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We consider the problem of estimating the graph structure asso-
ciated with a discrete Markov random field. We describe a method
based on {;-regularized logistic regression, in which the neighbor-
hood of any given node is estimated by performing logistic regres-
sion subject to an ¢;-constraint. Our framework applies to the high-
dimensional setting, in which both the number of nodes p and max-
imum neighborhood sizes d are allowed to grow as a function of the
number of observations n. Our main results provide sufficient condi-
tions on the triple (n,p,d) for the method to succeed in consistently
estimating the neighborhood of every node in the graph simultane-
ously. Under certain assumptions on the population Fisher informa-
tion matrix, we prove that consistent neighborhood selection can be
obtained for sample sizes n = Q(d3 log p), with the error decaying
as O(exp(—Cn/d®)) for some constant C. If these same assump-
tions are imposed directly on the sample matrices, we show that
n = Q(d*log p) samples are sufficient.

1. Introduction. Undirected graphical models, also known as Markov
random fields (MRF's), are used in a variety of domains, including artificial
intelligence, natural language processing, image analysis, statistical physics,
and spatial statistics, among others. A Markov random field (MRF) is speci-
fied by an undirected graph G = (V, E), with vertex set V.= {1,2,...,p} and
edge set FF C V x V. The structure of this graph encodes certain conditional
independence assumptions among subsets of the p-dimensional discrete ran-
dom variable X = (X, Xs,...,X,), where variable X; is associated with
vertex 1 € V. A fundamental problem is the graphical model selection prob-
lem: given a set of n samples {x(l),x(z), .. ,x(")} from a Markov random
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field, estimate the structure of the underlying graph. The sample complexity
of such an estimator is the minimal number of samples n, as a function of
the graph size p and possibly other parameters such as the maximum node
degree d, required for the probability of correct identification of the graph
to converge to one. Another important property of any model selection pro-
cedure is its computational complexity.

Due to both its importance and difficulty, structure learning in random
fields has attracted considerable attention. The absence of an edge in a
graphical model encodes a conditional independence assumption. Constraint-
based approaches [Spirtes et al!, 2000] estimate these conditional indepen-
dencies from the data using hypothesis testing, and then determine a graph
that most closely represents those independencies. Each graph represents
a model class of graphical models; learning a graph then is a model class
selection problem. Score-based approaches combine a metric for the com-
plexity of the graph, with a goodness of fit measure of the graph to the data
(for instance, log-likelihood of the maximum likelihood parameters given the
graph), to obtain a score for each graph. The score is then used together
with a search procedure that generates candidate graph structures to be
scored. The number of graph structures grows super-exponentially, however,
and |Chickering [1995] shows that this problem is in general NP-hard.

A complication for undirected graphical models is that typical score met-
rics involve the normalization constant (also called the partition function)
associated with the Markov random field, which is intractable (#P) to
compute for general undirected models. The space of candidate structures
in scoring based approaches is thus typically restricted to either directed
models—Bayesian networks—or simple undirected graph classes such as
trees [Chow and Liu,|[1968], polytrees [Dasgupta,1999] and hypertrees [Srebra,
2003].|Abbeel et all [2006] propose a method for learning factor graphs based
on local conditional entropies and thresholding, and analyze its behavior
in terms of Kullback-Leibler divergence between the fitted and true mod-
els. They obtain a sample complexity that grows logarithmically in the
graph size p, but the computational complexity grows at least as quickly
as O(pd+1), where d is the maximum neighborhood size in the graphical
model. This order of complexity arises from the fact that for each node,
there are (g) = O(p?) possible neighborhoods of size d for a graph with p
vertices. |Csiszdr and Talata [2006] show consistency of a method that uses
pseudo-likelihood and a modification of the BIC criterion, but this also in-
volves a prohibitively expensive search.

In work subsequent to the initial conference version of this work [Wainwright et all,
2007], other researchers have also studied the problem of model selection in
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discrete Markov random fields. For the special case of bounded degree mod-
els, Bresler et all [2008] describe a simple search-based method, and prove
under relatively mild assumptions that it can recover the graph structure
with ©(dlogp) samples. However, in the absence of additional restrictions,
the computational complexity of the method is O(p?t!).

Santhanam and Wainwrightl [2008] analyze the information-theoretic limits
of graphical model selection, providing both upper and lower bounds on
various model selection procedures, but these methods also have prohibitive
computational cost.

The main contribution of this paper is to present and analyze the com-
putational and sample complexity of a simple method for graphical model
selection. Our analysis is high-dimensional in nature, meaning that both the
model dimension p as well as the maximum neighborhood size d may tend
to infinity as a function of the size n. Our main result shows that under
mild assumptions, consistent neighborhood selection is possible with sample
complexity n = Q(d®logp) and computational complexity O (max{n,p}p?),
when applied to any graph with p vertices and maximum degree d. The ba-
sic approach is straightforward: it involves performing ¢;-regularized logistic
regression of each variable on the remaining variables, and then using the
sparsity pattern of the regression vector to infer the underlying neighbor-
hood structure.

The technique of ¢; regularization for estimation of sparse models or sig-
nals has a long history in many fields; for instance, see [Tropp [2006] for one
survey. A surge of recent work has shown that ¢;-regularization can lead to
practical algorithms with strong theoretical guarantees (e.g.,/Candes and Tao
[2006], Donoho and Elad [2003], Meinshausen and Biihlmann [2006], Ng [2004],
Tropp [2006], [Wainwright [2006], [Zhao and Yu [2007]). Despite the well-
known computational intractability of discrete MRF's, our method is com-
putationally efficient; it involves neither computing the normalization con-
stant (or partition function) associated with the Markov random field, nor
a combinatorial search through the space of graph structures. Rather, it re-
quires only the solution of standard convex programs, with an overall com-
putational complexity of order O(max{p,n}p?) [Koh et all, 2007], and is
thus well-suited to high dimensional problems. Conceptually, like the work
of IMeinshausen and Biihlmann [2006] on covariance selection in Gaussian
graphical models, our approach can be understood as using a type of pseudo-
likelihood, based on the local conditional likelihood at each node. In contrast
to the Gaussian case, where the exact maximum likelihood estimate can be
computed exactly in polynomial time, this use of a surrogate loss function
is essential for discrete Markov random fields, given the intractability of



4 RAVIKUMAR, WAINWRIGHT AND LAFFERTY

computing the exact likelihood.

