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Lecture 1: In tro duction and total variation distance

1.1 In tro duction

Let ­ be a ¯nite set of cardinalit y N . A stochastic matrix on ­ is a function P : ­ £ ­ ! R such
that

P(x; y) ¸ 0 for all x; y 2 ­ ; and
X

y2 ­

P(x; y) = 1 for all x 2 ­ : (1.1)

A Markov chain with transition matrix P, is a sequenceof random variables X 0; X 1; : : : such that

P f X t +1 = yj X 0 = x0; X 1 = x1; : : : ; X t ¡ 1 = x t ¡ 1; X t = xg = P(x; y) (1.2)

for all sequences(x0; x1; : : : ; x t ¡ 1; x; y) of elements of ­. We usethe notation P ¹ and E¹ to indicate
probabilities and expectations for the chain started with distribution ¹ . We write P x and Ex when
the chain is started in the state x.

A Markov chain is called irr educible if for any two statesx; y 2 ­, there exists an integer n (possibly
depending on x and y) so that Pn (x; y) > 0. This meansthat it is possibleto get from any state to
any other state. The chain will be called aperiodic if for every state x

GCDf k ¸ 0 j Pk (x; x) > 0g = 1:

where GCD stands for the greatest common divisor.

Prop osition 1.1 Show that the chain is both irr educible and aperiodic if and only if there exists
k ¸ 0 such that for every pair of states x; y we havePk (x; y) > 0.

The proof leavesas an exercise.

1.2 Total variation distance

The total variation distance betweentwo probabilit y distributions ¹ and º on ­ is de¯ned as

k¹ ¡ º kT V = max
A ½­

j¹ (A) ¡ º (A)j : (1.3)

We denote X » ¹ if the random variable X has distribution ¹ .

Prop osition 1.2 Let ¹ and º be two probability distributions on ­ . Then

k¹ ¡ º kT V =
1
2

X

x 2 ­

j¹ (x) ¡ º (x)j (1.4)

= inf f P f X 6= Yg : X » ¹; Y » º g (1.5)
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Pro of: To prove the ¯rst equality, take B = f x : ¹ (x) > º (x)g. We use the set B to decompose
the set A:

¹ (A) ¡ º (A) =
X

x 2 A \ B

[¹ (x) ¡ º (x)] ¡
X

x 2 A \ B c

[º (x) ¡ ¹ (x)] : (1.6)

Notice that [¹ (x) ¡ º (x)] > 0 for x 2 B , and [º (x) ¡ ¹ (x)] ¸ 0 for x 2 B c. It follows that

¹ (A) ¡ º (A) ·
X

x 2 B

[¹ (x) ¡ º (x)] = ¹ (B ) ¡ º (B ):

We obtain similarly that

¹ (A) ¡ º (A) ¸ ¹ (B c) ¡ º (B c) (1.7)

and since¹ (B ) ¡ º (B ) = º (B c) ¡ ¹ (B c). Thus,

k¹ ¡ º kT V =
1
2

[¹ (B ) ¡ º (B ) + º (B c) ¡ ¹ (B c)]

=
1
2

"
X

x 2 B

(¹ (x) ¡ º (x)) +
X

x 2 B c

(º (x) ¡ ¹ (x))

#

=
1
2

"
X

x 2 ­

j¹ (x) ¡ º (x)j

#

: (1.8)

This establishes(1.4).

De¯ne

p(x):=
¹ (x) ^ º (x)

z
;

where z = 1 ¡ k¹ ¡ º kT V . It's easy to verify that p is a probabilit y distribution. Now de¯ne
probabilit y distributions ~¹ and ~º through the equations

¹ = zp + (1 ¡ z)~¹ (1.9)

º = zp + (1 ¡ z)~º : (1.10)

Sincez · 1 and zp(x) · ¹ (x), this does implicitly de¯ne legal probabilit y distributions ~¹ and ~º .

We can generatea pair (X ; Y ) as follows: A coin with probabilit y z of \heads" is tossed. If \heads",
generateX accordingto p, and set Y = X . If \tails", generateX accordingto ~¹ and, independently ,
generatey according to ~º .

The reader should convince herself that the marginal distributions of (X ; Y ) are ¹ and º .

Notice that ~¹ (x) > 0 if and only if º (x) < ¹ (x), and likewise ~º (x) > 0 if and only if ¹ (x) < º (x).
Thus the supports of ¹ and º are disjoint. This meansthat if the coin lands \tails", then X 6= Y.
We concludethat

Pf X 6= Yg = 1 ¡ z = k¹ ¡ º kT V :

Consequently ,
inf f P f X 6= Yg : X » ¹; Y » º g · k¹ ¡ º kT V : (1.11)

On the other hand, for any pair (X ; Y ) with the correct marginals, and any set A ½ ­,

¹ (A) ¡ º (A) = Pf X 2 Ag ¡ Pf Y 2 Ag · Pf X 2 A; Y 62Ag · Pf X 6= Yg:

Taking the maximum over A and the minimum over pairs (X ; Y ), we get that

k¹ ¡ º kT V · inf f P f X 6= Yg : X » ¹; Y » º g: (1.12)

Together (1.11) and (1.12) prove (1.5).



3

Lecture 2: Convergence Theorem and Coupling

2.1 Convergence Theorem

Consider an irreducible aperiodic Markov chain with transition matrix P on a ¯nite state space­.
A measure¼on ­ is called stationary if it satis¯es

¼= ¼P: (2.1)

If in addition, ¼is a probabilit y measure(¼(­) = 1) then it is called a stationary distribution . The
condition (2.1) can be rewritten as a system of linear equations:

¼(y) =
X

x 2 ­

¼(x)P(x; y); y 2 ­ : (2.2)

Theorem 2.1 Let f X j gj ¸ 0 be a Markov Chain on a ¯nite space ­ . Fix any state a 2 ­ , and let
¿+

a := inf f n ¸ 1 : X n = ag be the ¯rst positive time that the chain hits the state a. We also de¯ne
another hitting time ¿a = inf f n ¸ 0 : X n = ag. ¿+

a di®ers from ¿a only when X 0 = a. De¯ne

~¼(x) = Ea

¿+
a ¡ 1X

n =0

1f X n = x g:

In words, ~¼(x) is the expected number of visits to x, starting at a and before the chain returns to a.
Then, ~¼(x) givesa stationary measure.

Pro of: We will prove a stronger result as Theorem 2.6.

Theorem 2.2 De¯ne

¼(x) =
~¼(x)
Ea¿+

a
: (2.3)

Then, ¼ is a stationary distribution.

Pro of: Since
P

x 2 ­ ~¼(x) = Ea¿+
a . We only have to prove that Ea¿+

a < 1 .
Let r be an integer such that Pr (x; y) > 0 for all x and y in ­. Such an r is guaranteed to exist by
irreducibilit y and aperiodicit y. Let ² = minx;y 2 ­ Pr (x; y).

Supposethat for somek,
P a f ¿+

a > kr g · (1 ¡ ²)k (2.4)

Then

P a f ¿+
a > (k + 1)r g · P a f ¿+

a > kr; X (k+1) r 6= ag

· P a f ¿+
a > kr g sup

x 2 ­
P x f X r 6= ag

· (1 ¡ ²)k (1 ¡ ²)
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So, by induction, equation (2.4) is true for all k. Thus:

Ea f ¿+
a g =

1X

n =0

P a f ¿+
a > ng =

1X

k=0

r ¡ 1X

j =0

P a f ¿+
a > kr + j g ·

1X

k=0

r P a f ¿+
a > kr g < 1 :

De¯nition 2.3 A function h is harmonic at x 2 ­ if

h(x) =
X

y2 ­

P(x; y)h(y): (2.5)

A function is harmonic on D ½ ­ if it is harmonic at every point x of D . If h is regarded as a
column vector, then a function which is harmonic on all of ­ satis¯es the matrix equation Ph = h.

Lemma 2.4 Functions which are harmonic everywhere on ­ must be constant functions.

Pro of: Let h be a harmonic function on ­. Let A = f x 2 ­ : h(x) = max­ hg be the set of
points where h takes its maximum value. Since ­ is ¯nite, A is nonempty. Let x 2 A, and let
Nx = f y : P(x; y) > 0g. If there is y0 2 Nx with h(y0) < h(x), then

h(x) = P(x; y0)h(y0) +
X

y2 N x nf y0 g

P(x; y)h(y) < h(x);

a contradiction. It follows that h(y) = h(x) for all y such that P(x; y) > 0. Since the chain is
irreducible, h must be constant.

Theorem 2.5 The stationary distribution is unique.

Pro of: From equation (2.1), we seethat in order to prove ¼is unique, we only have to prove that
the matrix (P ¡ I ) hasrank N ¡ 1. This is equivalent to the fact that (P ¡ I )f = 0 hasonly constant
solutions, which is a consequenceof Lemma 2.4.

Theorem 2.6 Suppose¿ > 0 is a stopping time with P a [X ¿ = a] = 1, Ea¿ < 1 . Then the measure

¹ (x):= Ea

¿¡ 1X

t =0

1f X t = x g

is stationary.

Pro of: Fix a state y. From all those paths that hit y at time j + 1, consideringthe position of the
path at time j , we have

¿¡ 1X

j =0

1f X j = yg =
¿¡ 1X

j =0

1f X j +1 = yg =
X

x

¿¡ 1X

j =0

1f X j = x g1f X j +1 = yg:

Taking the expectation Ea , we obtain

¹ (y) =
X

x

1X

j =0

P(¿ > j ; X j = x; X j +1 = y)

=
X

x

1X

j =0

P(¿ > j ; X j = x)P(X j +1 = yj¿ > j ; X j = x) (2.6)
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Since 1f ¿>j g is a function of X 1; : : : ; X j , by the Markov property, P(X j +1 = yj¿ > j ; X j = x) =
P(x; y). We also have

P 1
j =0 P(¿ > j ; X j = x) = ¹ (x). So the right side of (2.6) reduces toP

x ¹ (x)P(x; y), which shows that ¹ is stationary.

To prevent cheating, we also have to prove that each ¹ (x) is ¯nite. This is easysince
P

x ¹ (x) =
Ea¿ < 1

2.2 Coupling

Theorem 2.7 Supposethat P is both irr educibleand aperiodic. Let ¼be the stationary distribution.
Then for any x 2 ­ ,

lim
n !1

kPn (x; ¢) ¡ ¼kT V = 0:

Moreover, the convergence is geometrically fast.

Pro of: Let r be such that Pr has all strictly positive entries. Then for su±ciently small ² there
exists a stochastic matrix Q satisfying

Pr = ²¼+ (1 ¡ ²)Q; (2.7)

where ¼is the matrix with N = j­ j rows, each identical to the row vector ¼.

According to equation (2.7), we can generate an r -step move of the Markov chain P as follows:
If an ²-coin lands \heads", generatean observation from ¼ and take this as the new state, while
if the coin lands \tails", make a move according to the transition matrix Q. The ¯rst time the
coin lands \heads", the distribution of the new position is exactly stationarit y. Then using the
coupling characterization of total variation distance (Proposition 1.2) , the total variation distance
k(Pr )k (x; ¢) ¡ ¼kT V can be bounded by (1 ¡ ²)k , the probabilit y of no headsin k tosses.
Again by Proposition 1.2, we know that if we run two chains one step forward respectively, then
their total variation distance will becomesmaller. So, we can easily extend the last result to the
following one, which leadsto our conclusion:

kPn (x; ¢) ¡ ¼kT V · (1 ¡ ²)bn=r c:

For the rest of this subsection,we assumethat the two Markov chains f (X t ; Yt )g are coupledso that

if X s = Ys; then X t = Yt for t ¸ s; (2.8)

and ¿coupl e is the ¯rst time the two chains meet.

Theorem 2.8 Suppose that for each pair of states x; y there is a coupling f (X t ; Yt )g with X 0 = x
and Y0 = y. Let

¿coupl e:= minf t : X t = Yt g: (2.9)

Then
max

¹
k¹ Pt ¡ ¼kT V · max

x;y 2 ­
Pf ¿coupl e > tg:

First, we show that the distribution of the chain started from ¹ and the distribution of the chain
started from º are bounded by the meeting time of coupled chains.
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Prop osition 2.9 If ¹ is the distribution of X 0 and º is the distribution of Y0, then

k¹ Pt ¡ º Pt kT V · P f ¿coupl e > tg:

Pro of:

¹ Pt (z) ¡ º Pt (z) = Pf X t = z; ¿coupl e · tg + Pf X t = z; ¿coupl e > tg

¡ Pf Yt = z; ¿coupl e · tg ¡ Pf Yt = z; ¿coupl e > tg

Now sinceX t = Yt when ¿coupl e · t, the ¯rst and the third terms cancel,so

¹ Pt (z) ¡ º Pt (z) = Pf X t = z; ¿coupl e > tg ¡ Pf Yt = z; ¿coupl e > tg:

Thus

°
° ¹ Pt ¡ º Pt

°
°

T V ·
1
2

X

z

[P f X t = z; ¿coupl e > tg + Pf Yt = z; ¿coupl e > tg] = Pf ¿coupl e > tg:

The following lemma combined with Proposition 2.9 establishesTheorem 2.8.

Lemma 2.10

max
¹

k¹ Pt ¡ ¼kT V = max
x

kPt (x; ¢) ¡ ¼kT V · max
x;y 2 ­

kPt (x; ¢) ¡ Pt (y; ¢)kT V : (2.10)

Pro of: As ¼is stationary, ¼(A) =
P

y ¼(y)P t (y; A) for any set A. Using this shows that

jPt (x; A) ¡ ¼(A)j =

¯
¯
¯
¯
¯
¯

X

y2 ­

¼(y)
£
Pt (x; A) ¡ Pt (y; A)

¤
¯
¯
¯
¯
¯
¯

·
X

y

¼(y)jPt (x; A) ¡ Pt (y; A)j

· max
y

kPt (x; ¢) ¡ Pt (y; ¢)kT V :

Maximize over A, we get for any state x:

kPt (x; ¢) ¡ ¼kT V · max
y

kPt (x; ¢) ¡ Pt (y; ¢)kT V : (2.11)

Which provesthe secondhalf. The ¯rst equality is similar, and left to the reader as an exercise.

Lemma 2.11 If d(t):= maxx;y 2 ­ kPt (x; ¢) ¡ Pt (y; ¢)kT V , then d(s + t) · d(s)d(t).

Pro of: Let (X s; Ys) be the optimal coupling of Ps(x; ¢) and Ps(y; ¢) which attains the total variation
distance in equation 1.5. Then

Ps+ t (x; w) =
X

z

Ps(x; z)P t (z; w) =
X

z

Pt (z; w)Pf X s = zg = Ef Pt (X s; w)g:

We have the sameequality for Ys. Subtract the two equalities gives:

Ps+ t (x; w) ¡ Ps+ t (y; w) = Ef Pt (X s; w) ¡ Pt (Ys; w)g: (2.12)
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Summing over w establishes:

kPs+ t (x; ¢) ¡ Ps+ t (y; ¢)kTV =
1
2

X

w

¯
¯Ef Pt (X s; w) ¡ Pt (Ys; w)g

¯
¯

· EkPt (X s; ¢) ¡ Pt (Ys; ¢)kTV

The total variation distanceinside the expectation is zerowhenever X s = Ys. Moreover, this distance
is always bounded by d(t). Since(X s; Ys) is an optimal coupling, we obtain

kPs+ t (x; ¢) ¡ Ps+ t (y; ¢)kTV · d(t)P f X s 6= Ysg

= d(t)kPs(x; ¢) ¡ Ps(y; ¢)kTV

· d(t)d(s)

Maximizing over x; y completesthe proof.

2.3 Examples of coupling time

Example 2.12 Consider a Markov chain on the hypercube ­ = f 0; 1gd. Each state x in ­ can be
represented by the orderedd-tuple (x1; : : : ; xd), in which each x j may assumetwo di®erent values,0
and 1. The chain is run as follows. At each time, we pick a coordinate x j uniformly, and changethe
value of x j with probabilit y 1/2. Let ¿ be the ¯rst time that all the coordinates have beenselected
at least once and ¿( l ) be the ¯rst time that l distinct coordinates have been chosen. Let seewhat
what can be said about the distribution of the stopping time ¿( l ) .

The event f ¿( l +1) ¡ ¿( l ) ¸ kg meansthat in the next (k ¡ 1) steps following ¿( l ) , we never pick a
new coordinate. Thus

P((¿( l +1) ¡ ¿( l ) ) ¸ k) =
µ

l
d

¶ k ¡ 1

:

From this, we get

E(¿( l +1) ¡ ¿( l ) ) =
X

k ¸ 1

µ
l
d

¶ k ¡ 1

=
d

d ¡ l
:

Summing over l gives
E¿ = E¿(d) » d logd:

Example 2.13 Lazy random walk on cycle. Consider n points f 0; 1; : : : ; n ¡ 1g on a circle.
Two points a and b are neighbors if and only if a ´ b§ 1 mod n. The chain (X t ; Yt ) starts at two
points x; y on this circle. At each time, if X t and Yt have not yet met, ¯rst toss a coin to decide if
X t or Yt moves,then make a move of that chosenpoint to the left neighbor or to the right neighbor,
with probabilit y 1/2 each. If X t and Yt have already met, then move them together.

We look at the processX t , it is a lazy random walk. Each time the chain has probabilit y 1=2 to be
still, and probabilit y 1=4 to move left and right respectively. Let ¿ be the ¯rst meeting time of X t

and Yt . We want to compute E¿.

Let f Z t g be a simple random walk on Z starting at k = x ¡ y mod n. The two processesf X t ¡ Yt

mod ng and f Z t mod ng has the same distributions. Let ¿0:= inf f t ¸ 0 : Z t = 0 or ng. Then,
E¿ = E¿0.
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We have two methods to ¯nd E¿0. One is to write f k for the expected time Ek (¿0) started at state
k. Clearly, f 0 = f n = 0. For other valuesof k, consideringthe ¯rst step gives

f k =
1
2

E( ¿0j walk movesto k + 1) +
1
2

E( ¿0j walk movesto k ¡ 1)

This gives the recurrenceformula:

f k = 1 +
1
2

(f k+1 + f k ¡ 1) : (2.13)

Exercise 2.14 Check that the recurrence 2.13 has a unique solution f k = k(n ¡ k).

The other way to get E¿0 is indicated by the following exercise.

Exercise 2.15 Prove that Z 2
t ¡ t is a martingale. Use the Optional Sampling Theorem to prove

E¿0 = k(n ¡ k).

In general,no matter what k is,
Ek ¿ · (n=2)2: (2.14)

Example 2.16 D-dimensional discrete torus The d-dimensional torus has vertices in Zd
n . Two

vertices x = (x1; : : : ; xd) and y = (y1; : : : ; yd) are neighbors if for somecoordinate j , x j ´ yj § 1
mod n, and x i = yi for all i 6= j

We couple two lazy random walks started at x; y 2 Zd
n as follows: First, we pick oneof the d coordi-

nates at random. If the two chains agreein this coordinate, we move each of the chains identically ,
adding § 1 to the chosencoordinate with probabilit y 1

4 each, and doing nothing with probabilit y
1
2 . If the two chains do not agreein the chosencoordinate, we pick one of the chains at random to
move, leaving the other ¯xed. For the chain selectedto move, we add § 1 to the chosencoordinate
with probabilit y 1

2 each.

Let ¿i be the time it takesfor the i -th coordinate to couple. Each time this coordinate is selected,the
processis just like the caseof the cycleZn (Example 2.13). Sincethe i -th coordinate is selectedwith
probabilit y 1=d at each move, there is a geometric waiting time betweenmoveswith expectation d.
It follows from (2.14) that

E(¿i ) ·
dn2

4
: (2.15)

The coupling time we are interested in is ¿coupl e = max1· i · d ¿i , and we can bound the max by a
sum to get

E(¿coupl e) ·
d2n2

4
: (2.16)

This time is independent of the starting state, and we can useMarkov's inequality to get

Pf ¿coupl e > tg ·
1
t
E(¿coupl e) ·

1
t

d2n2

4

Taking t0 = d2n2 shows that ¹d(t0) · 1
4 . Using Lemma 2.11 shows that if t = dlog4(² ¡ 1)ed2n2 then

¹d(t) · ². In other words, ¿(²) = O
¡
c(d)n2 log(² ¡ 1)

¢
.

Exercise 2.17 Starting from equation (2.15), prove that there exists a constant A, such that

E(¿coupl e) · A ¢d logd ¢n2 (2.17)

which is a stronger version of (2.16).
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Lecture 3: Path Coupling and the Kan toro vic h Metric

3.1 Mark ov Chain Review

Consider a Markov chain on a ¯nite state space­. The chain is irr educible if for any two states
x; y 2 ­ there exists k ¸ 0 such that pk (x; y) > 0. If the chain is irreducible and aperiodic, then,
there exists k ¸ 0 such that for every pair of states x; y, Pk (x; y) > 0.

Con vergence theorem : If the chain is irreducible and aperiodic, then

jjPt (x; ¢) ¡ ¼jjTV ! 0 as t ! 1 ;

where ¼ is the stationary distribution. Note that this implies the uniquenessof the stationary
distribution; in fact, this uniquenessholds even without the assumption of aperiodicit y. To deduce
this from the convergencetheorem, usethe lazy chain, with transition matrix P+Id

2 . The lazy chain
is aperiodic, sothe convergencetheorem implies uniquenessof stationary distribution. Since¼P = ¼
if and only if ¼P+Id

2 = ¼, the uniquenessapplies to the original chain as well. This is the second
proof of theorem 2.5.

3.2 Glaub er Dynamics for Graph Coloring

Let G = (V; E) be a ¯nite undirected graph with all vertex degrees· ¢. A q-coloring of G
is a map f : V ! f 1; : : : ; qg; the coloring is proper if adjacent vertices receive distinct colors:
x » y ) f (x) 6= f (y). The minimal q for which there exists a proper q-coloring is called the
chromatic number of G, denoted Â(G).

We would like to understand the geometry of the spaceof proper colorings; in particular, we are
interested in sampling a uniform or close-to-uniform proper q-coloring. De¯ne a graph structure on
the spaceof all q-colorings of G by putting f and g adjacent if they di®er at a singlevertex. Denote
by d(f ; g) the Hamming distance between colorings f and g; this is also the length of the shortest
path from f to g. Note, however, that if f and g are proper, the shortest path joining f and g in
the spaceof proper colorings may be strictly longer than d(f ; g).

The Glauber dynamics on proper colorings are de¯ned as follows: at each time step, choosea vertex
uniformly at random, and change its color to one chosenuniformly at random from among those
di®erent from the colorsof the neighboring vertices. This rule ensuresthat if we start from a proper
coloring, the dynamics will continue to produce proper colorings. Note that

² If q ¸ ¢ + 1, there exists a proper q-coloring (use a greedyalgorithm).

² If q ¸ ¢ + 2, the graph of proper q-colorings is connected,and hencethe Glauber dynamics
are irreducible. To seethis, supposef and g are distinct colorings, and let x be a vertex with
f (x) 6= g(x). Let c = g(x). Sinceq ¸ ¢ + 2, for each neighbor y of x satisfying f (y) = c, we
can ¯nd a di®erent color c0 such that changing f (y) to c0 will result in a proper coloring. After
making thesechanges,no neighbor of x has f -color c, so changing f (x) to c will again result
in a proper coloring. We have produced a proper coloring ~f along with a path in the space
of proper colorings from f to ~f , such that d( ~f ; g) < d(f ; g). By induction on the distance, we
can produce a path from f to g.
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² If q ¸ ¢ + 3, the Glauber dynamics are aperiodic.

