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Lecture 1: Intro duction and total variation distance

1.1 Intro duction

Let - bea nite setof cardinality N. A stochastic matrix on - is afunction P:- £ - | R suc
that X
P(x;y), Oforall x;y2-; and P(x;y) = 1forall x 2 - : (1.1)
y2-

A Markov chain with transition matrix P, is a sequenceof random variables X o; X 1;::: such that
PfXt1 = YjXo= X0: X1 = X131 Xy 1= Xy 1, Xt = Xg= P(X;y) (1.2)

probabilities and expectations for the chain started with distribution *. We write P, and Ex when
the chain is started in the state x.

A Markov chain is called irr educible if for any two statesx;y 2 -, there existsan integern (possibly
depending on x and y) sothat P"(x;y) > 0. This meansthat it is possibleto get from any state to
any other state. The chain will be called aperiodic if for every state x

GCDfk, 0j P¥(x;x)> 0g= 1:
where GCD stands for the greatest common divisor.

Prop osition 1.1 Showthat the chain is both irr educible and aperiodic if and only if there exists
k , 0 suchthat for every pair of statesx;y we have PX(x;y) > 0.

B

The proof leavesas an exercise.

1.2 Total variation distance

The total variation distance betweentwo probability distributions * and © on - is de ned as
Kt i Okpy = maxjt(A) i °(A)j: (1.3)

We denote X » 1 if the random variable X has distribution 1.

Prop osition 1.2 Let! and® be two prokability distributions on - . Then

1 X .
Kii kry =5 R0 () (1.4)
X2 -

inffPfX 6 Yg: X »1 Y »Og (1.5)



Pro of: To prove the rst equality, take B = fx : 1(x) > °(x)g. We usethe set B to decompose
the set A:

X X
Y(A)i °(A) = [FO0i (i L) i ()] (1.6)

x2A\ B x2A\ B¢

Notice that [* (X)j °(x)]> Oforx2 B,and[°(x)j *(x)], Oforx 2 B°®. It follows that

X
LA °(A) - FO)i e =*(B)i °(B):

x2B

We obtain similarly that
L(A)i °(A), *(B)i °(B) 1.7
and since! (B) i °(B)=°(B® i *(B®). Thus,
K i okry = SE(B)i °(B)+°(B%)i *(BY]
" X # 1" #
t(x)i °(x)) + Ci ) =5 FOie - (1.8)

x2B x2B¢ X2-

NI

This establishes(1.4).
De ne
p(x):=

wherez = 1 k! j °kyy. It's easyto verify that p is a probability distribution. Now de ne
probability distributions * and & through the equations

)"0,
. ,

1

zp+ (1) 2)~ (1.9)
zp+ (1 2)™ (1.10)

(o]

Sincez - 1 and zp(x) - ! (x), this doesimplicitly de ne legal probability distributions * and .

We can generatea pair (X;Y) asfollows: A coin with probability z of \neads" is tossed. If \heads",
generateX accordingto p, andsetY = X. If \tails", generateX accordingto * and, independertly,
generatey accordingto &

The reader should corvince herselfthat the marginal distributions of (X;Y) are® and®°.

Notice that *~(x) > 0 if and only if °(x) < 1 (x), and likewise®(x) > 0 if and only if * (x) < °(x).
Thus the supports of t and ° are disjoint. This meansthat if the coin lands \tails", then X 6 Y.
We concludethat

PfX 6 Yg=1j z=ktj °kyy:

Consequetly,
inffPfX 6 Yg: X » 1 Y »°og- klj °Kkry: (1.11)

On the other hand, for any pair (X;Y) with the correct marginals, and any set A ¥ -,
L(A)j °(A)=PfX 2Agj PfFY2Ag:- PFX2A;Y 62Ag- PfX 6 Yg:
Taking the maximum over A and the minimum over pairs (X;Y), we get that
kit °kyy - inffPfX 6 Yg: X » 1 Y »Og: (1.12)
Together (1.11) and (1.12) prove (1.5). ]



Lecture 2: Convergence Theorem and Coupling

2.1 Convergence Theorem

Consider an irreducible aperiodic Markov chain with transition matrix P on a nite state space-.
A measure¥son - is called stationary if it satis es

Yi= YP: (2.1)

