
Statistics 135 Spring 2004. Least Squares Regression Theorems

Least Squares Regression.

Simple Linear Regression:

• Data Generating Model: Let yi = β0 + β1xi + εi, where εi
iid∼ N(0, σ2).

Observations: {(y1, x1, ), . . . , (yn, xn)}.
Estimates:

• With x̄ = 1
n

∑n
i=1 xi, let sxx =

∑n
i=1(xi − x̄)2 and sxy =

∑n
i=1(xi − x̄)(yi − ȳ). (Note

that these definitions are different than sxx and sxy in Rice, p526)

The maximum likelihood estimates of β0, β1 are given by

β̂0 = ȳ − β̂1x̄,

β̂1 = sxy/sxx.

Theorem 1.

(a) E(yi|xi) = β0 + β1xi

(b) var(yi|xi) = σ2

(c) yi|xi ∼ N(β0 + β1xi, σ
2)

Theorem 2. With σ2
β̂0

= σ2 (1/n + x̄2/sxx) and σ2
β̂1

= σ2/sxx,

(a) β̂0 ∼ N(β0, σ
2
β̂0

)

(b) β̂1 ∼ N(β1, σ
2
β̂1

)

Theorem 3. Let RSS =
∑n

i=1(yi − ŷi)
2, where ŷi = β̂0 + β̂1xi. Then,

(a) RSS/σ2 ∼ χ2
n−2,

(b) RSS independent of β̂0 and β̂1.

Theorem 4. With s2 = RSS/(n− 2), let s2
β̂0

= s2 (1/n + x̄2/sxx), and s2
β̂1

= s2/sxx,

(a) (β̂0 − β0)/sβ̂0
∼ tn−2

(b) (β̂1 − β1)/sβ̂1
∼ tn−2
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Theorem 5. If ε
iid∼ N(0, σ2),

(a) ei = (yi − ŷi) = [yi − (β̂0 + β̂1xi)] follows a normal distribution with mean zero.

(b) For large n and i 6= j, cov(ei, ej) ≈ 0.

Multiple Linear Regression:

• Data Generating Model: yi = β0 + β1x1i + β2x2i + . . . + βkxki + εi,

where εi
iid∼ N(0, σ2).

Observations: (yi, x1i, x2i, . . . , xki), i = 1, . . . , n.

The MLR model can be written in matrix form as Y = Xβ + ε,
where ε ∼ N(0, σ2I).

Estimates:

• The least squares estimate of β is given by β̂ = (X′X)−1X′Y.

Theorem 7. Let v be a random vector with E(v) = µ and cov(v) = Σ.
Suppose u = c + Av, where c an A are a constant vector and matrix, respectively.

(a) E(u) = c + Aµ

(b) cov(u) = AΣA′.

Theorem 8.

(a) E(β̂) = β

(b) cov(β̂) = σ2(X′X)−1

(c) β̂ ∼ N(β, cov(β̂)).

(d) Let cii be the i:th diagonal element of (X′X)−1. The standard error of β̂i is
estimated by sβ̂i

= s
√

cii, and a 100(1−α)% CI for βi is given by β̂i± tα/2(df)sβ̂i
.

Here, df = n− (k + 1) and s is as defined in Theorem 9.

Theorem 9. Let P = X(X′X)−1X′.

(a) Ŷ = PY

(b) e = (Y − Ŷ) = (I−P)Y

(c) E(e) = 0

(d) cov(e) = σ2(I−P)

(e) s2 = ||Y − Ŷ||2/(n− (k + 1)).
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