Exercise 3.1 Show that on a ¯nite binary tree, the space of 3-colorings is connected. This shows
that the above bounds can be far from sharp. Hint: Induct on the depth of the tree.

Op en Question : Is q ¸ ¢ + C or ¢(1 + ²) + C enoughto ensurepolynomial time mixing for the
Glauber dynamics? We want polynomial time in n = jV j for constant q; ¢, i.e.

¿1

µ
1
4

¶
· C1n`

for someconstants C1 and ` which may depend on q and ¢.

What's known:

² If q > 2¢, then ¿1 = O(n logn). (Jerome '95 / Kotecky)

² Later improvements: q > (2 ¡ ²)¢ ) ¿1 = O(n logn)

² q > 11¢
6 ) ¿1 = O(n2 logn). (Vigoda '99)

3.3 Path Coupling

The following lemma shows the basic connection betweencoupling and mixing.

Lemma 3.2 For any coupling of two copies of the chain X t ; Yt started from X 0 = x; Y0 = y, we
have

jjPt (x; ¢) ¡ Pt (y; ¢)jjTV · P(X t 6= Yt ): (3.1)

Pro of: This is directly follows the proposition of the total variation distance:

jjPt (x; ¢) ¡ Pt (y; ¢)jjTV = inf f P f X 6= Yg : X » Pt (x; ¢); Y » Pt (y; ¢)g

Let d be any metric on ­ satisfying d(x; y) ¸ 1 whenever x 6= y. Then the right side of (3.1) is
bounded above by Ed(X t ; Yt ). This suggestsa contraction approach: ¯nd a coupling such that

Ed(X t ; Yt ) · e¡ ° Ed(X t ¡ 1; Yt ¡ 1) (3.2)

for some° > 0, so that

jjPt (x; ¢) ¡ Pt (y; ¢)jjTV · e¡ ° t d(x; y) · e¡ ° t Diam(­) :

Solving for the time t which makesthis distance · ², we obtain a bound on the mixing time:

¿1(²) ·
1
°

log
Diam(­)

²
: (3.3)

Now the question becomeshow to verify the contraction condition (3.2) for a reasonablevalue of ° .
In order to get polynomial time mixing we need° to be polynomial in 1

n .
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3.4 Kan toro vic h Metric

To reduce the amount of work involved in checking (3.2), Bubbley and Dyer noticed that under
certain conditions it su±ces to check (3.2) on neighboring vertices x » y and for a single step of the
chain. In part they were redoing work of Kantorovich (1942). Given a ¯nite metric space(­ ; d), the
Kantorovich metric dK is a distance on probabilit y measureson ­, de¯ned by

dK (¹; º ) = inf
X » ¹;Y » º

Ed(X ; Y ): (3.4)

The in¯m um is over all couplings of random variables X and Y distributed as ¹ and º , or joint
distributions having marginals ¹ and º .

The joint distribution of X and Y is speci¯ed by an ­ £ ­ matrix M (x; y) = P(X = x; Y = y),
with given row and column sums X

x

M (x; y) = º (y);

X

y

M (x; y) = ¹ (x):

Given a coupling M , we have
Ed(X ; Y ) =

X

x;y

M (x; y)d(x; y): (3.5)

The Kantorovich distance is obtained by minimizing the linear functional in (3.5), and hencethe
in¯m um in (3.4) is attained (so it can be replacedby a minimum).

Two simple properties of the Kantorovich metric are worth mentioning. For x 2 ­ let ±x be the
probabilit y distribution concentrated on x. Then

dK (±x ; ±y ) = d(x; y):

Secondly, if d is the discretemetric (d(x; y) = 1 for all x 6= y), then the Kantorovich metric coincides
with the total variation distance:

dK (¹; º ) = inf
X » ¹;Y » º

P(X 6= Y) = jj ¹ ¡ º jjTV :

Lemma 3.3 dK is a metric.

Pro of: Only the triangle inequality is nontrivial. Given random variables X ; Y; Z distributed as
¹; º ; ¸ , let p1(x; y) be the coupling of X and Y that realizesdK (¹; º ), and let p2(y; z) be the coupling
of Y and Z that realizes dK (¹; ¸ ). De¯ne a coupling of all three random variables by the joint
distribution

p(x; y; z) =
p1(x; y)p2(y; z)

º (y)
:

Then X

x

p(x; y; z) =
º (y)p2(y; z)

º (y)
= p2(y; z):

X

z

p(x; y; z) =
p1(x; y)º (y)

º (y)
= p1(x; y):
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Thus in our coupling we have Ed(X ; Y ) = dK (¹; º ) and Ed(Y; Z ) = dK (º ; ¸ ). Our underlying metric
d obeys the triangle inequality; taking expectations in d(X ; Z ) · d(X ; Y ) + d(Y; Z ) we obtain

dK (¹; ¸ ) · Ed(X ; Z ) · dK (¹; º ) + dK (º ; ¸ ):

The Kantorovich metric hasa simple interpretation in terms of transportation of goods which makes
the triangle inequality intuitiv ely obvious. Supposethat the supply of somegood is distributed in
di®erent cities (elements of ­) according to ¹ , and the demandfor the good is distributed according
to º . Supposefurther that the cost of transporting a given quantit y of goods betweencities x and
y is proportional to d(x; y). We wish to ¯nd the most cost-e®ective way of transporting the goods
from distribution ¹ to distribution º . If we chooseto transport M (x; y) units from x to y, then the
sum on the right side of (3.5) is the total cost of transporting the goods. The Kantorovich distance
dK (¹; º ) minimizes this sum, so it is the lowest possiblecost of transporting the goods.

Using this transportation analogy, dK (¹; ¸ ) is the minimum possible cost of transporting goods
from distribution ¹ to distribution ¸ . One way to do this is to transport them via an intermediate
distribution º , which explains the triangle inequality.

Given a ¯nite edge-weighted graph ¡, the path metric for ¡ is the distance on vertices of ¡

d(v; w) = inf
v= x 0 » x 1 » ::: » x k = w

k¡ 1X

i =0

`(x i ; x i +1 );

where`(x; y) is the length (weight) of the edge(x; y). Informally , d(v; w) is the length of the shortest
path from v to w.

Theorem 3.4 (Bubbley-Dyer) Suppose that the underlying metric d is the path metric for some
graph ¡ . Moreover suppose that d(x; y) ¸ 1 wheneverx 6= y. If the contraction condition

dK (±x P; ±y P) · e¡ ° d(x; y) (3.6)

holds for neighboring vertices x; y 2 ¡ , then it holds more generally for any pair of vertices v; w and
at any time t:

dK (±v P t ; ±w P t ) · e¡ ° t d(v; w) (3.7)

Remark. The graph ¡ neednot be related to the dynamics of the Markov chain, even though both
live on the samespace­. In the Glauber dynamics for graph colorings, for example,we'll take ¡ to
be the Hamming graph on the spaceof all colorings(proper or otherwise), in which two coloringsare
adjacent if they di®er on just one vertex. The Hamming distance on colorings is the corresponding
path metric. The transition probabilites for the Glauber dynamics, however, are not the sameas
those for nearest-neighbor random walk on the Hamming graph.

Pro of: We will treat the caset = 1. The general caseis proved in the next lecture. Let v =
x0; x1; : : : ; xk ¡ 1; xk = w be a path of minimal length in ¡ from v to w. Then

dK (±v P; ±w P) ·
k ¡ 1X

i =0

dK (±x i P; ±x i +1 P)

· e¡ °
k ¡ 1X

i =0

d(x i ; x i +1 )

= e¡ ° d(v; w);

where in the last step we have usedthe fact that d is the path metric for ¡.
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Lecture 4: Reversible Chains, Prop er Colorings, Ising Mo del

4.1 Reversible Chains

De¯nition 4.1 A Markov chain P on ­ is reversible if

¼(x)P(x; y) = ¼(y)P(y; x): (4.1)

for all states x and y.

The conditions (4.1) are also called the detailed balance equations. Note that if a vector ¼satis¯es
condition (4.1), then it is stationary for P. This can be easily seenby summing both side of (4.1)
over x and recalling that P is a stochastic matrix.

One should think about a reversible chain as a chain which looks the samewhen run backwards,
provided it is started accordingto ¼. Hereis a niceproperty of reversiblechains, due to Coppersmith,
Tetali and Winkler. Recall that we denote the ¯rst time that state b is reached by a chain by
¿b = min (n ¸ 0 : X n = b).

Exercise 4.2 Prove that for any three states a;b;c in a reversiblechain

Ea(¿b) + Eb(¿c) + Ec(¿a) = Ea(¿c) + Ec(¿b) + Eb(¿a) (4.2)

The "obvious" solution by reversing every path is wrong and here is why. The chain could make a
walk acababcaas a part of an abcacycle (which meanswe start at a, walk until we hit b for the ¯rst
time, walk until we hit c for the ¯rst time and then until we hit a for the ¯rst time again). However
if we look at this path in reverse,we seethat the acbacycle is completed in three \steps" instead of
seven. However when expectations are considered,for reversablechains things averageout.

Hint: think of a chain starting at stationary distribution and then going to a (add this quantit y to
both sidesof 4.2).

Note: The identit y in the exercisecan be generalizedto cyclesof any length.

In general, de¯ne the reversal of a Markov chain P as the Markov chain P̂ which for all x; y 2 ­
satis¯es

¼(x)P(x; y) = ¼(y)bP(y; x) (4.3)

It is easyto check that P̂ has ¼as its stationary distribution (just like P does).

Exercise 4.3 Showthat for a generalMarkov chain

Ea(¿b) + Eb(¿c) + Ec(¿a) = bEa(¿c) + bEc(¿b) + bEb(¿a) (4.4)

Let us note that Ea(¿b) and Eb(¿a) can be very di®erent for general Markov chains, including
reversible ones. However, for certain types of graphs they are equal. A ¯nite graph G is transitive
if for any pair of vertices x; y 2 V(G) there exists a graph automorphism Ã of G with Ã(x) = y.
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Exercise 4.4 Prove that for a simple random walk on a transitive (connected) graph G, for any
vertices a;b 2 V(G)

Ea(¿b) = Eb(¿a): (4.5)

Many familiar graphs are transitiv e, e.g. Zd
n . The equality (4.5) is trivial if for any vertices x; y 2 V

we can ¯nd an automorphism Ã which °ips them: Ã(x) = y and Ã(y) = x, which is the casefor Zd
n .

Hencean exercise:

Exercise 4.5 Find the smallest transitive graph G such that there is a pair of vertices x; y 2 V (G)
for which there is no automorphism Ã of G such that Ã(x) = y and Ã(y) = x.

Now we turn back to estimating mixing times for various Markov chains.

4.2 Review of Kan toro vic h Metric and Coupling

The mixing time ¿1(²) of a Markov chain is de¯ned as:

¿1(²) = inf
x 2 ­

(inf f t : kP t (x; ¢) ¡ ¼kT V · ²g) (4.6)

Prop osition 4.6
¿1(²) = inf

¹
(inf f t : kP t (¹; ¢) ¡ ¼kT V · ²g) (4.7)

where ¹ is any distributions on ­ .

Pro of:The proof is easyand was left as an exercise.

Notice that Lemma 2.11 implies

kPk¢¿(1=4) (x; ¢) ¡ ¼kT V · d(k ¢¿1(1=4)) · d(¿1(1=4))k · (2 ¢
1
4

)k ;

and hence¿1(2¡ k ) · k¿1(1=4). So in order to ¯nd the order of magnitude of the general mixing
time ¿1(²), it is enoughto consider¿1(1=4). Changing ² only changesthe mixing time by a constant
factor. So, we also denote ¿1(1=4) by ¿1.

In Theorem 3.4 we showed that if d is a path metric on ­, and the contraction condition

dK (±x P; ±y P) · e¡ ° d(x; y) (4.8)

holds for neighboring x; y 2 ­, then (4.8) holds for any x; y 2 ­. Now we will show that we can
considergeneraldistributions over ­.

Lemma 4.7 If (4.8) holds then for any measures ¹; º on (­ ; d)

dK (¹ P; º P) · e¡ ° dK (¹; º ) (4.9)

Pro of: Let M = M (¢; ¢) be a coupling that realizes Kantorovich metric dK (¹; º ). Also for each
pair x; y 2 ­ we have a coupling Ax;y (¢; ¢) which realizesdK (±x P; ±y P). Then combine all Ax;y with
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weights M (x; y) to get coupling B (¢; ¢) =
P

x;y M (x; y)Ax;y (¢; ¢). It is easy to check that B is a
coupling of ¹ P and º P and hence

dK (¹ P; º P) ·
X

x 0;y 0

B (x0; y0)d(x0; y0) =
X

x;y

M (x; y)
X

x 0;y 0

Ax;y (x0; y0)d(x0; y0) (4.10)

=
X

x;y

M (x; y)dK (±x P; ±y P) · e¡ ° dK (¹; º ) (4.11)

sincedK (±x P; ±y P) · e¡ ° d(x; y) and M is coupling of ¹ and º .

Iterating Lemma 4.7 completesthe proof of Theorem 3.4. Combining this with (3.3), we have proved

Theorem 4.8 Let d be a metric satisfying for every x 6= y, d(x; y) ¸ 1. If dK (±x P; ±y P) ·
e¡ ° d(x; y) for all neighboring pairs x » y, then

¿1(²) =
1
°

log
Diam(­)

²
:

Example 4.9 Mixing time for random walk on the hyp ercub e Coupling for random walk on
the hypercube f 0; 1gd is the following. Choosea coordinate uniformly at random and update both
bits to the samerandom value, hencepossibly reducing the distance betweenpaths.

Two neighborsx; y on the hypercubedi®eronly in onecoordinate. If oneof the other d¡ 1 coordinates
is picked, the distancestays the same. If the coordinate in which x and y di®er is picked, the distance
decreasesby 1. Hence

dK (±x P; ±y P) · 1 ¡
1
d

= e¡ ° d(x; y) (4.12)

This givesus ° = O(1=d). Sincethe diameter of a hypercube is d, Theorem 4.8 gives

¿1(²) = O
µ

1
°

logDiam(­)
¶

= O(d logd); (4.13)

a result we obtained directly by coupling in Example 2.12.

4.3 Applications: Prop er Colorings, Ising Mo del

4.3.1 Graph Colorings

Recall that a coloring of a graph G = (V; E) with q colors is a function f : V ¡ ! S = f 1; 2; : : : ; qg.
A proper coloring is such that for no neighbors u; v 2 V , equality f (u) = f (v) holds. We are
interested in sampling uniformly from proper colorings when they exist. It is slow to do so directly
using rejection sampling by picking a random coloring and testing if it is proper since the size of
the state spaceof proper colorings, ­ = SV , is exponential in jV j (in caseof trees, however, we can
samplein linear time; we leave this as an exercise). Rather, we usethe Markov Chain Monte Carlo
algorithm intro duced in section 3.2. Below, we bound the mixing time of this chain.
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4.3.2 Mixing time for Glaub er Dynamics on Graph Colorings

We brie°y recall the Glauber dynamics on graph colorings. At each step of the chain, a vertex is
chosenuniformly at random and the color of this vertex is updated. To update, a color is chosen
uniformly at random from the allowable colors,which are thosecolorsnot seenamongthe neighbors
of the chosenvertex. It can be easily checked that if q > ¢ + 2 then this Markov Chain is reversible
and its stationary distribution is uniform over all proper colorings. Assumethrough the rest of the
section that q > ¢ + 2.

We will usepath coupling to bound the mixing time of this chain. SinceGlauber dynamics dictates
that the color of a vertex is updated by a color not among the neighboring colors, it is convenient
to write A(f ; w) for the set of colors available for a vertex w and a given coloring f :

A(f ; w) = f j 2 S : for no u » w; f (u) = j g: (4.14)

Write n = jV j. We usethe usual Hamming distance for two colorings f ; g 2 ­:

d(f ; g) = jf v : f (v) 6= g(v)gj (4.15)

Note that Diam(­) = n and d(f ; g) ¸ 1 for h 6= g.

Let f and g be two colorings which agreeeverywhereexcept for a vertex v; this implies d(f ; g) = 1.
We describe how to simultaneously evolve the two chains so that separately they each have the
correct dynamics.

First, we pick a vertex w 2 V uniformly at random. If v ¿ w, we update the two chains with
the samecolor. This works becausein both chains we pick among the available colors uniformly
at random, and the available colors are the same for both chains: A(f ; w) = A(g; w). This case
includes the w = v casefor which f and g becomethe samecoloring and distance between them
decreasesby 1. Otherwise the distance stays the same. Note that P(v = w) = 1

n .

The other caseis v » w. This happenswith P(v » w) = deg( v)
n . Without lossof generality assume

that jA(g; w)j · jA(f ; w)j.

Choose a color c uniformly at random from A(f ; w), and use it to update f at w to get a new
coloring ~f with ~f (w) = c. If c 6= g(v), then update the con¯guration g at w to the same color
c: ~g(w) = c = ~f (w). We subdivide the casec = g(v) into subcasesdepending on whether or not
jA(f ; w)j = jA(g; w)j:

case how to update g at w
jA(g; w)j = jA(f ; w)j set ~g(w) = f (v)
jA(g; w)j < jA(f ; w)j set ~g(w) = Unif (A(g; w))

Exercise 4.10 Check that the above update rule choosesa color for ~g(w) uniformly from A(g; w).

Note that the probabilit y that the two con¯gurations do not update to the samecolor is at most
1=jA(f ; w)j, which is bounded above by 1=(q ¡ ¢).

Given two colorings f and g which are at unit distance, we have constructed a coupling ( ~f ; ~g) of
P(f ; ¢) and P(g; ¢). The distance d( ~f ; ~g) increasesfrom 1 only in the casewhere a neighbor of v is
updated and the updatesare di®erent in the two con¯gurations. Also, the distancedecreasesto zero
when v is selectedto be updated. In all other casesthe distance is unchanged. This shows that

dK (±f P; ±gP) · Ed( ~f ; ~g) = 1 ¡
1
n

+
deg(v)

n
E

µ
1

jA(f ; w)j

¶
: (4.16)
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[The expectation is neededon the right becausew is chosenat random.] This is bounded above by

1 ¡
1
n

+
¢
n

¢
1

q ¡ ¢
(4.17)

and is lessthan 1 provided that ¢
q¡ ¢ < 1, or q > 2¢. If this condition holds, then holding ¢ and q

constant, we obtain ° = O( 1
n ) and hence¿1 = O(n logn).

Let us emphasizethat we created coupling for all possiblepairs of adjacent colorings, not only the
proper onesand that the distance is de¯ned for any two elements of ­. This is necessarysince the
path between two proper colorings f ; g realizing the Hamming distance d(f ; g) may pass through
colorings that are not proper. However, once a general coupling is constructed, we can apply it
to proper colorings. We can assumethat a chain starts at some proper coloring (which can be
constructed in linear time for q > ¢ + 2); or we can also consider the more complex casewith the
chain starting at any colorings.

4.4 The Ising Mo del

Let G = (V; E) be a graph of maximal degree¢. To each vertex in V assigna spin from f +1 ; ¡ 1g.
Then ­ = f¡ 1; 1gV is a state spaceof all spin con¯gurations. De¯ne the probabilit y ¼(¾) of a spin
con¯guration ¾2 ­ by

¼(¾) =
1

Z (¯ )
exp(¯

X

u» v

¾(u)¾(v)) (4.18)

where ¯ is a parameter called inverse temperature, and Z (¯ ) is a normalization constant. The
above is also called the Gibbs distribution . For this distribution, con¯gurations with neighboring
spins aligned are favored.

Glauber dynamics (a Markov chain with state space­) for the Ising Model are de¯ned as follows.
Given the current state ¾, pick w 2 V uniformly at random and update the spin at w to ~¾(w)
according to the conditional probabilities for the Gibbs distribution given the spins at all other
sides. We can easily obtain transition probabilities:

P(~¾(w) = 1) =
ē s

ē s + e¡ ¯ s (4.19)

where s = s(w) =
P

u» w ¾(u).

It is easyto check that the Glauber dynamics for the Ising Model de¯ne a reversible Markov chain
and that the Gibbs distribution is stationary for this chain.

Just asbefore,we want to ¯nd constraints on the parameters¯ ; ¢ of the model which will guarantee
fast mixing. Consider two neighboring spin con¯gurations ¾; ¿ 2 ­ which di®er at a single vertex v:
¾(v) = ¡ 1; ¿(v) = +1. We will couple these con¯gurations in the following fashion. If a vertex w
picked on a next step of Glauber dynamics is di®erent from v or ¡( v) := f w » vg, then update both
chains to the samespin picked according to Gibbs distribution. If v = w, do the same. If w 2 ¡( v),
probabilit y distributions of new values of a spin at w are no longer the samefor ¾and ¿. We can
couple an update at w by choosing a uniform U 2 (0; 1) and setting ~¾(w) = 1 i® U < P(~¾(w) = 1)
and ~¿(w) = 1 i® U < P(~¿(w) = 1). Noting that s(¿) = s(¾) + 2 = s + 2 we obtain

P(~¾(v) 6= ~¿(v)) =
ē (s+2)

ē (s+2) + e¡ ¯ (s+2)
¡

ē s

ē s + e¡ ¯ s =
1
2

(tanh(¯ (s + 2)) ¡ tanh(¯ s)) · tanh(¯ )

(4.20)
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wherethe last inequality follows by maximizing the expressiontanh(¯ (s+ 2))¡ tanh(¯ s) asa function
of s (the maximum occurs at s = ¡ 1).

Hence if we de¯ne the following metric on con¯gurations in ­: d(¾; ¿) = 1
2

P
u2 V j¾(u) ¡ ¿(u)j

(normalized so that distance betweenneighboring con¯gurations is 1), we obtain that if d(¾; ¿) = 1,
then Ed(~¾; ~¿) · 1 ¡ 1

n + ¢
n tanh(¯ ). Theorem 4.8 tells us that if ¢ tanh(¯ ) < 1, the mixing time

is O(n logn) as Diam(­) = n and ° = O( 1
n ) when ¯ and ¢ are treated as constants. The above

condition can be rewritten as ¯ < 1
2 log( ¢+1

¢ ¡ 1 ).

In the high temperature region, we can make approximation tanh(¯ ) » ¯ hencegiving us simple
condition for rapid mixing: ¯ ¢ < 1.
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Lecture 5: The Ising Mo del and the Bottlenec k Ratio

5.1 Cycle Iden tit y for Reversible Chains

Remember that in the reversible chains, we have:

Lemma 5.1
Ea(¿b) + Eb(¿c) + Ec(¿a) = Ec(¿b) + Eb(¿a) + E(¿c)

Pro of: We can reword this lemma as

Ea(¿bca) = Ea(¿cba): (5.1)

Let ¼be the stationary distribution. It turns out that it is much easierto start at stationarit y, since
it allows us to usereversibilit y easily. De¯ne

E¼(¿a) =
X

x

¼(x)Ex (¿a):

Adding E¼(¿a) to both sidesof (5.1), we ¯nd it is enoughto show that

E¼(¿abca ) = E¼(¿acba ):

In fact, we will show equality in distribution, not just expectation. Supposes and t are ¯nite strings
with bits in ­, say s 2 ­ m ; t 2 ­ n with m · n. We say that s · t i® s sits inside t asa subsequence;
that is there exist indices 1 · i 1; : : : ; i m · n with s(k) = t(i k ) for all 1 · k · m. We have

P ¼(¿abca > k) = P ¼(abca6· X 0 : : : X k )

= P ¼(abca6· X k : : : X 0)

= P ¼(acba6· X 0 : : : X k )

= P ¼(¿acba > k):

Note: The sameproof works for non-reversible chains. Again all we needis to check that E¼(¿a) =
Ê¼(¿a) and that P ¼(¿a > k) = P̂ ¼(¿a > k).