If in addition, Yis a probability measure(¥4-) = 1) then it is called a stationary distribution. The
condition (2.1) can be rewritten as a system of linear equations:

X
wWy) = YEX)P(Xy); y2-: (2.2)
X2-

Theorem 2.1 LetfX;g o bea Markov Chain on a nite space - . Fix any statea 2 -, and let
éo=inffn, 1: X, = ag be the rst positive time that the chain hits the state a. We also de ne
another hitting time ¢5 = inffn, 0: X, = ag. ¢4 di®ersfrom ¢, only whenX, = a. De ne

il
¥x) = Ea 1f><n=xg:

n=0

In words, 4X) is the expected number of visits to x, starting at a and before the chain returns to a.
Then, ¥(x) givesa stationary measure.

Pro of: We will prove a stronger result as Theorem 2.6. ]

Theorem 2.2 De ne
Y(X)

AX) = ¢ g
a

: (2.3)

Then, Yis a stationary distribution.

P
Pro of: Since ,, %x) = Ea¢s . Weonly haveto provethat Ea¢q < 1.
Let r be an integer such that P'(x;y) > Ofor all x andy in -. Suc anr is guaranteed to exist by
irreducibilit y and aperiodicity. Let 2 = minyy 2. P'(X;y).

Supposethat for somek,
Pafég > krg- (1i 2" (2.4)

Then
Paféa > (k+ L)rg- Paféq > kr; Xk r 6 a9
Paféa > krg supP«fX, 6 ag
X2-

1i k@i 2



So, by induction, equation (2.4) is true for all k. Thus:

b3 X K1 b3
Eaféa 9= Paféa > ng= Paféa > kr+jg- rPaféq > krg< 1:
n=0 k=0 j =0 k=0
[ ]
De nition 2.3 A function h is harmonic at x 2 - if
X
h(x) = P(x; y)h(y): (2.5)

y2-

A function is harmonic on D % - if it is harmonic at every point x of D. If h is regarded as a
column vector, then a function which is harmonic on all of - satis es the matrix equation Ph = h.

Lemma 2.4 Functions which are harmonic everywhee on - must be constant functions.

Pro of: Let h be a harmonic function on -. Let A = fx 2 - : h(x) = max. hg be the set of
points where h takesits maximum value. Since- is nite, A is nonempty. Let x 2 A, and let
Nyx = fy : P(x;y) > Og. If there is yg 2 Ny with h(yp) < h(x), then

X

h(x) = P(X; yo)h(yo) + P(x; y)h(y) < h(x);
y2Nxnfyog

a cortradiction. It follows that h(y) = h(x) for all y such that P(x;y) > 0. Sincethe chain is
irreducible, h must be constart. ]

Theorem 2.5 The stationary distribution is unigque.

Pro of: From equation (2.1), we seethat in order to prove Y4is unique, we only have to prove that
the matrix (P I) hasrank N j 1. This is equivalert to the fact that (P 1)f = 0hasonly constart
solutions, which is a consequencef Lemma 2.4. ]

Theorem 2.6 Supmse¢ > 0is a stoppingtime with P,4[X, = a] = 1, Ex¢ < 1 . Then the measure

X 1
1 (X):=Ea Lix, =xg
t=0

is stationary.

Pro of: Fix a state y. From all those paths that hit y at time j + 1, consideringthe position of the
path at time j, we have
M1 N1 X %1
lixj=yg = lixju=yg = Lix;=xgltx;u =y’
j=0 j=0 X j=0
Taking the expectation E,, we obtain
X X

1(y) P(e>]:iX] =X Xja1 =)
X j=0

X

P(¢>Ji X

X)P(Xjr1 = VYje > jiXj = X) (2.6)
X j=0



Since 1t ;5 g is afunctiolg lof X505, X, by the Markov property, P(Xj+1 = yjé > j;Xj = X) =
B(x; y). We also have =0 P(¢ > j;X; = x) = 1(x). Sothe right side of (2.6) reducesto
« L(X)P(x; y), which shavs that * is stationary.

_ P
To prevert cheating, we also have to prove that ead * (x) is nite. This is easysince ,*(x) =
Ea¢ < 1 |

2.2 Coupling

Theorem 2.7 Supmsethat P is both irr educible and aperiodic. Let ¥be the stationary distribution.
Then for any x 2 -,
H n . . — .
nI!|lm kP (x; 9 i Yk = O

Moreover, the convergene is geometrically fast.

