A.
Given h which satisfies (i) to (iii), (i) and (ii) imply h = P4h and h > 1 4. Therefore,

h=P4h > P"1,.

39
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Repeat n times to obtain h > (P4)"1,4. Then,
since

XAZ X, if 74 > n,
" Xy, if7a<n.

Let n — 0o. h(i) > Pi(14 < 00) = ha(4).

10.1.2 Generating Functions
Let Ty = min{n > 0: X,, =y}, pp , = P.(X,, =y) = (P"); ;. The “Strong Markov Property” says

n

m=0
(o)
p;7y = Z IP>3;(Ty = m)pZ,;m,
m=0
Gz y(2) = Zp;yz" = ZZ P, (T, = m)z"py 2", n=m-+1,
n=0 0<m<n<oo
= P, (T, =m)z"™ Zp;ﬂ/zl
m=0 i=0
———
ey (2) =¢y,y(2)
Now, we have a formula for the GF of (Ty).
hay(2) = ==
! Pyy(2)

Consider the matrix ®(z) with entries ¢, ,(2).

B(z) =) P"2"=(I1-Pz)""
n=0

This, in principle, is a formula for the distribution of 7}, in terms of P.

10.2 More Examples of MCs

Example 10.2 (Random Walk on an Undirected Finite Graph G = (V, E)). The state space is V.
v € V has some degree d(v), the number of edges at v. Suppose d(v) > 1. Then,

1

Pij = FOk if (i,75) € E.

Example 10.3 (Card-Shuffling “Random Transposition” Model). Consider a n card deck. S is the
set of n! orderings. Pick two random cards and interchange them; this is one step of the chain. For
configurations x and y,

2
Px,y = —5, il it is possible to reach z — y by a transposition,
n



LECTURE 10. FEBRUARY 16

1
Pxx = —-
n

41



Lecture 11

February 21

11.1 Strong Markov Property
Let (X,,,m =0,1,2,...) be a MC on a countable S = {z,y, z,...}. Let F,, = 0(Xo, X1,..., Xn)-

Markov property: for bounded, measurable f : S — R, write g(x) = E,f(Xo, X1, Xs,...). Then,
E#[f(Xn7Xn+1ﬂX’ﬂ+27' : ) | ]:n} = g(Xn)

Recall: A stopping time T : Q@ — {0,1,2,...} U{oo} is such that {T' <n} € F,, for all 0 < n < co. This is
equivalent to {T'=n} € F,, for all 0 < n < oco.

Theorem 11.1 (Strong Markov Property). Write g(z) = E,. f(Xo, X1, Xa,...), where f : S — R is
bounded and measurable. Then, E,[f( X7, X141,...) | Fr] = 9(Xr) a.s. on {T < oo}.

Proof. X117« is Fr-measurable. We need to check: for B € Fr,
Eulf (X1, X141, - ) 1Bl (1< o0)] = Eulg(XT)1Bl(1<00)]-

Break over n = 0,1,2,.... 131(r<o0) = Yoo LBn{T=n} = D peo 14, Where A, = BN{T =n} € F,
by the definition of Fr. So, it is enough to show

Eulf(Xr, X141, .- )14, |Eulg(XT)1a,],
which is
Eulf (Xn, Xngrs )14, ] = Eufg(Xn)la,]  on A, (T =n).

This is the Markov property. O

Special Case. Suppose T is such that X7 = y (non-random y) on {T' < co}. Then,
Eulf(Xr, Xrg1, .. ) | Fr]=g(y)  on{T <oo}, Vf.
This implies f(Xr, X7r41,...) and Fr are independent on {T' < co} and
dist((X7, Xry1,...) | Fr) = disty(Xo, X1,...).

11.2 Recurrence Times

Consider T;‘ B min{n >1:X,, =y} and p,, = }P’JE(T;' < 00).

42
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Lemma 11.2. For distinct x, Y, 2, Pz = Pz,yPy,z-

Proof.

Pa,z > Py (visit z sometime after T,")

= poyPe(visit z sometime after T, | T, < co).
We want to say the second factor is p, . by the SMP. Take f(xo,21,%2,...) = L(z,=2 for some i)-
E[f(XijXT;H’ )l -FT;] =g(y) =Eyf(Xo, X1,...) = py,z-
Take the expectation over 17«0

P(visit sometime after 7,1, and T} < oo) = g(y)P(T," < o0) = py.P(T,} < o0). O

Define T?f to be the time of the kth visit to y, TS =0, and T;*l = min{n : n > T;,Xn = y}. Then,
Pay = Pu(T,) < 00).

Theorem 11.3 (Theorem 6.4.1).

Po(TF < 0) = payptt,  k>1

Proof. 1t is true for k = 1. By induction, suppose it is true for k.

Po(TFH! < 00) = P(T,) < 00, Ty < 00) = Eall (7 <o) P(Ty*! < oo| Fry)

*

However,

ES ]ECE[f(XTy17XTy1+1) o ) | —FTyl] for f(on,.’El, .. ) = ]-(zi:y for at least k values of 7)

=_9) =E,f(Xo,X1,...) =Py (T, < o0).
SMP

By induction, this is p’;’y. Hence,
k k
]P)z(Ty i < OO) = PyyPayy>

so the statement is true for k + 1. O

Definition 11.4. A state y is recurrent if p, , = 1 and transient if p, , < 1.

Consider the number of visits to y, > 071 1(x,=y) = N (¥)-

Lemma 11.5. If y is recurrent, then Py(N(y) = oo) = 1, so E,N(y) = oco. If y is transient, then
P,(N(y) > k) = IP’y(TéC < o0) = p’;)y, fork=0,1,2,..., and so

1 p
E,N(y) = =l = YY < oo,
wN () L= pay L—pyy
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Proof. In either case, Py (N(y) > k) = ]P’y(T; < o0) = P];,y- Then,
P,(N(y) =k) = Pk P];Zl =0 ifp,, =1,

and
P,(N(y) < c0) =0. O

Note.

ZP w=y) = o).

n=1

Corollary 11.6.
y is recurrent <= E,N(y) = co <= Zp(") =

Theorem 11.7 (Theorem 6.4.3). Suppose x is recurrent and pgy, > 0. Then, y is recurrent and
Py = 1. [S0, pgy =1 by switching x and y./

Proof.
P, (N(z) < 00) > P,(T, < oo, never visit = after T,)
—_——
0,  recurrent
NP, Pz.y (1= pya),
SMP
>0, hypothesis must be 0
SO Py = 1.

Pry >0 — EIKsuchthatp( )>O.

Py, > 0 = JL such that p,(,Lx) > 0.

Then,
p:(g{;"!‘L-ﬁ-m) > Py(XL = (E,XL+m = vaL+m+K = y)

L K
= Bn(nls).
Markov

Now, sum over m.

Zpyy _pé,”m )Zp(m) _

\W—/ >O >0

=00

since z is recurrent, so y is recurrent. 0

11.3 Elementary Graph Theory

Consider a directed graph on countable S, the set of vertices. Given P = (p; ;), put the edge ¢ — j if p; ; > 0.

We can define an equivalence relation R by

1 Rj <= ¢ =j or 3 directed path from ¢ to j and from j to .
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This partitions S into “strongly connected components” (SCC).
A SCC “C”" isopenif 3i € C,j ¢ C with i — j (p;; > 0), closed if not.

Corollary 11.8. In a SCC C, either all x € C' are recurrent or all x € C are transient.

Proof. Suppose some x € C is recurrent. Take any y € C. Then, p,, > 0, so by 11.7, y is recurrent.
O

Example 11.9. Suppose S = {0,1,2,...} and suppose po,o = 1, pii+1 > 0, pii—1 > 0. There are two
SCCs, one open (and therefore transient) and one closed. So,

P(X,, = 0 ultimately) + P(X,, — o0 as n — o0) = 1,

since N(y) < oo for each y > 1.
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12.1 Classification of States

Let S be the state space, T;7 = min{n > 1: X,, =z}, ppy = Po(T,} < 00), and N(z) =307 1(x, —a)-

x is recurrent = p, , =1 = P,(N(z) = 00) = 1
= E,N(z) = cc.

pz,r
1- Pz,

< oQ.

It is aways the case that

P,
E.N(y) = ﬁ
Y,y

Define the relation « ~ y by © =y or (pz,y > 0 and p, , > 0). The equivalence class C is a “SCC”. Define
Cisopenif 3z € C,y ¢ C, pzy >0, and C is closed if not.

Fact. Given a SCC “C”, either z is transient for all x € C or x is recurrent for all z € C. Call C' transient
or recurrent respectively.

Theorem. If x is recurrent and p; , > 0, then y is recurrent and p, , = 1.
Proposition 12.1. Let C' be a SCC.
(a) If C is open, then C is transient (if C is recurrent, then C is closed).

(b) If C is closed and finite, then C is recurrent.

(c¢) If S is finite, then R = {recurrent states} is non-empty and P, (Tr < c0) = 1 Vz.

Proof. (a) follows from 11.7. If C is open, then 3z € C,y ¢ C py, > 0. If z is recurrent, by the
Theorem, p, . > 0 implies x ~ y, which implies y € C, which is a contradiction.

46
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(b): Fix z € C. For a chain started at x, since C' is closed,

Z I(X,L:y) =1 Vn,

yel

Ex Z Z 1(Xn:y) = 00,
n=1yeC

E; > N(y)=> E;N(y) = oo.
yel yel

If C is finite, then E,N(y) = oo for some y € C, so y is recurrent, so C' is recurrent.
(¢): Fix z. Consider a transient y. Then, E,N(y) < oo, so
P2 (N(y) <o0) =1,
SO Pz(zy transient IV (1) < 00) = 1. However, T < Zy transient V(Y1) + 1, 50 Py (Th < 00) = 1. O

Note: At Tg, we are at state Xp,, which is some closed C, which implies that X,, € C Vn > Tj.

Definition 12.2. A chain is irreducible if p, , > 0 Vz,y.

12.1 implies: if S is finite and irreducible, then the chain is recurrent. If S is infinite and irreducible, then
the chain may be recurrent or transient.

12.2 Birth-and-Death Chains

LetS:Z+:{0,1,2,...},p(i,i+1):pi>O,p(i,i—1):qi>0(foriz1),p(i,i):ri:1—pi—q120,
Set go = 0.

Write 7; = min{n > 0: X,, = j}.

Analysis. Fix m > 1. Study f(i) = Pi(1m < 79), 0 < i <m, f(0) =0, f(m) = 1. Condition on the first step:
for 1 <i<m—1, f(i) = pif(i + 1)+ qf(i — 1) +rif(i). Solve: p;(f(i +1) — f(i)) = ¢:(f(i) — f(i — 1)), or

Fli+1)— 1) = ]%(f(i) — f—1),

sa+v =@ =T ) s

z—1 4

@) =rY 1.

i—0 j=1 P
———
()

We know 1 = f(m) = f(1)¢(m), so f(1) = 1/¢(m). Hence,

Pi(Tm < 70) = g{’m)) 0<i<m.
Can we say
Pi(rm > 10) =1— o) ,
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Make the chain absorbing at 0 and m. The states {1,...,m — 1} are transient, so P;(7y or 7, < 00) = 1.

Is the chain recurrent or transient? recurrent <= ppo =1 < p1o=1.

oo

{m0 < oo} = U {10 < Tm }»
m=1

Thus,

recurrent <= ¢(c0) = "111%20 p(m) =00 = Z H = o0.

q;
T =1 P
For a simple RW, p; =p > 0, ¢; = ¢ = 1 — p. Then, the chain is recurrent if p > 1/2, transient if p > 1/2.
More Delicate Case. Fix C, take

1= for large 1,

for large 1.

N~ N -

qi

=] Q=|Q

Then,

a4 1-2C/j ~ exp <_40)
pj  1+2C/j Jj )’

H LEAPY exp(—4C - logi) ~ i~ 4°.
—1Pj
Then, if C' > 1/4, the chain is transient, and if C' < 1/4, the chain is recurrent.