5.2 Path Coupling for Ising Examples

Return to the Ising model. For any con¯guration ¾2 f¡ 1; 1gV , the Ising distribution is

¼(¾) =
1

Z (¯ )
e¯

P
u » v J uv ¾(u)¾(v) (5.2)

The parameter Juv ¸ 0 and ¯ ¸ 0. Usually, Juv ´ J for someconstant J , so we can replace¯ J by
¯ .
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Example 5.2 Ising model on Zn

Recall from (4.20), if we start at con¯guration ¾ and ¿ which di®ers only at a vertex w. And if
v » w, then,

P(~¾(v)) 6= ~¿(v) =
1
2

(tanh(¯ (s + 2)) ¡ tanh(¯ s)) · tanh(¯ ); (5.3)

where s =
P

u» v ¾(u). Henceour analysis yielded that

dK (±¾P; ±¿P) · Ed(~¾; ~¿) · 1 ¡
1
n

+
¢
n

tanh(¯ ):

Recall that the inequality in (5.3) ariseswhen we maximize and take s = ¡ 1. In the caseof Zn ,
however, the only possiblevaluesfor s are 0 and § 2. In this casethe maximum occursat s 2 f 0; ¡ 2g.
Hencewe obtain instead that:

dK (±¾P; ±¿P) · 1 ¡
1
n

+
tanh(2¯ )

n
· 1 ¡

C(¯ )
n

: (5.4)

By this we ¯nd the mixing time ¿1 · C(¯ )n log(n).

Example 5.3 Ising model on K n , the complete graph without loops.

We take J = 1
n , then ¼(¾) = e

¯
n

P
u » v ¾u ¾v

Z (¯ ) . So that ¢ = n ¡ 1, ¯ ! ¯
n , and we obtain that:

dK (±¾P; ±¿P) · 1 ¡
1
n

+
n ¡ 1

n
tanh(

¯
n

) (5.5)

So taking ¯ < 1 and a Taylor expansionof tanh, we ¯nd that the mixing time ¿1 · C(¯ )n log(n).

5.3 Bottlenec k Ratio, Conductance, Cheeger Constan t

As usual, we work in the setting of a irreducible and aperiodic Markov Chain on a ¯nite state space
­, with transition probabilities P and stationary distribution ¼. We de¯ne the edgemeasure Q via:

Q(x; y) = ¼(x)p(x; y); Q(A; B ) =
X

x 2 A;y 2 B

Q(x; y) (5.6)

In particular, Q(S; Sc) gives the probabilit y of moving from S to Sc in one step starting from
stationarit y.

Exercise 5.4 Showthat for any S ½ ­ , we have

Q(S; Sc) = Q(Sc; S):

The result is trivial in the reversible case,but true in general.
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The bottleneck ratio of the set S is given by

©(S) =
Q(S; Sc)

¼(S)
: (5.7)

The bottleneck ratio of the whole chain is de¯ned by:

©¤ = min
¼(S)· 1

2

©(S): (5.8)

To seehow this is connectedto mixing, consider the measure

¹ = ¼(¢jS); ¹ (A) =
¼S (A)
¼(S)

=
¼(A \ S)

¼(S)

From a version of the de¯nition of the total variation norm, we have

¼(S)k¹ P ¡ ¹ kTV =
X

y:¼S P( y) ¸ ¼S (y )

(¼SP)(y) ¡ ¼S (y) (5.9)

Since¼S vanisheson Sc, the di®erencein (5.9) is nonnegative on Sc. Moreover, for y 2 S we have

(¼SP)(y) =
X

x

¼S (x)P(x; y) =
X

x 2 S

¼(x)P(x; y) ·
X

x

¼(x)P(x; y) = ¼(y) = ¼S (y);

so the di®erenceis nonpositive on S. Thus the sum in (5.9) is taken over y 2 Sc. Hence

¼(S)k¹ P ¡ ¹ kTV =
X

y2 Sc

X

x 2 S

¼(x)P(x; y) = Q(S; Sc):

It follows that
k¹ P ¡ ¹ kTV · ©(S):

Recalling that convolution decreasesthe TV norm, we have for any t ¸ 0

k¹ Pt ¡ ¹ Pt +1 kTV · ©(S);

so
k¹ Pt ¡ ¹ kTV · t©(S):

Now assumethat ¼(S) · 1
2 , so that k¹ ¡ ¼kT V ¸ 1

2 . Taking t = ¿1( 1
4 ), we have by the de¯nition of

¿1
1
2

· k¹ ¡ ¼kT V ·
1
4

+ t©(S):

Minimizing over S, we have proved a lower bound on the mixing time:

Lemma 5.5
¿1(

1
4

) ¸
1

4©¤
(5.10)
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5.4 Checking for Bottlenec ks

Example 5.6 We return to the Ising Model on the complete graph K n . Still, we take J = 1
n . We

want to take n ! 1 and check for bottlenecks. Take k » ®n and consider the set

Sk = f ¾j # f vj¾v = 1g = kg:

By counting we obtain that:

¼(Sk ) =
1

Z (¯ )

µ
n
k

¶
exp[

¯
n

[
µ

k
2

¶
+

µ
n ¡ k

2

¶
¡ k(n ¡ k)]] =:

Ak

Z (¯ )
:

Taking a log and applying Stirling's formula, we obtain

logAk » nh(®) + ng(®) (5.11)

where
h(®) = ®log(

1
®

) + (1 ¡ ®) log(
1

1 ¡ ®
);

g(®) = ¯ (
(1 ¡ 2®)2

2
):

If we do somecalculus we ¯nd that h0( 1
2 ) = g0( 1

2 ) = 0, h00( 1
2 ) = ¡ 4; g00( 1

2 ) = 4¯ . Hence® = 1
2 is a

critical point of h + g, whereby it is a (local) maximum or minimum depending on the value of ¯ .
Let us take the case¯ > 1, so we have a minimum at ® = 1

2 . In this casewe have a bottleneck.
De¯ne

S = f ¾j
X

u

¾u < 0g

By symmetry, ¼(S) · 1
2 . For simplicit y think of k = bn

2 c. Observe that the only way to get from
S to Sc is through Sk , since we are only allowed to change one spin at a time. Thus Q(S; Sc) =
dn

2 e=n¼(Sk ) and ¼(S) =
P

j <k ¼(Sj ). We recall that at ® = 1
2 , we didn't have a maximum sincewe

took ¯ > 1, so after clearing the logs we get a negative exponential:

©¤ · e¡ nC (¯ ) (5.12)

By Lemma 5.5 we concludethat the mixing time is exponential.

Note : When ¯ 2 (0; 1), we get a lower bound n logn for the mixing time. The rate of mixing time
goesfrom this to exponential at the critical point ¯ = 1.
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Lecture 6: In tro duction to blo ck dynamics

6.1 Exp ectation of hitting times

We ¯rst revisit Exercises4.28 and 4.29.

Prop osition 6.1 There exists a transitive graph G and a pair of vertices x; y 2 V(G), for which
there is no automorphism Ã of G satisfying Ã(x) = y and Ã(y) = x.

Pro of: The simplest examplewe know, suggestedto us by Luigi, is a tetrahedron with each corner
replaced by a triangle. (If multiple edgesare allowed, one can simply take a hexagon with three
nonadjacent edgesdoubled). An examplewhere the verticesx; y that cannot be °ipp ed are adjacent
was suggestedby Ander Holroyd: The snub cube.

Figure 6.1: Construction of the snub cube.

We describe how to construct it. Start from a cube, and detach its six faces.Sowe have six separate
faceswith 24vertices. Weadd someother lines betweenthese24vertices. Now we have a polyhedron
with 6 squaresand 32 triangular faces. This ¯gure is transitiv e . But for any two neighbors x and
y, there is no automorphism Ã of G such that Ã(x) = y and Ã(y) = x.

Prop osition 6.2 For a simple random walk on a transitive (connected) graph G, for any vertices
a; b 2 V(G) we have

Ea(¿b) = Eb(¿a) (6.1)

Pro of: Let Ã be an automorphism such that Ã(a) = b. Let a0 = a, aj = Ãj (a0) for j ¸ 1, where
Ãj denotesthe j -th iterate of Ã. The sequencea0; a1; : : : will return to a0 eventually , say am = a0,
m > 0. Becausethe automorphism Ãj takesa;b to aj ; aj +1 , so for any j :

Ea j (¿a j +1 ) = Ea(¿b); (6.2)

Summing over j from 0 to m ¡ 1 we obtain

Ea0 (¿a1 a2 ::: am ¡ 1 a0 ) = mEa(¿b) (6.3)



24

For the samereasonyield:
Ea0 (¿am ¡ 1 am ¡ 2 ::: a1 a0 ) = mEb(¿a) (6.4)

From the sameproof of equation (5.1), we get the left hand side of equation (6.3) and (6.4) are the
same. So we have proved

Ea(¿b) = Eb(¿a) (6.5)

In fact, more is true: ¿a when the chain starts at b has the samedistribution as ¿b when the chain
starts at a.

Exercise 6.3 Show that P a(¿b > k) = P b(¿a > k), k = 0; 1; : : : for simple random walk on a
transitive graph.

Exercise 6.4 On an n £ n square, with edgesinherited from Z2, let a be the lower-left corner and
b the upper-right corner. Give a simple proof that

Ea(¿b) = O(n2 logn) (6.6)

In order to solve this problem and the following mixing time problems, we now intro duce a method
called block dynamics.

Recall we have shown that the mixing time for the Ising model on the cycle of length n is

¿1(1=4) = O¯ (n logn); (6.7)

i.e. the constant in the O may depend on ¯ .

Note that lazy simple random walk on the d-cube f 0; 1gd can be regardedas Glauber dynamics on
a graph with no edgesand d vertices. In such graphs, the ising distribution is uniform. Generally,
on any graph of d vertices, the Ising distribution is

¼(¾) =
1

Z (¯ )
e¯

P
u » v ¾u ¾v (6.8)

If we let ¯ # 0, then the Glauber dynamics degenerateinto simple random walk on the d-cube. Thus
the Ising model at in¯nite temperature is just like simple random walk on the d-cube.

We now consider Ising model on a ladder graph. To establish the mixing time O¯ (n logn), the
contraction method we learned in lecture 5 won't work anymore. We will useblock dynamics to get
thesekinds of mixing times.

In the ladder example, we regard each pair of 2-spins in a column as a 4-spin, so the whole graph
may be regardedas a 4-spin system on a one-dimensionalline,

Our discussionbelow applies to general one-dimensionalsystemswith local interactions. For such
systems,we have exponential decay of spatial correlations, which will get us the mixing times. The
exponential decay of spatial correlations means that there exists 0 < µ < 1, such that for any
functions f , g and any ` ¸ 0, we have:

Cov(f (sj ; j · k); g(sj ; j > k + `)) · µ` kf k2kgk2 (6.9)

where sj is the spin at the site j .



25

6.2 Blo ck dynamics

Consider a one-dimensional system with con¯guration f ¾j gN ¡ 1
j =0 . Fix a large integer b = b(¯ ),

the block size. Chose uniformly at random an integer w 2 [¡ b;N ¡ 1] and update the block
f ¾j : w · j · w + bg by erasing the spins within the block and replacing them with a con¯gu-
ration chosenaccording to the conditional probabilit y determined by the spins at the neighboring
sites ¾w¡ 1 and ¾w+ b+1 . (For w < 0 we only update the interval [0; w + b]. The sameapplied to
w > N ¡ b¡ 1.) We call this a heat-bath block update.

Theorem 6.5 If b is large enough,the block dynamics give a contraction of the Hamming metric.

We will prove this for monotonesystemslike the Ising model. A monotonesystemis a Markov chain
on a partially ordered set with the property that for any pair of states x · y there exist random
variables X 1 · Y1 such that for every state z

P[X 1 = z] = p(x; z); P [Y1 = z] = p(y; z):

In words, if two copiesof the chain are started from states x · y, we can couple them so that the
onewhich started in the lower state always remains in a lower state. Last time, we checked that the
single site dynamics for the Ising model are a monotone system under the coordinatewise partial
ordering: ¾· ¿ if ¾x · ¿x for every x.

Lemma 6.6 If the single-site dynamics within each block are irr educible and aperiodic, then the
block dynamics for the Ising model are also a monotone system.

Pro of: For each block, the distribution in the block conditioned on the boundary valuesis stationary
for single-sitedynamics within the block. Since thesedynamics are irreducible and aperiodic, they
convergeto the block update. Sincethe single-sitedynamics are monotone, we can couple them so
that the limiting distribution of (X t ; Yt ) is supported on f (x; y) : x · yg. Therefore the block
dynamics are also monotone.

Pro of: [Proof of Theorem 6.5] Recall that it is enoughto check the contraction for con¯gurations ¾
and ¿ di®eringonly on a singlesite w. There are N + b blocks altogether, of which b+ 1 contain w. If
we update oneof theseb+ 1 blocks, we can couple the updates to remove the defect at w. Moreover
if we update a block not containing w and not adjacent to w, we can couple the updates so as not
to intro duce any additional defects. The only situation in which we might intro duce a new defect
is when we're updating one of the two blocks adjacent to w. But in this casethe exponential decay
of spacial correlations (6.9) implies that the expected number of new defects created is bounded
independent of the block size. Hence

dK (±¾PB ; ±¿PB ) = 1 ¡
b+ 1
N + b

+
2C(¯ )
N + b

:

Taking b su±ciently large we can ensurethat this is · 1 ¡
~C (¯ )
N , which givesO¯ (n logn) mixing.

6.3 Strong Spacial Mixing

In higher-dimensionalsystems,the condition (6.9) doesnot always hold, and in order to prove fast
mixing we imposeit as a hypothesis; this is the hypothesis of strong spacial mixing. Under strong
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spacialmixing, the block dynamicsfor the Ising model on a subsetV of Zd mix in time O(jV j log jV j).
Here the blocks are boxes [w; w + b¡ 1]d. Take V = [0; n]d as an example. For con¯gurations ¾and
¿ di®ering at a single vertex v on the boundary of a box ¤, we have by strong spacial mixing

¯
¯E¾j@¤ ¾(u) ¡ E¿j@¤ ¿(u)

¯
¯ · c1e¡ c2 ( ¯ ) jj u ¡ v jj :

The e®ectof a block update on the Kantorovich distance is therefore

dK (±¾PB ; ±¿PB ) = 1 ¡
bd

nd +
bd¡ 1c(¯ )

nd ;

which for su±ciently large b can be taken · 1 ¡ ~c(¯ )
n d , giving mixing time O¯ (nd logn).
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Lecture 7: Cut-o® and Eigen values of Reversible Chains

7.1 Cut-o® for the Hyp ercub e

We'll considerthe hypercube ­ = f¡ 1; 1gd. We usedf 0; 1gd before,but this representation is better
suited for the following calculations. The random walk on the hypercube was explained in detail in
Example 2.12. Recall, from (X 1; : : : ; X d) one choosesa coordinate uniformly and replacesit by § 1
with equal probabilit y 1

2 . In Example 4.9, we found an upper bound on the mixing time ¿1(²) of
order d logd. Now we'll look for a lower bound. By the de¯nition of the mixing time, we have

¿1(²) = max
x 2 ­

minf t : kPt (x; ¢) ¡ ¼(¢)kT V · ²g ¸ minf t : jPt (x; A) ¡ ¼(A)j · ²g (7.1)

for all A ½ ­ and all x 2 ­. A lower bound hencecan be achieved by ¯xing an initial state x and
¯nding a set A such that if we start X at x, start Y under the stationary distribution ¼, and run
both chains until time t, the resulting distributions di®er on A with probabilit y greater than ²:

De¯nition 7.1 Let ¹ t = ±1Pt , i.e. ¹ t is the distribution of our Markov chain if we start with
uniform con¯guration 1 and run it t steps.

Recall that the stationary distribution of the random walk on the hypercube is uniform (use for
example that P is symmetric). We'll look for a set A which will make jPt (x; A) ¡ ¼(A)j as big as
possibleand thus provide us with a lower bound on the total variation distance. The random walk on
the hypercube is identi¯able with the Glauber dynamics for the Ising model at in¯nite temperature
(i.e. ¯ = 0). As above, let X i be the ith con¯guration. Let

Sd =
dX

i =1

X i : (7.2)

Since for each ¹ t , the distribution only depend on the sum of the coordinates. So we only have to
look for sets given in terms of Sd. Let's try to get a ¯rst idea of the distribution of Sd under the
measures¼and ¹ t . One can easily calculate

E¼(Sd) = 0 (7.3)

V ar ¼(Sd) = E¼S2
d = E¼

³ dX

i =1

X 2
i +

dX

i;j =1 ;i 6= j

X i X j

´
= d + 0 = d: (7.4)

As the probabilit y that we haven't chosenthe i -th coordinate up to time t is (1 ¡ 1
d )t we obtain (as

we started with con¯guration +1 in each coordinate)

Z
X i d¹ t = 1 ¢

³
1 ¡

1
d

´ t
+

tX

j =1

P ¹ t (\co ordinate i is ¯rst chosenat time j " ) ¢
³ 1

2
(+1) +

1
2

(¡ 1)
´

=
³

1 ¡
1
d

´ t
(7.5)

and therefore Z
Sdd¹ t =

³
1 ¡

1
d

´ t
d: (7.6)
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As we'll seelater, ¿1 » 1
2 d logd. So we set t = 1¡ ²

2 d logd, and try to ¯nd the lower bound for
k¹ t ¡ ¼kT V . Using (1 ¡ 1

d )t » e¡ t
d , we obtain:

Z
Sdd¹ t = E¹ t Sd » d

1+ ²
2 : (7.7)

Moreover, the variables X i are negatively correlated under ¹ t due to similar calculations
Z

X i X j d¹ t =
³

1 ¡
2
d

´ t
for i 6= j ) cov¹ t (X i ; X j ) < 0; (7.8)

where the ¯rst equation results from considering the casethat we haven't touched either of the
variables i and j so far. Having chosen the representation ­ = f¡ 1; 1gd for the hypercube we
directly obtain

R
X 2

i d¹ t = 1 and thus by the negative correlation of the coordinates

V ar ¹ t (Sd) ·
dX

i =1

V ar ¹ t (X i ) · d: (7.9)

The idea how to chooseA now is to separateboth measures,i.e. in terms of the following ¯gure
to chooseit in such a way that the area over this set becomessmall under the ¯rst graph while it
becomesbig under the secondone: The left resp. right graph represents the distribution of Sd under
¼resp. ¹ t :

PSfrag replacements

d
1+ ²

2

2

0 d
1+ ²

2p
d p

d
p

d

Figure 7.1: Separating measuresfor lower bounds on the mixing time

For thesereasonswe'll choose

A =
n

x j Sd ¸
d

1+ ²
2

2

o
: (7.10)

Chebyshev's inequality gives

¼(A) · ¼
³

jSd j ¸
d

1+ ²
2

2

´
· 4d¡ ² : (7.11)

Further calculations, leading to
¹ t (Ac) · 4d¡ ² (7.12)

¯nally result in
k¹ t ¡ ¼kT V ¸ ¹ t (A) ¡ ¼(A) ¸ 1 ¡ 8d¡ ² [1 + o(1)]: (7.13)

We add this o(1) becausewe did someapproximations in the computation. But this o(1) could be
skipped.

Exercise 7.2 Check that the approximations don't matter.
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PSfrag replacements

t1¡ ²
2 d logd

1

1
2 d logd

1+ ²
2 d logd

Figure 7.2: Cut-o®

Remark 7.3 In fact, 1
2 d logd is what you need to mix. When t get a little smaller than 1

2 d logd, the
total variation distance k¹ t ¡ ¼kT V get quickly closeto 1. This behaviour follows from our preceding
calculations taking ² small and d big.

This phenomenonis known under the name \cut-o® ". It appears for instance when shu²ing cards,
where a deck suddenlyturns from being mostly ordered to random (see Diaconis' book for more). It
is stil l an open questionwhenexactly this cut-o® phenomenonoccurs. For exampleit doesn't happen
for the cycle (here the distribution of the chain approachesthe stationary distribution a bit further
in every time-step).

Remark 7.4 Equations (7.1) and (7.13) yield ¿1(²) ¸ 1
2 d logd. Togetherwith earlier results for the

hypercube we therefore obtain that ¿1(²) = £( d logd) is the right order of magnitude for the mixing
time of random walk on the hypercube.

Remark 7.5 For the lazy random walk on transitive graphs, Yuval Peres conjectures that

[1 ¡ ¸ (n )
2 ]¿(n )

1 ! 1 for n ! 1 (7.14)

is necessary(easy to check) and su±cient for cut-o®, where ¸ (n )
2 is the 2nd largesteigenvalueof the

chain on n vertices. One can show in general that for irr educible chains (such as the lazy random
walk) the eigenvaluescan be ordered as follows ¸ 1 = 1 > ¸ 2 > ¸ 3 > : : : > 0. The di®erence 1 ¡ ¸ 2

(resp. more generally 1 ¡ max
i ¸ 2

fj ¸ i jg) is called spectral gap.

7.2 Eigen values of Reversible Chains

In this sectionwe'll examinethe eigenvalue spectrum of the transition matrix P of a reversiblechain,
and establisha ¯rst connectionbetweenthe spectral gap and the mixing time of such a chain. Recall
that a reversible chain is one satisfying ¼(x)P(x; y) = ¼(y)P(y; x) for all states x; y 2 ­. Note that
we agreed only to look at irreducible and aperiodic chains. The irreducibilit y together with the
reversibilit y now imply ¼(x) > 0 for all x 2 ­ (or use the fact that the entries of the stationary
distribution of an irreducible aperiodic chain, run on a ¯nite space,are all positive due to the positive
recurrenceof the chain).
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Instead of directly consideringP, let us ¯rst consider the symmetric matrix

A(x; y) =

s
¼(x)
¼(y)

P(x; y):

The fact that A(x; y) = A(y; x) follows directly from the reversibilit y. As A is symmetric we can
take advantage of the spectral theorem, which yields an orthonormal basis of real eigenvectors ' j

with real eigenvalues¸ j .