The remainder of this paper is organized as follows. We begin in Section
with background on discrete graphical models, the model selection problem,
and logistic regression. In Section [Bl we state our main result, develop some
of its consequences, and provide a high-level outline of the proof. Section [
is devoted to proving a result under stronger assumptions on the sample
Fisher information matrix itself, whereas Section [B] provides concentration
results linking the population matrices to the sample versions. In Section [6]
we provide some experimental results to illustrate the practical performance
of our method, and the close agreement between theory and practice, and
we conclude in Section [7l

Notation:. For the convenience of the reader, we summarize here notation
to be used throughout the paper. We use the following standard notation
for asymptotics: we write f(n) = O(g(n)) if f(n) < Kg(n) for some con-
stant K < oo, and f(n) = Q(g(n)) if f(n) > K’'g(n) for some constant
K’ > 0. The notation f(n) = O(g(n)) means that f(n) = O(g(n)) and
f(n) = Q(g(n)). Given a vector z € R? and parameter ¢ € [1,00], we use
|||, to denote the usual £, norm. Given a matrix X € R®*® and parameter
q € [1,00], we use || X ||, to denote the induced matrix-operator norm (viewed
as a mapping from €Z — (3); see Horn and Johnson [1985]. Two examples of
particular importance in this paper are the spectral norm || X||2, correspond-
ing to the maximal singular value of X, and the f,, matrix norm, given by
X loo = max 1 |Xjk|- We make use of the bound || X || < v/a| X2,

for any square matrix X € R**%,

2. Background and problem formulation. We begin by providing
some background on Markov random fields, defining the problem of graphical
model selection, and describing our method based on neighborhood logistic
regression.

2.1. Markov random fields. Given an undirected graph G with vertex
set V.={1,...,p} and edge set E, a Markov random field (MRF) consists
of random vector X = (X1, X»,...,X,), where the random variable X is
associated with vertex s € V. The random vector X € AP is said to be
pairwise Markov with respect to the graph if its probability distribution
factorizes as P(z) o exp {Z(s,t)eE Gst(Ts, xt)}, where each ¢y is a mapping
from pairs (xs, ;) € Xs X X to the real line. An important special case
is the Ising model, in which Xg € {—1,1} for each vertex s € V, and
dst(zs, xp) = Ospwsay for some parameter 0%, € R, so that the distribution
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takes the form

1
(1) Py« () = — exp Z 0% xsxy
Z(e ) (s,t)eE

The partition function Z(6*) ensures that the distribution sums to one. The
Ising model has proven useful in many domains, including statistical physics,
where it describes the behavior of gases or magnets, in computer vision for
image segmentation, and in social network analysis.

2.2. Graphical model selection. Suppose that we are given a collection
{0y = {zM . 2™} of n samples, where each p-dimensional vector z(*)
is drawn in an i.i.d. manner from a distribution Py« of the form (). It
is convenient to view the parameter vector 6* as a (g)-dimensional vector,
indexed by pairs of distinct vertices, but non-zero if and only if the vertex
pair (s,t) belongs to the unknown edge set E of the underlying graph G. The
goal of graphical model selection is to infer the edge set E of the graphical
model defining the probability distribution that generates the samples. In
this paper, we study the slightly stronger criterion of signed edge recovery:
in particular, given a graphical model with parameter §*, we define the edge
sign vector

@) B o {sign( x) if (s,t)‘e E

0 otherwise.
Note that the weaker graphical model selection problem amounts to recov-
ering the vector |E*| of absolute values.

The classical notion of statistical consistency applies to the limiting be-
havior of an estimation procedure as the sample size n goes to infinity, with
the model size p itself remaining fixed. In many contemporary applications
of graphical models (e.g., gene microarrays, social networks etc.), the model
dimension p is comparable or larger than the sample size n, so that the rele-
vance of such “fixed p” asymptotics is doubtful. Accordingly, the goal of this
paper is to develop the broader notion of high-dimensional consistency, in
which both the model dimension and the sample size are allowed to increase,
and we study the scaling conditions under which consistent model selection
is achievable.

More precisely, we consider sequences of graphical model selection prob-
lems, indexed by the sample size n, number of vertices p, and maximum
node degree d. We assume that the sample size n goes to infinity, and both
the problem dimension p = p(n) and d = d(n) may also scale as a function
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of n. The setting of fixed p or d is covered as a special case. Let E, be an
estimator of the signed edge pattern E*, based on the n samples. Our goal
is to establish sufficient conditions on the scaling of the triple (n,p,d) such
that our proposed estimator is consistent in the sense that

]P’[EH:E*} — 1 as n — —+oo.

We sometimes call this property sparsistency, as a shorthand for consistency
of the sparsity pattern of the parameter 6*.

2.3. Neighborhood-based logistic regression. Note that recovering the signed
edge vector E* of an undirected graph G is equivalent to recovering, for each
vertex r € V., its neighborhood set N (r) :== {t € V' | (r,t) € E}, along with
the correct signs sign(6,) for all t € N(r). To capture both the neighborhood
structure and sign pattern, we define the signed neighborhood set

3) Nz(r) = {sign(67)t | t € N(s)}.

The next step is to observe that this signed neighborhood set N1 (r) can be
recovered from the sign-sparsity pattern of the (p—1)-dimensional subvector
of parameters

05, = {07, ueV\r}

ru?

associated with vertex 7. In order to estimate this vector 65, , we consider
the structure of the conditional distribution of X, given the other vari-
ables X\, = {X; | t € V\{r}}. A simple calculation shows that under the
model (), this conditional distribution takes the form

exp (2:@, {Ztev\r 9;ftmtD
exp (251% [ZteV\r H:txt]) +1

(4) ]P)O*(xr ‘x\r) =

Thus, the variable X, can be viewed as the response variable in a logis-
tic regression in which all of the other variables X\, play the role of the
covariates.