Pro of: Let r be such that P has all strictly positive ertries. Then for suzciently small 2 there
exists a stochastic matrix Q satisfying

P' = 2y,+ (1 2)Q; (2.7)
where %is the matrix with N = j- j rows, ead identical to the row vector ¥4

According to equation (2.7), we can generate an r-step move of the Markov chain P as follows:
If an 2-coin lands \heads", generatean obsenation from Y“2and take this as the new state, while
if the coin lands \tails", make a move according to the transition matrix Q. The rst time the
coin lands \heads", the distribution of the new position is exactly stationarity. Then using the
coupling characterization of total variation distance (Proposition 1.2) , the total variation distance
k(P )K(x; 9 i Y&krv canbeboundedby (1 2)k, the probability of no headsin k tosses.

Again by Proposition 1.2, we know that if we run two chains one step forward respectively, then
their total variation distance will becomesmaller. So, we can easily extend the last result to the
following one, which leadsto our conclusion:

kP"(x: Qi Yikry - (1i )¢
[
For the rest of this subsection,we assumethat the two Markov chainsf (X; Y;)g are coupled sothat
if Xs=Ys; then Xy =Y fort, s; (2.8)
and ¢coupl e IS the Tst time the two chains meet.
Theorem 2.8 Supmsethat for each pair of statesx;y there is a coupling f (X¢; Y;)g with Xo = X

and Yo = y. Let
éeouple:= Minft @ Xy = Yo (2.9)

Then
maxKk! Pt i Ykrv - mzzix Pf&:oupl e > 10
1 x’y -

First, we show that the distribution of the chain started from * and the distribution of the chain
started from ° are bounded by the meeting time of coupled chains.



Prop osition 2.9 If 1 is the distribution of Xy and ° is the distribution of Yy, then

KLP'j °P'kry - Pfécouple > tQ:

Pro of:

1Pt(z)i OPt(Z) = Pfxt = Z;Zcouple' tg+ Pfxt = Z;C'couple > tg
i PTYt = Z écoupie - t9i PVt = Z; écoupre > tg

Now sinceX; = Y; when ¢eoupie - t, the rst and the third terms cancel,so
. Pt(z) i OPt(Z) = PfXy = Z; écouple > Q] PfY; = Z; écouple > L0

Thus

o
o

. 1 X
1pt i opt TV 2 [PTX: = Z; écouple > 1Q+ PfY; = Z; écoupl e = tg] = Pf&:ouple> tg:
z

[ |
The following lemma combined with Proposition 2.9 establishesTheorem 2.8.
Lemma 2.10
maxk! P'j Ykry = maxkP'(x; § | Ykry - max kKP'(x; 9 i P'(y; Okyy: (2.10)
* X Xy 2-
P
Pro of: As Yiis stationary, (A) = | %{y)P'(y;A) for any setA. Using this shows that
ipt H X £ t t A
IPOGA)E AR = = Ay) P(KA) I P(Y:A) =
y2-
X ipt t H
VAP (X A) i P(y;A)j
y
m;'ika‘(x; i PY(y;Okry:
Maximize over A, we get for any state x:
kP'(x; § i Ykrv - maxkP'(x; § i P'(y;Qkry: (2.11)
y

Which provesthe secondhalf. The rst equality is similar, and left to the reader as an exercise. ®
Lemma 2.11 If d(t):= maxcy2- kP'(X; @i P'(y;9krv, thend(s+t) - d(s)d(t).

Pro of: Let (Xs;Ys) bethe optimal coupling of PS(x; ¢ and P$(y; § which attains the total variation
distance in equation 1.5. Then

X X
P t(x;w) = PS(x;2)P'(z;w) =  PY(z;w)PfXs = zg= EfP'(Xs;W)g:

z z

We have the sameequality for Ys. Subtract the two equalities gives:

P i(x;w) | P Y(y;w) = EfP'(Xs;w) i P'(Ys;w)o: (2.12)



Summing over w establishes:

X = =
KPS" (% 9 i PS"Y(y; Qkry = % EfP'(Xs;w) i P'(Ys;w)g

w

EKP'(Xs;9 i P'(Ys; Okry

The total variation dist_anceinsidethe expectation is zerowhenewer X s = Ys. Moreover, this distance
is always bounded by d(t). Since(Xs;Ys) is an optimal coupling, we obtain

kPt § i P i(y;Qkrv - d(t)PfXs6 Ysg
= d(kPS(x; 9 i PS(y; Okry
d(t)d(s)
Maximizing over x; y completesthe proof. ]

2.3 Examples of coupling time

Example 2.12 Considera Markov chain on the hypercube - = f0;1g". Each state x in - can be

and 1. The chain is run asfollows. At eac time, we pick a coordinate x; uniformly, and changethe
value of x; with probability 1/2. Let ¢ bethe rst time that all the coordinates have beenselected
at least onceand ¢V be the rst time that | distinct coordinates have beenchosen. Let seewhat
what can be said about the distribution of the stopping time ¢().

The evert f¢(*D) ; ¢() kg meansthat in the next (ki 1) stepsfollowing ¢V, we never pick a
new coordinate. Thus noT
| ki 1

P i ), k)= g

From this, we get

E( i )= = =
k. 1

Summing over | gives
E¢ = E¢D » dlogd:

Example 2.13 Lazy random walk on cycle. Considern points f0;1;:::;n | 1g on a circle.
Two points a and b are neighbors if and only if a” b8 1 mod n. The chain (X¢;Y;) starts at two
points x;y on this circle. At ead time, if X; and Y; have not yet met, rst tossa coin to decideif
X or Y; moves,then make a move of that chosenpoint to the left neighbor or to the right neighbor,
with probability 1/2 ead. If X; and Y; have already met, then move them together.

We look at the processXy, it is a lazy random walk. Each time the chain has probability 1=2 to be
still, and probability 1=4 to move left and right respectively. Let ¢ be the st meeting time of X
and Y;. We want to compute E¢.

Let fZ;g be a simple random walk on Z starting at k = xj y mod n. The two processes X i Y;
mod ng and fZ; mod ng has the same distributions. Let ¢o:=infft | 0: Z; = 0or ng. Then,
E¢ = E¢p.



We have two methods to 'nd E¢y. Oneis to write fy for the expectedtime Ex(¢p) started at state
k. Clearly, fo = f, = 0. For other valuesof k, consideringthe “rst step gives

fx = %E((;Oj walk movesto k + 1) + %E(@j walk movesto kj 1)
This givesthe recurrenceformula:

1
fr=1+ E(fk+1+fki 1): (213)

Exercise 2.14 Check that the recurrence 2.13 has a unique solution f = k(nj k).
The other way to get E¢p is indicated by the following exercise.

Exercise 2.15 Provethat ZZ? i t is a martingale. Use the Optional Sampling Theorem to prove
Eéo = k(nj k).

In general,no matter what K is,
Exe - (n=2)%: (2.14)

Example 2.16 D-dimensional discrete torus The d-dimensionaltorus hasverticesin Zﬁ.’Two
vertices x = (xl;:;: x9) andy = (y;:::;y9) are neighbors if for somecoordinate j, xi ~ yi § 1
mod n, and x' = y' forall i 6 j

We couple two lazy random walks started at x; y 2 Z9 asfollows: First, we pick one of the d coordi-
nates at random. If the two chains agreein this coordinate, we move eadt of the chains identically,
adding 8 1 to the chosencoordinate with probability % ead, and doing nothing with probability
%. If the two chains do not agreein the chosencoordinate, we pick one of the chains at random to
move, leaving the other "xed. For the chain selectedto move, we add § 1 to the chosencoordinate
with probability 1 ead.

Let ¢; bethe time it takesfor the i-th coordinate to couple. Each time this coordinate is selected,the
processis just like the caseof the cycleZ,, (Example 2.13). Sincethe i-th coordinate is selectedwith
probability 1=d at ead move, there is a geometric waiting time betweenmoveswith expectation d.
It follows from (2.14) that
Ly dn?,
E(¢) - R (2.15)
The coupling time we are interested in iS ¢coupie = Max. i. 4 ¢i, and we can bound the max by a

sumto get
d?n2

E(oupie) -~ (2.16)
This time is independert of the starting state, and we can use Markov's inequality to get
1 1d?n?
PfC'J:oupIe > tg ) {E(C'xsoupl e) ) ? 4

Taking to = d?n? shows that d(to) ; 7. Using Lergma 2.11 shows that if t = dlog,(?' *)ed?n? then

d(t) - 2. In other words, ¢(2) = O c(d)n? log(2i 1) .