As one can directly check, ' 1 =
p

¼(¢) is an eigenvector of A with corresponding eigenvalue ¸ 1 = 1.
Let (with a slight abuseof notation) ¼also denote the diagonal matrix with entries ¼(x). Then

A = ¼
1
2 P¼¡ 1

2

Setting
f j = ¼¡ 1

2 ' j (7.15)

we compute
Pf j = P¼¡ 1

2 ' j = ¼¡ 1
2 A' j = ¼¡ 1

2 ¸ j ' j = ¸ j f j :

Thus P has eigenvectors f j and eigenvalues¸ j . The disadvantage of this representation is that the
eigenfunctions are not necessarilyorthonormal. Therefore we will intro duce a new inner product
under which the eigenfunctionsf j = ¼¡ 1

2 ' j will be orthonormal again. Let < ¢; ¢> denote the inner
product we seekand < ¢; ¢> R j ­ j the usual scalar product on R j ­ j . We have ±ij = < ' i ; ' j > R j ­ j = <
¼

1
2 f i ; ¼

1
2 f j > R j ­ j = < f i ; ¼f j > R j ­ j . Henceby intro ducing

< f ; g > =
Z

f (x)g(x)d¼(x) =
X

x 2 ­

f (x)g(x)¼(x) = < f ; ¼g > R j ­ j (7.16)

we obtain a new inner product on R j ­ j under which the f j form a basisof orthonormal eigenvectors
of P. Note that (7.16) proves, together with the fact that ¼is a symmetric positive de¯nite matrix,
that < ¢; ¢> de¯nes indeed a new inner product on R j ­ j . The transition matrix P is self-adjoint for
this inner product, i.e. < Pf ; g > = < f ; Pg > , as can easily be shown by checking it for the basisof
eigenfunctions.
Considering(R j ­ j ; < ¢; ¢> ) with its orthonormal basisof eigenfunctionsf f j gj 2f 1;::: ;j ­ jg we can write
±y via basis-decomposition as

±y =
X

j

< ±y ; f j > f j =
X

j

f j (y)¼(y) ¢f j (7.17)

and noting that Pt (x; y) = (P t ±y )(x) this yields

P t (x; y) =
X

j

f j (y)¼(y) ¢¸ t
j f j (x) (7.18)

( )
Pt (x; y)

¼(y)
=

X

j ¸ 1

f j (x)f j (y)¸ t
j = 1 +

X

j ¸ 2

f j (x)f j (y)¸ t
j ; (7.19)

where we usedthat P1 = 1 and f 1 = 1 as f 1 = ¼¡ 1
2 ' 1 = 1 (see(7.15) and before) with correspond-

ing eigenvalue ¸ 1 = 1.

In general (i.e. even without assumingreversibilit y) we have j¸ j j · 1:
Indeed, for all functions f we have k Pf k1 = max

x
j
P

y
p(x; y)f (y)j ·k f k1 . Henceif Pf = ¸f we

obtain k Pf k1 = j¸ j k f k1 ·k f k1 i.e. j¸ j · 1.
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Exercise 7.6 For an irr educible aperiodic chain we have j¸ j j < 1 for all j > 1.
Hint: See it directly or use convergence theorem.

Continuing our calculation by setting
j¸ ¤ j = max

j ¸ 2
j¸ j j

we obtain ¯
¯
¯
Pt (x; y)

¼(y)
¡ 1

¯
¯
¯ ·

X

j ¸ 2

jf j (x)f j (y)jj ¸ ¤ jt ·
s X

j ¸ 2

f 2
j (x)

X

j ¸ 2

f 2
j (y)j¸ ¤ jt ; (7.20)

where the last equation follows by Cauchy-Schwarz. Using the de¯nition of < ¢; ¢> and (7.17) we
also get

¼(x) = < ±x ; ±x > = <
X

j

f j (x)¼(x) ¢f j ;
X

j

f j (x)¼(x) ¢f j >

and together with the orthonormalit y of the f j this gives

¼(x) = ¼(x)2
X

j ¸ 1

f j (x)2 )
X

j · 2

f j (x)2 ·
1

¼(x)
:

Inserting this in (7.20) we obtain

¯
¯
¯
Pt (x; y)

¼(y)
¡ 1

¯
¯
¯ ·

1
p

¼(x)¼(y)
j¸ ¤ jt ·

1
¼min

j¸ ¤ jt

with ¼min = min
x 2 ­

¼(x). Hencewe obtain for the weighted averagethat if

j¸ ¤ jt · ² ¢¼min )
¯
¯
¯
Pt (x; y)

¼(y)
¡ 1

¯
¯
¯ · ²

and for the total variation distance

kPt (x; ¢) ¡ ¼(¢)kT V =
1
2

X

y2 ­

jP t (x; y) ¡ ¼(y)j ·
1
2

X

y2 ­

²¼(y) < ²:

This ¯nally gives an estimate for the mixing time of a reversible Markov chain in terms of its
stationary distribution ¼and the eigenvaluesof its transition matrix P:

Theorem 7.7 For a reversibleMarkov chain we have

¿1(²) ·
log(² ¢¼min )

log(j¸ ¤ j)
=

log
¡

1
² ¢¼min

¢

log
¡

1
j ¸ ¤ j

¢ (7.21)

where ¼min = min
x 2 ­

¼(x) and j¸ ¤ j = max
j ¸ 2

j¸ j j.

Remark 7.8 Observethat when ¸ ¤ ! 1 then log
¡

1
j ¸ ¤ j

¢
' 1 ¡ j¸ ¤ j which gives an upper bound on

the miximg time in terms of the spectral gap 1 ¡ j¸ ¤ j. In fact, applications show that this relation
strongly dependson the model under consideration.

Exercise 7.9 Write the eigenvaluesand the eigenfunctions for the Lazy SRW on the cycle Zn

explicitly. Check that 1 ¡ ¸ 2 ³ 1
n 2 (³ signi¯es that the ratio is bounded by positive constants).

Hint: A solution can be found in Feller's book, using symmetric functions.
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Example 7.10 We'll consider the hypercube f¡ 1; 1gd again. In this representation the eigenfunc-
tions are the following functions as we'll prove in an instant:

f S (x) =
Y

j 2S

x j ; S ½ f 1; : : : ; dg;

where f ; = 1. Indeed, let Pf S (x) =
P

y
p(x; y)f S (y) = Ex f S ( ~X ), where ~X is the state of the chain,

started at x and run one step. As one step consistsin replacing a uniformly chosencoordinate with
equal probabilit y via § 1, we get (observing that f S (x) only changesto ¡ f S (x) if a coordinate of
the set S is chosenand changedwith probabilit y 1

2 )

Ex f S ( ~X ) = P x ( \no coord. out of S is chosen" )f S (x)

+ P x ( \a coord. out of S is chosen" )
³ 1

2
f S (x) +

1
2

(¡ 1)f S (x)
´

=
³

1 ¡
jSj
d

´
f S (x): (7.22)

This provides us with all eigenvalues and eigenfunctionsof P. In particular, S = f 1; : : : ; dg has 0
as corresponding eigenvalue, S = ; has ¸ 1 = 1 and the S with jSj = 1 have ¸ 2 = 1 ¡ 1

d , i.e. the
spectral gap is 1

d .

Hence theorem 7.7 gives ¿1(²) ·
log

¡
1

² ¢¼min

¢

log
¡

1
1¡ 1

d

¢ . As ¼(¢) = 1
2d we have ¼min = 1

2d and therefore

¿1(²) ·
log

¡
2d
²

¢

log
¡

1
1¡ 1

d

¢ = d log 2¡ log ²
¡ log (1 ¡ 1

d ) = d log 2¡ log ²
1
d (1+ O( 1

d )) = O(d2), which in this case is an overestimation

comparing it with previous results.

7.3 Bounds on the Spectrum via Con tractions

De¯nition 7.11 The Lipschitz constant of a function f on a metric space (­ ; d) is de¯ned as

Lip( f ) = sup
x 6= y

jf (x) ¡ f (y)j
d(x; y)

:

Supposethere exists a constant µ < 1 and a coupling such that

Ed(X 1; Y1) · µd(x; y); for all x; y; (7.23)

where X 1 resp. Y1 are the states of the chain started at x resp. y and run one step.

Theorem 7.12 If the chain is irr educible aperiodic, and (7.23) holds, then the eigenvaluesof the
chain satisfy j¸ j j · µ for j ¸ 2 (reversibility is not necessaryfor proving this theorem).

Pro of: (M. F. Chen) Let f satisfy Pf = ¸f . First estimate:

jPf (x) ¡ Pf (y)j = jE(f (X 1) ¡ f (Y1)) j · Ejf (X 1) ¡ f (Y1)j:

The de¯nition of the Lipschitz constant for jf (X 1) ¡ f (Y1)j and the hypothesis (7.23) yield

jPf (x) ¡ Pf (y)j · Lip (f )Ed(X 1; Y1) · µLip (f )d(x; y):
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We now obtain
Lip(P f ) · µLip( f )

involving no restrictions on behalf of the consideredMarkov chain so far. If f is constant we have
¸ = 1 = ¸ 1, seeexercise7.6. Let f j be one of the non-constant eigenfunctions for j ¸ 2, then we
obtain

j¸ j j Lip (f j ) = Lip( ¸ j f j ) = Lip(P f j ) · µLip( f j )

for j ¸ 2 which provesthe claim.

Remark 7.13 For the hypercube with contraction 1 ¡ 1
d the inequality of ¸ 2 is sharp: Let us mix

as described in example4.9, then we obtain:

Ed(X 1; Y1) ·
³

1 ¡
d(x; y)

d

´
d(x; y) +

d(x; y)
d

(d(x; y) ¡ 1) =
³

1 ¡
1
d

´
d(x; y);

i.e. we have found µ = 1 ¡ 1
d . Recalling our result in example7.10, we obtain µ = ¸ 2.

7.4 A new In terpretation of the Kan toro vic h Distance

De¯nition 7.14 Let ~dK (¹; º ) = sup
Lip ( f ) · 1

j
R

f d¹ ¡
R

f dº j.

It is easyto seethat ~dK · dK , where dK denotesthe Kantorovich distance as usual: If Lip( f ) · 1
and (X ; Y ) is a coupling of ¹ and º realizing the Kantorovich distance, then

¯
¯
¯
¯

Z
f d¹ ¡

Z
f dº

¯
¯
¯
¯ = jE(f (X ) ¡ f (Y )) j · Ed(X ; Y ) = dK (¹; º );

where we usedLip (f ) · 1 for the inequality and optimal coupling for the last equality.

The following theorem provides us with the other direction:

Theorem 7.15 Kantorovich-Rubinstein (1958): dK = ~dK .

Remark 7.16 This theorem is more generally valid on compact metric spaces. The proof usesa
form of duality.
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Lecture 8: Expander Graphs

8.1 De¯nition of Expander Graphs

A sequenceof graphs f Gn g is called an expander family if there exists £ > 0 such that for all n and
for all A ½ V(Gn ) such that

P
x 2 A deg(x) · jE (Gn )j we have

j@Aj > £
X

x 2 A

deg(x);

where @A denotesthe set of edgesconnecting A to its complement A c.

Consider the simple random walk on a graph. The stationary measureis ¼(x) = deg(x )
2jE j , and thus in

the Cheegerconstant terminology, a sequenceof graphs f Gn g is an expander family if there exists
£ > 0 such that the Cheegerconstant of the simple random walk satis¯es

©¤(Gn ) ¸ £ 8n:

8.2 A Random Construction of Expander Graphs

Wenow construct a family of 3-regularexpandergraphs. This is the ¯rst construction of an expander
family and it is due to Pinsker (1973). Let G = (V; E) be a bipartite graph with equal sides,A and
B , each with n vertices. Denote A; B = f 1; : : : ; ng. Draw uniformly at random two permutations
¼1; ¼2 2 Sn , and set the edgeset to be E = f (i; i ); (i; ¼1(i )) ; (i; ¼2(i )) : 1 · i · ng.

Theorem 8.1 With positive probability bounded below from 0, G has a positive Cheeger constant,
i.e., there exists ± > 0 such that for any S ½ V with jSj · n we have

# f edgesbetween S and Scg
# f edgesin Sg

> ±:

Pro of: It is enoughto prove that any S ½ A of sizek · n
2 hasat least (1+ ±)k neighbors in B . This

is becausefor any S ½ V simply considerthe side in which S has more vertices, and if this side has
more than n

2 vertices, just look at an arbitrary subsetof sizeexactly n
2 vertices. Let S ½ A be a set

of sizek · n
2 , and denote by N (S) the neighborhood of S. We wish to bound the probabilit y that

jN (S)j · (1 + ±)k. Since(i; i ) is an edgefor any 1 · i · k, we get immediately that jN (S)j ¸ k. So
all we have to enumerate is the surplus ±k vertices that a set which contains N (S) will have, and to
make sure both ¼1(S) and ¼2(S) fall within that set. This argument gives

P
h
jN (S)j · (1 + ±)k

i
·

¡ n
±k

¢¡ (1+ ±)k
k

¢2

¡ n
k

¢2 ;

so

P
h
9S ; jSj ·

n
2

; jN (S)j · (1 + ±)k
i

·

n
2X

k=1

µ
n
k

¶ ¡ n
±k

¢¡(1+ ±)k
±k

¢2

¡ n
k

¢2 :
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To conclude the proof we need to show that there exists ± > 0 such that the above sum will be
strictly lessthan 1 uniformly in n. We bound

¡ n
±k

¢
· n ±k

(±k )! , similarly
¡ (1+ ±)k

±k

¢
and

¡ n
k

¢
¸ n k

k k . This
gives

n
2X

k=1

¡ n
±k

¢¡(1+ ±)k
±k

¢2

¡ n
k

¢ ·

n
2X

k=1

n±k ((1 + ±)k)2±k kk

(±k)!3nk :

Recall that for any integer ` we have `! > (`=e) ` , and bound (±k)! by this. We get

n
2X

k=1

¡ n
±k

¢¡(1+ ±)k
±k

¢2

¡ n
k

¢ ·
log nX

k=1

³ logn
n

´ (1 ¡ ±)k he3(1 + ±)2

±3

i ±k
+

n
2X

k=log n

³ k
n

´ (1 ¡ ±)k he3(1 + ±)2

±3

i ±k
:

The ¯rst sum clearly tends to 0 as n tends to 1 , for any ± 2 (0; 1), and since k
n · 1

2 and
1
2

(1 ¡ ±)
h

e3 (1+ ±)2

±3

i ±
< 0:9 for ± < 0:01, for any such ± the secondsum tends to 0 as n tends to

1 .

8.3 Mixing Time for Random Walk on Expander Graphs

Let j¸ ¤ j = maxi ¸ 2 j¸ i j where f ¸ i g are the eigenvalues of a reversible Markov chain. Also let g¤ =
1 ¡ ¸ ¤ and ¼min = minx 2 V ¼(x). We previously proved using spectral decomposition that if P is a
transition matrix of a reversible Markov chain, then for any two states x; y we have

¯
¯
¯
P t (x; y)

¼(y)
¡ 1

¯
¯
¯ ·

e¡ g¤ t

¼min
;

hencethe mixing time ¿1(²) satis¯es

¿1(²) ·
1
g¤

log
1

²¼min
:

The following theorem connectsthe spectral gap and the Cheegerconstant.

Theorem 8.2 Assumethe walk is lazy, i.e. p(x; x) ¸ 1
2 for all x. Then

©2
¤

2
· g¤ · 2©¤:

By the theorem and the above discussionwe ¯nd that for a uniformly bounded degreeexpander
family the mixing time of the simple random walk satis¯es

¿1(1=4) · O(log(Vn )) ;

where we denote Vn = jV (Gn )j: This is indeed optimal. Let ¢ denote the maximum degreeof the
expander family. Clearly, P t (x; ¢) is supported on at most ¢ t vertices, so if ¢ t < Vn =2¢ then

jjP t (x; ¢) ¡ ¼jjTV ¸
1
2

;

and so ¿1(1=4) ¸ ­(log (Vn )).
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Lecture 9: The Comparison Metho d

9.1 The Diric hlet Form

De¯nition 9.1 The Dirichlet form for P is given by

E(f ; h) = Reh(I ¡ P)f ; hi ` 2 (¼) :

E(f ) = E(f ; f ) has several equivalent formulations:

E(f ) =
1
2

E¼ [f (X 0) ¡ f (X 1)]2

= E¼

h
f (X 0)2 ¡ f (X 0) f (X 1)

i

by stationarity of ¼;

E(f ) =
1
2

X

x;y

¼(x)p(x; y)[f (x) ¡ f (y)]2

=
1
2

X

x;y

Q(x; y)[f (x) ¡ f (y)]2;

and, if P is reversible,then it is self-adjoint and therefore

E(f ) = h(I ¡ P)f ; f i ` 2 (¼) :

De¯nition 9.2 The spectral gap of P is

g = min
f

µ
E(f )

Var(f )
1[V ar (f ) 6= 0]

¶

= min
f

µ
E(f )

Var(f )
1[f ? 1; f 6= 0]

¶

Recall that if P is irreducible and aperiodic, then, the eigenvaluesof P can be written as, 1 = ¸ 1 >
¸ 2 > ¢¢¢> ¸ N > ¡ 1. If P is reversible, f ? 1 where 1 is the vector (1; : : : ; 1), and kf k2=1, then
f =

P
j ¸ 2 aj f j , where f j are eigenfunctionsof P and

P n
j =2 a2

j = 1. Thus,

h(I ¡ P)f ; f i =
X

j ¸ 2

a2
j (1 ¡ ¸ j ) ¸ 1 ¡ ¸ 2;

implying that g = 1 ¡ ¸ 2.1

1For historic reasons, g¤ := 1 ¡ j¸ 2 j is also called spectral gap. We denote it by g¤ to distinguish it from g which
we de¯ned here.



37

9.2 A Lower Bound

Let P be reversible and have eigenfunction f : Pf = ¸f , with ¸ 6= 1. Since the chain is reversible,
eigenfunctionsfor distinct eigenvaluesare orthogonal, and so < 1; f > =

P
y ¼(y)f (y) = 0. Then

¯
¯¸ t f (x)

¯
¯ =

¯
¯¡P t f

¢
(x)

¯
¯ =

¯
¯
¯
¯
¯

X

y

£
pt (x; y)f (y) ¡ ¼(y)f (y)

¤
¯
¯
¯
¯
¯

· kf k1 2d(t);

where d(t) = maxx kpt (x; ¢) ¡ ¼kT V . With this inequality, we can obtain a lower bound on the
mixing time. Taking x with jf (x)j = kf k1 yields j¸ j¿1 ( ² ) · 2², and so

¿1(²)
µ

1
j¸ j

¡ 1
¶

¸ ¿1(²) log
µ

1
j¸ j

¶
¸ log

µ
1
2²

¶
:

Recall that j¸ ¤ j := maxj ¸ 2 j¸ j j < 1 since P is irreducible and aperiodic, and that we de¯ned
g¤ = 1 ¡ j¸ ¤ j. Rewriting the above, we have

¿1(²) ¸
µ

1
g¤

¡ 1
¶

log
µ

1
2²

¶
:

Key Fact If g¤ is small becausethe smallesteigenvalue ¸ N is near ¡ 1, the slow mixing sugesstedby
this lower bound can be recti¯ed by passingto a lazy or continuous time chain to make eigenvalues
positive. However, if the largest eigenvalue ¸ 2 is near 1, then the mixing may be very slow indeed.
Therefore, we are mainly concernedwith g, not g¤

9.3 The Comparison Theorem

Recall that for lazy simple random walk on the d-dimensional torus Zd
n , we used coupling to show

that ¿1 · Cdn2 and 1
g · K dn2 for constants Cd and K d. Now, suppose we remove some edges

from the graph (e.g. somesubsetof the horizontal edgesat even heights). Then coupling cannot be
applied, due to the irregular pattern. The following theorem|pro ved in various forms by Jerrum
and Sinclair (1989), Diaconis and Stroock (1991), Quastel (1992), Salo®-Coste(1993), and in the
form presented here by Diaconis and Salo®-Coste,allows one to compare the behavior of similar
chains to achieve bounds on the mixing time in general.

Theorem 9.3 (The Comparison Theorem) Let ¼; P and ~¼; ~P be two Markov chains on ­ .
Write E = f (z; w) : P(z; w) > 0g, and similarly with ~E. Assume that for all (x; y) 2 ~E, there is a
path (e1; e2; : : : ; em ) contained in E from x to y. For every pair (x; y), we choose one out of these
paths and denote it by ° xy . De¯ne the congestionratio to be

B = max
e=( z;w )

0

@ 1
Q(z; w)

X

° xy 3 e

~Q(x; y) j° xy j

1

A :

Then ~E(f ) · B E(f ) for all f .

Remark 9.4 In the reversiblecase, it follows from the variational formula for the spectral gap that
~g · B g. An important special sub-case occurs when ~¼ = ¼ and ~p(x; y) = ¼(y). Then ~E(f ) =
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Var¼(f ) = 1
2

P
x;y ¼(x)¼(y)[f (x) ¡ f (y)]2, and so E(f ) ¸ 1

B Var(f ), giving g ¸ 1
B . Thus gives the

following bound:
1
g

· B = max
e=( z;w )

X

° xy 3 e

¼(x)¼(y)j° xy j (9.1)

Pro of:

2~E(f ) =
X

(x;y )2 ~E

~Q(x; y)[f (x) ¡ f (y)]2

=
X

x;y

~Q(x; y)

2

4
X

e2 ° x;y

df (e)

3

5

2

where for an edgee = (z; w), we write df (e) = f (w) ¡ f (z). Thus,

2~E(f ) ·
X

x:y

~Q(x; y) j° xy j
X

e2 ° x;y

(df (e))2

=
X

e2 E

2

4
X

° xy 3 e

~Q(x; y) j° xy j

3

5 (df (e))2

·
X

(z;w )2 E

B Q(z; w)[f (w) ¡ f (z)]2

= 2B E(f ):

Example 9.5 (Comparison for Simple Random W alks on Graphs) If two graphs have the
samevertex set but di®erent edgesetsE and ~E, then

Q(x; y) =
1

2jE j
; and ~Q(x; y) =

1

2j ~E j
;

since the vertex degrees cancel. Therefore, the congestion ratio is simply

B =

0

@max
e2 E

X

° xy 3 e

j° xy j

1

A jE j

j ~E j
:

In our motivating example,we only removed horizontal edgesat evenheights from the torus. Since
all odd-height edgesremain, we can take j° xy j · 3 since we can traverse any missing edge in the
torus by moving upwards, then across the edge of odd height, and then downwards. The horizontal
edge in this path would then be used by at most 3 paths ° (including the edge itself ). Since we
removed at most one quarter of the edges,we get that B · 12, and therefore, we can compare the
spectral gap of the irr egular graph g to that of the complete torus ~g, yielding that the relaxation time
for the irr egular graph satis¯es 1

g · 121
~g · Cdn2.

Exercise 9.6 Show that for lazy simple random walk on the box [1; : : : ; n]d, where opposite faces
are not identi¯e d, the relaxation time stil l satis¯es 1

g · Cdn2.
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9.4 An `2 Bound

If P is reversible, then

°
°
°
°

pt (x; y)
¼(y)

¡ 1

°
°
°
°

2

` 2 (¼£ ¼)
·

°
°
°
°
°
°

NX

j =2

¸ t
j f j (x)f j (y)

°
°
°
°
°
°

2

` 2 (¼£ ¼)

·
NX

j =2

¸ 2t
j

by orthogonality. If the chain is lazy simple random walk on a transitiv e graph,

2
°
° pt (x; ¢) ¡ ¼

°
°

T V =

°
°
°
°

pt (x; ¢)
¼

¡ 1

°
°
°
°

` 1 (¼)
·

°
°
°
°

pt (x; ¢)
¼

¡ 1

°
°
°
°

` 2 (¼)
·

vu
u
t

NX

j =2

¸ 2t
j :

For lazy simple random walk on the hypercube f 0; 1gn ,

°
° pt (x; ¢) ¡ ¼

°
° 2

·
nX

k=1

µ
1 ¡

k
m

¶ 2t µ
n
k

¶
·

nX

k=1

e¡ 2tk =n
µ

n
k

¶
=

³
1 + e¡ 2t=n

´ n
¡ 1:

If we take t = 1
2 n logn + An, then

°
° pt (x; ¢) ¡ ¼

°
° 2

·
µ

1 +
1
n

e¡ 2A
¶ n

¡ 1 · ee¡ 2A
¡ 1;

suggestinga cuto® phenomenonat 1
2 n logn.
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Lecture 10: Spectral gap for the Ising mo del

10.1 Op en questions

We start with a few open questions.