With this set-up, our method for estimating the sign-sparsity pattern of
the regression vector 67, (and hence the neighborhood structure Ni(r)) is
based on computing the ¢1-regularized logistic regression of X,. on the other
variables X\,. Explicitly, given a set of n i.i.d. samples {2 2@ )}
this regularized regression problem is a convex program, of the form

. (1)
o R A0 D) + Malll
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, where \,, > 0 is a regularization parameter, to be specified by the user,
and

. 1 ) .
(8 — (4) (4)
(5) (O 2] = 03 logB(al? | af))

is the rescaled negative log likelihood. (The rescaling factor 1/n in this
definition is for later theoretical convenience.) Following some algebraic ma-
nipulation, the regularized negative log likelihood can be written as

. 1 i N
(6) min {EZf(e,l‘()) - Z eru,uru+)\n”0\r”1} )
i=1

p—1
O\rel ueV\r

(7) f(O;z) = log (exp( D Onay) +exp(—[ Y Hrtxt]))

teV\r teV\r
is a rescaled logistic loss, and i, := % oy x&l)az(ul ) are empirical moments.
Note the objective function (@) is convex but not differentiable, due to the
presence of the ¢;-regularizer. By Lagrangian duality, the problem (] can be
re-cast as a constrained problem over the ball [0\, |1 < C(\,). Consequently,
by the Weierstrass theorem, the minimum over 6\, is always achieved.

~

n

Accordingly, let H\T be an element of the minimizing set of problem ({@l).

Although 5{; need not be unique in general since the problem ([G]) need not
be strictly convex, our analysis shows that in the regime of interest, this min-
imizer 0(; is indeed unique. We use 9<‘T to estimate the signed neighborhood

N4 (r) according to
(8) Ni(r) = {sign(@nu)u | weV\r, Oy # 0},

We say that the flll\l graph G is estimated consistently, written as the event
{G =G(p,d)}, it Np(r) =Ni(r) for all r € V.

3. Method and theoretical guarantees. Our main result concerns
conditions on the sample size n relative to the parameters of the graphical
model—more specifically, the number of nodes p and maximum node degree
d—that ensure that the collection of signed neighborhood estimates (8)), one
for each node r of the graph, agree with the true neighborhoods, so that the
full graph G(p, d) is estimated consistently. In this section, we begin by stat-
ing the assumptions that underlie our main result, and then give a precise
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statement of the main result. We then provide a high-level overview of the
key steps involved in its proof, deferring detail to later sections. Our analysis
proceeds by first establishing sufficient conditions for correct signed neigh-
borhood recovery—that is, {Ni(r) = Ny(r)}—for some fixed node r € V.
By showing that this neighborhood consistency is achieved at exponentially
fast rates, we can then use a union bound over all p nodes of the graph to
conclude that consistent graph selection {G = G(p,d)} is also achieved.

3.1. Assumptions. Success of our method requires certain assumptions
on the structure of the logistic regression problem. These assumptions are
stated in terms of the Hessian of the likelihood function E{log Py[ X, | X\, ]},
as evaluated at the true model parameter 9; € RP~1. More specifically, for

any fixed node r € V, this Hessian is a (p — 1) X (p — 1) matrix of the form

(9) Qi = Ep {VlogPp[X, | X,,]}.
For future reference, we calculate the explicit expression
(10) Q= Eo [n(X:6)X,X]]
where

4exp (2ur {Ztev\r HrtutD
(exp (2ur (i Ore] ) +1)2

(11) n(u;0) =

is the variance function. Note that the matrix @} is the Fisher informa-
tion matrix associated with the local conditional probability distribution.
Intuitively, it serves as the counterpart for discrete graphical models of the
covariance matrix E[X X 7] of Gaussian graphical models, and indeed our as-
sumptions are analogous to those imposed in previous work on the Lasso for
Gaussian linear regression [Meinshausen and Biihlmann, 2006, Tropp, 2006,
Zhao and Yu, [2007].

In the following we write simply @Q* for the matrix (), where the reference
node r should be understood implicitly. Moreover, we use S := {(r,t) | ¢t €
N(r)} to denote the subset of indices associated with edges of r, and S¢ to
denote its complement. We use QQgg to denote the d x d sub-matrix of Q*
indexed by S. With this notation, we state our assumptions:

[A1] Dependency condition:. The subset of the Fisher information matrix
corresponding to the relevant covariates has bounded eigenvalues: there ex-
ists a constant C,;, > 0 such that
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Moreover, we require that Auq. (Eg [X\TX@) < Dpax. These conditions
ensure that the relevant covariates do not become overly dependent. (As
stated earlier, we have suppressed notational dependence on r; thus this
condition is assumed to hold for all r € V)

[A2] Incoherence condition:. Our next assumption captures the intuition
that the large number of irrelevant covariates (i.e., non-neighbors of node r)
cannot exert an overly strong effect on the subset of relevant covariates (i.e.,
neighbors of node r). To formalize this intuition, we require the existence of
an « € (0, 1] such that

(13) 1Q%5:5(Q%s) e < 1-an

3.2. Statement of main result. We are now ready to state our main result
on the performance of neighborhood logistic regression for graphical model
selection. Naturally, the limits of model selection are determined by the
minimum value over the parameters 6, for pairs (r,t) included in the edge
set of the true graph. Accordingly, we define the parameter

(14) hin = ( T%igE 1074l

With this definition, we have the following

THEOREM 1. Consider a sequence of graphs {G(p,d)} such that condi-
tions Al and A2 are satisfied by the population Fisher information matrices
Q*. If the sample size n satisfies

(15) n > Ld*log(p)

for some constant L, and the minimum wvalue 0}, decays no faster than
O(1/d), then for the regularization sequence X\, = 2\/10%, the estimated

graph @(An) obtained by neighborhood logistic regression satisfies

(16)  P[G(M\) =G(p,d)] = O (exp (—K% - 310g(p)>) — 0

for some constant K.

Remarks:. For model selection in graphical models, one is typically inter-
ested in node degrees d that remain bounded (e.g., d = O(1)), or that grow
only weakly with graph size (say d = o(p). In such cases, the growth con-
dition (I5) allows the number of observations to be substantially smaller
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than the graph size, i.e., the “large p, small n” regime. In particular, the
graph size p can grow exponentially with the number of observations (i.e,
p(n) = exp(n®) for some « € (0,1).

In terms of the choice of regularization, the sequence \,, needs to satisfy
the following conditions:

nA2 > 2log(p), and Vd\, = O(6%,,).

Under the growth condition (I3]), the choice A, = 2 10% suffices as long as
*in decays no faster than O(1/d).

The analysis required to prove Theorem [ can be divided naturally into
two parts. First, in Section ] we prove a result (stated as Proposition [ for
“fixed design” matrices. More precisely, we show that if the dependence (A1)
mutual incoherence (A2) conditions hold for the sample Fisher information

matriz

(17) Q" = En(X;0M)x,X{,| =

S|

> D07 ()
=1

then the growth condition (IH]) and choice of A, from Theorem [I] are suf-
ficient to ensure that the graph is recovered with high probability. Inter-
estingly, our analysis shows that if the conditions are imposed directly on
the sample Fisher information matrices and 6%, = O(1), then the weaker
growth condition n = Q(d?log(p)) suffices for asymptotically exact graph
recovery.