Exercise 2.17 Starting from eguation (2.15), prove that there exists a constant A, such that
E(écouple) - A ¢dlogd ¢n? (2.17)

which is a stronger version of (2.16).



Lecture 3: Path Coupling and the Kan toro vich Metric

3.1 Mark ov Chain Review

Consider a Markov chain on a "nite state space-. The chain is irr educible if for any two states
X;y 2 - there existsk , 0 suc that p*(x;y) > 0. If the chain is irreducible and aperiodic, then,
there existsk , 0 sud that for every pair of statesx;y, P¥(x;y) > 0.

Convergence theorem : If the chain is irreducible and aperiodic, then
iP'(x9i Yirv! O ast! 1;

where Y4 is the stationary distribution. Note that this implies the uniquenessof the stationary
distribution; in fact, this uniquenessholds even without the assumption of aperiodicity. To deduce
this from the corvergencetheorem, usethe lazy chain, with transition matrix %. The lazy chain
is aperiodic, sothe convergencetheorem implies uniquenessof stationary distribution. Since¥P = V4
if and only if 1/4% = Y4 the uniquenessappliesto the original chain aswell. This is the second

proof of theorem 2.5.

3.2 Glaub er Dynamics for Graph Coloring

Let G = (V;E) be a "nite undirected graph with all vertex degrees- ¢. A g-coloring of G
isamapf : V! f1;:::;qg; the coloring is proper if adjacert vertices receive distinct colors:
x»vy) f(x) 6 f(y). The minimal g for which there exists a proper g-coloring is called the
chromatic numter of G, denoted A(G).

We would like to understand the geometry of the spaceof proper colorings; in particular, we are
interested in sampling a uniform or close-to-uniform proper g-coloring. De ne a graph structure on
the spaceof all g-colorings of G by putting f and g adjacert if they di®erat a single vertex. Denote
by d(f;g) the Hamming distance between coloringsf and g; this is also the length of the shortest
path from f to g. Note, however, that if f and g are proper, the shortest path joining f and g in
the spaceof proper colorings may be strictly longer than d(f ; g).

The Glauker dynamics on proper colorings are de ned asfollows: at ead time step, choosea vertex
uniformly at random, and changeits color to one chosenuniformly at random from among those
di®erert from the colors of the neighboring vertices. This rule ensuresthat if we start from a proper
coloring, the dynamics will cortinue to produce proper colorings. Note that

2 If q, ¢ + 1, there exists a proper g-coloring (use a greedy algorithm).

2 If g, ¢ + 2, the graph of proper g-colorings is connected,and hencethe Glauber dynamics
areirreducible. To seethis, supposef and g are distinct colorings, and let x be a vertex with
f(x) 6 g(x). Let c= g(x). Sinceq, ¢ + 2, for ead neighbor y of x satisfying f (y) = ¢, we
can nd adi®erert color c® such that changingf (y) to c®will result in a proper coloring. After
making these changes,no neighbor of x has f -color ¢, so changing f (x) to ¢ will again result
in a proper coloring. We have produced a proper coloring f~along with a path in the space
of proper colorings from f to 7, suc that d(f5 g) < d(f;g). By induction on the distance, we
can produce a path from f to g.
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2 If g, ¢ + 3, the Glauber dynamics are aperiodic.

Exercise 3.1 Showthat on a nite binary tree, the space of 3-colorings is connected. This shows
that the above bounds can be far from sharp. Hint: Induct on the depth of the tree.

Open Question : Isq, ¢ + C or ¢(1 + 2) + C enoughto ensurepolynomial time mixing for the
Glauber dynamics? We want polynomial time in n = jVj for constart g; ¢, i.e.

. H}ﬂ .

a 4 1
for someconstarts C; and ~ which may depend on g and ¢.

What's known:

2 If q> 2¢, then ¢; = O(nlogn). (Jerome'95/ Kotecky)
2 Later improvemerts: q> (2 2)¢ ) ¢ = O(nlogn)

2 gq> %) a = O(nzlogn). (Vigoda '99)

3.3 Path Coupling

The following lemma shows the basic connection between coupling and mixing.