Op en Question: For the Ising model on any graph with n vertices, show that ¿1(1=4) ¸ Cn logn
where C is a universal constant.

Hayes and Sinclair have shown that this result holds with C = C(max degree),but their constant
tends to zero as the degreeof the graph increases.

Op en Question: For the Ising model on a generaln vertex graph, show that ¿¯
1 (1=4) increasesin

¯ .

Op en Question: For the Ising model on a general n vertex graph, show that 1
g(¯ ) increasesin ¯

and in the edgeset.

10.2 Bounding 1=g for Ising mo del

Consider the Ising model on G = (V; E) with n vertices with ¯ = 1=T. Recall that the probabilit y
of observinga con¯guration ¾2 f ¡ 1; 1gV is given by ¼(¾) = 1

Z ē H (¾) , where H (¾) =
P

u» v ¾u ¾v +P
u hu ¾u . In order to state our result, we must ¯rst intro duce someterminology.

De¯nition 10.1 The cutwidth W (G) of a graph G is obtained as follows. Order the vertices of G
arbitrarily: v1; v2; : : : ; vn and let Sn denote the set of permutations of n elements. Then

W (G) = min
¿2 Sn

max
k

#
n

edgesfrom
©

v¿( i )
ª k

i =1
to

©
v¿( j )

ª
j >k

o

Example 10.2 The cycle has cutwidth 2, an ` £ m lattice with ` · m has cutwidth ` + 1.

Example 10.3 The d-dimensional lattice [0; n]d has cutwidth W ([0; n]d) » cdnd¡ 1.

Example 10.4 The binary tree with height `, (so the number of vertices n » 2` ), has cutwidth
W (binary tree) » logn.

Out main result, using the cutwidth of the graph to bound the spectral gap, is presented as the
following theorem.

Theorem 10.5 For the Ising model on a graph G with n vertices,

1
g(¯ )

· n2e4¯ W (G) :
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Pro of: The proof usesthe comparisontheoremintro ducedin lecture 9, it is basedon a combinatorial
method intro duced by Jerrum-Sinclair for studying monomer-dimer systems. Order the vertices of
G using a total order < . Suppose ¾ and ´ are two spin con¯gurations di®ering at the vertices
x1; x2; : : : ; x ` . Let ° (¾; ´ ) = (¾0; ¾1; : : : ; ¾̀ ) be the path in con¯gution spacede¯ned by

¾j (x) =
½

´ (x) if x · x j

¾(x) if x > x j :

Now, consider an edgee = (»; »x ), where »(y) = »x (y) for all y 6= x, in the path ° (¾; ´ ). Suppose
without loss of generality that ¼(»x ) ¸ ¼(») (otherwise °ip ¾ and ´ ). De¯ne Q(e) = ¼(»)P(»; »x )
and note that Q(e) ¸ ¼(»)

2n .

Set ¡( e) = f ° (¾0; ´ 0) : e 2 ° (¾0; ´ 0)g. De¯ne ©e : ¡( e) ! f ¡ 1; 1gV as follows,

©e(° (¾0; ´ 0))( y) =
½

¾0(y) if y < x
´ 0(y) if y ¸ x

:

Since for every ° , ©e(° )(x) = ´ 0(x) = »x (x). So the image set of ©e sits in S := f ³ 2 f¡ 1; 1gV :
³ (x) = »x (x)g. On the other hand, for any ©e(° (¾0; ´ 0)) 2 S, we could reconstruct ¾0 as

¾0(y) =
½

©e(° (¾0; ´ 0))( y) if y < x
»(y) if y ¸ x

and similarly ´ 0 may be reconstructed from e and ©e(° (¾0; ´ 0)) by the sameway, so©e is a bijection
between¡( e) and S. Now observe that under the optimal ordering of the verticesof V , the following
inequality holds

H (¾0) + H (´ 0) ¡ H (») ¡ H (©e(° (¾0; ´ 0))) · 4W (G) (10.1)

This is true becauseany edge that does not go across from f y : y > xg to f y : y · xg will not
contribute to the left hand side. Exponentiating (10.1) we obtain

¼(¾0)¼(´ 0) · e4¯ W (G) ¼(»)¼(©e(° (¾0; ´ 0)))

· 2ne4¯ W (G) Q(e)¼(©e(° (¾0; ´ 0))) :

Now, summing over all the paths ° (¾0; ´ 0) which contain the edgee, we obtain

X

¾0;´ 0:e2 ° (¾0;´ 0)

¼(¾0)¼(´ 0)j° (¾0; ´ 0)j · 2n2e4¯ W (G) Q(e)
X

° 2 ¡( e)

¼(©e(° ))

= n2e4¯ W (G) Q(e):

The last equality is because
P

° 2 ¡( e) ¼(©e(° )) =
P

³ 2 f¡ 1;1gV : ³ (x )= »x (x ) ¼(³ ) = 1
2 . It follows from

the comparisontheorem (9.1) that 1
g · n2e4¯ W (G) , as claimed.

Remark 10.6 This result is "sharp" for boxes in Z2 provided that ¯ is large. More precisely, one
can show that for an m £ m box in Z2 we have 1

g ¸ ec¯ m . This lower bound can be obtained by
showing that the con¯gurations ¾for which

P
j ¾j = 0 (assumingm even) form a bottleneck which

inhibits the mixing.
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Lecture 11: Mixing Times for Card Shu²ing and Lattice
Paths

This lecture, deliveredby David B. Wilson of Microsoft Research, presents results from two papersby
the speaker, Mixing Times of LozengeTilings and Card Shu²ing Markov Chains (2001) and Mixing
Time of the Rudvalis Shu²e (2002). Both are available on the arXiv. Several useful illustrations
are found in (Wilson, 2001); seepp. 1, 5, 10, 12, and 14.

11.1 In tro duction; random adjacen t transp ositions

In computing mixing times, we wish to ¯nd an event which is likely to occur after t steps of the
Markov chain, but unlikely to occur at stationarit y. In this lecture, the event will be that a certain
eigenfunction is su±ciently large.

As a speci¯c instanceof this method, considera deck of n cards laid out left to right. At each time t,
shu²e according to the following random adjacent transposition rule. Pick a pair of adjacent cards
from among the n ¡ 1 possiblepairs, uniformly at random. With probabilit y 1=2, swap this pair of
cards, and otherwise do nothing.

This chain had been previously studied and was known to converge in O(n3 logn) time. The best
known lower bound was about n3 time; but it was strongly suspected that n3 logn was the correct
order of magnitude. In this lecture, upper and lower bounds that are within a constant factor of
each other will be proved.

Our plan is to ¯nd a eigenfunction © on the state spacesuch that E(©(¾t +1 ) j ¾t ) = ¸ ©(¾t ), where
¸ < 1. If we can, it follows that E(©(¾)) = 0 at stationarit y; so as long as ©(¾t ) remains large
enough, the sizeof ©(¾) can be usedto show that mixing has not yet occured.

First, somenotation. ¾t is the state of the chain at time t. A typical card is denoted} (the diamond
suit symbol); ¾t (} ) is the position of } at time t. For technical reasons,it is convenient to label
the possiblepositions of a card as x = 1

2 ; 3
2 ; : : : ; n ¡ 1

2 (rather than as 0; 1; : : : ; n ¡ 1, for instance).
That is, ¾t (} ) 2 f 1

2 ; 3
2 ; : : : ; n ¡ 1

2 g.

Fix a card } and follow it. According to the dynamicsof the whole chain, } performs a lazy random

walk on f 1
2 ; 3

2 ; : : : ; n ¡ 1
2 g, with probabilit y

1
2(n ¡ 1)

of moving to the left and the sameprobabilit y

of moving to the right (except at the boundaries,wherethe probabilit y of an illegal move is replaced
by 0). Temporarily call this random walk's transition matrix ¹P. It is easy to verify that the left
eigenvaluesof ¹P are f uk gn ¡ 1

k=0 where

uk (x) = cos
¼kx

n
with corresponding eigenvalues

¸ k = 1 ¡
1

n ¡ 1

µ
1 ¡ cos

¼k
n

¶

(Usethe addition and subtraction formulas for cosine.) Theseeigenvectorsgive rise to eigenfunctions
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©k ;} (¾) = uk (¾(} )) which satisfy

E(©k ;} (¾t +1 ) j ¾t ) =
X

x

uk (x) ¹P(¾t (} ); x)

= (uk P)(¾t (} ))

= ¸ k uk (¾t (} )) = ¸ k ©k ;} (¾t )

asdesired. Now, we are interested in the second-largesteigenvalue, which herecorrespondsto k = 1.
So de¯ne

©} (¾) = cos
¼¾(} )

n
:

In principle, we might think of studying all the ©} 's as } rangesover the cards of the deck. With
an eye to future developments, however, a better idea is to ¯x an arbitrary subsetRed ½ deck and
de¯ne

©(¾) =
X

}2 Red

©} (¾)

wherethe dependenceon the choiceof red cards is implicit. Both © and ©} are eigenfunctions,with

E(©(¾t +1 ) j ¾t ) = ¸ ©(¾t ) and

¸ = ¸ 1 = 1 ¡
1

n ¡ 1

³
1 ¡ cos

¼
n

´
¼ 1 ¡

¼2

2n3 :

With © now de¯ned, we are ready to state the theorem which converts © into a lower bound on the
mixing time.

11.2 The lower bounds

Theorem 11.1 Suppose © is a function on the state space of a Markov chain with the property
that E(©(X t +1 ) j X t ) = (1 ¡ ° )©(X t ), with E((¢©) 2 j X t ) = E((©( X t +1 ) ¡ ©(X t ))2 j X t ) · R and
0 < ° · 2 ¡

p
2. Then the mixing time is at least

log©max + 1
2 log ° ²

4R

¡ log(1 ¡ ° )

in the sensethat for valuesof t up to that value, the variation distance from stationarity is at least
1 ¡ ².

This theorem actually follows (except for a slightly di®erent bound on ° ) from a more general
theorem which is relevant to the Rudvalis shu²e:

Theorem 11.2 Supposea Markov chain X t has a lifting (X t ; Yt ), and that ª is a function on the
lifted state space suchthat E(ª( X t ; Yt ) j (X t ; Yt )) = ¸ ª( X t ; Yt ), and suchthat j ª( x; y) j is a function
of x alone; and also j ¸ j < 1, ° = 1¡ < (¸ ) · 1=2, and E(j ª( X t +1 ; Yt +1 ) ¡ ª( X t ; Yt ) j2 j (X t ; Yt )) ·
R. Then the mixing time is at least

logª max + 1
2 log ° ²

4R

¡ log(1 ¡ ° )

in the samesenseas before.
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Pro of: Write ª t = ª( X t ; Yt ), ¢ª = ª t +1 ¡ ª t , and ª ¤
t for the complex conjugate. By induction,

it follows that E(ª t ) = ¸ t ª 0; since j ¸ j < 1, E(ª) = 0 at stationarit y. Also E(¢ª j (X t ; Yt )) =
(¸ ¡ 1)ª t and, writing

ª t +1 ª ¤
t +1 = ª t ª ¤

t + ª t ¢ª ¤ + ª ¤
t ¢ª + j ¢ª j2 ;

E (ª t +1 ª ¤
t +1 j (X t ; Yt )) = ª t ª ¤

t [1 + (¸ ¡ 1)¤ + (¸ ¡ 1)] + E(j ¢ª j2 j X t )

· ª t ª ¤
t [2< (¸ ) ¡ 1] + R:

Induction gives

E(ª t ª ¤
t ) · ª 0ª ¤

0[2< (¸ ) ¡ 1]t +
R

2 ¡ 2< (¸ )
and

Var(ª t ) = E(ª t ª ¤
t ) ¡ E (ª t )E (ª t )¤ · ª 0ª ¤

0

£
[2< (¸ ) ¡ 1]t ¡ (¸¸ ¤)t ¤+

R
2 ¡ 2< (¸ )

:

Our assumption on < (¸ ) means the ¯rst term is negative (because: (1 ¡ ¸ )(1 ¡ ¸ ¤) ¸ 0 leads to
¸¸ ¤ ¸ 2< (¸ ) ¡ 1 ¸ 0 and hence(¸¸ ¤)t ¸ [2< (¸ ) ¡ 1]t for all t) so that

Var(ª t ) ·
R

2 ¡ 2< (¸ )
=

R
2°

and so Var(ª) · R
2° at stationarit y also.

We are now in a position to useChebyshev's inequality. To acheive a bound of 1¡ ² on the variation
distance, the appropriate estimatesare: at stationarit y,

P

Ã

j ª j ¸

s
R
° ²

!

·
²
2

; (11.1)

whereas

P

Ã

j ª t ¡ Eª t j ¸

s
R
° ²

!

·
²
2

and so by the triangle inequality

P

Ã

j ª t j ·

s
R
° ²

!

·
²
2

(11.2)

provided that

j E (ª t ) j ¸ 2

s
R
° ²

: (11.3)

If we can arrange (11.3), then (11.2) together with (11.1) will show that the variation distance from
stationarit y is at least 1 ¡ ². But we know j E(ª t ) j = j ¸ j t j ª 0 j ¸ j ª 0 j (< (¸ )) t = j ª 0 j (1 ¡ ° )t .
The initial conditions are arbitrary so choose them so that j ª 0 j = ª max is maximized. Finally,
substituting in (11.3) and solving for t shows that mixing has not occured as long as

t ·
¡ log

³
2
q

R
° ² =ª max

´

¡ log(1 ¡ ° )
=

logª max + 1
2 log ° ²

4R

¡ log(1 ¡ ° )

as claimed.

Let us apply this theorem to the random adjacent transposition example. Recall that

©(¾) =
X

}2 Red

cos
¼¾(} )

n
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where we must select Red ½ deck. In principle, di®erent choices of Red (to make ©max bigger)
might have the side e®ectof making R bigger as well, which might worsen the estimate. In actual
fact, though, whatever the choice of Red, we will have j ¢© j · ¼

n and henceR = ¼2

n 2 (since the only
transposition that alters © is the swap of a red card and a black card, and this only changesone
term in the sum, by at most ¼

n ). So our best estimate will comefrom simply making ©max as large
aspossible,in other words choosingasred cardsevery card which contributes a positive term cos¼x

n
to ©.

Oncethis is done,we ¯nd that ©max » const¢n. Recall alsothat ° = 1¡ ¸ = 1
n ¡ 1

¡
1 ¡ cos¼

n

¢
¼ ¼2

2n 3 ;
so overall, the mixing time is

»
logn ¡ const + 1

2 log(²=8n)
¼2=2n3 »

1
¼2 n3 logn:

It is believed that the constant 1
¼2 is in fact the correct one.

11.3 An upp er bound; lattice paths

Eigenfunction techniques can also be used to ¯nd an upper bound. To do so, it is helpful to
reformulate the permutation problem in terms of lattice paths.

Our lattice paths will be on the diagonally oriented lattice, i.e., Z2 rotated by forty-¯v e degrees,
moving from left to right. Thus, the two possiblemovesat each step are north-east and south-east.
Given a permutation, we can encode it as a collection of lattice paths as follows. Fix a subsetRed.
At each position x, if the card at position x is a red card, move up (north-east); otherwisemove down
(south-east). As an even more abbreviated form, record the movesas a sequenceof bits (threshold
functions), with 1 for up and 0 for down. SeeDavid Wilson's illustration in (Wilson, 2001,p. 10).

For a ¯xed choiceof red cards, the permutation obviously cannot be recovered from the lattice path
moves. However, number the cards from 1 to n, and successively choosethe red cards to be: the
highest card only; the two highest cards; : : : ; all but card 1; all the cards. Then the permutation can
be recovered from the collection of all n lattice paths. (Indeed, in the bit interpretation, the value
of the card at position x is simply the number of bits at position x which are 1.) Hence\mixing to
within ²" can be acheived by requiring that every lattice path has \mixed to within ²=n".

In lattice path terminology, the Markov chain dynamicsare the following: Pick three adjacent points
of the path uniformly at random. If the middle point is a local maximum or minimum (_ or ^ ),
switch it with probabilit y 1=2; if it is not a local extremum, do nothing. In the bit version, choose
a pair of adjacent bits and randomly either sort them or reverse-sort them. In this context, we
consider the state spaceto be all lattice paths have a ¯xed number a of up moves and b = n ¡ a
down moves, so that the chain is irreducible. (So for the permutation case,a will range from 1 to
n.)

Here, the eigenfunction is (after adjusting the coordinates in an appropriate way)

©(h) =
n= 2X

x = ¡ n= 2

h(x) cos
¼x
n

with the sameeigenvalue as before,

¸ = 1 ¡
1

n ¡ 1

³
1 ¡ cos

¼
n

´
:
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This time, to get an upper bound on the mixing time, the key observation is that © is discrete, so

P(© 6= 0) ·
1

©min
E(©t )

and the right-hand side can be computed as before. We apply this to the height di®erencebetween
two coupled paths to show that they must coalescewith probabilit y 1 ¡ ² within

2 + o(1)
¼2 n3 log

ab
²

steps.

Returning to card permutations, we can acheive coupling of the permutations with probabilit y 1¡ ²
as soon as every lattice path has coupled with probabilit y 1 ¡ ²=n. As a crude bound, ab · n2

uniformly, so it takesat most about

2
¼2 n3 log

n2

²=n
=

6
¼2 n3 logn

steps to ensuremixing. (The constant 6 is not optimal and (Wilson, 2001) improves it to 2.)

11.4 Extensions

In the theorem proved here, from Wilson (2002), the Markov chain could be lifted to a larger chain
(X t ; Yt ), an innovation we did not needfor random adjacent transpositions. It is relevant for other
shu²es, notably the Rudvalis shu²e and variants, which will be very brie°y described. See(Wilson,
2002) for further details.

In the original Rudvalis shu²e, at each stage the top card is randomly either swapped with the
bottom card or not, and then the entire deck is rotated by putting the (possibly new) top card
on the bottom. In other words, either \swap and shift-left" or \swap". Two variants change the
possiblemoves to (1) \swap" or \shift-left" or (2) \swap", \shift-left", \shift-righ t", or \hold" (do
nothing).

In all cases,by time t there hasbeena net shift of Yt cards to the left, whereYt = t for the Rudvalis
shu²e and Yt is random for the variants. In all cases,the presenceof theseshifts would tend to make
the direct eigenfunction approach fail: the eigenvalues are complex, and the eigenfunction values
tend towards a shrinking, narrow annulus { rather than concentrating at a point, with the result
that the variance becomestoo large. However, retaining the value of Yt as part of the state space
(i.e., lifting the chain) allows us to intro duce a phasefactor correction in the eigenfunction which
corrects for this e®ect.Eigenfunctions for the lifted shu²es take the form

ª } (X t ; Yt ) = v(X t (} ))e2¼iZ t ( } )=n

where j ª } (X t ) j = v(X t (} )) dependsonly on the original chain, and Z t (} ) = X t (} ) ¡ X 0(} ) + Yt

(mod n).

Another alteration is to relax the requirement of ¯nding an actual eigenfunction. (For example,
j ª j above is no longer necessarilyan eigenfunction, but it is the function that provides the mixing
time.) For shu²ing on the

p
n£

p
n grid, the boundary conditions make ¯nding an exact eigenvector

computationally di±cult. But an approximate eigenvector can be good enough.

Lattice paths also have application in lozengetilings. Like permutations, lozengetilings can be
understood in terms of a family of lattice paths; now, however, it is necessaryto consider the
interactions between distinct lattice paths. (Wilson, 2001) also discussesthis and other Markov
chains.
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Lecture 12: Shu±ng by semi-random transp ositions and
Ising mo del on Trees

12.1 Shu²ing by random and semi-random transp ositions.

Shu²ing by random transpositions is one of the simplest random walks on the symmetric group:
given n cards in a row, at each step two cards are picked uniformly at random and exchanged.
Diaconis and Shahshahani,in the 1980's,showed that the cuto® for mixing in this random walk is
1
2 n logn. Broder, using a strong uniform time argument, has given the mixing time

¿1 = O(n logn):

Op en Question: Is there a coupling proof for this mixing time?

There are a few facts about this random walk. By the time µ
2 n logn, with µ < 1, the number of

cards untouched is with high probabilit y bigger than n 1¡ µ

2 . While at time t, the expectation of the
number of untouched cards is n(1 ¡ 1

n )2t . This shu²e was precisely analyzed in 1981,see[12].

Let f L t g1
t =1 be a sequenceof random variablestaking valuesin [n] = f 0; 1; : : : ; n ¡ 1g and let f R t g1

t =1
be a sequenceof i.i.d. cards chosenuniformly from [n]. The semi-random transp osition shu²e
generatedby f L t g is a stochastic processf ¾¤

t g1
t =0 on the symmetric group Sn , de¯ned as follows.

Fix the initial permutation ¾¤
0 . The permutation ¾¤

t at time t is obtained from ¾¤
t ¡ 1 by transposing

the cards at locations L t and Rt .

One exampleis the cyclic-to-random shu²e , in which the sequenceL t is given by L t = t mod n.

Mironov showed that Broder's method can be adapted to yield a uniform upper bound of O(n logn)
on the mixing time of all semi-random transpositions. Mossel, Peresand Sinclair proved a lower
bound of ­( n logn) for the mixing time of the cyclic-to-random shu²e. They also proved a general
upper bound of O(n logn) on the mixing time of any semi-randomtransposition shu²e.

Op en Question: Is there a universalconstant c > 0 such that, for any semi-randomtransposition
shu²e on n cards, the mixing time is at least cn logn ?

For this lower bound question there is no obvious reduction to the casewhere the sequencef L t g is
deterministic, so conceivably the question could have di®erent answers for deterministic f L t g and
random f L t g. One hard caseis the following.

For each k ¸ 0, let f L kn + r gn
r =1 be a uniform random permutation of f 0; : : : ; n ¡ 1g, where these

permutations are independent.

Another two casesmay give someillumination on the lower bound.

Case 1: At time t, let L t = t mod n, Rt is choosing uniformly from f t; t + 1; : : : ; ng. Note that
this situation is not a semi-random transposition shu²e as we de¯ned. This random walk gives
stationary distribution ¼at the n-th step.

Case 2:At time t, let L t = t mod n, Rt is choosing uniformly from f 1; 2; : : : ; ng. This is a semi-
random transposition shu²e.

Exercise 12.1 Prove that this random walk does not give the stationary distribution after n steps.
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12.2 Ising mo del on trees

Consider the Ising model on the b-ary tree Tr = T (b)
r with r levels. The number of vertices n =P r

j =0 bj . The cut-width is
W = r b:

Consider the Ising model at temperature ¯ . Using graph geometry to bound 1
g as we learned in the

last lecture, we get:
1
g

· n2e4¯ W · nO(¯ )

where g is the spectral gap. This means 1
g is bounded by a polynomial of n.

This Ising model have someother versionsof descriptionsin applications. For example,the mutation
model in biology and the noisy broadcast model.