12.3 Invariant Measures

Setting. We have an irreducible P on a countable S.

Definition 12.3. A measure ¢ > 0 on S is invariant if uP = p, that is, >, p(i)pi; = pu(j) Vj.
Note: We may have u(S) = co. Ignore the trivial case p = 0.
If p is invariant, then cp is invariant, 0 < ¢ < co.
If invariant p has p(S) = 1, call it stationary.

If invariant p has 0 < u(S) < oo, then

is stationary.
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Definition 12.4. A general process (X,,,n =0,1,2,...) is stationary if Vn > 1,
(X Xnt1s---) = (Xo, X1, ).
If (X,,,n > 0) is a MC and dist(Xp) is a stationary distribution, then the process (X,,n > 0) is stationary.

Aside. If p is invariant, p(S) = oo, take (at time 0) independent Poisson(u(7)) particles at ¢ and run each
particle as an independent MC. This particle process is stationary.

wn, = dist(X,,) always evolves as u,, = u,,_,P.

Two Special Settings. p(S) < oco.
1. p=1is invariant <= ), p;; = 1Vj <= doubly stochastic matrix.

2. If p(x)p(z,y) = u(y)ply, x) Vo, y, then p is invariant (reversible case).

Proof.
(BP)y = > pw@)p(e,y) =Y u)py, x) = u(y)- D
Example 12.5 (Simple RWon Z ={...,-1,0,1,...}).
p(z,x+1) =p,

plx,z—1)=qg=1-p.
What is an invariant pu?
P is doubly stochastic: (i) = 1 is invariant.
w(z) = (p/q)* is a reversible invariant measure.

For p # 1/2, the chain is transient and has 2 different o-finite invariant measures.

Example 12.6 (Birth-Death Chain on Z* = {0,1,2,...}).

p(i,i+1)=p; >0,
pli,i—1)=¢=1-p; >0, i>1.

This has the reversible invariant measure
: D
. i—1
i =22
=1
Check:

pii+1)  pi
(i) qit+1

p(i)pi = p(i +1)gip1 <=

This is the unique invariant measure (up to scaling). Looking at p = uP at 0:

1(0)p(0,0) + p(1)p(1,0)
p(1) = p(0)p(0, 1) + u(1)p(1, 1) + u(2)p(2, 1).
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The first equation determines p(1) in terms of 1(0), and the second equation determines x(2) in terms
of 1(0), and so forth.
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February 28

13.1 Periodicity

Consider the directed graph associated with P on countable S.

For state , d(z) = greatest common divisor of {n : Py > 0}

Theorem 13.1 (Text, Exercise). Suppose that the Markov chain is irreducible.
(a) d(z) =d > 1 for each xz € S.

The case d =1 is aperiodic, and the case d > 2 is periodic with period d.
(b) In(x) < oo such that piy , > 0 for alln > n(x) with d | n.

(c) S can be partitioned into d “cyclic classes” Cy,C1,...,Cq_1 such that if © € C,, P(X, € C,) is
1 if n = v —u modulo d, 0 if not.

(d) If the Markov chain is aperiodic, ¥(x,y) In(z,y) such that pj; , > 0VYn > n(z,y).
(e) If the period is d > 2, then P defines a MC on each C,,, which is irreducible on C,.
(f) If 3z with py 5 > 0, then by (a), d =1 and the chain is aperiodic.

13.2 Existence of Invariant Measures

If 4 and v are PMs on measurable S, the variation distance is || — v|| = sup, |u(A) — v(A)]. If S is
countable, then

=l = 5 Sl — )

and [[in — frocll 0 <= 1.(3) = pooi) Vi € .

pP is dist(X7) when p = dist(X)).

Lemma 13.2. For a MC with transition matriz P,

|uP —vP| < lp—v|.
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Proof.

Left = %Z > (1(d) = v(i))pia| < % Z Zlu(j) —v(j)|pji

(N

=3 Yol — ) = = vl

52

since ), p;i = 1. O
Lemma 13.3. Let (X,,0 < n < o0) be the (uo, P) chain. Write p, = dist(X,,) = pP™. If
lttn, — ool = O for some PM pioo, then poo is a stationary distribution for P, p. = p. P.
Proof.
13.2
~~
[oo P — pnPl|" < lpico — pin|| = 0 as n — oo
lttoo P — pint1]l = 0 asn — oo
oo = pimtall =0 asm — oo
By the Triangle Inequality,
lttoo — oo P|l = 0 asn — oo
= 0. O
So, the possible n — oo limit distributions are exactly the stationary distributions.
Let T, = T,F = min{n > 1: X,, = z}. Fix state b. Define
w(b, ) = Ep[number of visits to « before T] = E, Z (X, =21y >n)
n=0
which implies that p(b,b) = 1. u(b,-) is a measure on S and EpT; = p(b, S) < oo.
Proposition 13.4 (No Assumptions). Consider these equations for an unknown measure ji:
uy) = p@)p(a,y) Yy #£b,  p(b) =1. (13.1)

Then, (b, -) is the minimal solution of (13.1) and Py(T, < o00) = (b, z)p(z,b) Va.

Proof. Let the matrix K be the “chain killed at 1,”. K, , = P, for y # band K, , = 0 for y = b. Write
an(y) = Py(Xn =y, Tp > n). Check that a1 = o, K. ag(y) = dp(y) = 1(y=p). Therefore, o, = 6, K".
By definition, p(b,y) = Yooy an(y), so p(b,-) = > o, 6, K™. Rewrite (13.1) as p = &, + pK. Hence,

(b, ) satisfies (13.1).

Let g be some solution of (13.1). Then, p = &, + (6p + pK)K = &, + §,K + pK?. Inductively,

po=pKmH 43 5K > 8, K™ Y0 6,K™ = p(b, ), which implies p > p(b, ).
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Pb(Tb<OO Z]Pb Tb—n+1 Zzpb —y7Tb:n+1)

n=0 n=0 vy

However, Pp(X,, =y, Ty =n+1) =Pp(Tp, > n, X, =y, Ty = n+ 1) = a,(y)p(y,b) by conditioning on

F, 50:
z(zan ) )
Z O

Lemma 13.5. Suppose the Markov chain is irreducible. Suppose pu = puP, where 0 < p(x) < co.
(a) If u(b) =0 for some b, then u = 0.
(b) If u(b) = oo for some b, then p = oo.

Proof. Fix z. There exist n,m such that p}; , > 0 and p;", > 0. p = pP" implies that u(b) > p(z)p}
so if p(b) = 0, then pu(x) = 0. p = pP™ implies that u(z) > (b)py,, which implies that if yu(b) = oo
then p(z) = oco. O

Theorem 13.6. Suppose the Markouv chain is irreducible and recurrent. Then, there exists an invariant
w which satisfies 0 < p(x) < oo Vo € S. This p is unique up to scaling. Either
(i) u(S) = o0 and E, T, = oo Vz (null-recurrent), or

(i) u(S) < oo and E, T, < oo Vz (positive-recurrent).

Proof. Fix b. Define u(-) = wu(b,-), which satisfies (13.1). Then, u(z) = (uP)(x) for x # b and
(uP)(b) = Pp(Tp < 00) = 1 = p(b), since the chain is recurrent. Therefore, g = pP is invariant. Since
w(b) =1, 13.5 and the assumption that the chain is irreducible implies 0 < p(x) < oo Va.

Why is p unique? Suppose [i is invariant: rescale to make [i(b) = 1. By minimality in 13.4, &t > pu(b, -).
Since they are both invariant, 1 — p(b,-) > 0 is invariant and equals 0 at b. Then, 13.5 implies that
ﬂ - /,L(b, ) =0, so /Al' = M(b, )

Consider some invariant p. pu(x,-) is a scaled version of p, so pu(x, ) = e pu(+), 0 < ¢z < 00, by uniqueness.

which implies that either (i) or (ii) occur. O

Corollary 13.7. A finite-state irreducible chain is positive-recurrent.

Proof. Last class, we showed that the chain is recurrent, so an invariant p exists, so

(5) =3 (@) < oo

€S
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Therefore, we are in case (ii).

o4
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March 2

14.1 Stationary Measures

Consider P on countable S.

Proposition: Consider the equations

py) =D p@)ple,y) Yy #b,  pb) =1. (14.1)

Then, u(b,-) = Ep[number of visits to - before T3] is the minimal solution to (14.1) and Pp(T, < o0) =

> 1(b, )p(x, b).
(b, ) is the “b-block occupation measure”.

Theorem: Suppose the Markov chain is irreducible and recurrent. Then, there exists an invariant y, unique
up to scaling. Either

(i) pu(S) =00 and E, T, = co Vz (null-recurrent) or
(if) p(S) < oo and E, T, < oo VYV (positive-recurrent).

In case (ii),

_ {z}
1(S)

()
is a stationary distribution.

Theorem 14.1. Suppose the Markov chain is irreducible. Then, it is positive-recurrent if and only if a
stationary distribution w exists. If so, then

1
m(z) = BT
Mystery. Starting by defining
1
m(x) = ET.

and showing 7 is stationary is not so easy.
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Proof. Suppose that a stationary distribution 7 exists. Fix b. Define

y = ™)

™
™
 is invariant, p(b) = 1. “Minimality” in 13.4 implies that p(b,y) < p(y) Vy. Therefore,

EyTy = Y p(by) < > uly) = % < o0,

so the chain is positive-recurrent.
Suppose that the chain is positive-recurrent. 13.6 implies that 7 exists.

Fix b. We know that u(b,-) is invariant, so

_ 1
) ETy

—~
S

=3
~

O

=
=
n

Warning. Suppose S is infinite, the chain is irreducible, and an invariant p exists with (S) = co. This does
not imply that the chain is recurrent. Also, this does not imply that the invariant measure is unique up to
scaling.

Example 14.2 (SRW on Z).
p(i, i+ 1) = p, p(i,i—1)=qg=1—p.

For p # 1/2, there are two invariant measures:

Also, the chain is transient.

For p = 1/2, the chain is recurrent and there is a unique (up to scaling) invariant u(i) = 1.

Example 14.3 (Reflecting RW on Z7).

p(i,i+1)=p, i>1,
p(0,1) = 1.

If p > 1/2, the chain is transient.
If p = 1/2, the chain is null-recurrent.

If p < 1/2, the chain is positive-recurrent.
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14.2 Convergence to the Stationary Distribution

n—r oo

Know. If 3pg such that P, (X, = j) —— w(j) Vj for some probability distribution 7, then = is stationary.

Theorem 14.4 (The MC Convergence Theorem). Suppose the chain is irreducible and positive-recurrent,
n—roo

so the stationary m exists. If the chain is also aperiodic, then P, (X, = j) —— 7(j) ¥j Vpo.

Proof. Fix pg. We shall construct a Markov chain on S x S, call it ((X,,,Y,),n=0,1,...), such that
(i) (Xn,n > 0) is the (po, P)-chain,
(ii) (Yn,n > 0) is the stationary (m, P)-chain,
(iii) X, =Y, Vn > T, where T < o0 a.s.
This will prove the theorem because
Puo (Xn = 3) = 7()| = [Ppo(Xn = j) —P(Yn = j)| SP(Xn #Yn) <P(T >n) -0  asn— oo
This is the MC coupling method.

The transition matrix on S x S is

(z1,91) = (22,y2) with probability p(z1,z2)p(y1,y2), 21 # y1,
(z,2) — (y,y) with probability p(z,y).

The initial distribution is pg ® w. Two particles initially move as independent MCs, but after meeting,
they stick together and move as a single MC.