Lemma 3.2 For any coupling of two copies of the chain Xi;Y; started from X = X; Yo = vy, we
have
iiP'Oc 9 PU(y;Qiitv - P(X: 6 Vi) (.1

Pro of: This is directly follows the proposition of the total variation distance:
P 97 PY(y;9jitv = inffPfX 8 Yg: X » PY(x;9; Y » P'(y; §g
[ |

Let d be any metric on - satisfying d(x;y) , 1 whenewr x 6 y. Then the right side of (3.1) is
bounded above by Ed(X;Y;). This suggestsa contraction approach: nd a coupling suc that

Ed(Xi;Yy) - € "Ed(Xy; 1: Yy 1) (3.2)
for some® > 0, sothat
PG Qi PU(y;Qjitv - € T'd(xy) - e “‘Diam(-) :
Solving for the time t which makesthis distance - 2, we obtain a bound on the mixing time:

1 Diam(-)

a(®) - slog (3-3)

Now the question becomeshow to verify the cortraction condition (3.2) for a reasonablevalue of °.

In order to get polynomial time mixing we need® to be polynomial in %
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3.4 Kantorovich Metric

To reduce the amount of work involved in chedking (3.2), Bubbley and Dyer noticed that under
certain conditions it suxcesto ched (3.2) on neighboring verticesx » y and for a single step of the
chain. In part they wereredoing work of Kantorovich (1942). Given a nite metric space(- ;d), the
Kantorovich metric dx is a distance on probability measureson -, de ned by

de (5 ©) = x»iﬂ(f »OEd(X;Y): (3.4)

The in"m um is over all couplings of random variables X and Y distributed as! and °, or joint
distributions having marginals* and©°.

The joint distribution of X and Y is specied by an- £ - matrix M(x;y) = P(X = x;Y = vy),
with given row and column sums X

M(xy) = °(y);
M(xy) = * (x):
y
Given a coupling M, we have X
Ed(X;Y)=  M(x;y)d(x;y): (3.5)
Xy

The Kantorovich distance is obtained by minimizing the linear functional in (3.5), and hencethe
inmum in (3.4) is attained (so it can be replacedby a minimum).

Two simple properties of the Kantorovich metric are worth mentioning. For x 2 - let  be the
probability distribution concerrated on x. Then

d (%) = d(x;y):
Secondly if d is the discrete metric (d(x;y) = 1 for all x & y), then the Kantorovich metric coincides
with the total variation distance:

de (5 °)=  inf  P(X8Y)=jiti ®firv:

Lemma 3.3 dkx is a metric.

Pro of: Only the triangle inequality is nontrivial. Given random variables X;Y;Z distributed as
L o. | let pi(x;y) bethe coupling of X and Y that realizesdk (; ©), and let px(y;z) be the coupling
of Y and Z that realizesdk (%; ,). De ne a coupling of all three random variables by the joint

distribution

p(x:y:z) = P VIP(yi2).

°(y)
Then X o .
p(x;y;2) = —(y)op(z;)y 2) p2(y; 2):
X -\y)o
pO yiz) = PLUI) g .

°(y)

z
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Thusin our coupling we have Ed(X;Y) = dk (% °) and Ed(Y;Z) = dk (°;, ). Our underlying metric
d obeysthe triangle inequality; taking expectationsin d(X;Z) - d(X;Y) + d(Y;Z) we obtain

de (% ,) - Ed(X;Z) - de (% °) + dk (°5,):
]

The Kantorovich metric hasa simple interpretation in terms of transportation of goods which makes
the triangle inequality intuitiv ely obvious. Supposethat the supply of somegood is distributed in
di®erert cities (elemens of -) accordingto !, and the demandfor the good is distributed according
to °©. Supposefurther that the cost of transporting a given quantity of goods between cities x and
y is proportional to d(x;y). We wish to nd the most cost-e®ectie way of transporting the goods
from distribution * to distribution °. If we chooseto transport M (x;y) units from x to y, then the
sum on the right side of (3.5) is the total cost of transporting the goods. The Kantorovich distance
dk (% ©) minimizes this sum, soit is the lowest possiblecost of transporting the goods.