In the mutation model, we imagine that the child's con¯guration is with 1 ¡ ² probabilit y to be
the sameas its parent, and with ² probabilit y to be di®erent. We set spins to a b-ary tree Tr from
its root. ¾r oot is uniformly chosenfrom f + ; ¡g . Then, scan the tree top-down, assigningvertex v
a spin equal to the spin of its parent with probabilit y 1 ¡ ² and opposite with probabilit y ². This
construction givesus a distribution on f¡ 1; 1gTr . We prove that this is an Ising distribution.

Supposewe °ip a subtree of ¾, and get e¾as shown in ¯gure 12.4. If 0 < ² < 1=2, then

P(e¾)
P(¾)

=
²

1 ¡ ²

This coordinates with the ratio of P(e¾) and P(¾) in the Ising model, which says

P(e¾)
P(¾)

= e¡ 2¯

If we set ¯ as
e¡ 2¯ =

²
1 ¡ ²

; (12.1)

since for any two di®erent con¯gurations ¾and e¾, we can always do several °ips to turn ¾ into e¾,
the ratio of P(¾) and P(e¾) given in the mutation model is always the sameas given in the Ising
distribution. This proves that the mutation model gives us the Ising distribution. Sometimeswe

Figure 12.1: Flipping a subtree

useanother parameter µ = 1 ¡ 2² instead of ². By equation (12.1), we get

µ =
e2¯ ¡ 1
e2¯ + 1

= tanh(¯ )
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One thing we care about in the mutation model is how to predict the con¯guration of the ancestors
given the information of the children. Even more, can we predict the structure of the tree? There
are someresults addressingthesequestions.

When 1¡ 2² < 1=b, the expectedvalueof the spin at the root ¾½ givenany boundary conditions ¾@T ( b)
r

decays exponentially in r . In the intermediate regime, where 1=b< 1 ¡ 2² < 1=
p

b, this exponential
decay still holds for typical boundary conditions, but not for certain exceptionalboundary conditions,
such as the all + boundary. In the low temperature regime, where 1 ¡ 2² > 1=

p
b, typical boundary

conditions imposebias on the expected value of the spin at the root ¾½. At this low temperature
regime, the reconstruction of the con¯guration becomespossible.

We now intro duce another representation for the Ising model, called the percolation representation.
The mutation model can be represented as

¾v =
½

¾w ; with probabilit y 1 ¡ 2² = µ;
uniformly from f 1; ¡ 1g; with probabilit y 2²:

(12.2)

If at someedges,the uniform distributed situation has beenchosen,then the children thereafter are
distributed uniformly at random. Thus those children can not do any help to predict the ancestor.
So it is the sameas the following model.

In the tree Tr , we \cross out" each edgeindependently with probabilit y 1¡ µ. After this, if the root is
still connectedto the leaves,then the spins at the leaveshelp to predict the spin at the root. So the
reconstruction fails if P(root connectedto the k-th level) ! 0, as k ! 1 . A necessarycondition
for this is bµ · 1, which means1 ¡ 2² · 1

b . Intuitionally , the condition for possiblereconstruction
should be (bµ)k >

p
bk , which givesus a hint for the results of the thresholdsof root reconstructions.

12.3 Lower Bounds at low temp eratures

Figure 12.2: The recursive majorit y function

In order to ¯nd the lower bound of 1=g for low temperatures, we apply recursive majorit y to the
boundary spins. For simplicit y we consider ¯rst the ternary tree T, seeFigure 12.2. Recursive
majorit y is de¯ned on the con¯guration space as follows. Given a con¯guration ¾, denote the
recursive majorit y value at v as mv . For leavesv, mv = ¾v . If f mk g is de¯ned for all of the children
u of w. Then, de¯ne mw by the majorit y of f mu g, where u take values in all of w's children.

Lemma 12.2 If u and w are children of the sameparent v, then P[mu 6= mw ] · 2² + 8²2.
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Pro of: We have

P[mu 6= mw ] · P [¾u 6= mu ] + P[¾w 6= mw ] + P[¾u 6= ¾v ] + P[¾w 6= ¾v ]:

We will show that recursive majorit y is highly correlated with spin; in particular, if ² is small enough,
then P[mv 6= ¾v ] · 4²2.

The proof is by induction on the distance ` from v to the boundary of the tree. For a vertex v at
distance ` from the boundary of the tree, write p` = P[mv 6= ¾v ]. By de¯nition p0 = 0 · 4²2.

For the induction step, note that if ¾v 6= mv then one of the following events hold:

² At least 2 of the children of v, have di®erent ¾value than that of ¾v , or

² One of the children of v has a spin di®erent from the spin at v, and for someother child w we
have mw 6= ¾w , or

² For at least 2 of the children of v, we have ¾w 6= mw .

Summing up the probabilities of theseevents, we seethat p` · 3²2 + 6²p` ¡ 1 + 3p2
` ¡ 1: It follows that

p` · 4²2, hencethe Lemma.

Let m = mr oot . Then by symmetry E[m] = 0, and E[m2] = 1. Recall that

g = min
f 6= const

E(f )
Var (f )

If we plug in f = m, then we get

g ·
E(m)

Var(m)
= E(m)

=
1
2

P(m(¾) 6= m(e¾)) ¢4 (12.3)

Where ¾has the Ising distribution and e¾is one step glauber move from ¾.

From Lemma 12.2, we know that if u and v are siblings, then P[mu 6= mw ] · 2² + 8²2. Since
m(¾) 6= m(e¾) only when we update a leaf, and all the ancestorsof this leaf has two siblings with
di®erent valuesunder function m. So, for a ternary tree with height k, we have

P(m(¾) 6= m(e¾)) · (2² + 8²2)k ¡ 1

· (3e¡ 2¯ )k ¡ 1

· n¡ c¯ (12.4)

Sum up equation (12.3) and (12.4), we get the polynomial lower bound for 1
g in the low temperature

case.

Note that the proof above easily extendsto the d-regular tree for d > 3. A similar proof alsoapplies
to the binary tree T, wherethe majorit y function m is de¯ned asfollows. Look at verticesat distance
r for even r . For the boundary vertices de¯ne mv = ¾v . For each vertex v at distance 2 from the
boundary, choosethree leaves on the boundary below it v1; v2; v3 (e.g. the ¯rst three) and let mv

be the majorit y of the valuesmv i . Now continue recursively.
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Repeating the above proof, and letting p` = P[mv 6= ¾v ] for a vertex at distance 2` from the
boundary, we derive the following recursion: p` · 3² + 6(2²)p` ¡ 1 + 3p2

` ¡ 1. By induction, we get
p` · 4² (suppose² is small enought). If u and v are with sameeven distance from the boundary,
and have the sameancestorat distance two above them. Then, P[mu 6= mv ] · 4² + 2(4²) = 12². It
follows:

P(m(¾) 6= m(e¾)) · (12²)b k
2 c

· (12e¡ 2¯ )b k
2 c

· n¡ c¯

where k is the height of the binary tree. This, as the sameas the ternary tree, givesthe polynomial
lower bound for 1

g .
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Lecture 13: Evolving sets

13.1 In tro duction

It is well known that the absenceof \b ottlenecks" in the state spaceof a Markov chain implies
rapid mixing. Precise formulations of this principle, related to Cheeger'sinequality in di®erential
geometry, have beenproved by algebraic and combinatorial techniques [3, 19, 17, 23, 14, 20]. They
have been used to approximate permanents, to sample from the lattice points in a convex set, to
estimate volumes,and to analyzea random walk on a percolation cluster in a box.

In this lecture, we show that a new probabilistic technique, intro duced in [25], yields the sharpest
bounds obtained to date on mixing times in terms of bottlenecks.

Let f P(x; y)g be transition probabilities for an irreducible Markov chain on a countable state space
V , with stationary distribution ¼. For x; y 2 V , let Q(x; y) = ¼(x)P(x; y), and for S; A ½ V, de¯ne
Q(S; A) =

P
s2 S;a2 A Q(s;a). For S ½ V, the \b oundary size" of S is measuredby j@Sj = Q(S; Sc).

Following [17], we call ©S := j@Sj
¼(S) the conductance of S. Write ¼¤ := minx 2 V ¼(x) and de¯ne ©(r )

for r 2 [¼¤; 1=2] by
©(r ) = inf f ©S : ¼(S) · r g : (13.1)

For r > 1=2, let ©(r ) = ©¤ = ©(1=2). De¯ne the ²-uniform mixing time by

¿u (²) = ¿unif (²) := min
n

n :
¯
¯
¯
Pn (x; y) ¡ ¼(y)

¼(y)

¯
¯
¯ · ² 8 x; y 2 V

o
:

Jerrum and Sinclair [17] consideredchains that are reversible (Q(x; y) = Q(y; x) for all x; y 2 V )
and also satisfy

P(x; x) ¸ 1=2 for all x 2 V : (13.2)

They estimated the secondeigenvalue of P in terms of conductance,and derived the bound

¿unif (²) · 2©¡ 2
¤

µ
log

1
¼¤

+ log
1
²

¶
: (13.3)

We will prove (13.3) in the next lecture. Algorithmic applications of (13.3) are described in [30].
Extensions of (13.3) to non-reversible chains were obtained by Mihail [23] and Fill [14]. A striking
new idea was intro duced by Lov¶asz and Kannan [20], who realized that in geometric examples,
small sets often have larger conductance, and discovered a way to exploit this. Let k¹ ¡ º k =
1
2

P
y2 V j¹ (y) ¡ º (y)j be the total variation distance, and denote by

¿1(²) := min
n

n : kpn (x; ¢) ¡ ¼k · ² for all x 2 V
o

(13.4)

the ²-mixing time in total variation. (This can be considerably smaller than the uniform mixing
time ¿u (²), seethe lamplighter walk discussedat the end of this section, or x13.6, Remark 1.) For
reversible chains that satisfy (13.2), Lov¶aszand Kannan proved that

¿1(1=4) · 2000
Z 3=4

¼¤

du
u©2(u)

; (13.5)
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Note that in general, ¿1(²) · ¿1(1=4) log2(1=²). Therefore, ignoring constant factors, the bound in
(13.5) is tighter than the bound of (13.3), but at the cost of employing a weaker notion of mixing.

The main result sharpens (13.5) to a bound on the uniform mixing time. SeeTheorem 13.9 for a
version that relaxesthe assumption (13.2). We usethe notation ®^ ¯ := minf ®; ¯ g.

Theorem 13.1 Assume(13.2). Then the ²-uniform mixing time satis¯es

¿u (²) · 1 +
Z 4=²

4¼¤

4du
u©2(u)

: (13.6)

More precisely, if

n ¸ 1 +
Z 4=²

4(¼(x )^ ¼(y))

4du
u©2(u)

; (13.7)

then ¯
¯
¯
pn (x; y) ¡ ¼(y)

¼(y)

¯
¯
¯ · ²: (13.8)

(Recall that ©(r ) is constant for r ¸ 1
2 .) This result has several advantagesover (13.5):

² The uniformit y in (13.6).

² It yields a better bound when the approximation parameter ² is small.

² It applies to non-reversible chains.

² It yields an improvement of the upper bound on the time to achieve (13.8) when ¼(x); ¼(y)
are larger than ¼¤.

² The improved constant factors make the bound (13.6) potentially applicable as a stopping
time in simulations.

Other ways to measurebottlenecks can yield sharper bounds. One approach, basedon \blo cking
conductancefunctions" and restricted to the mixing time in total variation ¿1, is presented in [18,
Theorem 3].

Another boundary gaugeÃ is de¯ned in x13.2. For the n-dimensional unit hypercube, this gauge
(applied to the right classof sets,see[26]) givesa bound of the right order ¿u (1=e) = O(n logn) for
the uniform mixing time. Previous methods of measuringbottlenecks did not yield the right order
of magnitude for the uniform mixing time in this benchmark example.

Theorem 13.1 is related to another line of research, namely the derivation of heat kernel estimates
for Markov chains using Nash and Sobolev inequalities. For ¯nite Markov chains, such estimates
were obtained by Chung and Yau [8], and by Diaconis and Salo®-Coste[13]. In particular, for the
special casewhere © is a power law, the conclusionof Theorem 13.1 can be obtained by combining
Theorems 2.3.1 and 3.3.11 of Salo®-Coste[29]. For in¯nite Markov chains, Nash inequalities have
beendeveloped for generalisoperimetric pro¯les; seeVaropoulos[31], the survey by Pittet and Salo®
Coste [27], the book [32], and especially the work of Coulhon [10, 11]. Even in this highly developed
subject, our probabilistic technique yields improved estimates when the stationary measureis not
uniform. Suppose that ¼ is an in¯nite stationary measureon V for the transition kernel p. As
before,we de¯ne

Q(x; y) = ¼(x)p(x; y); j@Sj = Q(S; Sc); ©S :=
j@Sj
¼(S)

:



54

6/8 < U < 7/8

1/8 < U < 2/8

Figure 13.1: One step of the evolving set process.

De¯ne ©(r ) for r 2 [¼¤; 1 ) by
©(r ) = inf f ©S : ¼(S) · r g : (13.9)

For the rest of the intro duction, we focus on the caseof ¯nite stationary measure.

De¯nition 13.2 Ev olving sets. Given V; ¼ and Q as above, consider the Markov chain f Sn g on
subsetsof V with the following transition rule. If the current state Sn is S ½ V, chooseU uniformly
from [0; 1] and let the next state Sn +1 be

eS = f y : Q(S; y) ¸ U¼(y)g:

Consequently,

P(y 2 eS) = P
³

Q(S; y) ¸ U¼(y)
´

=
Q(S; y)

¼(y)
: (13.10)

Figure 13.2 il lustrates one step of the evolving set process when the original Markov chain is a
random walk in a box (with a holding probability of 1

2 ). Since ¼is the stationary distribution, ; and
V are absorbingstates for the evolving set process.

Write P S

³
¢
´

:= P
³

¢
¯
¯
¯ S0 = S

´
and similarly for ES

³
¢
´

. The utility of evolving sets stemsfrom
the relation

Pn (x; y) =
¼(y)
¼(x)

Pf x g(y 2 Sn )

(see Proposition 13.11). Their connection to mixing is indicated by the inequality

k¹ n ¡ ¼k ·
1

¼(x)
E f x g

p
¼(Sn ) ^ ¼(Sc

n ) ;

where ¹ n := pn (x; ¢); see [26] for a sharper form of this. The connection of evolvingsetsto conduc-
tance can be seen in Lemma 13.7 below.



55

Figure 13.2: A box with holes.

Example 13.3 (Random W alk in a Box): Consider a simple random walk in an n £ n box.
To guarantee condition (13.2) we add a holding probabilit y of 1

2 to each state (i.e., with probabilit y
1
2 do nothing, elsemove as above). When 1=2 · u · 1, the conductancepro¯le satis¯es

©(u) ¸
a

n
p

u
;

where a is a constant. Thus our bound implies that the ² uniform mixing time is at most

C² + 4
Z 1=2

1=n 2

1

u
³

a
n

p
u

´ 2 du = O(n2);

which is the correct order of magnitude. Of course,other techniques such as coupling or spectral
methods would give the correct-order bound of O(n2) in this case. However, these techniques are
not robust under small perturbations of the problem, whereasthe conductancemethod is.

Example 13.4 (Bo x with Holes): For a random walk in a box with holes(seeFigure 13.4), it is
considerablyharder to apply coupling or spectral methods. However, it is clear that the conductance
pro¯le for the random walk is unchanged (up to a constant factor), and hencethe mixing time is
still O(n2).

Example 13.5 (Random W alk in a Percolation Cluster): In fact, the conductancemethod
is robust enough to handle an even more extreme variant: Suppose that each edge in the box is
deleted with probabilit y 1 ¡ p, where p > 1

2 . Then with high probabilit y there is a connected
component that contains a constant fraction of the original edges.Benjamini and Mossel[5] showed
that for the random walk in the big component the conductancepro¯le is su±ciently close(with
high probabilit y) to that of the box and deducedthat the mixing time is still O(n2). (See[22] for
analogousresults in higher dimensions.) By our result, this alsoappliesto the uniform mixing times.

Example 13.6 (Random W alk on a Lampligh ter Group): The following natural chain mixes
more rapidly in the senseof total variation than in the uniform sense.A state of this chain consists
of n lamps arrayed in a circle, each lamp either on (1) or o® (0), and a lamplighter located next
to one of the lamps. In one \activ e" step of the chain, the lamplighter either switches the current
lamp or moves at random to one of the two adjacent lamps. We consider the lazy chain that
stays put with probabilit y 1=2 and makes an active step with probabilit y 1=2. The path of the
lamplighter is a delayed simple random walk on a cycle, and this implies that ¿1(1=4) = £( n2),
see[15]. However, by considering the possibility that the lamplighter stays in one half of the cycle
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Figure 13.3: Random walk in a percolation cluster.

00

0

01

0

11

Figure 13.4: Random walk on a lamplighter group

for a long time, one easily veri¯es that ¿u (1=4) ¸ c1n3 for someconstant c1 > 0. Using the general
estimate ¿u (²) = O(¿1(²) log(1=¼¤)) givesa matching upper bound ¿u (1=4) = O(n3).

13.2 Further results and pro of of Theorem 13.1

We will actually prove a stronger form of Theorem 13.1, using the boundary gauge

Ã(S) := 1 ¡ ES

s
¼( eS)
¼(S)

instead of the conductance©S . The next lemma relates thesequantities.

Lemma 13.7 Let ; 6= S ½ V. If (13.2) holds, then Ã(S) ¸ ©2
S=2. More generally, if 0 < ° · 1

2

and p(x; x) ¸ ° for all x 2 V , then Ã(S) ¸ ° 2

2(1 ¡ ° )2 ©2
S .

Seex13.4 for the proof. In fact, Ã(S) is often much larger than ©2
S .

De¯ne the root pro¯le Ã(r ) for r 2 [¼¤; 1=2] by

Ã(r ) = inf f Ã(S) : ¼(S) · r g; (13.11)

and for r > 1=2, let Ã(r ) := Ã¤ = Ã( 1
2 ). Observe that the root pro¯le Ã is (weakly) decreasingon

[¼¤; 1 ).
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For a measure¹ on V , write

Â2(¹; ¼) :=
X

y2 V

¼(y)
³ ¹ (y)

¼(y)
¡ 1

´ 2
=

³ X

y2 V

¹ (y)2

¼(y)

´
¡ 1: (13.12)

By Cauchy-Schwarz,

2k¹ ¡ ¼k =
°
°
°

¹ ( ¢)
¼( ¢)

¡ 1
°
°
°

L 1 (¼)
·

°
°
°

¹ ( ¢)
¼( ¢)

¡ 1
°
°
°

L 2 (¼)
= Â(¹; ¼) : (13.13)

We can now state our key result relating evolving sets to mixing.

Theorem 13.8 Denote ¹ n = pn (x; ¢). Then Â2(¹ n ; ¼) · ² for all

n ¸
Z 4=²

4¼(x )

du
uÃ(u)

:

Seex13.5 for the proof.

Deriv ation of Theorem 13.1 from Lemma 13.7 and Theorem 13.8:

The time-reversal of a Markov chain on V with stationary distribution ¼ and transition ma-
trix p(x; y), is another Markov chain with stationary distribution ¼, and transition matrix p̂(¢; ¢)
that satis¯es ¼(y)p(y; z) = ¼(z)p̂(z; y) for all y; z 2 V . Summing over intermediate states gives
¼(z)p̂m (z; y) = ¼(y)pm (y; z) for all z; y 2 V and m ¸ 1.

Sincepn + m (x; z) =
P

y2 V pn (x; y)pm (y; z), stationarit y of ¼gives

pn + m (x; z) ¡ ¼(z) =
X

y2 V

³
pn (x; y) ¡ ¼(y)

´³
pm (y; z) ¡ ¼(z)

´
(13.14)

whence
¯
¯
¯
pn + m (x; z) ¡ ¼(z)

¼(z)

¯
¯
¯ (13.15)

=
¯
¯
¯
X

y2 V

¼(y)
³ pn (x; y)

¼(y)
¡ 1

´ ³ p̂m (z; y)
¼(y)

¡ 1
´ ¯

¯
¯ (13.16)

· Â
³

pn (x; ¢); ¼
´

Â
³

p̂m (z; ¢); ¼
´

(13.17)

by Cauchy-Schwarz.

The quantit y Q(S; Sc) represents, for any S ½ V, the asymptotic frequencyof transitions from S to
Sc in the stationary Markov chain with transition matrix p(¢; ¢) and henceQ(S; Sc) = Q(Sc; S). It
follows that the time-reversedchain has the sameconductancepro¯le ©(¢) as the original Markov
chain. Hence,Lemma 13.7 and Theorem 13.8 imply that if

m; ` ¸
Z 4=²

4(¼(x )^ ¼(y))

2du
u©2(u)

;
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and (13.2) holds, then

Â
³

p` (x; ¢); ¼
´

·
p

² and Â
³

p̂m (z; ¢); ¼
´

·
p

² :

Thus by (13.17),
¯
¯
¯
p` + m (x; z) ¡ ¼(z)

¼(z)

¯
¯
¯ · ² ;

and Theorem 13.1 is established.

In fact, the argument above yields the following more generalstatement.

Theorem 13.9 Suppose that 0 < ° · 1
2 and p(x; x) ¸ ° for all x 2 V . If

n ¸ 1 +
(1 ¡ ° )2

° 2

Z 4=²

4(¼(x )^ ¼(y))

4du
u©2(u)

; (13.18)

then (13.8) holds.

To complete the proof of Theorems 13.1 and 13.9, it su±ces to prove Lemma 13.7 and Theorem
13.8. This is done in x13.4 and x13.5, respectively.

13.3 Prop erties of Evolving Sets

Lemma 13.10 The sequence f ¼(Sn )gn ¸ 0 forms a martingale.

Pro of: By (13.10), we have

E
³

¼(Sn +1 )
¯
¯
¯Sn

´
=

X

y2 V

¼(y) P
³

y 2 Sn +1

¯
¯
¯Sn

´

=
X

y2 V

Q(Sn ; y) = ¼(Sn ) :

The following proposition relates the nth order transition probabilities of the original chain to the
evolving set process.

Prop osition 13.11 For all n ¸ 0 and x; y 2 V we have

pn (x; y) =
¼(y)
¼(x)

Pf x g(y 2 Sn ) :



59

Pro of: The proof is by induction on n. The casen = 0 is trivial. Fix n > 0 and supposethat the
result holds for n ¡ 1. Let U be the uniform random variable usedto generateSn from Sn ¡ 1. Then

pn (x; y) =
X

z2 V

pn ¡ 1(x; z)p(z; y)

=
X

z2 V

Pf x g(z 2 Sn ¡ 1)
¼(z)
¼(x)

p(z; y)

=
¼(y)
¼(x)

E f x g

µ
1

¼(y)
Q(Sn ¡ 1; y)

¶

=
¼(y)
¼(x)

Pf x g(y 2 Sn ):

We will also usethe following dualit y property of evolving sets.

Lemma 13.12 Supposethat f Sn gn ¸ 0 is an evolvingset process. Then the sequence of complements
f Sc

n gn ¸ 0 is also an evolving set process,with the sametransition probabilities.

Pro of: Fix n and let U be the uniform random variable usedto generateSn +1 from Sn . Note that
Q(Sn ; y) + Q(Sc

n ; y) = Q(V; y) = ¼(y). Therefore, with probabilit y 1,

Sc
n +1 =

n
y : Q(Sn ; y) < U¼(y)

o

=
n

y : Q(Sc
n ; y) ¸ (1 ¡ U)¼(y)

o
:

Thus, f Sc
n g has the sametransition probabilities as f Sn g, since1 ¡ U is uniform.