The second part of the analysis, provided in Section [B], is devoted to show-
ing that under the specified growth conditions (A3), imposing incoherence
and dependence assumptions on the population version of the Fisher in-
formation Q* guarantees (with high probability) that analogous conditions
hold for the sample quantities Q™. While it follows immediately from the
law of large numbers that the empirical Fisher information @7 4 converges
to the population version Q% 4 for any fized subset A, the delicacy is that
we require controlling this convergence over subsets of increasing size. The
analysis therefore requires some large-deviations bounds, so as to provide
exponential control on the rates of convergence.

3.3. Primal-dual witness for graph recovery. At a high-level, at the core
of our proof lies the notion of a primal-dual witness. In particular, we ex-
plicitly construct an optimal primal-dual pair, namely, a primal solution 5,
along with an associated subgradient vector z (which can be interpreted
as a dual solution), such that the Karush-Kuhn-Tucker (KKT) conditions
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associated with the convex program (@) are satisfied. Moreover, we show
that under the stated assumptions on (n,p,d), the primal-dual pair (5, 2)
can be constructed such that they act as a witness—that is, a certificate
guaranteeing that the method correctly recovers the graph structure.

Let us write the convex program (@) in the form

- (D)
(18) o min {05 D+ Aoy
where
) 1 .
19 00; {zD) = ¢0) = =S F(0;2D) — O, i
(19) (0;{z"}) = €(9) n;( >u€zw

is the negative log likelihood associated with the logistic regression model.
The KKT conditions associated with this model can be expressed as follows

~

(20) Vei{O)+ Nz = 0
where the dual or subgradient vector 2 € RP~! satisfies the properties
(21) Zpt = sign(éﬁ) if 0, #0,and |z <1 otherwise.

One way to understand this vector Z is as a subgradient, meaning an element
of the subdifferential of the ¢;-norm (see Rockafellar, [1970). An alternative
interpretation is based on the constrained equivalent to problem (I8]), in-
volving the constraint ||0]; < C(\,). This ¢;-constraint is equivalent to the
family of constraints @76 < C, where the vector o € {—1,+1}?~! ranges
over all possible sign vectors. In this formulation, the optimal dual vector is
simply the conic combination

(22) A2 = > A,
ve{-1,+1}pr~1
where o, > 0 is the Lagrange multiplier associated with the constraint
7o < C.
The KKT conditions (20) and (2I]) must be satisfied by any optimal pair
(5, Z) to the convex program (I8]). In order for this primal-dual pair to cor-

rectly specify the graph structure, we require furthermore that the following
properties are satisfied:

(23a)

sign(z,¢) = sign(6;) for all (r,t) € S:={(r,t) | te N(r)}, and
(23Db)

fge =0 where S¢:= {(r,u) | (r,u) ¢ E}.
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We now construct our witness pair (5, Z) as follows. First, we set 53 as
the minimizer of the partial penalized likelihood,

~

— H . (3
(24) Os =arg | min {0 {0 + Ml }
and set Zg = sign(fg). We then set fgc = 0 so that condition (23] holds.
Finally, we obtain Zge from equation (20)) by plugging in the values of 6 and
Zg. Thus, our construction satisfies conditions (23b]) and (20). The remainder
of the analysis consists of showing that our conditions on (n, p, d) imply that,
with high-probability, the remaining conditions (23al) and (2I]) are satisfied.
This strategy is justified by the following lemma, which provides sufficient
conditions for shared sparsity and uniqueness of the optimal solution:

LEMMA 1 (Shared sparsity and uniqueness). If there exists an optimal
primal solution 8 with associated optimal dual vector Z such that [Zselloo <1,
then any optimal primal solution 6 must have Oge = 0. Moreover, if the
Hessian sub-matrix [V2€(§)]53 >~ 0, then 0 is the unique optimal solution.

PRrOOF. By Lagrangian duality, the penalized problem (I8]) can be writ-
ten as an equivalent constrained optimization problem over the ball ||0]]; <
C(\p), for some constant C'(\,;) < +oco. Since the Lagrange multiplier asso-
ciated with this constraint—namely, A\,—is strictly positive, the constraint
is active at any optimal solution, so that ||@||; is constant across all optimal
solutions. Consider the representation of Z as the convex combination (22))
of sign vectors 7 € {—1,+1}P~!, where the weights o are non-negative
and sum to one. Since «* is an optimal vector of Lagrange multipliers for
the optimal primal solution 5, it follows |Bertsekas, [1995] that any other
optimal primal solution 6 must minimize the associated Lagrangian (i.e.,
satisfy equation (20))), and moreover must satisfy the complementary slack-
ness conditions o[t7§ — C] = 0 for all sign vectors v. But these conditions
imply that 276 = C' = ||]|;, which cannot occur if 6; # 0 for some index
j for which |Zj| < 1. We thus conclude that @gc = 0 for all optimal primal
solutions.

Finally, given that all optimal solutions satisfy #gc = 0, we may consider
the restricted optimization problem subject to this set of constraints. If the
principal submatrix of the Hessian is positive definite, then this sub-problem
is strictly convex, so that the optimal solution must be unique. O

In our primal-dual witness proof, we exploit this lemma by constructing a
primal-dual pair (6, Z) such that ||Zge|lcc < 1. Moreover, under the conditions
of Theorem[I], we prove that the sub-matrix of the sample Fisher information
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matrix is strictly positive definite with high probability, so that the primal
solution 6 is guaranteed to be unique.

4. Analysis under sample Fisher matrix assumptions. We begin
by establishing model selection consistency when assumptions are imposed
directly on the sample Fisher matrix @™, as opposed to on the population
matrix Q*, as in Theorem [Il In particular, we define the “good event”

(25) M({zD}) = {{2} | Q" = E[V?((6")] satisfies A1 and A2}.
We then state the following

PROPOSITION 1 (Consistency for fixed design). If n > Ld?log(p) for a

suitably large constant L, and the minimum value 07 decays no faster than

O(1/V/d), then for the reqularization sequence A, = 24/ 10%, the estimated
graph G(\,) obtained by neighborhood logistic regression satisfies

(26) PIGO\) = G(pd) | M({zO})] = O (exp (~nA} ~log(p))) — 0.