Using this transportation analogy dg (*; ,) is the minimum possible cost of transporting goods
from distribution ! to distribution ,. One way to do this is to transport them via an intermediate
distribution °, which explains the triangle inequality.

Given a nite edge-veighted graph j, the path metric for j is the distance on vertices of j

b 1
d(v;w) = inf T(XisXi+1);
V=Xo» X1» 15I» Xk =W i=0
where’ (x; y) is the length (weight) of the edge(x;y). Informally, d(v; w) is the length of the shortest
path from v to w.

Theorem 3.4 (Bubbley-Dyer) Supmse that the underlying metric d is the path metric for some
graph j . Moreover supmsethat d(x;y) , 1 wheneverx 6 y. If the contraction condition

dk (&P;%P) - € "d(x;y) (3.6)

holds for neightoring verticesx;y 2 i, then it holds more geneally for any pair of verticesv; w and
at any time t:
dk (%P4 2 PY - @ “td(v;w) (3.7)

Remark. The graph j neednot be related to the dynamics of the Markov chain, even though both
live on the samespace-. In the Glauber dynamics for graph colorings, for example,we'll take j to
be the Hamming graph on the spaceof all colorings (proper or otherwise), in which two coloringsare
adjacert if they di®er on just one vertex. The Hamming distance on colorings is the corresponding
path metric. The transition probabilites for the Glauber dynamics, however, are not the sameas
those for nearest-neigtbor random walk on the Hamming graph.

Pro of: We will treat the caset = 1. The general caseis proved in the next lecture. Let v =

Xo;X1;::15 Xk 1: Xk = W be a path of minimal length in j from v to w. Then
b L
dx (& P;xP) - di (3, P&, P)
i=0
b L

e’ d(Xi;Xi+1)
i=0
= @ “d(v;w);

wherein the last step we have usedthe fact that d is the path metric for j. ]
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Lecture 4: Reversible Chains, Prop er Colorings, Ising Mo del

4.1 Reversible Chains

De nition 4.1 A Markov chain P on - is reversible if

YAX)P(Xy) = YAY)P(Y; X): (4.1)

for all statesx andy.

The conditions (4.1) are also called the detailed balance equations. Note that if a vector Yasatis es
condition (4.1), then it is stationary for P. This can be easily seenby summing both side of (4.1)
over x and recalling that P is a stochastic matrix.

One should think about a reversible chain as a chain which looks the samewhen run backwards,
provided it is started accordingto ¥ Hereis a nice property of reversible chains, dueto Coppersmith,
Tetali and Winkler. Recall that we denote the rst time that state b is reached by a chain by
o=min(n, 0:X,=bh).

Exercise 4.2 Provethat for any three statesa;b;c in a reversiblechain

Ea(ép) + Eb(éc) + Ec(éa) = Eal(éc) + Ec(én) + En(éa) (4.2)

The "obvious" solution by reversing every path is wrong and here is why. The chain could make a
walk acababcaasa part of an abcacycle (which meanswe start at a, walk until we hit bfor the “rst
time, walk until we hit ¢ for the rst time and then until we hit a for the “rst time again). However
if we look at this path in reverse,we seethat the acbacycle is completedin three \steps" instead of
sewen. However when expectations are considered,for reversablechains things averageout.

Hint: think of a chain starting at stationary distribution and then goingto a (add this quartity to
both sidesof 4.2).

Note: The identity in the exercisecan be generalizedto cyclesof any length.

In general, de ne the reversal of a Markov chain P as the Markov chain P which for all x; y 2 -
satis es
YX)P(x;y) = Yy)P(y;x) (4.3)

It is easyto chedk that P hasVsasits stationary distribution (just like P does).

Exercise 4.3 Showthat for a generalMarkov chain

Ea(é) + En(éc) + Ec(éa) = Balec) + Bo(n) + Bo(ca) (4.4)

Let us note that E,(¢p) and Ep(éa) can be very di®eren for general Markov chains, including
reversible ones. However, for certain typesof graphs they are equal. A _njte graph GNis transitive
if for any pair of verticesx;y 2 V(G) there exists a graph automorphism A of G with A(x) = vy.
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Exercise 4.4 Prove that for a simple random walk on a transitive (connected) graph G, for any
verticesa;b2 V(G)
Ea(én) = En(éa): (4.5)

Many familiar graphs are transitiv e, e.g. Z9. The equality (4.5) is trivial if for any verticesx;y 2 V
we can nd an automorphism A which °ips them: A(x) = y and A(y) = x, which is the casefor Z9.
Hencean exercise:

Exercise 4.5 Find the smallest transitive graph G suchthat there is a pair of verticesx;y 2 V(G)
for which there is no automorphism A of G suchthat A(x) = y and A(y) = x.