Next, we write the Â2 distancebetween¹ n := pn (x; ¢) and ¼in terms of evolving sets. Let f Sn gn ¸ 0

and f ¤ n gn ¸ 0 be two independent replicas of the evolving set process,with S0 = ¤ 0 = f xg. Then
by (13.12) and Proposition 13.11,Â2(¹ n ; ¼) equals

X

y2 V

¼(y)
Pf x g(y 2 Sn )2

¼(x)2 ¡ 1 (13.19)

=
1

¼(x)2

h X

y2 V

¼(y)Pf x g

³
f y 2 Sn g \ f y 2 ¤ n g

´
¡ ¼(x)2

i
(13.20)

=
1

¼(x)2 E f x g

³
¼(Sn \ ¤ n ) ¡ ¼(Sn )¼(¤ n )

´
; (13.21)

where the last equation usesthe relation ¼(x) = E f x g¼(Sn ) = E f x g¼(¤ n ). De¯ne

S] :=
½

S if ¼(S) · 1
2 ;

Sc otherwise,

Lemma 13.13 For any two setsS; ¤ ½ V,

j¼(S \ ¤) ¡ ¼(S)¼(¤) j ·
q

¼(S] )¼(¤ ] )
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Pro of:
¼(S \ ¤) + ¼(Sc \ ¤) = ¼(¤) = ¼(S)¼(¤) + ¼(Sc)¼(¤) ;

and hence
j¼(S \ ¤) ¡ ¼(S)¼(¤) j = j¼(Sc \ ¤) ¡ ¼(Sc)¼(¤) j:

Similarly, this expressiondoesn't changeif we replace¤ by ¤ c. Thus,

j¼(S \ ¤) ¡ ¼(S)¼(¤) j = j¼(S] \ ¤ ] ) ¡ ¼(S] )¼(¤ ] )j

· j¼(S] ) ^ ¼(¤ ] )j

·
q

¼(S] )¼(¤ ] ) :

Apply this lemma into (13.21), we obtain

Â2(¹ n ; ¼) ·
1

¼(x)2 E
q

¼(S]
n )¼(¤ ]

n ) ;

whence

2k¹ n ¡ ¼k · Â(¹ n ; ¼) ·
1

¼(x)
E

q
¼(S]

n ) : (13.22)

13.4 Evolving sets and conductance pro¯le: pro of of Lemma
3

Lemma 13.14 For every real number ¯ 2 [¡ 1
2 ; 1

2 ], we have
p

1 + 2¯ +
p

1 ¡ 2¯
2

·
p

1 ¡ ¯ 2 · 1 ¡ ¯ 2=2:

Pro of: Squaring givesthe secondinequality and converts the ¯rst inequality into

1 + 2¯ + 1 ¡ 2¯ + 2
p

1 ¡ 4¯ 2 · 4(1 ¡ ¯ 2)

or equivalently , after halving both sides,
p

1 ¡ 4¯ 2 · 1 ¡ 2¯ 2 ;

which is veri¯ed by squaring again.

Lemma 13.15 Let
' S :=

1
2¼(S)

X

y2 V

³
Q(S; y) ^ Q(Sc; y)

´
: (13.23)

Then

1 ¡ Ã(S) ·
p

1 + 2' S +
p

1 ¡ 2' S

2
· 1 ¡ ' 2

S=2: (13.24)

Pro of: The secondinequality in (13.24) follows immediately from Lemma 13.14. To seethe ¯rst
inequality, let U be the uniform random variable usedto generate eS from S. Then

P S

³
y 2 eS

¯
¯
¯ U < 1

2

´
= 1 ^

2Q(S; y)
¼(y)

:
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Consequently ,
¼(y)P S (y 2 eS j U < 1

2 ) = Q(S; y) +
³

Q(Sc; y) ^ Q(S; y)
´

:

Summing over y 2 V , we infer that

ES

³
¼( eS)

¯
¯
¯ U < 1

2

´
= ¼(S) + 2¼(S)' S : (13.25)

Therefore, R := ¼( eS)=¼(S) satis¯es ES (RjU < 1
2 ) = 1 + 2' S . SinceESR = 1, it follows that

ES (R j U ¸ 1
2 ) = 1 ¡ 2' S :

Thus

1 ¡ Ã(S) = E(
p

R)

=
E(

p
R

¯
¯U < 1

2 ) + E(
p

R
¯
¯U ¸ 1

2 )
2

·

q
E(RjU < 1

2 ) +
q

E(RjU ¸ 1
2 )

2
;

by Jensen'sinequality (or by Cauchy-Schwarz). This completesthe proof.

Pro of: (Proof of Lemma 13.7) If p(y; y) ¸ 1=2 8y 2 V , then it is easy to check directly that
' S = ©S for all S ½ V.

If we are only given that p(y; y) ¸ ° 8y 2 V , where 0 < ° · 1
2 , we can still concludethat for y 2 S,

Q(S; y) ^ Q(Sc; y) ¸ ° ¼(y) ^ Q(Sc; y) ¸
°

1 ¡ °
Q(Sc; y) :

Similarly, for y 2 Sc we have Q(S; y) ^ Q(Sc; y) ¸ °
1¡ ° Q(S; y). Therefore

X

y2 V

[Q(S; y) ^ Q(Sc; y)] ¸
2°

1 ¡ °
Q(S; Sc) ;

whence' S ¸ °
1¡ ° ©S . This inequality, in conjunction with Lemma 13.15,yields Lemma 13.7.

13.5 Pro of of Theorem 13.8

Denote by K (S; A) = P S ( eS = A) the transition kernel for the evolving set process. In this section
we will useanother Markov chain on setswith transition kernel

bK (S; A) =
¼(A)
¼(S)

K (S; A): (13.26)

This is the Doob transform of K (¢; ¢). As pointed out by J. Fill (Lecture at Amer. Inst. Math. 2004),
the processde¯ned by bK can be identi¯ed with one of the \strong stationary duals" constructed in
[9].

The martingale property of the evolving set process,Lemma 13.10,implies that
P

A
bK (S; A) = 1 for

all S ½ V. The chain with kernel (13.26) represents the evolving set processconditioned to absorb
in V ; we will not usethis fact explicitly .
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Note that induction from equation (13.26) gives

bK n (S; A) =
¼(A)
¼(S)

K n (S; A)

for every n, since

bK n +1 (S; B ) =
X

A

bK n (S; A) bK (A; B )

=
X

A

¼(B )
¼(S)

K n (S; A)K (A; B )

=
¼(B )
¼(S)

K n +1 (S; B )

for every n and B ½ V. Therefore, for any function f ,

bES f (Sn ) = ES

·
¼(Sn )
¼(S)

f (Sn )
¸

; (13.27)

where we write bE for the expectation when f Sn g has transition kernel bK . De¯ne

Zn =

q
¼(S]

n )

¼(Sn )
;

and note that ¼(Sn ) = Z ¡ 2
n when Zn ¸

p
2, that is, when ¼(Sn ) · 1

2 . Then by equations (13.27)
and (13.22), Â(¹ n ; ¼) · bE f x g(Zn ) and

bE
µ

Zn +1

Zn

¯
¯
¯Sn

¶
= E

µ
¼(Sn +1 )
¼(Sn )

¢
Zn +1

Zn

¯
¯
¯Sn

¶

= E

0

@

q
¼(S]

n +1 )
q

¼(S]
n )

¯
¯
¯Sn

1

A (13.28)

· 1 ¡ Ã(¼(Sn )) = 1 ¡ f 0(Zn ); (13.29)

where f 0(z) := Ã(1=z2) is nondecreasing. (Recall that we de¯ned Ã(x) = Ã¤ for all real numbers
x ¸ 1

2 .) Let L 0 = Z0 = ¼(x)¡ 1=2. Next, observe that bE(¢) is just the expectation operator with
respect to a modi¯ed distribution, so we can apply Lemma 13.16below, with bE in place of E. By
part (iii) of that lemma (with ± =

p
²), for all

n ¸
Z L 0

±

2dz
zf 0(z=2)

=
Z L 0

±

2dz
zÃ(4=z2)

; (13.30)

we have Â(¹ n ; ¼) · bE f x g(Zn ) · ±: The changeof variable u = 4=z2 shows the integral (13.30) equals

Z 4=±2

4¼(x )

du
uÃ(u)

·
Z 4=²

4¼(x )

du
uÃ(u)

:

This establishesTheorem 13.8.

Lemma 13.16 Let f ; f 0 : [0; 1 ) ! [0; 1] be increasing functions. Suppose that f Zn gn ¸ 0 are non-
negative random variables with Z0 = L 0. Denote L n = E(Zn ).
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(i) If L n ¡ L n +1 ¸ L n f (L n ) for all n, then for every n ¸
RL 0

±
dz

zf (z) , we haveL n · ±.

(ii) If E(Zn +1 jZn ) · Zn (1 ¡ f (Zn )) for all n and the function u 7! uf (u) is convex on (0; 1 ),
then the conclusion of (i) holds.

(iii) If E(Zn +1 jZn ) · Zn (1 ¡ f 0(Zn )) for all n and f (z) = f 0(z=2)=2, then the conclusion of (i)
holds.

Pro of: (i) It su±ces to show that for every n we have
Z L 0

L n

dz
z f (z)

¸ n: (13.31)

Note that for all k ¸ 0 we have

L k+1 · L k

h
1 ¡ f (L k )

i
· L k e¡ f (L k ) ;

whence Z L k

L k +1

dz
zf (z)

¸
1

f (L k )

Z L k

L k +1

dz
z

=
1

f (L k )
log

L k

L k+1
¸ 1:

Summing this over k 2 f 0; 1; : : : ; n ¡ 1g gives(13.31).

(ii) This is immediate from Jensen'sinequality and (i).

(iii) Fix n ¸ 0. We have

E (Zn ¡ Zn +1 ) ¸ E [2Zn f (2Zn )] ¸ L n f (L n ) ; (13.32)

by Lemma 13.17below. This yields the hypothesisof (i).

The following simple fact was usedin the proof of Lemma 13.16.

Lemma 13.17 Suppose that Z ¸ 0 is a nonnegative random variable and f is a nonnegative in-
creasing function. Then

E
³

Z f (2Z )
´

¸
EZ
2

¢f (EZ ):

Pro of: Let A be the event f Z ¸ EZ=2g. Then E(Z 1A c ) · EZ=2, so E(Z 1A ) ¸ EZ=2. Therefore,

E
³

Z f (2Z )
´

¸ E
³

Z 1A ¢f (EZ )
´

¸
EZ
2

f (EZ ) :

13.6 Concluding remarks

1. The example of the lamplighter group in the intro duction shows that ¿1(1=4), the mixing
time in total variation on the left-hand side of (13.5), can be considerably smaller than the
corresponding uniform mixing time ¿u (1=4) (so an upper bound for ¿u (¢) is strictly stronger).
We note that there are simpler examplesof this phenomenon.For lazy random walk on a clique
of n vertices,¿1(1=4) = £(1) while ¿u (1=4) = £(log n). To seea simple examplewith bounded
degree, consider a graph consisting of two expanders of cardinalit y n and 2n , respectively,
joined by a single edge. In this case¿1(1=4) is of order £( n), while ¿u (1=4) = £( n2).
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2. Let X n be a ¯nite, reversible chain with transition matrix P. Write ¹ x
n := pn (x; ¢). Equation

(13.22) gives

Â(¹ x
n ; ¼) ·

1
¼(x)

E
q

¼(S]
n ) ·

1
p

¼(x)
(1 ¡ Ã¤)n : (13.33)

Let f 2 : V ! R be the secondeigenfunction of P and ¸ 2 the secondeigenvalue, so that
Pf 2 = ¸ 2f 2. For x 2 V , de¯ne f x : V ! R by f x (y) = ±x (y) ¡ ¼(y), where± is the Dirac delta
function. We can write f 2 =

P
x 2 V ®x f x . Hence

°
°
°

Pn f (¢)
¼(¢)

°
°
°

L 2 (¼)
·

X

x

®x

°
°
°

Pn f x (¢)
¼(¢)

°
°
°

L 2 (¼)
(13.34)

=
X

x

®x Â(¹ x
n ; ¼) (13.35)

· const¢max
x

Â(¹ x
n ; ¼) (13.36)

· const¢(1 ¡ Ã¤)n ; (13.37)

where the ¯rst line is subadditivit y of a norm and the last line follows from (13.33). But

°
°
°

Pn f (¢)
¼(¢)

°
°
°

L 2 (¼)
¸

°
°
°

Pn f (¢)
¼(¢)

°
°
°

L 1 (¼)
=

X

x

jPn f 2(x)j = ¸ n
2

X

x

jf 2(x)j: (13.38)

Combining (13.37) and (13.38) gives¸ n
2 · c ¢(1 ¡ Ã¤)n for a constant c. Sincethis is true for

all n, we must have ¸ 2 · 1 ¡ Ã¤, so Ã¤ is a lower bound for the spectral gap.
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Lecture 14: Evolving sets and strong stationary times

14.1 Evolving sets

Recall the de¯nition of uniform mixing time, ¿unif (²) intro duced in the previous lecture:

¿unif (²):= min
½

t :

¯
¯
¯
¯
pt (x; y)

¼(y)
¡ 1

¯
¯
¯
¯ < ² 8x; y 2 ­

¾
:

We usethe method of evolving setsto ¯nish the proof of the following upper bound for the uniform
mixing time.

Theorem 14.1 If the chain is reversibleand lazy (P(x; x) ¸ 1
2 for all x 2 ­ ), then

¿unif (²) ·
2

©2
¤

log
1

²¼min
(14.1)

Pro of: Let f Sn g be an evolving set processstarted at f xg corresponding to the Markov chain
with transition matrix P, and let f ¤ m g be an independent evolving set processstarted at f zg
corresponding the reverseMarkov chain with transition matrix P̂. From the easyfact

Pn + m (x; z) =
X

y2 ­

Pn (x; y)Pm (y; z)

and the detailed balanceequations,we deduce

Pn + m (x; z)
¼(z)

=
X

y2 ­

Pn (x; y)
¼(y)

P̂m (z; y)
¼(y)

¼(y):

Now, from the previous lecture, we know that P(y 2 Sn ) = ¼(x )P n (x;y )
¼(y) , and it follows that

Pn + m (x; z)
¼(z)

=
X

y2 ­

P(y 2 Sn )
¼(x)

P(y 2 ¤ m )
¼(z)

¢¼(y)

=
1

¼(x)¼(z)
E

X

y2 ­

¼(y)1f y2 Sn g1f y2 ¤ m g

=
1

¼(x)¼(z)
E[¼(Sn \ ¤ m )]:

Subtracting 1 from each sideof the above equation (recalling that ¼(Sn ) is a martingale) and taking
absolute values,we obtain:

¯
¯
¯
¯
Pn + m (x; z) ¡ ¼(z)

¼(z)

¯
¯
¯
¯ =

¯
¯
¯
¯

1
¼(x)¼(z)

E[¼(Sn \ ¤ m ) ¡ ¼(Sn )¼(¤ m )]

¯
¯
¯
¯ (14.2)

Following from lemma 13.13,we get
¯
¯
¯
¯
Pn + m (x; z) ¡ ¼(z)

¼(z)

¯
¯
¯
¯ ·

1
¼(x)¼(z)

E
q

¼(S]
n )¼(¤ ]

m ):
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Theorem 13.7 implies that

Ef x g

q
¼(S]

n )
p

¼(x)
· (1 ¡

©2
¤

2
)n · e¡ n ©2

¤ =2

The sameinequality applies for Ef x g

p
¼(S ]

n )p
¼(x )

. Using this as well as the independenceof Sn and ¤ m ,

we obtain:

¯
¯
¯
¯
Pn + m (x; z) ¡ ¼(z)

¼(z)

¯
¯
¯
¯ ·

Ef x g

q
¼(S]

n )

¼(x)

Ef zg

q
¼(¤ ]

m )

¼(z)

·
e¡ n ©2

¤ =2
p

¼(x)

e¡ m ©2
¤ =2

p
¼(z)

·
¡ e(n + m )© 2

¤ =2

¼min
;

from which the theorem follows.

14.2 Stationary stopping times

In this section, we de¯ne stationary stopping times and strong stationary stopping times, and give
several examples.

De¯nition 14.2 A random stopping time T for a chain X i is a stationary stopping time (starting
at x) if

P x (X T 2 A) = ¼(A)

for all A ½ ­ and all x 2 ­ . The stopping time T is said to be a strong stationary stopping time
(starting at x) if

P x (X T 2 A; T = k) = ¼(A)P x (T = k)

for all A, x and k.

To seethe connection between strong stationary times and mixing, note that if T is a strong sta-
tionary stopping time, then ¯

¯
¯
¯1 ¡

Pn (x; y)
¼(y)

¯
¯
¯
¯ · P(T > n):

Averaging over the states y 2 ­ weighted according to the stationary distribution, we ¯nd

jj¼¡ Pn (x; ¢)jjT V · P(T > n):

We now give someexamplesof strong stationary times.

Example 14.3 Top to random insertion
Consider a deck of n cards. After successive time intervals, remove the top card from the deck and
place it in a uniform random position in the deck. Let T be the ¯rst time the original bottom card
in the deck reaches the top and is then randomized. Sinceall the cards below the original bottom
card are always in a uniform random order, it is easyto seethat T is a strong stationary time. By
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considering the expected time for the original bottom card to move up a position once it is in the
kth postion from the bottom, and then summing over k, we obtain:

ET =
n ¡ 1X

k=0

n
k + 1

» n logn:

The following lemma and proof from [1, lemma 2] shows that lim n !1 P(T > n logn + cn) · e¡ c.

Lemma 14.4 Sampleuniformly with replacement from an urn with n balls. Let V be the number
of draws required until each ball has been selected at least once. Then P(V > n logn + cn) · e¡ c,
where c ¸ 0 and n ¸ 1.

Pro of: Let m = n logn + cn. For each ball b, let Ab be the event that the bth ball is not selected
in the ¯rst m draws. Then

P(V > m) = P ([ bAb) ·
X

b

P(Ab) = n
µ

1 ¡
1
n

¶ m

· ne¡ m=n = e¡ c:

To seethat there is a cuto®at n logn, considerthe events A j (t) that the bottom j cardsare in their
original order at time t. The probabilit y that the j th card from the bottom has reached the top in
time t ² = (1 ¡ ²)n logn is very small, so P t (A j (t ² )) ¡ ¼(A j ) » 1 ¡ 1

j ! . For the proof of this fact, we
follow [1]. De¯ne T` to be the ¯rst time whenthe card originally in the ` th position (counting from the
top) is placed underneath the original bottom card. Observe that P(A j (t ² )) ¸ P(T ¡ Tj ¡ 1 > t ² ),
since T ¡ Tj ¡ 1 is distributed as the time for the card initially j th from the bottom to reach the
top and be randomized. We prove that P(T ¡ Tj ¡ 1 · t ² ) ! 0 as n ! 1 , where j is ¯xed.

Observe that E(Ti +1 ¡ Ti ) = n
i +1 and Var(Ti +1 ¡ Ti ) =

³
n

i +1

´ 2 ¡
1 ¡ i +1

n

¢
and sum over i to obtain

E(T ¡ Tj ) = n logn + O(n) and Var(T ¡ Tj ) = O(n2). The claim now follows from Chebyshev's
inequality.

Example 14.5 Ri²e shu²e (Gilb ert, Shannon,Reeds)
Break a deck of n cards into two piles of size B (n; 1=2) and n ¡ B (n; 1=2). Then merge them
uniformly, preserving the order of the cards within each respective pile. If the cards are labelled
with 1's and 0's according to the cut, the resulting ordering gives a uniform sequenceof binary
bits. The reverseshu²e, which yields the sameprobabilit y distribution, has the following simple
discription: assignall the cards uniform random bits, and then move the cards with 0's to the top
of the deck preserving their order. After this processhas beenrepeatedk times, each card has been
assignedk uniform binary bits. It is easy to seethat the relative order of two cards with distinct
binary sequencesis uniquely determined, and the ¯rst time T that each card has been assigned
a unique binary sequenceis a strong stationary time. Since P(T > t) · n 2

2 ¢2¡ t , it follows that
¿unif (²) · 2 log2(n=²). A lower lower bound of the sameorder can be obtained by computing the
probabilit y that the resulting permutation contains an increasingsequenceof length 10

p
n.

Remark 14.6 Consider the simple random walk on the cycle Zn . The cover time, ¿c is de¯ned as
follows

¿c:= min f t : f X 0; : : : ; X t g = Zn g:

The cycle has the property that for any starting state the distribution of X ¿c is uniform o® the
starting position. This property is trivially true for the complete graph as well, and a remarkable
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theorem due to Lov¶asz and Winkler [21] establishesthat these are the only two graphs with this
property. Note that there are other graphs that have this property for somestarting states (e.g. a
star).
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Lecture 15: Hitting and cover times for irreducible MC and
Lampligh ter graphs

15.1 Relations of hitting time and cover time

In a Markov chain on a ¯nite state space,we de¯ne t¤ := maxa;b Ea(¿b) to be the maximal hitting
time. De¯ne t¼ = t¼(a) :=

P
b Ea(¿b)¼(b), where ¼is the stationary distribution.

Theorem 15.1 t¼ is independent of its parameter a.

For the proof, seethe \Random target lemma" (Lemma 29 in Chapter 2) in [2], or following the
exercise.

Exercise 15.2 Check that t¼ is a harmonic function of a, which means

t¼(a) =
X

z

P(a; z)t¼(z):

Since the only harmonic functions are the constant functions, t¼ is independent of a.

Let ¸ 1 ¸ ¸ 2 ¸ : : : ¸ ¸n be the eigenvalues of the transition matrix P. If the chain is reversible,
then ¸ i < 1 for i ¸ 2.

Lemma 15.3
t¼ =

X

i> 1

1
1 ¡ ¸ i

Seethe \Eigentime identit y" in [2].

By lemma 15.3, we have:

t¼ =
X

i> 1

1
1 ¡ ¸ i

¸
1

1 ¡ ¸ 2
(15.1)

In other words, t¼ is at least the relaxation time.

Consider the cover time en := maxa ¿a on an n-state chain, i.e. the time required to visit every
state. The following result bounds the expected cover time.

Theorem 15.4 (Matthews bound)

Eaen · t¤(1 +
1
2

+ ¢¢¢+
1
n

) » t¤ logn

Pro of: Start the chain at a. Let f J1; : : : ; Jn g be a uniform random permutation of the states. Let
L k be the last state of J1; : : : ; Jk to be visited by the chain, and write Tk = ¿L k for the hitting time
of L k . Then Tn = en .
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ConsiderEa(Tk ¡ Tk ¡ 1jTk ¡ 1; X 1; : : : ; X Tk ¡ 1 ). The event f Jk = L k g belongsto ¾(Tk ¡ 1; X 1; : : : ; X Tk ¡ 1 ).
On the event f Jk 6= L k g, we have Tk ¡ Tk ¡ 1 = 0; and on the event f Jk = Tk g, we have Tk ¡ Tk ¡ 1 =
EL k ¡ 1 (¿J k ). So

Ea(Tk ¡ Tk ¡ 1jTk ¡ 1; X 1; : : : ; X Tk ¡ 1 ) = 1f J k = L k gEL k ¡ 1 (¿J k )

· 1f J k = L k g ¢t¤

Take expectations, we get:

Ea(Tk ¡ Tk ¡ 1) · t¤P(Jk = L k ) =
1
k

t¤ (15.2)

Summing over k givesthe desired inequality.