Loosely stated, this result guarantees that if the sample Fisher informa-
tion matrix is “good”, then the conditional probability of successful graph
recovery converges to zero at the specified rate. The remainder of this section
is devoted to the proof of Proposition [T

4.1. Key technical results. We begin with statements of some key techni-
cal lemmas that are central to our main argument, with their proofs deferred
to Appendix [Al The central object is the following expansion, obtained by
re-writing the zero-subgradient condition as

(27) VO {D}) — Ve 2P} = WAz,
where we have introduced the short-hand notation W™ for the (p— 1)-vector
W= —V0*; {zD}) =
L0 {xw _ eP(Siev rert) — ep(—[Srevy, 8" }
= v ' eXp(ZteV\r H:txgz)) + eXp(_[ZtEV\r H:tl’y)])

B 7;@ (&) = Poufer =1 | 2l)] + Poe[wr = -1 | 2]}

For future reference, note that Eg«[W"] = 0. Next, applying the mean-value
theorem coordinate-wise to the expansion (27)) yields

(28) V2O (&) [0 - 0" = W' —\E+ R,
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where the remainder term takes the form
. . N1T o~
(20) Ry o= VOV (a0} - VR VD) 0 -0,
J

with 8U) a parameter vector on the line between 6* and 6, and with [];f
denoting the jth row of the matrix. The following lemma addresses the
behavior of the term W™ in this expansion:

LEMMA 2. If nA2 > log(p), then for the specified mutual incoherence
parameter « € (0, 1], we have

2—-«a o
(30) P ( W 2 Z) — 0 (exp (A2 +10g(0))) — 0.
See Appendix [A]l for the proof of this claim. R

The following lemma establishes that the sub-vector g is an fo-consistent
estimate of the true sub-vector 6%:

2

LEMMA 3 (¢3-consistency of primal subvector). If A\,d < 1(?5;’;, then

as n — +00, we have

(31) 185 — 0312 = O, (Vdra) — o.

See Appendix for the proof of this claim.
Our final technical lemma provides control on the the remainder term (29):

LEMMA 4. IfnA2 > log(p) and d\, is sufficiently small, then for mutual
incoherence parameter o € (0, 1], we have

(32) P <2;

See Appendix for the proof of this claim.

RNz ) = Ofexp (-nad + 1og(p)) — 0.

n

4.2. Proof of Proposition [1. Using these lemmas, we can now complete
the proof of Proposition [l Recalling our shorthand Q" = V3/(6*; {z@),
we re-write condition (28] in block form as:

(33a) Qleg (05 — 05 = Wh — \yZse + R,

(33b) Qs [Bs — 03] = WE—\Zs+ R

Since the matrix Q%g is invertible by assumption, the conditions (B3] can
be re-written as

(34) Qg (Qig)™' [WEH —NZs+ R = W& — \Zge + RZ..
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Rearranging yields the condition

(35)
(W — Rée] — Qles (Qg) ™' W8 — RE + MQes (Q¥s) ™' 25 = AnZse.

Strict dual feasibility. We now demonstrate that for the dual sub-vector Zge
defined by equation (B3]), we have ||Zs¢||oc < 1. Using the triangle inequality
and the mutual incoherence bound (I3]), we have that

Z n n o \— wg 00 R% 0o
B0 losele < 1Qes (@) o [l o ML ]
[R% oo [WEhll
L S
R W™
(37) gu_@+@ﬂﬂ“\|+nu}
An e
NeXt? applylng Lemmas and @7 we have
~ (6% (6 o
c < _ e _ 4%
IZseloe < (1—a)+T+7 =1-3

with probability converging to one.

Correct sign recovery:.  We next show that our primal sub-vector 55 defined
by equation (24]) satisfies sign consistency, meaning, sgn(fs) = sgn(#s). In
order to establish this, it suffices to show that

*

16s — 03], < 5=

- 2
where we recall the notation 0}, := ming, yecpg [0)|. From Lemma [3 we
have [|0s — 0%|l2 = Op(Vd\,), so that
2 . 2 *
(3) e I
min min

min

(39) _ 0 <‘fA”>

Since 6%, decays no faster than ©(1/v/d), the right-hand side is upper

bounded by O(M\,d), which can be made smaller than 1 by choosing A\,
sufficiently small, as asserted in Proposition [II
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5. Uniform convergence of sample information matrices. In this
section, we complete the proof of Theorem [ by showing that if the depen-
dency (A1) and incoherence (A2) assumptions are imposed on the population
Fisher information matrix then under the specified scaling of (n,p, d), anal-
ogous bounds hold for the sample Fisher information matrices with proba-
bility converging to one. These results are not immediate consequences of
classical random matrix theory (e.g., Davidson and Szarek [2001]), since the
elements of Q™ are highly dependent.

Recall the definitions

(40) Q" :=Ep- {U(X;H*)X\TXg;} , and Q":=E [U(X;H*)X\TXg;} ,

where Eg« denotes the population expectation, and E denotes the empiri-
cal expectation, and the variance function n was defined previously equa-
tion (). The following lemma asserts the eigenvalue bounds in Assumption
Al hold with high probability for sample covariance matrices:

LEMMA 5.  Suppose that assumption Al holds for the population matriz
Q* and Eg<[XXT]. For any 6 > 0 and some fized constants A and B, we
have

(41a)
[ NOMRON 0*n
P Amax[ﬁ Zx\r (x\r) | > Dax + 6| < 2exp —A? + Blog(d) | .
i=1
n
(41b) PlAmin(Q%s) < Cin — 6] < 2exp —A? + Blog(d) | .

The following result is the analog for the incoherence assumption (A2),
showing that the scaling of (n,p,d) given in Theorem [I] guarantees that
population incoherence implies sample incoherence.

LEMMA 6. If the population covariance satisfies a mutual incoherence
condition (I3)) with parameter o € (0,1] as in Assumption A2, then the
sample matrix satisfies an analogous version, with high probability, in the
sense that

_ o} n
@) PlIQYs@) e 21-5] < e (~K +logr)).
Proofs of these two lemmas are provided in the following sections. Before
proceeding, we begin by taking note of a simple bound to be used repeatedly
throughout our arguments. By definition of the matrices @™(6) and Q(0)
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(see equations (I7) and (I0)), the (4,k)™ element of the difference matrix
Q™(9) — Q(0) can be written as an i.i.d. sum of the form Z;, = 1 37, Z](;Q),

n
where each Z](-Z) is zero-mean and bounded (in particular, |Z J(Z)| < 4). By the
Azuma-Hoeftding bound [Hoeffding, [1963], for any indices j, k = 1,...,d

and for any ¢ > 0, we have

(43) P((Zx)? > €% = ]P’]—ZZ](Z\>5] < 2eXp< e?zz)

So as to simplify notation, throughout this section, we use K to denote a
universal positive constant, independent of (n,p,d). Note that the precise
value and meaning of K may differ from line to line.