Fussy argument: why is (X,,n > 0) Markov?
P(Xp41 = Znt1 | X = 2, Ys = yn, past of both proceses) = P(X,11 = py1 | Xn = 20, Yo = yn)
= P(Xpt1 = Tpt1 | X = ).
form of TM
Condition on the past of X,,.
P(X;41 = Tnt1 | Xn = @, past of X) =P( X411 = Tnt1 | Xn = zn),
which is the Markov property for (X,,).

Define Tineet = Ipin{n : X, = Yn}; Then, X;, = Y;, Vn > Tineet- It is enough to prove Tieer < 00 a.s.
Consider ((X,,Y,),n > 0) with (X,,) the (uo, P)-chain, (Y;,) the (7, P)-chain, independent. This is a
product chain. The distribution of Tjcet is the same.

Let Q be the transition matrix for the product chain. P is aperiodic, so
Q(n)((IOa Y0); (TnyYn)) = p%?mnpg(g,)yn >0
for large n by aperiodicity of P. Hence, Q is irreducible.
It is easy to see that m ® 7 is invariant and stationary for Q 14.1 implies that the product chain Q is

positive-recurrent. Take state (b,b). Tip,py < 00 a.s. in the product chain, s0 Tineet < Tip,p) < 00 a.s. in
the product chain, so also in the coupled chain. O
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Note for later: In order to show
P.(X,, =2) -P,(X, =2)| >0V as n — 0o,

it is enough to show that the product chain is irreducible and recurrent.

Proposition 14.5. Suppose that the chain is irreducible and not positive-recurrent. Then,

n—r oo

Pu(Xn=j) —— 0 V5 V.

Proof. Reduce to the aperiodic case. First, suppose that the chain is transient.

1
1—pj;

D Pu(Xn=j) =E.N(G) <1+EN(G) =1+ < 00,

by transience. Therefore, P, (X, = j) — 0.

So, suppose that the chain is null-recurrent. Consider the product chain. Suppose that the product
chain is transient. As above, P, (X, = j, Y, = j) = 0, so (P,(X, = j))?> — 0. Suppose that Q is
recurrent. If the result is false, then 3o 3b Isubsequence (j,,) such that

Pu(Xj = b) — ap > 0.
By compactness, there exists a subsequence k,, such that
P.(Xk, =y) — some a,, >0 V. (14.2)

By the coupling argument, (14.2) holds for all p. [See notes.] This implies that () is a stationary
distribution, so the chain is positive-recurrent. O
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March 7

15.1 Coupling & Mixing Times

For PMs pu, v on countable S,

= vl = 5 Slils) — w(s)

Lemma

=" inf{P(X #Y) : over joint distributions (X,Y") with dist(X) = pu,dist(Y") = v}.

Consider an irreducible, positive-recurrent P with stationary distribution 7. Suppose that we construct
((Xn,Yn),n > 0) such that:

e (X,) is the (g, P)-chain. Write p,, = dist(X,,).
e (V,,) is the (m, P)-chain.
e X, =Y, for all n > T (for some T).
Then, ||pn — 7| < P(X, #Y,) <P(T > n). This is the MC coupling inequality.

Note: We did not assume that (X,,,Y;,) is Markov or T is a stopping time, but in almost every example,
these hold.

15.1.1 Card Shuffling by Random Transposition

Example 15.1 (“Card Shuffling by Random Transposition”). Consider a deck of C' cards. Rule: pick
two cards uniformly, independently (they may be the same). Interchange them.

This is a MC on the state space of all C'! decks. The P is symmetric, so 7 is uniform. P is aperiodic
because px x > 0. P is irreducible by group theory. So (for arbitrary pug), the convergence theorem
implies ||, — || = 0 as n — oo (C' is fixed). How large must n be (in terms of C) for ||u, — 7| to be
small? This is the mixing time.

We will show a coupling with ET" < C2. Then,
02
lppn — || < P(T > n) < o

)
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so order C? shuffles are enough. The correct mixing time is order C'logC.

X deck Y deck

U O =0
S O %

The following rule on P is the same as the previous rule:
e Pick the card label uniformly at random.
e Pick a position uniformly at random.
e Switch the card with the position.

The rule for coupling is: make the same choices in both decks.

Suppose we pick card a and position 3.

X deck Y deck

SR O QO

Instead, if we pick card b and position 4:

e a
a f
c c
b b
d d
f e

We will study Z,,, the number of unmatched cards. In our first choice, we went from Z,, = 4 to Z,, 11 = 4.
In our second choice, we went to Z, 11 = 3.

Easy:

Zn+1 < Z,, always,
Znt1 < Zy, — 1 if the position and card were both unmatched. (15.1)

Study T'= min{n : Z,, = 0}. Write S,,, = min{n : Z, < m}. Then, T = Sy = S;. (15.1) implies that
o~y
P(Zyi1 < Z,—1|Z, = m,past) > (6) ,

SO

1 Cc?
_ < =
E[Sp—1 — Sp] (IOR = me’
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where Sc = 0. Hence,

(&} (&
1 2
ET =ESi = Y E[Sn-1-Sn] SC? Y — < C? (2—1) <>
m=2 m=2

Comment: Use the structure of P to try to construct a coupling so that some notion like Z,, (“distance”
between states) tends to decrease.

15.2 Ergodic Theorem for Markov Chains

Theorem 15.2 (Ergodic Theorem for Markov Chains). Consider an irreducible, positive-recurrent MC.
Let m be the stationary distribution. Take f: S — R such that ) m(x)|f(x)| < co. Then,

~+ | =

Zf(Xn)Hf:ZZW(x)f(x) as t — oo.

n=1 a3

Proof. We can reduce to the IID SLLN. We can assume that f > 0 (write f = f* — f7). Fix state b.
Let 77 be the time of the jth visit to b.

If we consider a typical sequence for the chain:

Tt T2 T3
= A~ =
xz b wae b ¢ b qrsawb...
——— ——

———
Ay Ag As

Define A; = (X(T7), X(T7 +1),..., X(T7*" — 1)). The Strong Markov Property implies that the
(Aj,j > 1) are IID. A; takes values in J57, S¢ = S(*). Define R; = Zg;ﬁl f(X;), the sum of the
f-values over A;_;. The SMP implies (R1, R, Rs,...) are IID and (7% — T, T3 — T2 ...) are IID.
Apply the IID SLLN.

1 & = i1, a.S.

=Y R, - ER as. d = T —T7Y 22 B2 — T

n; 2as.  an n;( ) [ I,
1 1
—T" S EI? -TY) =BT = —,
n 7(b)

where T," is the return time to b. We can calculate ERy = Y u(b,z) f(z). We know that u(b,-) is a
multiple of 7(-), so

(x) f 1 f
b = — ]E = — —_ 3 -
wu(b, ) = 0) = ER, =0 = n;R —>7T()as
Now, apply 15.3 with r(t) = 22:1 f(Xy), tn, =T", r, = R, (each w). Conclude that
il & ER, .
Z;f(Xi)ﬁE[TQ—Tl]_f' -

Lemma 15.3 (Deterministic Lemma, 205A). Let 0 < ¢, 1 oo, t,/n — t > 0. Let r; > 0, such that
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ntY " =7 >0 and Z?z(tl) ri <r(t) < Yoy

r(t)
T—) as t — oo.

=il 3

Special Case: Fix y. Set f(x) = 1(;—,). Then,

V() 2 x(y),

where N;(y) is the number of visits to y before t.

n(t)+1 r;, where n(t) = max{n : t,, < t}.

Then,
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March 9

16.1 Renewal Reward Theorem

Proposition 16.1. Let (X,,,n > 0) be irreducible and positive-recurrent, where 7 is the stationary
distribution. Fiz x. Let 0 < S < oo be a stopping time such that Xg = x a.s. Then,

S—1

Ew Z 1(Xt:y) = W(y)EwS
t=0

number of visits to y before S
Proof. S = f(Xo,X1,Xa,...) for some f. Define Sy =0, S; =5, and
Sit1—S; = f(Xs;, X541, X842, -+ )-
[y = Zf;gil is the number of visits to y during [S;_1,S;). The Strong Markov Property implies that

the blocks A1, Ao, ... are IID. Therefore, the (R1, Ra,...) are IID and the (S; — S;_1,j > 1) are each
IID. By the SLLN,

il 2 1
— Z R; — ER; a.s., -5, — ES a.s.
n n

If Ne(y) = Zf;é 1(x,=y), then 15.3 implies that

E. R
E,S '

1
gNt(y) -

but we know from the MC Ergodic Theorem, 15.2, that the LHS converges to 7(y) a.s., so the RHS and
7(y) are equal. O

We can replace the “z” by a PM 6. (Use the “general” ergodic theorem.)

16.2 Finite Markov Chains: Matrix Theory

Consider an irreducible, positive-recurrent, aperiodic chain.

pf(x>y):IPa:(Xt:y)—>7T(y) as t — 00.
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If S is finite, then (easy) the convergence is geometrically fast.

oo

Z(pt(x,y) - W(y)) = Z(ﬂ?,y), say.

t=0

(The sum converges.) Assume z, , = Y o, (p'(z,y) — 7(y)) exists. The matrix Z is determined by P. How?

Let I be the identity matrix and IT be the matrix where Il , = m,. Saying 7P = 7 means that ITP = II.

ZEY (P'-P) = ZP=7Z - (1-T) = ZI-P)=1-1TI,
t=0

soZ=(I-II)(I—-P)~'...but 7(I - P) = 0 implies that (I — P) is not invertible. Z can be interpreted as
a “generalized inverse”. Kemeny-Snell, Finite Markov Chains treats this topic.

Let T,, = min{n > 0: X,, = z}.

Step 1. Let y # x. Consider S = min{t > T, : X; = «}. 16.1 implies that n(y)E;S = E, N, (y). Note that
E,S =E, T, +E,T,.
Lemma 16.2.
E, [number of visits to x before Ty| = m(x)(E,Ty + E,Ty).
Step 2: Fix a constant k, and consider S = min{t > k : X; = z}. 16.1 implies

7(y)(k + E, i T,) = Ex[number of visits to y before k] + E, ) [number of visits to y before T%].
Then,

k-1
T(Y)E, 0 Ty = Z<p§0t)1/ —m(y)) + E, @) [number of visits to y before T,].
=0

Let k — co. p®*) — 7, so n(y)E, T, = Zz.y + Ex[number of visits to y before T,].

Lemma 16.3.

T(X)Er Ty = 25 -

Lemma 16.4.
E [number of visits to y before T] = w(y)ETy — 24 4.

Step 3. Consider S = min{n > T, + k: X,, = x}. 16.1 implies that
7(y)(EeTy + k + Eg T) = Ey[number of visits to y before k] + Egx) [number of visits to y before T;],
k—1

T(Y)(ETy + By Ty) = Z(pt (y,y) — 7(y)) + Egx [number of visits to y before T7].
t=0

Let &k — oo.

m(y)(E;Ty + ExT,) = 2y + Ex[number of visits to y before T,] .

ﬂ(y)]Eﬂ'Tw_zac,y

Also, 16.3 says m(2)ErTy = 24 5.

The point of this is:
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Lemma 16.5.

T(Y)ETy = zy,y — 22,y

Example 16.6 (Patterns in Coin-Tossing). Fix a sequence, say, HHTHH. Toss a fair coin until we
see this pattern. What is the expected number of tosses?

In 205A, we had a martingale proof.

We can use a 32-state MC, (X,,,n > 0), of overlapping 5-tuples. 7 is uniform, w(z) = 1/32. Study E, T,
forx = HHTHH.

pO(z,z) =1,
p(z,z) =0,
p®(z,z) =0,
1
p(3)(m7$> = §7
1
p(4)($,l‘) = Ev
1
p(t)(x,x) =35 t>5.
Then,
> 1 1 5
_ ) N I S
o2 ; (p (z,2) 32) HCRTRNE s

Then, by the formula,

E T, = -2 =32z, , =32+4+2—5.