On the torus Zd
n for d ¸ 3, this upper bound for Ee is also the asymptotic formula for Ee. See

Corollary 24 in Chapter 7 of [2]. For d = 2, Aldous-Lawler proved that for n £ n torus Z2
n , the

expectation is bounded by:
2
¼

n2 log2 n · Ee ·
4
¼

n2 log2 n:

Dembo, Peres,Rosenand Zeitouni later proved that the upper bound is the asymptotic order:

Ee »
4
¼

n2 log2 n

15.2 Lampligh ter graphs

Given a ¯nite graph G = (V; E), the wreath product G¤ = f 0; 1gV £ V is the graph whosevertices
are ordered pairs (f ; x), where x 2 V and f 2 f 0; 1gV . There is an edgebetween (f ; x) and (h; y)
in the graph G¤ if x; y are adjacent in G and f (z) = h(z) for z =2 f x; yg. Thesewreath products are
called lamplighter graphs becauseof the following interpretation: place a lamp at each vertex of G;
then a vertex of G¤ consistsof a con¯guration f indicating which lamps are on, and a lamplighter
located at a vertex x 2 V .

00

0

01

0

11

Figure 15.1: Lamplighter graphs

The random walk we analyze on G¤ is constructed from a random walk on G as follows. Let
p denote the transition probabilities in the wreath product and q the transition probabilities in
G. For a 6= b, p[(f ; a); (h; b)] = q(a;b)=4 if f and h agree outside of f a;bg, and when a = b,
p[(f ; a); (h; a)] = q(a;a)=2 if f and h agreeo®of f ag. A more intuitiv e description of this is to say
that at each time step, the current lamp is randomized, the lamplighter moves, and then the new
lamp is also randomized. The secondlamp at b is randomized in order to make the chain reversible.
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To avoid periodicit y problems, we will assumethat the underlying random walk on G is already
aperiodic.

In the following paragraphs,we give bounds for the mixing time ¿1(²), the relaxation time ¿r el and
the uniform mixing time ¿u (²) on this lamplighter graph G¤. Recall the de¯nition of these three
mixing times:

¿r el = max
i :j ¸ i j< 1

1
1 ¡ j¸ i j

; (15.3)

¿1(²) = min

(

t :
1
2

X

y

jpt (x; y) ¡ ¹ (y)j · ² 8 x 2 G

)

; (15.4)

¿u (²) = min
½

t :

¯
¯
¯
¯
pt (x; y) ¡ ¹ (y)

¹ (y)

¯
¯
¯
¯ · ² 8 x; y 2 G

¾
: (15.5)

They satisfy the relations
¿r el · ¿1(²) · ¿u (²):

Let f Gn g be a sequenceof transitiv e graphs and let G¤
n be the lamplighter graph of Gn . Suppose

t¤(Gn ) = o(Ee(Gn )) as n ! 1 . An example is Gn = Zd
n with d ¸ 2. The following three theorems

are given by Peresand Revelle.

Theorem 15.5 With the de¯nitions above, as jGn j goes to in¯nity,

1
8 log2

·
¿r el (G¤

n )
t¤(Gn )

·
2

log2
+ o(1): (15.6)

Theorem 15.6 Let f Gn g be a sequence of vertex transitive graphs with jGn j ! 1 , and en denote
the cover time for simple random walk on Gn . For any ² > 0, there exist constants c1; c2 depending
on ² such that the total variation mixing time satis¯es

[c1 + o(1)]Een · ¿1(²; G¤
n ) · [c2 + o(1)]Een : (15.7)

Moreover, if the maximal hitting time satis¯es t¤ = o(Een ), then for all ² > 0,
·

1
2

+ o(1)
¸

Een · ¿1(²; G¤
n ) · [1 + o(1)]Een : (15.8)

Aldous [2] (Theorem 33 of chapter 6) showed that the condition t¤ = o(Een ) implies that the cover
time has a sharp threshold, that is en =Een tends to 1 in probabilit y. Theorem 15.6 thus says that
in situations that give a sharp threshold for the cover time of Gn , there is also a threshold for the
total variation mixing time on G¤

n , although the factor of 2 di®erencebetween the bounds means
that we have not proved a sharp threshold.

Theorem 15.7 Let f Gn g be a sequence of regular graphs for which jGn j ! 1 and the maximal
hitting time satis¯es t¤ · K jGn j for someconstant K . Then there are constants c1; c2 depending on
² and K such that

c1jGn j(¿r el (Gn ) + log jGn j) · ¿u (²; G¤
n ) · c2jGn j(¿1(Gn ) + log jGn j): (15.9)
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Consider the 2-dimensional torus Z2
n .

t¤(Z2
n ) »

8
¼

n2 logn

Ee(Z2
n ) »

4
¼

n2 log2 n

Results for this caseare showed as the following theorem.

Theorem 15.8 For the random walk f X t g on (Z2
n )¤, the relaxation time satis¯es

1
¼log2

·
¿r el ((Z2

n )¤)
n2 logn

·
16

¼log2
+ o(1): (15.10)

For any ² > 0, the total variation mixing time satis¯es

lim
n !1

¿1(²; (Z2
n )¤)

n2 log2 n
=

8
¼

; (15.11)

and the uniform mixing time satis¯es

C2 ·
¿u (²; (Z2

n )¤)
n4 · C0

2 (15.12)

for someconstants C2 and C0
2.

To seethe lower bound of equation (15.12), note that by the central limit theorem,

P(lamplighter stays in lower half for time kn2) ¸ ck

Let A be the event that all the lamps in upper half are o®. If kn2 = ¿u (²; (Z2
n )¤), then

1 + ² ¸
P kn 2

(A)
¼(A)

¸
ck

2¡ n 2 =2

This lead to k ¸ C2n2 with someconstant C2. So ¿u (²; (Z2
n )¤) ¸ C2n4.

The factor of 2 di®erencebetween the upper and lower bounds in (15.8) comesfrom the question
of whether or not it su±ces to cover all but the last

p
n sites of the graph. For many graphs, the

amount of time to cover all but the last
p

jGn j sites is Een =2, which will be the lower bound of
(15.8). When the unvisited sitesare clumped together instead of being uniformly distributed, it will
turn out to be necessaryto visit all the sites, and the upper bound of (15.8) will be sharp. In Z2

n ,
at time (1 ¡ ±)Ee, the set of unvisited points in high probabilit y has holesof radius > n±0

.

Pro of: [Proof of Theorem 15.5] For the lower bound, we will use the variational formula for the
secondeigenvalue:

1 ¡ j¸ 2j = min
' :V ar '> 0

E('; ' )
V ar '

; (15.13)

For the lower bound of (15.6), we use(15.13) to show that the spectral gap for the transition kernel
pt is bounded away from 1 when t = t¤=4. Fix a vertex o 2 G, and let ' (f ; x) = f (o). Then
V ar ' = 1=4 and by running for t steps,

E('; ' ) =
1
2

E [' (»t ) ¡ ' (»0)]2 =
1
2

X

x 2 G

º (x)
1
2

P x [To < t];
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where º is the stationary measureon G, and f »t g is the stationary Markov chain on G¤. For any t,

Ex To · t + t¤(1 ¡ P x [To < t]):

For a vertex transitiv e graph, we have by Lemma 15 in Chapter 3 of [2], that

t¤ · 2
X

x 2 G

º (x)Ex To:

Let Eº =
P

x º (x)Ex and P º =
P

x º (x)P(x). Then

t¤ · 2Eº To · 2t + 2t¤[1 ¡ P º (To < t)]:

Substituting t = t¤=4 yields

P º [T0 < t¤=4] ·
3
4

:

We thus have
1 ¡ j¸ 2jt ¤ =4 ·

3
4

;

and so
log4 ¸

t¤

4
(1 ¡ j¸ 2j);

which givesthe claimed lower bound on ¿r el (G¤).

For the upper bound, we usea coupling argument from [6]. Supposethat ' is an eigenfunction for p
with eigenvalue ¸ 2. To concludethat ¿r el (G¤) · (2+ o(1)) t ¤

log 2 , it su±ces to show that ¸ 2t ¤
2 · 1=2. For

a con¯guration h on G, let jhj denote the Hamming length of h. Let

M = sup
f ;g;x

j' (f ; x) ¡ ' (g; x)j
jf ¡ gj

be the maximal amount that ' can vary over two elements with the samelamplighter position. If
M = 0, then ' (f ; x) dependsonly on x, and so Ã(x) = ' (f ; x) is an eigenfunction for the transition
operator on G. Since¿r el (G) · t¤ (see[2], Chapter 4), this would imply that j¸ 2t ¤

2 j · e¡ 4. We may
thus assumethat M > 0.

Consider two walks, one started at (f ; x) and one at (g; x). Couple the lamplighter component of
each walk and adjust the con¯gurations to agreeat each site visited by the lamplighter. Let (f 0; x0)
and (g0; x0) denote the position of the coupled walks after 2t¤ steps. Let K denote the transition
operator of this coupling. Because' is an eigenfunction,

¸ 2t ¤
2 M = sup

f ;g;x

jp2t ¤ ' (f ; x) ¡ p2t ¤ ' (g; x)j
jf ¡ gj

· sup
f ;g;x

X

f 0;g0;x 0

K 2t ¤ [(f ; g; x) ! (f 0; g0; x0)]
j' (f 0; x0) ¡ ' (g0; x0)

jf 0 ¡ g0j
jf 0 ¡ g0j
jf ¡ gj

· M sup
f ;g;x

Ejf 0 ¡ g0j
jf ¡ gj

:

But at time 2t¤, each lamp that contributes to jf ¡ gj has probabilit y of at least 1=2 of having been
visited, and so Ejf 0 ¡ g0j · jf ¡ gj=2. Dividing by M givesthe required bound of ¸ 2t ¤

2 · 1=2.
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Lecture 16: Ising Mo del on Trees

16.1 Detecting ¸ 2

Given a Markov chain on ¯nite state spacewith transition matrix P, suppose we have found an
eigenfunction Pf = ¸f . We'd like to know how to check whether ¸ = ¸ 2, the second largest
eigenvalue.

Recall that the chain is a monotone systemif there is a partial ordering · on the state space,such
that for any states x · y, there is a coupling (X ; Y ) of the probabilit y measures±x P and ±y P with
the property that that X · Y . Note that if f is a function on the state spacewhich is increasing
with respect to this partial ordering, then monotonicity implies that for any x · y,

Pf (x) = Ef (X ) · Ef (Y ) = Pf (y)

hencePf is also increasing.

Lemma 16.1 In the monotone and reversiblecase(e.g. the Ising model) the equation

Pf = ¸ 2f

has an increasing solution f .

Pro of: Let f f i gn
i =1 be a basisof eigenfunctionsfor P. Sincethe strictly increasingfunctions of mean

zero (
R

f d¼= 0) form an open subset of the set of all mean zero functions, we can ¯nd a strictly
increasingfunction h =

P
ai f i with a1 = 0; a2 6= 0. Now consider the sequenceof functions

hm = ¸ ¡ m
2 Pm h = a2f 2 +

nX

i =3

µ
¸ i

¸ 2

¶ m

f i :

By monotonicity, hm is increasingfor each m. Since¸ 2 > j¸ i j for i ¸ 3, the sequencehm converges
to a2f 2 as m ! 1 , and hencef 2 is increasing.

The converse holds as well: if Pf = ¸f and f is increasing and nonconstant, then ¸ = ¸ 2. See
Serban Nacu's paper in PTRF, \Glaub er dynamics on the cycle is monotone." Proof sketch: If
Pf 2 = ¸ 2f 2 and Pf = ¸f with both f ; f 2 increasing, and ¸ 6= ¸ 2, one can use the FKG inequality
to show

R
f f 2d¼> 0, contradicting orthogonality.

Open Question: Find other criteria that imply ¸ = ¸ 2 (in the absenceof monotonicity).

16.2 Positiv e Correlations

A probabilit y measure¹ on partially orderedset ­ haspositive correlations if for any increasingf ; g
we have

R
f gd¹ ¸

R
f d¹

R
gd¹ .

Lemma 16.2 (Chebyshev) If ­ is total ly ordered, then any probability measure ¹ has positive cor-
relations.
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Pro of: This was the ¯rst historical use of a coupling argument. Given increasing functions f , g
on ­, and random variables X ; Y with distribution ¹ , the events f (X ) · f (Y ) and g(X ) · g(Y )
coincide, hence

(f (X ) ¡ f (Y ))( g(X ) ¡ g(Y )) ¸ 0:

Integrate d¹ (x)d¹ (y) to get
Z

f (x)g(x)d¹ (x) ¡
Z

f (x)d¹ (x)
Z

g(y)d¹ (y) ¸ 0:

Lemma 16.3 (Harris Inequality) Any product measure with independentcomponentsthat are total ly
ordered has positive correlations, using the coordinatewise partial order on the product.

Pro of: It su±ces to check that if ¹ i has positive correlations on ­ i for i = 1; 2, then ¹ 1 £ ¹ 2 has
positive correlations on ­ 1 £ ­ 2. If f ; g are increasingon the product space,we have

Z Z
f (x; y)g(x; y)d¹ 1(x)d¹ 2(y) ¸

Z · Z
f (x; y)d¹ 1(x)

¸ · Z
g(x; y)d¹ 1(x)

¸
d¹ 2(y)

¸
Z Z

f d¹ 1d¹ 2

Z Z
gd¹ 1d¹ 2:

16.3 Glaub er Dynamics

Consider the Ising model on a ¯nite graph G. Denote by ­ = f + ; ¡g G the set of spin con¯gurations.
Starting from a ¯xed con¯guration ¾, run the Glauber dynamics using a systematic scan: Fix an
ordering of the vertices, and update in this order. So there is no randomnessinvolved in how we
choosethe vertices to update. We update using uniform i.i.d. Uj 2 [0; 1] in order to get a monotone
system.

Lemma 16.4 No matter what the initial con¯guration ¾, if ¹ t is the distribution after t steps,then
¹ t has positive correlations.

Pro of: Starting from ¾, the new state ° can be written ° = ¡( U1; : : : ; Ut ) with ¡ : [0; 1]t ! ­
increasing. Given increasingfunctions f ; g on ­, the compositions f ± ¡ and g ±¡ are increasingon
[0; 1]t . By Lemma 16.3 we obtain

Z
f g d¹ t =

Z
(f ± ¡)( g ± ¡) dU1 : : : dUt

¸
Z

f ± ¡ dU1 : : : dUt

Z
g ±¡ dU1 : : : dUt

=
Z

f d¹ t

Z
gd¹ t :

Now supposeour underlying graph G is a regular b-ary tree of depth r . We determine the outcome
of an update at a vertex v by a Bernoulli variable
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¾v =

(
¾w ; with probabilit y 1 ¡ 2²
¡ ¾w ; with probabilit y 2²;

where w is the parent of v.

The parameter ² is related to the inversetemperature ¯ by ²
1¡ ² = e¡ 2¯ .

The rest of this chapter is concernedwith answering the following questions: Under what conditions
on ² do we get order n logn mixing for the Glauber dynamics, and under what conditions do we get
order 1

n spectral gap, where n = 1 + b+ : : : + br is the number of vertices in the tree? The answer
to both questionsis: if and only if £ := 1 ¡ 2² < 1p

b
.

Remark. A di®erent transition occurs at £ = 1
b . When do the spins at depth k a®ectthe root? For

path coupling, we need
(b+ 1)£ = (b+ 1) tanh(¯ ) < 1;

or £ < 1
b+1 . This can be improved to £ < 1

b using block dynamics (update small subtrees at
random).

For the spectral gap, one direction is easy. If £ > 1p
b
, we get a gap < n¡ 1¡ ± using the variational

principle with test function
Sk (¾) =

X

level(v)= k

¾v :

This gives

gap ·
E(Sk ; Sk )
V ar (Sk )

³
1

V ar (Sk )
:

To estimte the variance, usethe fact that

E¾v ¾w = £ dist( v ;w ) :

SeeBerger-Kenyon-Mossel-Peresfor the calculation.

In the case£ < 1p
b
, we will get boundson the mixing time and spectral gap by proving a contraction

in block dynamics. The tric k is to usea weighted metric, with weight 1p
bj

at level j . Soa spin defect

at level j contributes 1p
bj

to the distance. Givesa contraction in block dynamics if £ < 1p
b
.

A correlation inequality is neededto prove the contraction. In any tree, given boundary conditions
(¯xed spins) ´ .

E´ (¾v j¾w = 1) ¡ E´ (¾v j¾w = ¡ 1) · E(¾v j¾w = 1) ¡ E(¾v j¾w = ¡ 1); (16.1)

where E´ denotesexpectation conditional on the boundary conditions. In words, the e®ectof a °ip
is maximized when there is no conditioning. The sameis true if the boundary condtions are replaced
by an external ¯eld. We know that all of this holds for trees, but the corresponding questionsare
open for arbitrary graphs!

To prove the contraction in block dynamics, start with a singledefect ¾(u) = +1, ¿(u) = ¡ 1 at level
`. In our weighted metric, d(¾; ¾0) = ( 1p

b
)` . Choosea directed subtree (block) T of height h. If T

contains u, we can remove the defect. Since there are h blocks containing u (one for each ancestor
of u removed by h or fewer generations) the distance decreasesby ( 1p

b
)` with probabilit y h+1

n .
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The distance increasesif T is rooted at a child of u. There are b such blocks. In this case,we use
the correlation inequality (16.1) to remove all boundary conditions other than u. Then the expected
increasein distance is at most

hX

j =1

bj £ j (
1

p
b
)` + j ·

b¡ `= 2

1 ¡ £
p

b

The distancealsoincreasesif T is rooted at the ancestorexactly h+ 1 generationsabove u. A similar
calculation applies in this case.

Putting things together, the total expected changein distance is

E(d(¾; ¿) ¡ d(¾0; ¿0)) ·
1
n

µ
b1¡ `= 2

1 ¡ £
p

b
¡ (h + 1)b¡ `= 2

¶
:

Taking the block height h su±ciently large, we obtain

E(d(¾; ¿) ¡ d(¾0; ¿0)) ·
¡ cb¡ `= 2

n
=

¡ c
n

d(¾; ¿);

for somepositive constant c. By path coupling, we conclude that the block dynamics have mixing
time O(n logn) and spectral gap O( 1

n ).

To get a result for the single-site dynamics, use horizontal censoring lines spacedby h. Shift the
censoring lines after running for a while, to get rid of boundary e®ects. The censoredsingle-site
dynamics, run for a long time, closely approximate the block dynamics, which contract. So the
censoredsingle-sitedynamics also contract.

16.4 Censoring Inequalit y

To get a contraction for the uncensoredsingle-sitedynamics, we will usea \censoring inequality" of
Peresand Winkler.

Write ¹ ¹ º if º stochastically dominates ¹ (i.e.
R

f d¹ ·
R

f dº for all increasingfunctions f )

Theorem 16.5 (Peres-Winkler) For the Ising model and other monotone systems, starting from
the maximal state (al l + ), let ¹ be the distribution resulting from updatesat sites v1; : : : ; vm , and let
º be the distribution resulting from updatesat a subsequence vi 1 ; : : : ; vi k . Then ¹ ¹ º , and

jj ¹ ¡ ¼jjTV · jj º ¡ ¼jjTV :

In words, censoringupdates always brings the distribution further away from stationarit y.

The proof relies on monotonicity. The analogousquestion is open for nonmonotonesystemslike the
Potts model.

By induction, we can assume¹ was updated at v1; : : : ; vj ¡ 1; vj +1 ; : : : ; vm . To prove the censoring
inequality, we will establish a stronger fact by induction: ¹

º ; ¹
¼; and º

¼ are all increasing.

Given a spin con¯guration ¾, a vertex v and a spin s, denote by ¾s
v the con¯guration obtained from

¾ by changing the spin at v to s. Write ¾²
v = f ¾s

v gs2 S for the set of spin con¯gurations that are
identical to ¾except possibly at v. Given a distribution ¹ , denote by ¹ v the distribution resulting
from an update at v. Then

¹ v (¾) =
¼(¾)
¼(¾²

v )
¹ (¾²

v ): (16.2)
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Lemma 16.6 For any distribution ¹ , if ¹
¼ is increasing, then ¹ v

¼ is also increasing for any site v.

Pro of: De¯ne f : SV ! R by

f (¾) := max
n ¹ (! )

¼(! )
: ! 2 ­ ; ! · ¾

o
(16.3)

with the convention that f (¾) = 0 if there is no ! 2 ­ satisfying ! · ¾. Then f is increasing on
SV , and f agreeswith ¹=¼ on ­.

Let ¾< ¿ be two con¯gurations in ­; we wish to show that

¹ v

¼
(¾) ·

¹ v

¼
(¿): (16.4)

Note ¯rst that for any s 2 S,
f (¾s

v ) · f (¿s
v ) ;

sincef is increasing. Furthermore, f (¿s
v ) is an increasingfunction of s. Thus, by (16.2),

¹ v

¼
(¾) =

¹ (¾²
v )

¼(¾²
v )

=
X

s2 S

f (¾s
v )

¼(¾s
v )

¼(¾²
v )

·
X

s2 S

f (¿s
v )

¼(¾s
v )

¼(¾²
v )

·
X

s2 S

f (¿s
v )

¼(¿s
v )

¼(¿²
v )

=
¹ v

¼
(¿) ;

where the last inequality follows from the stochastic domination guaranteed by monotonicity of the
system.

Lemma 16.7 For any ¹ , º such that º
¼ is increasing, and º ¹ ¹ , we have

jj º ¡ ¼jj · jj ¹ ¡ ¼jj :

Pro of: Let A = f ¾ : º (¾) > ¼(¾)g. Then 1A is increasing,so

jj º ¡ ¼jj =
X

¾2 A

(º (¾) ¡ ¼(¾)) = º (A) ¡ ¼(A) · ¹ (A) ¡ ¼(A) · jj ¹ ¡ ¼jj :

Lemma 16.8 If the set of spins S is total ly ordered, and ® and ¯ are probability distributions on
S such that ®

¯ is increasing, and ¯ > 0 on S, then ® º ¯ .

Pro of: If g is an increasing function on S, then by Chebyshev's result on positive correlations
(Lemma 16.2) we have

X
g(s)®(s) =

X
g(s)

®(s)
¯ (s)

®(s)

¸
X

g(s)¯ (s)
X ®(s)

¯ (s)
¯ (s)

=
X

g(s)¯ (s):
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Lemma 16.9 If ¹
¼ is increasing, then ¹ º ¹ v for all sites v.

Pro of: This is immediate from Lemma 16.8.

Pro of: [Proof of Theorem 16.5]Let ¹ 0 be the distribution concentrated at the top con¯guration, and
¹ i = (¹ i ¡ 1)u i for i ¸ 1. Applying Lemma 16.6 inductiv ely, we have that each ¹ i =¼is increasing,for
0 · i · k. In particular, we seefrom Lemma 16.9 that ¹ j ¡ 1 º (¹ j ¡ 1)u j = ¹ j .

If we de¯ne º i in the samemanner as ¹ i , except that º j = º j ¡ 1, then becausestochastic dominance
persistsunder updates, we have º i º ¹ i for all i ; when i = k, we get ¹ ¹ º as desired.

For the secondstatement of the theorem, we apply Lemma 16.7, noting that º k =¼is increasingby
the sameinductiv e argument usedfor ¹ .
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