5.1. Proof of Lemmald. By the Courant-Fischer variational representa-
tion [Horn and Johnson, [1985], we have

Apin(Qss) = ||:?||12m1$ TQgssz
= Din) { TQlgz + 2" (Qss — Qig)x }

IN

Yy Qqy +yT (Qss — Qg)y,

where 3y € R? is a unit-norm minimal eigenvector of Q%g. Therefore, we have

Amin(Q%s) > Amin(Qss) — |Qss — Qsllz = Crmin — |Qss — Q4sll2-

Hence it suffices to obtain a bound on the spectral norm ||Qss — Q%g]l2-
Observe that

(NI

d d
1Q%s — Qssll2 < [D.D (Zr)*]>.
J=1k=1

Setting €2 = §2/d? in equation (@3] and applying the union bound over the
d? index pairs (4, k) then yields

2
() BlIQ%s - Qssle > 0] < 2exp( K5d—2+2log(d)>.

Similarly, we have

ma:c Z‘T ' > Dmax] >
=

1 n
P Z —Eg: [X\, X{ ]l 2 6

which obeys the same upper bound (44]), by following the analogous argu-
ment.
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5.2. Proof of Lemmal@l. We begin by decomposing the sample matrix as
the sum Q. q( gs)—l =T, + 15 + T3 + Ty, where we define

(452) T = Qs [(Q3s) ™ — (Qs) 7]

(45D) Ty = [Qfes— Qbes] (Q5s)™

(45¢) Ty = [Qies — Qies] [(Qs) ™' — (Qs) 7]
(45d) Ty = Qs(Qbs)™

The fourth term is easily controlled; indeed, we have

ITalloc = 1Q5e5(Q55) Moo < 1~ a

by the incoherence assumption A2. If we can show that ||T;]lo < § for the

remaining indices ¢ = 1,2, 3, then by our four term decomposition and the
triangle inequality, the sample version satisfies the bound ([@2]), as claimed.
We deal with these remaining terms using the following lemmas:

LEMMA 7. For any § > 0 and constants K, K', the following bounds
hold:

2

. nd
(46a)  P[|Q3cs — Qseslloo = 6] < 2exp <—K —p T log(d) +log(p — d))

52
(46h)  PlIQ%s ~ Qbslloe > 8] < 2exp (—K"d—2 + 2log<d>>
(46¢)

2
PII(Qas) ™! — (Q3s) oo 2 8] < dexp (—K% + K 1og<d>> .

See Appendix [B] for the proof of these claims.

Control of first term:. Turning to the first term, we first re-factorize it as

71 = Qbs(Qbs) " Qs — Qbs] (Qls) ™",

and then bound it (using the sub-multiplicative property
IABlloc < [ Alloc I Blloc) as follows

ITilo < 1Q5es(Qfs) ™ loollQEs — Qisllocl(@Es) ™ Moo
< (- a) Qs — Qbslo (VA I(@8) 12}

where we have used the incoherence assumption A2. Using the bound (41D))
from Lemma Bl with § = Cpnip /2, we have [[(Q%¢) M2 = [Amin(Q%g)] ™! <
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—2— with probability greater than 1 — exp (—Kn/ d? + 2log(d)). Next, ap-

Cmin
plying the bound {@Bh) with § = ¢/v/d, we conclude that with probability
greater than 1 — 2exp (—Knc?/d® + log(d)), we have

IQ%s — Qisllee < ¢/Vd.

By choosing the constant ¢ > 0 sufficiently small, we are guaranteed that
2

(47) P71 > 0/6] < 2exp (—K@—é - log<d>) .

Control of second term:. To bound 15, we first write

IT2le < Vdl(Q55) ™ 2 1Q%es — Qesllo
Vd
< nc - >kc 00
< 2 Qs — Qi
We then apply bound (#&a)) with § = § C\%" to conclude that
n
(48) PlITol > 0/3 < 2exp (~K s +loglp—d)) .

Control of third term:. Finally, in order to bound the third term T3, we

apply the bounds (#6a) and (46h]), both with 6 = \/«a/3, and use the fact
that log(d) < log(p — d) to conclude that

49 Pl a3 < dexp (K +losp—d)).

Putting together all of the pieces, we conclude that

PlIQ3s(Qs) e 2 1= /2 = O (exp(~K T +log(p))

as claimed.

6. Experimental results. We now describe experimental results that
illustrate some consequences of Theorem [ for various types of graphs and
scalings of (n,p,d). In all cases, we solved the /¢i-regularized logistic re-
gression using special purpose interior-point code developed and described
by [Koh et all [2007].

We performed experiments for three different classes of graphs: four-
nearest neighbor lattices, (b) eight-nearest neighbor lattices, and (c) star-
shaped graphs, as illustrated in Figure[ll Given a distribution Py~ of the Ising
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(a) (b) (c)
Fig 1. Illustrations of different graph classes used in simulations. (a) Four-
nearest neighbor grid (d = 4). (b) Eight-nearest neighbor grid (d = 8). (c)
Star-shaped graph (d = ©(p), or d = ©(log(p))).

form (), we generated random data sets {z(1), ... z(™} by Gibbs sampling
for the lattice models, and by exact sampling for the star graph. For a given
graph class and edge strength w > 0, we examined the performance of mod-
els with mized couplings, meaning 07, = £w with equal probability, or with
positive couplings, meaning that 6%, = w for all edges (s,t). In all cases, we

set the regularization parameter as A\, = O(4/ lo%). Above the threshold
sample size n predicted by Theorem [l this choice ensured correct model se-
lection with high probability, consistent with the theoretical prediction. For
any given graph and coupling type, we performed simulations for sample
sizes n scaling as n = 108dlog(p), where the control parameter [ ranged
from 0.1 to upwards of 2, depending on the graph type.