16.3 The MC CLT & Variance of Sums

Consider a chain on finite S, irreducible and aperiodic, with stationary distribution 7. Consider a function
f:S—=Rwith f=>",mf(i) =0. Write S; = 22:1 f(X,). We can prove (using IID blocks) that

St d 2
— — Normal(0, c“(t)).
i (0,07(2))
Instead, we will directly study var S;. Consider the stationary chain.
var(.St) L
. t .
0= = = i DD B (XS wmv=s,
oo
= 3 ELf(X0)f(XL)),

Bl f(Xo)f(Xo)] = 33 FOFGDr@ PG, j) =75 because Y mf(j) = [ =0

*(t)= Y Eclf(Xo)f(X)] =D F()f()m(i)zie

S=—00
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We are using E,[f(X,)f(Xy)] = Ex[f(Xo)f(Xs)]. Given a stationary process (X, X1, X, ... ), Kolmogorov
extension says that there exists a process (X, —00 < n < 00).

s) _ ! :
The sum over s > 0 of 7, (pyy — Ty) = Typ2szy. The sum over s < 0 is w2, , because

stationarity

N (=s8) (s =~ N (8) (g
n(p =i 5) = w0
The sum over s = 0 i 75 (05,4 — y).

Conclusion: o2(t) = fTTf for T; j = mizi j + mjzji — mi(6;; — m;) (symmetric).
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17.1 Martingale Methods for Markov Chains

17.1.1 Harmonic Functions

Setting. (X,) is an irreducible MC on countable S. P = (p(z,y)). We have h : S — [0,00) and let
Fn = 0(Xo,X1,...,X,). Suppose Eh(Xy) < oco. Then, (h(X,),0 < n < oo0) is a MG if and only if
h(z) =32, p(z,y)h(y) Vo € S.

E[h(xn—H) | ]:n] E[h(Xn-H) | Xn]

E[h(X"H‘l) | XTL = T] = ZP(T,U)h(U) = h(T) on {Xn = .13}
Yy
= h(X,) a.s.
which is the MG property.

h is harmonic w.r.t. P.

(h(Xn),0 <n < oo) is a super-MG if and only if h(z) > >°, p(x,y)h(y). h is superharmonic w.r.t. P.
Lemma 17.1. If (X,,) is recurrent and h > 0 is superharmonic, then h is constant.
Proof. h(X,) >0 is a super-MG, so (MG convergence) h(X,) — some Hy, > 0 a.s.
For states y1, y2, X, visits y infinitely often, so Ho, = h(y1) = h(y2) a.s., so h is constant. O

Fact. A transient chain may or may not have the property

there exists a non-constant harmonic h with 0 < h < 1. (17.1)

Example 17.2. Consider the following chain.
2/3 2/3 1/2 1/2 2/3 2/3
1/3 1/3 1/3 1/3 1/3 1/3
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P(X,, » oo or X,, = —o0) = 1.
h(z) = P, (X, — +00). Note that
h(Xni1) =Po(Xy = 00| Xony Xn—1, Xin—2, ... ) = P(A | F,) is always a MG.

Hence, h is harmonic. It is easy to see that h(z) — 1 as z — oo and h(z) — 0 as & — —o0.

Example 17.3. (¢;,i > 1) are IID Z%-valued. X,, =Y 1 | & is a MC on Z*.

Suppose h is harmonic, 0 < h < 1. h(X,,) is a MG, so h(X,,) a8, H,, say. Hy, is in the exchangeable
o-field of (§,1 < i < oc0), which is trivial by the Hewitt-Savage 0-1 law. So, H. is constant. Since
h(X,) is a MG, then h(X,,) = E[Hy | F] is constant.

Remark. “Martin boundary theory” discusses extreme harmonic functions and the number of ways that a
countable-state chain can go to infinity.

17.1.2 Mean Hitting Times
Lemma 17.4. Fizr ACS. Ty =min{n >0: X,, € A}.
(a) Suppose h(x) EE, T4 < o Vz € S. Define Y, = hX,)+n. Then, (Yoar,,0 <n < oo)is a MG.
(b) If 0 < h < oo satisfies h(x) > >, p(z,y)h(y) + 1V ¢ A, then E; T4 < h(z) Vz.

Proof. (a) For z ¢ A, then condition on the first step h(z) = 1 + E;h(X1) = 14 37 p(z,y)h(y).
Then, Yy = E[Y; | Xo] on {T4 > 0}. By the same argument, Y,, = E[Y,,+; | F,.] on {T4 > n},
which implies that (Y,ar,,n > 0) is a MG.

(b) Given such an h, write Y;, = h(X,) + n. The above argument implies that (Y,ar,,n > 0) is
a super-MG. By MG convergence, Y, 7, — some Z a.s. as n — oo and EZ < EY;. However,
Y, s oc0asn—00,80 T4 <ooas So, Z=Yr, >T4.

E,Ta < E,Z < E,Y, = h(x). O

17.1.3 Criteria for Recurrence on Infinite S

We can use these ideas to prove recurrence/transience.

Idea. h(z) is the distance from x to a reference state. If h tends to decrease, then we have recurrence. If h
tends to increase, then we have transience.

Proposition 17.5. If there exists h : S — [0,00) and a finite B C S such that
(i) h(x) =32, p(z,y)h(y) Vz ¢ B,
(ii) |{z: h(z) < M}| < 0o VM < oo,

then the chain is recurrent.
Proof. (i) implies that h(X, a1y ) is a super-MG, so h(Xpa1y ) 23 Some Z asn — co. By contradiction:

X, visits each state only finitely often. So, (ii) implies h(X,) — oo a.s. Therefore, Tp < oo a.s. Since
this is true for every initial state, P(X,, visits B infinitely often) = 1. However, B is finite, so X, visits
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B only finitely often, which is a contradiction. O

Proposition 17.6. As above, but strengthen (i) to 3§ > 0 such that
(iii) h(x) 232, p(z,y)h(y) + 6 Vo ¢ B
and also assume

(iv) {y : p(z,y) > 0}| < o for x € B.

Then, the chain is positive-recurrent.

Proof. We can assume § = 1 (h < h/d). By 17.4, E,Tg < h(z). Let Tff = min{n > 1: X,, € B}.
(¢ B) E,T% =E,Ts < h(z),
(x € B) E,Tg <1+ max{h(y) : p(x,y) >0} < 00 by (iv).

Consider Z,, = “the chain watched only on B” = Xg,,, where S, is the time of the mth visit to B.
(Zy) is an irreducible, finite-state chain, so it has a stationary distribution 7.

o0
def
w(z,y) = E, Z 1(Xn:y,n<T§> < 00,

n=0

m(y) £ F(@), y)-

zEB
From the homework, 7 is an invariant measure for P and

o) =YY w@ulz,y)

yeSs yeS zEB

= #(@)E T < o0,
zEB

so the chain is positive-recurrent. O

Later Homework. Show the corresponding sufficient condition for transience.
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18.1 Rejection Sampling
Undergraduate. F~1(U) has the distribution function F.
“Rejection sampling”.

Want: To simulate from a given density g(z).

Know: How to simulate from some density f(x).

Know:

g(z)

sup =—~= < C' is known.

e 1 is a sample from f.
e With probability g(z)/(Cf(x)), output z.

e Else, repeat.

On each step,

P(output € [z, z + dz]) = f(x)dz g(z)

Cf(z)

1
= Eg(a:) dz.

P(some output) = 1/C, so the density given that we have an output is g(z).

18.2 Markov Chains on Measurable State Spaces

Consider a MC (X,,,n > 0) on measurable S, specified by the kernel Q(s, A) =P(X; € A| Xo = s).

pal() = dist () = [ @, pin(d).

Lemma 18.1. Let 3 be a PM on S with the following assumption:

(H1) Suppose that Yz € S, there exists a stopping time T, < oo a.s. for the (0, Q)-chain such that
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Then, for the (8,Q)-chain, 3T < co such that Pg(Xy € -) = B(:) and define
w(A) = Eg[number of visits to A before T).

Suppose A, 1S such that p(A,) < oo. This defines a (maybe o-finite) invariant measure .

Proof. Condition on the first step. O

Consider the following assumption:

(H2) There exists a PM S and 3§ > 0 such that Q(zx,-) > 06(-) Vz € S.

Lemma 18.2. (H2) = (H1).

Proof. This is rejection sampling.

Write Q(z, ) = 68(-) + (1 — §)R(x, ), which is the definition of the kernel R(z,-). Let (&,7 > 1) be
independent, P(¢; = 1) = 9§, P(§; = 0) = 1 — §. Construct a Q-chain: given X,,_; = z, if &, = 1, then
X, has distribution g; if &, = 0, then X,, has distribution R(x,-). Define T' = min{n : &, = 1}. T has
the Geometric(d) distribution, and X has the distribution §. O

Useful Version. Consider the assumptions:

(H3) There exists a subset A C S and a PM 8 and 6 > 0 such that
(i) Po(Ta < 0) =1Vz €S,
(il) Q(z,) > dB() Vo € A.

This is a Harris chain.

Lemma 18.3. (H3) = (H1).

Proof. Define V; to be the time of the jth visit to A, V;41 = min{n >V : X,, € A}. Define
Yy = Xa4v))-

Then, (Y;) is a MC with some kernel Q, and by (ii), Q satisfies (H2). Therefore, (Y;) satisfies (H1), so
(X,,) satisfies (H1). O

We can derive limit theorems from (H1) analogously to the countable state case. In particular, if we have
u(S) < oo <= positive-recurrent, then

N RO
"0 = 45

is a stationary distribution and

n—1
1 \
- E 1(X16A)ﬁ>77(/1) as n — 00
" ,

i=0

(for any initial distribution) and
||dist(X,,) — 7l|yp — 0 as n — oo if aperiodic.

See Durrett, section 6.8.
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Example 18.4. S = R%. Q(z,-) has the density g(x,y) > 0 everywhere which is a continuous function
of (z,y).

Take A = ball(0, B). Then, inf, ,c4 q(z,y) = ¢ > 0 by uniform continuity, so (ii) holds for the choice
B = Uniform(A) and

g

Leb(A)

We need to show T4 < oo a.s. It is enough to show 3B E,|X;| < |z| for all z with |z| > B. By
super-MG convergence, T4 < o0.

This method cannot work if there are only a countable number of possible transitions from a state.

18.3 Markov Chains as Iterated Random Functions

This follows the posted Diaconis-Freedman paper. It is also known as coupling from the past.

Background. Given f: S — S, we can iterate: if we have f(s), f)(s) = f(f(s)), and
FOO(s) = F(F(s) = 1™ (f(5)).

Let S be measurable and  be a PM invariant under f. This is the structure of ergodic theory.

If S is a topological space, and f is continuous, consider sg, 51 = f(80), sni1 = f(sn) = f(™ (s0). Consider
n, the empirical distribution on (Sp, S, ...,Ss):

1 n—1
~ da
i=0
Suppose p, — some p weakly. Then, p is invariant. This is the study of dynamical systems or “chaos”.

Lemma 18.5 (Old Lemma). Given a PM pu on S X S, the first marginal py, given independent X and U
such that dist(X) = g1 and U = Uniform(0, 1), then 3f : S x [0,1] — S such that dist(X, f(X,U)) = p.

Given a MC, take some explicit representation as X, 11 = f(Xpn,&n41) = fe,.0 (X)) for IID (&, > 1),
S-valued, where f is continuous S x § — 5. We want to show dist(X,) — some 7 weakly.

Xo = o, Xn(l'o) = fﬁn(fﬁnfl(' o fﬁz (fﬁl (‘TO)) o ))

Instead, consider

Yo(2o) = fe, (fe (- feni (fe, (@0)) ).
Here, Y,,(z0) = X (o).