Figure 2l shows results for the 4-nearest-neighbor grid model, illustrated
in Figure [[[a), for three different graph sizes p € {64, 100,225}, with mixed
couplings (panel (a)) and attractive couplings (panel (b)). Each curve corre-
sponds to a given problem size, and corresponds to the success probability
versus the control parameter 5. Each point corresponds to the average of
N = 200 trials. Notice how despite the very different regimes of (n,p) that
underlie each curve, the different curves all line up with one another quite
well. This fact shows that for a fixed degree graph (in this case deg = 4), the
ratio n/log(p) controls the success/failure of our model selection procedure,
consistent with the prediction of Theorem [Il Figure [8] shows analogous re-
sults for the 8-nearest-neighbor lattice model (d = 8), for the same range of
problem size p € {64,100,225}, as well as both mixed and attractive cou-
plings. Notice how once again the curves for different problem sizes are all
well-aligned, consistent with the prediction of Theorem [1I

For our last set of experiments, we investigated the performance of our
method for a class of graphs with unbounded maximum degree d. In partic-
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4-nearest neighbor grid (mixed) 4-nearest neighbor grid (attractive)

1 =T - 1
- ~ i e »
0.8f 0.8
2] [
] ]
® 0.6/ 0.6
o o
3 3
(0] 2]
B 0.4 8 o4t
o a
0.2} ——p = 64| 0.2f ——p= 64
—e—p =100 —e—p =100
-%-p=225 -%-p=225
0 ; ; ; ; 0 ; ; ; ;
0 0.5 1 15 2 25 3 0 0.5 1 15 2 25 3
Control parameter Control parameter
(a) (b)

Fig 2. Plots of success probability P[N- (r) = N(r), ¥r] versus the control
parameter 3(n, p, d) = n/[10dlog(p)] for Ising models on 2-D grids with four
nearest-neighbor interactions (d = 4). (a) Randomly chosen mixed sign
couplings 6%, = £0.50. (b) All positive couplings 6%, = 0.50.

8-nearest neighbor grid (mixed) 8-nearest neighbor grid (attractive)

1 1
LT wt
0.8 0.8f G-~
2 0.6f 2 0.6f -
o Q *
3 =1
(0] 2]
B 0.4 8 o4t
o a {
A
0.2t 0.2t Vi —~—p= 64
—e—p =100
-x-p=225
0 ; ; 0 ; ;
0 1 2 3 4 0 1 2 3 4
Control parameter Control parameter
(a) (b)

Fig 3. Plots of success probability P[N.(r) = N (r),Vr] versus the con-
trol parameter 5(n, p,d) = n/[10d log(p)] for Ising models on 2-D grids with
eight nearest-neighbor interactions (d = 8). (a) Randomly chosen mixed
sign couplings 0%, = £0.25. (b) All positive couplings 67, = 0.25.
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ular, we constructed star-shaped graphs with p vertices by designating one
node as the spoke, and connecting it to d < (p — 1) of its neighbors. For lin-
ear sparsity, we chose d = [0.1p], whereas for logarithmic sparsity we choose
d = [log(p)]. We again studied a triple of graph sizes p € {64, 100,225} and
Figure M shows the resulting curves of success probability versus control pa-
rameter § = n/[10dlog(p)]. Panels (a) and (b) correspond respectively to
the cases of logarithmic and linear degrees. As with the bounded degree
models in Figure 2l and [3], these curves align with one another, showing a
transition from failure to success with probability one.

1 Atk — % — - 1 ek — ke
0.8f 0.8f
2] 19
(%] %]
® 0.6t 8061
o o
=] 3
(2] 2]
S 0.4} S 0.4
a a
0.2r ——p= 64 0.2r ——p = 64|
—e—p =100 —e—p =100
/ -w-p=225 -u-p=225
0 . . 0 . .
0 0.5 1 1.5 2 0 0.5 1 1.5 2
Control parameter Control parameter

(a) (b)

Fig 4. Plots of success probability P[N+(r) = N(r),Vr] versus the control
parameter 3(n,p,d) = n/[10dlog(p)] for star-shaped graphs, in which d =
O©(p), for attractive couplings. (a) Logarithmic growth in degrees. (b) Linear
growth in degrees.

7. Conclusion. We have shown that a technique based on #;-regularized
logistic regression can be used to perform consistent model selection in
discrete graphical models, with polynomial computational complexity and
sample complexity logarithmic in the graph size. Our analysis applies to
the high-dimensional setting, in which both the number of nodes p and
maximum neighborhood sizes d are allowed to grow as a function of the
number of observations n. There are a number of possible directions for fu-
ture work. For bounded degree graphs, our results show that the structure
can be recovered with high probability once n/log(p) is sufficiently large.
Up to constant factors, this result matches known information-theoretic
lower bounds [Bresler et all, 2008, [Santhanam and Wainwright, 2008]. On
the other hand, our experimental results on graphs with growing degrees
(star-shaped graphs) are consistent with the conjecture that the logistic re-
gression procedure exhibits a threshold at a sample size n = O(dlogp), at
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least for problems where the minimum value 67 ; stays bounded away from

zero. It would be interesting to provide a sharp threshold result for this
problem, to parallel the known thresholds for ¢;-regularized linear regres-
sion, or the Lasso (see [Wainwright! [2006]). Finally, the ideas described here,
while specialized in this paper to the pairwise binary case, are more broadly
applicable to discrete graphical models with a higher number of states; this
is an interesting direction for future research.

APPENDIX A: PROOFS FOR SECTION 4.1

In this section, we provide proofs of Lemmas [2, Lemma [3] and Lemma [4]
previously stated in Section F1]

A.1. Proof of Lemma [2. Note that any entry of W" has the form
wn =1

=i Zy), where for i = 1,2,...,n, the variables

20 = ) (o)~ Poefer =11 ) + Pofor = -1 | )}

are zero-mean under Py«, i.i.d., and bounded ( |Z1(f)| < 2). Therefore, by
the Azuma-Hoeffding inequality [Hoeffding, 1963], we have, for any § > 0,

P[[W2| > 4] < 2exp (—”T‘sz). Setting 6 = 4(‘”2—’\_”01), we obtain

2—a . « 9
IP’[ " |Wu|>z} < 2exp(—Kn)\n)

for some constant K. Finally, applying a union bound over the indices u of
W™ yields

2—a . o 9
P2 e > 5] < 2exp (<K +log(r)

as claimed.

A.2. Proof of Lemmafl Following a method of Rothman et all [2008],
we define the function G : R* — R by

(50) Glus) :=£(65 + us; {z0}) — (0% {zV}) + A (1165 + us|| — 1651 -

It can be seen from equation (24]) that u = O — 0% minimizes G. Moreover
G(0) = 0 by construction; therefore, we must have G(u) < 0. Note also that
G is convex. Suppose that we show that for some radius B > 0, and for
u € R? with [|jully = B, we have G(u) > 0. We then claim that ||@]s < B.
Indeed, if @ lay outside the ball of radius B, then the convex combination
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tu + (1 —t)(0) would lie on the boundary of the ball, for an appropriately
chosen t € (0,1). By convexity,

G (ta+ (1-1)(0)) < tG(@) + (1-1)G(0) < 0,

contradicting the assumed strict positivity of G on the boundary.

It thus suffices to establish strict positivity of G on the boundary of the
ball with radius B = MM\,v/d, where M > 0 is a parameter to be chosen later
in the proof. Let v € R? be an arbitrary vector with |jul|s = B. Recalling
the notation W = V£(6*;{zD}), by a Taylor series expansion of the log
likelihood component of G, we have

(51) G(u) = Wiu+u" [V2005 + aw)| w+ A, (|65 + us]| - [|63]]),

for some « € [0, 1]. For the first term, we have the bound

2 M
(52) [Wiul < [Wslollull < [WsllooVallullz < (AVd) T,

since ||Ws|loo < 2 with probability converging to one from Lemma (2
Applying the triangle inequality to the last term in the expansion (GI))
yields
(53)
2
Al + sl — 163 = ~Aalluslh > ~AValusls = M (Var,)”.

Finally, turning to the middle Hessian term, we have

0 = Apin (V2005 4 au; {zD}))
> min A (V205 + aug; {z09}))
a€l0,1]

1 . . .
in Agin | — (7). ox @) . .(O\T
Join o ;_1?7(:6 i05 + aug)rg (zg)
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By a Taylor series expansion of n(z(;-), we have

mzn Z 77 (2) )T

- max m— zn D:0% + aus) (uzl)zy (@) 7|2

'Q*
Y

= Amin(@s) — max m—zn .05 + aus) (uke )z d ()7 |1y

> Coin = max I zn (29:65 + ous) (uh ) (@)

It remains to control the final spectral norm. For any fixed o € [0,1] and
y € R? with ||y[j2 = 1, we have

{ Zn D05 + aus)(u sxfcf’nfé’(xéf’ﬁ}y:

. 2
—Zn D05 + aus)(u§ay)) [2)7]

(4) (i

< (29505 + aug) (u§zy )‘ [wS))Tyr

iz
Now note that |n/(z®; 95 + aug)| < 1, and ]uT ® | < Vd|lugllz = M\,d.
Moreover, we have || (x(s))T ) <|iyr lx(s)( (S)) ll2 < Dpax by
assumption. Combining these pieces, we obtain

max |||;Z77 (2905 + aus)(la)2d (28Tl < DuaxMAnd

Cmin
2 M

IN

where the last inequality follows as long as A\,d < 5 ]g:::: We have thus
shown that
Cmin

(54) ¢" = Min (V2005 + o {2})) > =5

with probability converging to one, as long as \,d is sufficiently small.



26 RAVIKUMAR, WAINWRIGHT AND LAFFERTY

Finally, combining the bounds (52)), (53), and (54]) in the expression (&1I),
we conclude that

Glug) > (A f) {——M+Cm""M2_M}.

2

This expression is strictly positive for M = 5/C)y,. Moreover, for this choice
2
of M, we have that \,d must be upper bounded by 5 Dr::;M = 1(?5;”“ as

assumed in the lemma statement.

A.3. Proof of Lemma [4L We first show that the remainder term R"
satisfies the bound || R"||oc < Dmax||fs —0%||3. Then the result of Lemma B
namely, that [|fs — 0%|l2 = Op (A, V/d)—can be used to conclude that

% = Op(And), which suffices to guarantee the claim of Lemma [l

Focusing on element R} for some index j € {1,...,p}, we have

. T ~
Ry = [V2(0Y;x) - v2e(9*;x)}j 0 — 6°]

— _Z[ (z();90)) (x(i);g*)} [l’(i)(x(i))Tr[é—H*].

J

for some point §) = tj9 + (1 —t;)6*. Setting g(t) = %, note that

n(z;0) = g(xr Xy, Oree). By the chain rule and another application of
the mean value theorem, we then have

RY = % Z g (897D @789 — 6%) { (9)7 7 - %)}

- IS (07} (10 - a0 - )

where 0U) is another point on the line joining 6 and 6*. Setting a; =
{d (9(7 a;(i)) azy)} and b; := {[0Y) — 0*]T2® (27§ — #*]}, we have

1 n
— 1> aib;
L P

A calculation shows that |lal|s < 1, and

ol = 4f -6 {3 ix@(w“))T} 76

1
i’ = < = alloclbl.

n =1

Y * 1 - 7 (3
= tj[HS—os]T{ng’g)( )" }[95—93]
i=1

< Dmax\\és—%llgy
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where the second line uses the fact that é\sc = 0%, = 0. This concludes the
proof.

APPENDIX B: PROOF OF LEMMA 7

Recall from the discussion leading up to the bound (@3] that element
(4, k) of the matrix difference Q™ — Q*, denoted by Zjy, satisfies a sharp tail
bound. By definition of the f,,-matrix norm, we have

PlQ%es — Qseslloo = 0] = Plmax ) |Zj| > 0]

< (p—d)P[Y_ [Zp| > 4,
kesS

where the final inequality uses a union bound, and the fact that |S¢| < p—d.
Via another union bound over the row elements, we have

PllQ%es — Qseslloe = 0] < (p—d) dP[|Zji| = 6/d],

from which the claim (4Gal) follows by setting ¢ = ¢/d in the Hoeffding
bound (43]). The proof of bound (46D is analogous, with the pre-factor
(p — d) replaced by d.

To prove the last claim ([{6d), we write

I(Q%9)™" — (Q55) o 1(Q55)™ [Q5s — Q5] (Qs) ™ oo

< Vd[[(Qss) ™ Qs — Qds] (Qls) Iz

< VAI(@Qss) Qs - Qhslel(@)
d

< 2 Qs - Qusl @) I

From the proof of Lemma 5, in particular equation (44]), we have

2
PI@Es) ez 5| < 2exp (~KEP + Blog(d))

min

for a constants B. Moreover, from equation (44]), we have

2
P(|Q%s — Qssl2 > 6/Vd] < 2exp <—K‘L—f + 2log(d)> ,

so that the bound (@Gd) follows.
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