If we can prove Y,,(xq) —7 some Yoo(zg) as n — oo, then dist(X,(xg)) — 7 weakly.
Example 18.6. Let (A;, B;) be IID R?-valued. Define a R'-valued MC X,, by

Xn—i—l = An+1Xn + Bn—i—l-

For X = xg,
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n j—1
Y, = ZBj,I[Ak, By = zn.
=1

J=0

By the IID SLLN,

j—1
1+

i=1

— Elog |A;| a.s.

1
- log
J
Easy. If Elog |A;| < 0, then ngl A; — 0 geometrically fast. If also Elog|B;| < oo, then
§ [e%s) j—1
Yo 25 Ve = > B [ 4x
J=0 k=1
so dist(X,,) — dist(Ys,) weakly.

The analog for R%valued

Xpi1= Ani1 Xn+ B,
+1 +1

dxd matrix d-vector

works. We get a stationary distribution 7 on R<.
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19.1 Another MC Example
Setting. X, = f(Xn—1,&,) for prescribed f and IID (&;).

Suppose we have a metric space (S,d). For f: S5 — 5,

1 fllnip = w#lzj dz,y)

For a random function f(z,§), consider Elog || f(-,§)l|1;, = &, say.

Theorem 19.1 (Diaconis-Freedman Paper). For a MC of form X, = f(X.-1,&), if & < 0 (and side
conditions), then the “coupling from the past” method shows there exists a unique stationary distribution
7 and dist(X,,) = m weakly.

Example 19.2. S = (0,1). Given Xy = z, flip a fair coin {L, R}. If L, take X; to be Uniform|0, x|,
and if R, take X; to be Uniform[z, 1].

Define

flz,u, L) = uz,
flz,u,R) =z +u(l — x).

Take & = (U,I), U is Uniform[0,1], I is Uniform{L, R}, independent. This represents the chain as
Xn = f(Xn—lvfn)~

||f("u)L)||Lip =u=|f(,u, R)HLip = £ =ElogU <0.

19.1 implies that a stationary = exists.

(Exzercise). Find 7 explicitly.

19.2 Ergodic Theory

19.2.1 “Probability” Set-Up
(X0, X1, Xa,...) defined on (2, F,P), R-valued, are stationary if

(X0, X1,..., Xn_1) = (X1, Xa,..., X)) Vn. (19.1)
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This is equivalent to (Xo, X1, Xs,...) = (X1,Xs, X3,...) and equivalent to
(X0, X1, X2,...) = (Xp, Xps1, Xngo,...) Vn.

Given stationary (X,,0 < n < o0), there exists (Kolmogorov Extension Theorem) a two-sided stationary
sequence (X, —00 < n < 00), such that (X,,n > 0) = (X,,,n > 0).

Example 19.3. IID random variables are stationary.
Example 19.4. Exchangeable random variables are stationary.

Example 19.5. A stationary Markov chain is stationary.

Example 19.6 (“Moving Average”). Let (&;) be IID. Fix L > 2. Let

_ G+ &+ +& i

A;
L

Then, (4;,7 > 0) is stationary.
Theorem 19.7 (Easy). If (X,,0 < n < o0) is stationary, if g : R® — R is measurable, then for
Yo = 9(Xn, Xnt1, Xnaa,.-.), (Yn,0 < n < o0) is stationary.

This starts with very random ingredients.

19.2.2 Ergodic Theory Set-Up

A probability space (S,S,u) is “concrete”. For a measurable ¢ : S — S, the push-forward measure is
f(A) = u(¢p~1(A)). Suppose p is invariant under ¢: pu(A) = u(¢p~1(A)) VA. [Given p, say ¢ is a measure-
preserving transformation.

Now, for any measurable f : S — R, we can define

Xo(s) = f(s), (19.2)
Xi(s) = f(o(s)), (19.3)
Xs(s) = f(6P(s)), (19.4)
Xn(s) = f(¢"(s)), (19.5)
¢ (s) = ¢(¢!" 1 (s)). (19.6)

We can define RVs (X,,,0 < n < o0) on a probability space (5,8, u).

Lemma 19.8. Given p, ¢ as above, for any f, the sequence (X,,n > 0) is stationary.

Proof. To check (19.1), we need to check
,[L{S 8 X()(S) € Ao,Xl(S) € Al, 000 7Xn_1(5) € An—l} = M{S 8 Xl(S) € AQ, 000 ,Xn(S) € An—l}-
Let B = {S : Xo(S) € Ao,Xl(S) € Al, Ce 7)(71_1(8) € An—1}~

Left = p{s : s € B}, (19.7)
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Right = p{s : Xo(¢(s)) € Ao, X1(d(s)) € A1,..., Xn_1(é(s)) € Ap—1} (19.8)
= pu{s: ¢(s) € B} = (19.7) by measure-preserving. O

Here, we start with deterministic objects.

Example 19.9 (“Rotation on a Circle”). S =[0,1]. Fix 6 € (0,1). Take

¢(s)=s+60 (mod 1), 1 = Lebesgue measure on S.

Example 19.10 (Baker’s Transformation). S = [0,1]? and y = Leb®.

(Z:E, %) , if x <

1

2

P(z,y) = 1y 1
—1.-4+Z if x> =,

(23@ 1,2+2>, 1f:c72

Given stationary (Xn7n > 0) defined on (9, F,P), there is a “canonical” way to set it up in the ergodic
theory set-up.

Define S = R, u = dist(X,,n > 0) on S. Define ¢ : S — S by ¢(xg,x1,22,...) = (x1,x2,...). The
function f : S — R is f(xg,x1,...) = xp. Then, define X,, as in (19.5) gives X,,(xg,x1,2x2,...) = 2, and
(Xn,n >0) < (X,,n>0). The former are RVs on (R, 1) and the latter are RVs on (€, F,P).

19.2.3 Invariant Events

Definition 19.11. In the ergodic theory set-up, an event A is invariant if $~1(A4) = A a.s.
Easy Fact: If A = ¢~'(A) a.s., then A* = (J;" ;o @ (A) satisfies A* = A a.s. and ¢~ (A*) = A* always.

The collection of all invariant events forms the invariant o-field Z.

Definition 19.12. A measure-preserving transformation ¢ on (S, S, i) is ergodic if Z is trivial. That
is, (A) = 0 or 1 for each invariant A.

Given a stationary (Xn, n > 0), go to the canonical set-up to use these definitions. The notion of invariant
A C R* says that

{w: (Xo(w), X1 (w),...) € A} 22 {w: (X1 (w), Xa(w),...) € A}. (19.9)

The process (X,,) is ergodic <= P((Xq, X1,...) € A) =0 or 1 for each invariant A.
a.s.
Lemma 19.13. For stationary (X,,n > 0) in the canonical set-up, T C 7 = tail o-field of (X,,).

Proof.
A C R™ invariant = A = ¢ '(A) as.
(where ¢ is the shift map (g, x1,...) > (x1,22,...))

= A=¢""(4) as.
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Therefore,
o "A) ={w: (Xpn(w),Xpnt1(w),...) € A} € 0( Xy, Xpg1,.-.) = Tny
so A€(), Tn =T as. O

For example, consider alternating coin flips, HTHTHTH ... or THTHTHT .... Then, Xy € 7, but we
have X, ¢ 7.

Recall: Theorem. If (X,,,n > 0) is stationary, if g : R® — R is measurable, then (Y,,,n > 0) is stationary
for Y,, = g(X,, Xnt1,...) and if (X,,) is ergodic, then (Y,,) is ergodic.

If B is invariant for (Y;,),
{w: (Yow),Yi(w),...) € B} 22 {w: (Yi(w), Ya(w),...) € B},

and this reduces to (19.9) for a certain A depending on B.
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20.1 Ergodic Theory & Markov Chains

Proposition 20.1. Any stationary irreducible Markov countable state (S) Markov chain is ergodic.

Proof. Let 7 be the stationary distribution. We know that the chain is positive-recurrent, which implies
that it visits every state infinitely often. Consider an invariant set A C S°°. Define the function

h(m) = ]Eml((Xo,Xl,..‘)EA)-

Er[1((x0,X1,...)eA) | Fnl . Er[1((x, X i1, )ed) | Fnl (definition of “invariant”)
=  h(X,).
Markov

The LHS is a MG, so it converges a.s. to 1((x,,x,,...)e). Since h(X,) is also converging a.s., h(x) is
constant for all , so h(x) = 0 for all x or h(x) = 1 for all z. Therefore, Ex1((x, x;,...)ea) is 0 or 1, so
the chain is ergodic. O

Fact. Here, the tail o-field is trivial <= the chain is aperiodic.

20.2 Ergodic Theorem

Theorem 20.2 (The Ergodic Theorem). For stationary (X;,0 < i < oo) with E|Xy| < co and

|
_

Sn = Xi7

i

Il
o

we have n=1S,, — E[Xo | Z] a.s. and in L' as n — oc.

Ergodic implies that the limit is EX.

Lemma 20.3 (Maximal Lemma). Write My = max(0,S1,Ss,...,Sk). Then, E[Xo1(a,>0)] > 0.

Proof. See the text. O

Easy. E[X), | T] 2° E[X, | Z] and (X, — E[X), | Z],k > 0) is stationary.
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Classic Proof of 20.2. Reduce to the case E[X( | Z] = 0. Write
_ s,
X =limsup — € 7.
n
It is enough to prove X < 0 a.s. (then apply this to —X).

Fix ¢ > 0. Consider X; = (X; — €)1 x>.). Check that (X},i > 0) is stationary, and define S, M; as
in 20.3. Define F,, = {M; > 0}. Let

F:LnJFn: {21;1;? >0} = {,Sg;ff >5,)_(>5} ={X >¢}.
Apply the Maximal Lemma 20.3 to (X}).
E[Xj1g,] > 0.
Note that F,, T F' and E|X{| < E|Xy| + € < co. Therefore,
E[X;] = E[X;1r] = imE[X§15,] > 0. (20.1)

However, F' € T and E[X | Z] = 0, which implies that E[Xo1r] = 0. X7 = (Xo — €)1F implies that
EX§ = E[Xolp] — eP(F), so P(F') = 0. Hence, P(X >¢) =0,s0 X <0 as. O

20.3 Applications to Range/Recurrence of “Stationary Increment”
Random Walks

Setting. Let (X1, Xo, X3,...) be stationary, Z%-valued. Sy = 0 and Sy = Zle X;. The event A is the event
that we “never return to 07: {Sy, # 0,k > 1} = {(X, Xo,...) € A}, where

J
fl:{(a:l,:@,...):in#OVjZl},

i=1
. J
Ak:{(a:l,...,xk):in#OVISjSk}.
i=1

So, A C (Zh).

Theorem 20.4. In the setting above, R, is the number of distinct sites in Z¢ that (S, ...,Sy) visits.
Then, n~'R,, "L—S> E[l4 | Z).

Idea. R, counts the number of events. We will sandwich R,, between two stationary processes of events.

Proof. R, is at least the number of m’s (1 < m < n) such that (Sp,+1, Sm+2,...) are all different from
S,. The latter is Z:;:l 1((X cd) and the m = 0 case is 14. The Ergodic Theorem 20.2
implies

mA1, X250 )

1 G o
lim — Z L(Xms1 Xomsn,yedy = B[la | Z] < hmnlnfn 'R,.
m=1

n—o00 N

(This is one side of the theorem.)
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Fix k. Observe
R,, <k + number of m’s (1 < m <n — k) such that Sy, 1, Sm+2, .., Sm+k are all different from S,,
n—Fk R )
=k+ Z 1((Xm+1,...,Xm+k)€Ak)’ where Ay is the analog of A.
m=1
Apply the Ergodic Theorem 20.2 to the stationary process of indicators.
n—k
limnsupn_an < nh_}rxgo - Z L (Xsnss Xoms k) EAR) = E[la, |Z] a.s.and in L
m=1
Let k1 00, A | A.
<E[l4|Z] as.andin L O

Theorem 20.5. In the setting above, assume the random variables are Z'-valued and E|X1| < oco.
(i) If E[X1 | Z] =0, then P(A) = 0 (“recurrence”).
(ii) If P(A) =0, then P(S,, = 0 infinitely often) = 1.

Proof. (i) By 20.4, it is enough to prove R, /n — 0 a.s. (then E[14|Z] =0 = P(A) = 0). However,
R, <14 maxy<n Sy — ming, <, Sy So, it is enough to show

1
—max S, — 0 a.s. (20.2)
n m<n
The Ergodic Theorem 20.2 says
Sn
— =0 a.s. (20.3)
n

and it is a deterministic fact that (20.3) = (20.2).

(ii) We will show P(X,, = 0 for at least 2 values of n) = 1. A similar argument will work for any B.
Write T;, for the time of the nth return to 0. {Th = j,T> = j + k} = {T1 = j} N G, ., where

Gk ={Sj+i — 8 #0,1<i <k —1,8;4% = S;}-
Stationarity implies P(G; 1) = P(Gox) = P(T1 = k). The hypothesis implies that
ZP(TZ = k) =1 = Z]P)(GJ’}Q) =1 = U G’j’]c =0 a.s.,

k=1 k=1 E>1

80 Upey (Gje N{Ty = j}) = {Th = j} as. So, {T1 = j,T» < oo} = {T} = j} a.s. Take the union
over j, and we have {T} < 00,75 < oo} = {I1 < oo} a.s. The latter has probability 1, so the

former has probability 1.
O

80



Lecture 21

April 4

21.1 Entropy

Definition 21.1. If 7 is a PM on finite S,

H(m)=— Z 7(s)logm(s)

seS

is the entropy of .
Fasy: 0 < H(m) <log|S|. H(uniform distribution on ) = log|S|.

(X0, X1,X5,...) is a S-valued process. p(xg,Z1,...,2n-1) = P(Xo = 20, X1 = #1,...,Xp-1 = Tp_1)-
Then, L, = p(Xo, X1, ..., X,_1) is the empirical likelihood.

For IID (X;), dist(X;) = 7, then

p(x()a T1,y--- 7.§Un_1) = H(ﬂ-(s))m(’n,s)

ses

where m(n, s) = 31 1(z,—s),

logp(zo, X1y, Tno1) = Zm(n, s)logm(s)

n—1
1 1 a.s.
- logp(Xo,..., Xn-1) = ZF(n,s) log 7(s), F(n,s) = - Z; I(x,=s) —> 7(s) as n — o0
S 1=
a.s.
—— > u(s)logm(s) =—H(m).
n—oo
Informally, for a typical realization zq, z1, ..., Zp—1, p(To, Z1,- .-, Tn_1) ~ exp(—nH (x)).

Theorem 21.2 (Shannon-McMillan-Breiman Theorem). If (X;,i > 0) is stationary and ergodic, then
1 a.s.
——logL, — H
n

for a constant 0 < H < co.

The proof uses:

e MG convergence
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e Ergodic Theorem

e K-step Markov process

Proof. Embed (X;,7 > 0) into a doubly-infinite process (X;,—oco < i < 4o00), which is station-
ary and ergodic. Write p(z,, | xn oo ,x0) = P(X,, = zpn | Xno1 = @p-1,...,X0 = ). Con-
sider p(xg | X_1,X_2,...,X_p) —> p(zo | Foo) since p(ao | X1, X _9,...,X_,) is a MG. Here,

Foo =0(X_1,X_9,...). Define Hk = E[ logp(Xo | X_1,...,X_§)]. Then,

Hy = E[ilogp(XO ‘ X—lv' . 7X—k)] = E[E[ilogp(XO | X—17 s 7X—k) | X—la s 7X—k”
=E Z-logpmx_l,...,x_k)-p(gc\x_l,...,x_k)
—>EZ logp(x | Foo) - p( | Foo))

(as k — 00, by MG convergence)

= E[E[-log p(Xo | Foo) | Fool]
= E[-log p(Xo | Foo)]

define H
The Ergodic Theorem says
1 n—1
= Z F(Xpm, Xm—1,Xm—2,...) > EF(Xo,X_1,X_5,...)
n
=0 Yon

for bounded measurable F. Apply the Ergodic Theorem to F'(Xy, X1,...) = —logp(Xo| X_1,X _2,...).

1 n—1
=" —logp(Xom | X1, Xin—a,...) =5 H (21.1)
n
m=0
Elementary: p(zo,1,...,Tn_1|T—1,...,T_) = HZ_:lo P(Tm | Trn—1y Tim—2, - -+, T0, - - -, T_k). Substitute
in (X_1,...,X_x), let £ — 0o, and use MG convergence.
n—1
P(Zos -y Tn—1 | Foo) = H P(Tm | Tm—1,- -+, 20, Foo)
m=0
Substitute X1,...,X,_1, take (1/n)log(-), and apply (21.1).
1 a.s.
— = 1ogp(Xo,- -, Xno1 | Foo) 255 H by (21.1). (21.2)
n

Given a distribution (Yp,Y7) with dist(Yp) = dist(Y1) on S*, we can construct a stationary Markov
(Xo, X1, Xg,...) with (X, Xnq1) = (Yo,Y1). Take Xy = Yy and for the transitions, use the kernel
Q(zo,z1) =P(Y1 = 21 | Yo = o).

Given stationary S-valued (Xo, X1, Xo,...), set S* = S*. Set Yy = (X, .. s Xe— 1) Y1 =(Xy,..., Xk).
We can construct (Yz, i > 0) as above which is stationary. The process ()A’O7 Y1, Ys,...) has the Markov
property P(Y,, = - | Yin—1,Yim—2,...) depends only on Y,,_;1. Extract the coordinates: (Xo, e L) is
a stationary sequence with the “k-step Markov” property. ]P’(Xm = By | X1 = Tt .. .) depends
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only on ,,_1,...,Tm_ and (Xm, e ,Xm+k_1) = (Xo, X1,y Xg—1)-

Fix k. Apply the Ergodic Theorem to F(xg,x_1,...,2_k) = —logp(zo |x—-1,..., T k).

n—1

1 .S,
_E Z lng(Xm | melw .. 7XWL*7€) ﬁ) Hk
m=0

n—1
1
=—=log [[ »(Xim | Xon—1,- -, X
nOg p( | 1 k)

m=0

Write p® (zg, 21, ..., Tn_1) = p(0, ..., Th_1) H:;_:lk P(Tm | Tm—1,- -, Tm—g). This is the distribution of
the k-step Markov process.

f% logp(k)(Xo, cey Xn—1) :aiso_.: Hy, by the above argument. (21.3)
Because the Hy — H, to prove the theorem, it is enough to prove

H< limninff%bgp(Xo,...,Xn_l) (21.4)
and

1
limsupfﬁlogp(Xo,...,Xn_l) < Hjy,. (21.5)

Check: Given 21.3,

Lemma 21.3. (a) If W, >0, EW,, <1, then limsup, n 'logW,, <0 a.s.

(b)
p;“())(()o(,o., » X)ji)l b1 (21.6)
(c)
Ep&ffo.’.}}{ff]})m) <1 (21.7)
Proof. (a)

P(n~tlog W, > ¢) = P(W, > )
< e "EW, <e °".
Use Borel-Cantelli.
(¢) To prove (21.7), it is enough to prove

p(Xo, .-, Xn-1)

E ,
P(Xor- s X1 | X1y X _p)
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and then let £ — oo and use Fatou’s Lemma.
o p(Xo, ..., Xn_1) _ EP(X(L cos X )p( Xy, X))
p(XOa coo aXn—l | X—la ooo 7X—k) p(X—ka oco 7X03 coo aXn—l)
=1 by (21.8) because the numerator is a PM.
Recall: If Y has distribution 7, then
7(Y)
=1 21.8

for any distribution 7.
(b) Again, by (21.8) because p(*) is a PM.
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April 6

22.1 Entropy Rate

Setting: (X;,4 > 0) is stationary, ergodic, S-valued.

Theorem: L, = p(Xo, X1,...,Xn-1), where p(xg,21,...,2n-1) = P(X; =2;,0 <7 <n—1). Then,
—% log L, &5 H (constant) as n — oo.

Call H the entropy rate of the process (X;).

def

Recall that for a PM 7 on S, H(m) = > 7(s)logn(s) = —E[log 7(X)] if X £ 7 is the entropy of 7.

The proof of the Shannon-McMillan-Breiman Theorem 21.2 gave a formula for the entropy rate
H= —]E[]ng(XO | X_l,X_Q, [P )]

in terms of the function p(xg | x_1,2_2,...,2_y).
Example 22.1. If (X;) is IID(x), then p(xo | 2—1) = 7(zg), so H = —E[log 7(Xy)] = H(7).

Example 22.2. Let (X;) be stationary Markov, P(X; = z, X;4+1 = y) = w(z)q(x,y), where Q is the
transition matrix.

Mark
p(zo | 2o1,2-2,...) = plzo | z-1),
SO
H=-EIl Xo | X 1) = z)q(x,y)log q(x,y).
og p( y0| 1) ;gﬂ( )a(z,y) log q(z,y)

Corollary 22.3. Let Hy, = H(dist(Xo, X1,...,Xk-1)). Then,

1 4
%Hk—>H as k — oo.

22.2 Asymptotic Equipartition Property

Different Viewpoint. What do we know about (X;) if we are told H but don’t know p(xq, ..., x,)?
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86
Consider By C S*.
| Br;| min p(x) < P((Xo, X1,...,Xk-1) € By) < |Bg| max p(x).
XEBy XEBy,
Theorem 22.4 (Asymptotic Equipartition Property). Fiz 6 > 0.
(a) If |Bi| = o(exp(k(H — 0))), then P((Xo,...,Xk—1) € Bx) = 0 as k — oo.
(b) 3By with |Bg| = O(exp(k(H + 6))) such that P((Xo,...,Xk—1) € Bx) — 1 as k — oo.
Proof. (a)
]P((Xo, 200 7Xk71) € Bk) <P ((XQ, 000 7Xk71) € Br and — %IOng > H — (5)
1
+]P’<kLk < H5)
o(1) as k—o0
= P((Xo, S 7Xk71) € BN B,/c)
< |By|exp(—k(H —0)) = 0 as k — oo,
where
By, = {x : fglogp(x) > H6}

— (x: p(x) < exp(=k(H - 5))}

(b) Choose
1
By, = {x e fElogp(X) < H+5}.
Then, 21.2 implies P((Xo, ..., Xx—1) € Bx) — 1 as k — oc.
1 > P((Xo, ..., Xk) € B) > | By| exp(—k(H +9)).
O

In fact, (b) holds for
1
By, = {X : —Elogp(x) € [H—(S,H—&—J]}.

22.3 Subadditive Ergodic Theorem

Background:
1. Consider R-valued RVs (¢;). Define Xy, = >0 1 &
X07n = XO,m + Xmm; 0<m<n.
2. If the (&) are stationary, then for any fixed k& > 1,

dist(Xpmn : 0 <m <n < o0) =dist(Xpmirntr : 0 <m < n < o0). (22.1)
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Theorem 22.5 (Kingman’s Subadditive Ergodic Theorem). Suppose we have R-valued random vari-
ables (X pn : 0 <m <n < oo) satisfy (22.1) and
Xon < Xom + X 0<m<n<o (22.2)
and
EXo.n
EX, < o0 and inf =20 5 oo, (22.3)
] B m
Then
1 a.s.
*XO n —> )(7
n Lt
say, and EX = lim, n~'EX,, = inf, n 'EX,, > —oco.
The Durrett text gives an alternate “Liggett” version. See the text for the proof.
Often, it is useful to show limits exist without explicit calculation.
Example 22.6 (Products of Random Matrices). Let A, As,... be a stationary sequence of random

s X s matrices, with entries A,,(¢,j) > 0. Consider the random matrix ., = Amt1Admt2 - Ap.

Proposition 22.7. If E|log A1 (4, j)| < oo Vi, j, then
1 .
—log ag (i) = —X a.s.
n

(some X ).

Proof. Define X, , = —logamn(1,1). aon = &0mm,n, 50 agn(l,1) > agm(1l,1)am n(1,1). There-
fore, X, » has property (22.2) and property (22.1) follows from the fact that (A;) is stationary.

]EXSL,1 <Ellog A:(1,1)] < o0 by assumption.

Note that ag,(1,1) is the sum of s"~! terms of the form A;(1,41)Az(i1,42) - - Ap(in—1,1), s0
agn(l,1) < s™ ! max A, (4, 7),
on(1.1) <57 T] max (i
SO
1 ..
E—logapn(1,1) <logs+ Elogmax A;(i,j) = < o0,
n i,j
which is (22.3). 22.5 implies
1
—logag,n(1,1) - —X a.s.
n

For the general (4, j) entry,

OéO,n(iaj) Z Al(ia l)al,n—l(la ]-)An(la])v
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SO

1
—=log g, (i,j) =& —X a.s. O
n

Example 22.8 (First Passage Percolation on Square Lattice). Let (7e,e € E) be IID, 0 < 7. < oo,
E7. < oo, where E is the edges of the Z? lattice. Define X,, , to be the time to travel from (m,0) to
(n,0): Xopn =min{} . 7c : 7 a path from (m,0) to (n,0)}.

Check Hypotheses. (22.1) holds because the (7.) are invariant under translation by k.

X, < minimum time route from (0, 0) to (0,n) via (m,0)
= XO,m + Xm,'ru

which checks (22.2). X1 < 7, so IEngl < 00, which checks (22.3). 22.5 implies

1
—Xo,n, — some X.
n

Note that changing a finite number of the 7. does not change X. Therefore, X € tail(r., e € E), which
is trivial by the 0-1 Law, so X is constant.
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April 11

23.1 Law of Iterated Logarithm
Let B(t),0 <t < oo be standard Brownian motion.

Curious Fact: B(t) = tB(1/t) is also standard BM (calculate the covariance E[B(s)B(t)]). So, limits as
t — oo are “equivalent” to limits as t — 0.

Theorem 23.1 (Law of Iterated Logarithm). (a)

lim su & =1 a.s
sy V2tloglogt '
(b)
B(t
lim sup # =1 a.s. (23.1)

t0  /2tloglog(1/t)

Harder Result: If (X;) are IID, EX =0, EX? =1, and S, = Y., X;, then
lim su L =1
n—)oop V2nloglogn
We will prove (23.1). Recall:

Lemma 23.2. Ifc¢>0,d >0,

IP’( sup (B; — td) > c) = exp(—2cd).

0<t<o0

Proof of 23.1. Write h(t) = /2tloglog(1/t). Fix 0 < § < 8 < 1. Apply 23.2 with
1 1
d= 59 "(1+0)h(0™), c= §h(9).
So,

1
2¢d = (1 + §)loglog o= (1+9)logn+ Ksg.
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23.2 implies

DN =

1 .
P (sup (Bt = 5(1 + 6)9‘”h(9”)t> > h(en)) < Kson=(1+9),
t

Borel-Cantelli 1 implies
1 _ 1
sup (Bt - 5(1 +4)0 "h(@")t) < §h(9") for all n > ng(w).
t
Consider small t, say "1 <t < 0", n > ng(w). Then,
B; < (2+6)n(6") <

h(6™) + %(1 +6)07"h(6™)t < (24 8)0~/2h(t),

| —
N | —
DN —

since h(t) > h(#"+1) > 0'/2h(6™) for n large (check). Hence,

limsup&< (248072 as.

1
o h(t) ~ 2
Let 6 L 0 and 6 1 1.
<1 as. (upper bound).
Lower Bound. Fix 6 > 0. Suppose we prove
P(B(") — B(6™') > (1 — 0)'/2h(6™) infinitely often) = 1. (23.2)

Then, by the upper bound (applied to —B(t)), —B(6""1) < 2h(§"*!) ultimately. Combining these two
facts, B(8") > (1 — 6)Y/2h(6™) — 2h(#"™*1) infinitely often. But,
h(9n+1)
h(6™)

— 02 — h(e"T') < 20'2h(0")  ultimately,

since h(t) = /2tloglogt, so B(0™) > ((1 — 0)'/2 — 40/2)n(0™) infinitely often. Hence,
B(t)

| B 1
1 = s > (1—0)Y/2 — 49"/ 8.
mtlﬁ)up o 2 17rln%sotcl>p D > ( ) a.s

Let 6 ] 0.

Proof of (23.2): For Z, Normal(0, 1),
P(Z >zx)~ ¢x)
2
~ (2m) Y2z Y exp <:c2) as n — oo.

So,
P(B(™) — B(6™Y) > (1 — 0)Y2n(6™)) = P((6™ — 0"TH)Y/2Z > (1 — 0)Y2R(6™)) = P(Z > 07 /2h(67))

=P(Z > /2loglog(1/6™)) (definition of h(t))

Y. B
nlog(1/6)"

Since the summation ), (-) = oo, Borel-Cantelli 2 implies (23.2). O

~ constant - (logn)



LECTURE 23. APRIL 11 91

23.2 Embedding Distributions into BM

Consider B(t). Take U < 0 <V (dependent), but independent of B(t) with EU +EV = 0. Let
T =inf{t: B(t) =U or V}.

(205A) Conditional on (U = u,V =v), EB2 = ET = —uv, EBr = 0.

v —Uu

]P)(BT = 1)) =

]P)(BT = ’LL) =

v—u’ v—u

(B2(t) — t is a MG.) Since E[B% |UV] = E[T | UV], then EB2 = ET, EBr = 0.
V
P(Br € (-t ) =B |- Lveguannan) | (u<0). (23)

-U
P(BT S (’U,’U + dv)) =K [Ml(ve(v’v+dv)):| s (1} > 0) (234)

Proposition 23.3. Given dist(X) with EX = 0, there exists a joint distribution (U,V') such that
Br =X.
Proof. We prove the case where X has some density f(z). Recall z = 2+ — 2~. Then,
EX =0 «<— EXt =EX™ =c, say.
Take the joint density for (U, V)

fU,v(u,v):w, u<0<wv.

(o) 0 )
/ / fov(u,v)dudv = 1.
0 —o0

[ ey,

Check that the total mass is 1.

The inner integral is

fv)

(6

u= ”fc(”)P(X <0)+ “ZEX.

So
/OO [”f(”)IP(X<O)+f(”)]EX] dv:EX+P(X>O) +EX*P(X>O)
0 c c c c
=P(X < 0)+P(X >0) = 1.
Also,
P(Br € (u,u+du)) (23.3) [* v . w0 do — uf(u)f(v) ;
du B /0 v—u fov(wv)d _/0 c d
:f(u)/o Lc(v)dv
— 2 fw). =

c

The Morters-Peres book section 5.3 gives other embeddings B(T') = given X.
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23.3 Donsker’s Invariance Principle
Donsker’s Invariance Principle says that BM is the scaling limit of random walks.
Set-Up: We have IID (X;), EX =0, EX? =1, S, = >, X;. Interpolate to continuous S(t).
S(t) = Spe + (= [t])(S[e) = Spp)-
Rescale time and space.
si0 = 202,

We can regard S;; as a random function, a RV taking values in the space C]0,1] of continuous functions
f:]0,1] = R. We can consider (B(t),0 <t < 1) as a RV B taking values in C[0, 1].

0<t<1.

The theory of weak convergence on metric spaces formalizes the idea “S} 4 p.
The assertion S} (1) 4 B(1) is the assertion

4 Normal(0, 1),

Bk

which is the CLT.
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April 13

24.1 Donsker’s Invariance Principle

Setting. (X;,1 <i < oo) are IID, EX; =0, EX{ =1, S, = > 1", X;. S(¢) is the linear interpolation.

S* () = %S(nt), 0<t<1.

“As n — oo, the process S} converges in distribution to BM.”

(Last Class) Given dist(X;) and standard BM (B(t),0 < ¢ < c0), there exists a stopping time 7; with
B(Ty) = X, and ET} = 1.

D def

Use the Strong Markov Property. If B(u) = B(Ty + u) — B(T}), then the process (B(u),0 < u < 00) is
distributed as BM independent of F(77). There ex1sts a stopping time T} for B such that B(T) = X, and
is independent of B(Ty). Now, (B(Ty), B(T1 + Tg)) = (X1, X1+ Xa).

Conclusion: There exist ITD (T;,1 < i < oo) such that

(B(T1), B(T) + Ty), B(Ty + T + T3),...) = (S1,55,53,...)
= (B(Tl)aB<T2)’ s )a

where T}, = Zle T;.
Trick: Work with this construction of S(t) and S} (t).
Idea: Sy, =~ B(k) to first-order.

Proposition 24.1.

B(nt)
\/ﬁ n

Ve >0 lim ]P’( sup

n—o0 0<t<1

Why?

by the SLLN for the (T3).
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Proof. Set

Wi (t) = : (24.1)

W, (t) is distributed as BM. Study every A, = {30 <t < 1 |S%(t) — W, (t)| > €}. Set k = k(t) such
that

k—1 k
<t< =
n n
Note that
A, ClA0<t<1: &—Wn(t) >epULI<E<: Sk_l—Wn(t) >ep.
= S DV =0 vn

If an average is > €, then one of the items > €. Rewrite (24.1):
T
5@:30@=V@Wﬁ<;)
Then,

Anc{m<t<1WWg(ﬁ>—wHwkw}u{m<t<1WW@(ﬂ1)—%@@w>%

n n

= A, say.
Repeat the “continuity of BM” argument.
Claim: Take 6 > 0. If A7, then

Ti—1
n

=1

b

D, (9) dZCf{HO <t<1: max(

)
n

DEB) (30 < 5,6 <21 |5 — t| < 8, |Wi(s) — Wa(t)] > €).

or

P(D}(5)) — 0 as 6 — 0 (uniformly in n) because BM paths are continuous.

Need to show: P(D,,(d)) — 0 as n — oo, for fixed § > 0. By the SLLN,
— =1 a.s.
By 24.2,

]P’< su |Tk_k|>(5>—>0 as n — oo. (24.2)

In D, (), we have
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Take
S 2
n>-.
)
In D, (), the maximum must be attained with
k k—1
b= = or ==
n n
Therefore,
T, —(k—1) k—T,_
P(D,(9)) < IP( sup max( k= ( ), k 1) 6)
1<k<n n
Because
1 < 6
n 2’
one has

P(Dn(5))§IP’( sup k=K >§>+P( sup U“_U_Tk—l>5>

1<k<n T 1<k<n n 2
=0 as n— oo by (24.2). O

Lemma 24.2 (Deterministic Lemma). If

then

sup —— — 0 as n — 00.
1<k<n n

Consider the metric space (C[0,1],d) on the space of continuous functions f : [0,1] — R, with
d(f1, f2) = Sup [f1(t) = fa(B)].
We have seen a little about “weak convergence on metric spaces”.
Easy general fact, applied to our setting: If S¥ W* and W (W is the BM process) satisfy
(i) d(S;,W}) — 0 in probability as n — oo,
(i) W =W Vn,

then S < .

Here, we have
W = B(nt)
vn
and P(d(W},S}) > e) — 0 Ve: 24.1 says d(W;5,S}) — 0 in probability. This is Donsker’s Invariance Princi-
ple. S} — W in distribution on C[0,1].

As a general “weak convergence” fact, applied to Donsker’s Theorem:
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Corollary 24.3. If ¢ : C[0,1] — R is continuous, or more generally, if P(W € Dy) =0 for
Dy = {f : ¢ is not continuous at f},
then ¥(S%) % (W) on R.
Example 24.4. (f) = supg<;<1 f(t). This is everywhere continuous because
[%(f) = ¥(g)l < sup|f(t) — 9(t)| = d(£,9).
Example 24.5. ¢(f) = Leb{t € [0,1] : f(¢) > 0}. If we take
1

fn(t) = n’ d)(fn) =1,

f(t) =0, ¥(f) =0,
but f, — f, so ¢ is not continuous. If f satisfies

Leb{t: f(t) =0} =0, (24.3)

then ¢ is continuous at f. If f,, — f, then 1(4 o) — 1(y>0) outside {f = 0}. If f,, — f and f satisfies
1 1
(24.3), then Liga>0) = Lir@)>0) 2. = fO L. )>0) dt — fO Liry>0) dt, so ¥(fn) = ©(f).

Dy = {f : Leb{t : f(t) =0} > 0}.
To use 24.3, we need to show P(Leb{t : W (t) =0} > 0) = 0. It is enough to show
E[Leb{t : W(t) = 0}] =0,

but we have fol P(W; = 0) dt = 0 because P(W; = 0) = 0 for ¢ > 0.

Example 24.6.

w() =int {s: 7(6) = swp f0)}.

0<t<1

Ezercise: If f has the property
{s : f(s) =sup f(t)} is a single point (24.4)
t

then 1) is continuous at f. To apply 24.3, we need to show P(B has property (24.4)) = 1.
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April 25

25.1 Martingale Central Limit Theorem

Take standard Brownian motion (B(¢),0 < t < 00). Given dist(X) with EX = 0, there exists a stopping
time T such that B(T) = X, which implies ET' = EX? = var(X). We can show ET? < ¢EX* for constant c.

Theorem 25.1 (Martingale Embedding into BM). Take a MG 0 = Sy, S1,Ss2,.... Then, there exists
stopping times 0 = Ty < Ty < Ty such that (So, S1,S2,...) = (B(Ty), B(T1), B(Ty), .. .).

Proof. By induction on k. Condition on (S = 0,57 = $1,...,Sr = $x) (or condition on Fy). The
conditional distribution of (Sk41 — Sk) given Fj is a mean-0 distribution. Apply the embedding to the
conditional distribution and (B(Ty +t) — B(T%),t > 0) to get Typ+1 — T = Tk. O

Note: E[Tk-i-l — T],C | fk] = E[(Sk.H — Sk)Q ‘ .7:].3] and
E[(Ti1 — Ti)? | Fi] < cB[(Spr1 — Sk)* | Fil- (25.1)
Theorem 25.2 (Lindeberg-Feller CLT for Martingales). For each n, let (X my Frm,m = 0,1,...,n)

be a martingale difference sequence, that is, (Sp,m, Fnm.m =0,1,...,n) is a MG, Spm = >0 Xps,
that is, Xy m 18 Fp m-measurable, B[ X, m11|Fnm] = 0. Write Vi, i, = Zk E[X,%’m | Froom—1]. Suppose

m=1

(i) Vit ? tasn— o0, 0<t<1 fired (V,, nt defined by linear interpolation),
(i) Eoner BIX 0 1(1 X nl>2) | Frym—1] 22 0 as n — o0.

Then, (Spnt,0 < t < 1) LN (B(t),0 < t < 1) as C[0,1]-valued random functions. In particular,

S 4 Normal(0, 1).

Outline Proof. (See Durrett 3rd Edition).

We prove this under the stronger assumption | X, | < €,, €5, | 0. For a single sequence (&;,7 > 1), then

so the stronger assumption is saying [£,| < e,v/n.

97



LECTURE 25. APRIL 25 98

If we stop the process if V;, . reaches 3/2, take &,, < 1/2, then we can assume V,, , < 2 by (i).

Regard the embedding (B(Ty,m),m = 0,1,...,n) as the definition of (S, ,,m = 0,1,...,n). So,
(Spont,0 <t <1) < (B(Thnt),0 <t <1). It is enough to show T}, ,; ? t as n — oo (for fixed t), and

then use continuity of BM paths as in Donsker’s Theorem. Write t,, p, = Ty m — T, m—1-

. nt
Eltnm | Frnno1] = E[X2 | Fame1] 22 > ElTnm | Famei] —t as no oo

m=1

By orthogonality of the increments of the MDS ¢, ,, — E[Ty.m | Frnm—1]s

2
= E tnm — E[t Frm—1])?
]> orthogonality m:l( i ltrm | From-1])

nt
< cE ]E[Xi m | ]:n,m—l]]
(25.1) LZ_:I ’

nt
]E(Tn,nt - Vn,nt)2 =E (Z tn,nt - ]E[tn,m | ]:n,m—l
m=1

< cE

e > E[X2, | fn,ml]] < ce2EVpn
m=1
—0 as n — oo.

807 Tn,nt - Vn,nt ? 0. O]

25.2 The 3 Arcsine Laws
The 3 arcsine RVs associated with (B(t),0 <t < 1):
1. Consider L =sup{t <1: B(t)=0},0< L < 1.
P(L <t B(t) = a) = P(Tjy > 1),

S0
PL<O)= [ P> 1 0s0(a) d.
0
We know how to calculate these quantities since

P(Ty < ) = P (Juax B > 0) =P(B.| 2 D),

0<u<s

From calculus, the density is

1

frlt) = AT 0<t<l (25.2)

2. Consider M(t) = Supg<s<; B(8).

Fact: The process (M(t) — B(t),0 <t < co) has the same distribution as (|B(t)|,0 <t < co). This is
different from the fact M(t) = |B(t)|, which holds for fixed ¢.

The RV L applied to (M (t) — B(t)) is some RV L applied to (B(t)).

L =sup{t <1:B(t) = M(t)} = inf{t : B(t) = M(1)}.
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So, L also has the same arcsine density fi(t) at (25.2).
Rewrite: 19 : C[0,1] — R, where
wn(h) =int {10 = sup 7(5)}.

12(B) has the arcsine density.
3. We considered (last class) ¢5(t) = Leb{0 <¢ < 1: f(t) > 0}.

Fact: 13(B) also has the arcsine density.

History: The original proof is based on a combinatorial identity for a simple symmetric RW

STYL = Zl £i~

The combinatorial identity is

#{1§k§n:5k>O}émin{k§n:5k: max Sj}.

0<j<n

Multiply by 1/n.

1 a 1.
— <k<n: = — <n: = P .
n#{l <k<n:S;>0} - min {k <n:S Oréljagxn SJ} (25.3)
Rescale to
St
() = —=.

The LHS of (25.3) is close to #3(S}) and the RHS of (25.3) is close to 12(S%). As n — oo, the
differences converge in probability to 0. Donsker’s Theorem implies that

¥2(S5) 5 va(B),
Us(S2) 5 3(B),

which implies 5 (B) = 1)3(B).



Lecture 26

April 27

26.1 Local Time for Brownian Motion

[Morters-Peres book, Chapter 6.]

26.1.1 Existence

The classic example of a fractal set is Cy, C1,Cy,.... The C), are closed and C), | C, so Cy is closed and
non-empty. area(Cy) = 0.

Co Cy Cs

Instead, consider PMs where p, is a uniform (relative to area) PM on C,. Then, p, — po weakly, with
Supp(fteo) = Coo. Intuitively, oo is a “uniform” PM on Co.

For (B(t),0 <t < 00), the zero-set Z(w) = {t : B(t,w) = 0} is a random closed subset of [0, 00). We know
Leb(Z(w)) = 0 a.s. since P(B(t) = 0) =0, t > 0. [MP] proves that the Hausdorff dimension of Z(w) is 1/2
a.s. If we have any measure on Z(w), we can describe it via
L(t,w) = measure of Z(w) | [0, 1],
which must have the property
t — L(t,w) increases only on {t: t € Z(w)} = {¢ : B(t) = 0}. (26.1)

We will give a construction of a process called “local time at 0” which has the property (26.1).

Study D(a,b,t), the number of downcrossings completed by time ¢.

Theorem 26.1. There exists a process (L(t),0 <t < c0) such that for all a, 10, b, | 0,

lim Z(b, — a,)D(ay,b,,t) = L(t) a.s.

n—r oo

Clearly, such L(t) has property (26.1).
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Key Idea: Take a < m < b. Look at one downcrossing over [a,b] followed by an upcrossing.
number of downcrossings of [a,m] and Y* is the number of downcrossings of [m, b]. We know

Po(Ta <Ty) = 7.
Then,
0 with probability p = b_7m,
Y =1+ b—a

1+ Y™ with probability 1 — p,

where Y** £ Y*. So,

3

X* £ Geometric ( — a)
b—a

bh—
Y* £ Geometric ( m) ,
b—a

independent.

101

X* is the

Lemma 26.2. Take a < m < b and a stopping time T with B(T) > b. Write D = D(a,b,T) and

D(a,m,T) and D(m,b,T). These are related by
D
D(a,m,T) = Xo+ »_ X;,
i=1

D
D(m,b,T) =Yy + Y Y;,
j=1

where the X’s, Y’s, and D are independent, X; = X", 7>21Y; < Y*, j>1, X0 >0, and Yy > 0.

Lemma 26.3. Take a, 10, b, L 0, and b > by > by > ---. The discrete- “time” process

(2(b, — an)D(an, by, Tp),n=1,2,...)

is a submartingale and converges a.s. to L(Ty), say, as n — oo.

Proof. We can assume a,,+1 = @y, bpy1 < by,.
E[D(an = ant1,bn+1,Tp) | Fn] = (= 0) + (EX™) - D(an, bn, Tp)-

Note that

bn = Yn
EX*= "9
bn+1 — Ap+41

This is the sub-MG property.
If G = Geometric(p), then EG? < 2/p?.

[MP] says

b - Un
D(an, by, Ty) = Geometric <:a) :

— Qp
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Actually, the LHS is smaller. So,

E(2(bn — an)D(an, by, Tp))? < 8(b — a,)? — 8b°.

Apply the Sub-MG Convergence Theorem. O
After the stopping time T}, then B(u) % B(Ti+u), u > 0 is BM. Apply the construction to B(n) to get L(T}).
Trick: Define

L(t) = lim L(Ty) — L(T).

We can show that the paths ¢ — L(t,w) are continuous.

26.1.2 Connection with the Maximum Process
Why is L(t) interesting?
Recall |B(t)| is “reflecting BM”. Given B(t), consider M (t) = supg<,<; B(s)-

Fact: Given BM By (t) and M(t), the process By(t) = M;(t) — By(t) is distributed as reflecting BM. We
have the “same” L(t) for B(¢) and |B(¢)|.

Given this fact, consider L(t), local time at zero for By(t). ¢t — L(t) has the property (26.1): it is increasing
only at ¢ such that B2(t) = 0, that is, when By (t) = M;(t). But, ¢t — M (t) has the same property (26.1).
This suggests:

Fact: The process (L(t),0 <t < 0o0) = (M(t),0 < t < 00).

26.1.3 Occupation Density

Consider f :[0,t] — R. There is always an “occupation measure” on R

() = Leb{t: f(t) € -},

This may or may not have a density

dpu N
dLeb(y)_ft(y)’ yeR'

If f is smooth,

<t
fz)=y

It is not obvious if “occupation density” exists for BM paths.
Theorem 26.4 (Local Time = Occupation Density). There exists (L(t,y,w)

such that y — L(t,y,w) is the occupation density of the function (s — B(s,w
(t,y) — L(t,y,w) is jointly continuous.

< 00,y € R)
< t) and also

S=r 3
OO

Idea: L(t,0,w) is the L(t) process we constructed.

For each y, we repeat the construction with a,, 1y, b, | y to get L(t,y,w).
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Fact: For BM, E[time spent within [a, b] during downcrossings over [a, b]] = (b — a)?.
In the limit,
L(t) = lim2(b,, — an)D(an, bn,t).

By the SLLN, the total amount of time spent in [ay,, by] ~ 2(b,, — an)D(an, by, t).
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