Now we turn badk to estimating mixing times for various Markov chains.

4.2 Review of Kantorovich Metric and Coupling

The mixing time ¢;(2) of a Markov chain is de ned as:
a® = ir21f (infft: kP'(x; § | Ykrv - 20) (4.6)
X2+
Prop osition 4.6
a(®) = inf(infft : kP'(% Qi Ykry - 20) (4.7)

wher ! is any distributions on - .

Pro of: The proof is easyand was left as an exercise. ]

Notice that Lemma 2.11 implies
kPO (x; | Vhry - d(k Sea(1=4) - A=) - (267
and hence¢1(21 ¥) - k¢a(1=4). Soin order to nd the order of magnitude of the general mixing

time ¢1(2), it is enoughto consider¢; (1=4). Changing 2 only changesthe mixing time by a constart
factor. So,we also denote ¢;(1=4) by ¢;.

In Theorem 3.4 we showed that if d is a path metric on -, and the cortraction condition
dk (£P;%,P) - € "d(x;y) (4.8)

holds for neighboring x;y 2 -, then (4.8) holds for any x;y 2 -. Now we will show that we can
considergeneraldistributions over -.

Lemma 4.7 If (4.8) holdsthen for any measures?; © on (- ;d)

d« (A P;°P) - € “dk (% °) (4.9)

Proof: Let M = M (¢ @ be a coupling that realizes Kantorovich metric dg (*; °). Also for eath
pair x;y 2 - we have a coupling A*Y (¢ § which realizesdk (% P; +/P). Then combine all A*Y with
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P
weights M (x;y) to get coupling B(¢ ¢ = xy M (X; Y)ASY (¢ 9. It is easyto chedk that B is a
coupling of 1 P and °P and hence

X X X
de (*P;oP) - B(X%yYd(x%y9) = MGy) A (xGY)dxGY)  (4.10)

x0y0 Xy x0y0
= M (x;y)dk (P;xP) - €& “dg (% °) (4.12)
Xy
sincedk (3 P;%/P) - e "d(x;y) and M is coupling of 1 and °. ]

Iterating Lemma 4.7 completesthe proof of Theorem 3.4. Combining this with (3.3), we have proved

Theorem 4.8 Let d be a metric satisfying for every x 6 vy, d(x;y) , 1. If dk (&P;%P) -
e “d(x;y) for all neighloring pairs x » y, then

() = Liog 2AME) .

Example 4.9 Mixing time for random walk on the hyp ercub e Coupling for random walk on
the hypercube f0; 1g¢ is the following. Choosea coordinate uniformly at random and update both
bits to the samerandom value, hencepossibly reducing the distance between paths.

Two neighborsx; y on the hypercube di®eronly in onecoordinate. If oneofthe other dj 1 coordinates
is picked, the distance stays the same. If the coordinate in which x and y di®eris picked, the distance
decreasedy 1. Hence

de (5Pi5P) - 11 3= dx) (4.12)
This givesus ®° = O(1=d). Sincethe diameter of a hypercube is d, Theorem 4.8 gives
H 1 il
a(®) = 0O <logDiam(-) = O(dlogd); (4.13)

a result we obtained directly by coupling in Example 2.12.

4.3 Applications: Prop er Colorings, Ising Mo del

4.3.1 Graph Colorings

Recall that a coloring of a graph G = (V; E) with g colorsis a function f :V j! S=1f1,2;:::;q0.
A proper coloring is such that for no neighbors u;v 2 V, equality f (u) = f(v) holds. We are
interested in sampling uniformly from proper colorings when they exist. It is slow to do so directly
using rejection sampling by picking a random coloring and testing if it is proper since the size of
the state spaceof proper colorings,- = SV, is exponertial in jVj (in caseof trees, however, we can
samplein linear time; we leave this as an exercise). Rather, we usethe Markov Chain Monte Carlo
algorithm introduced in section 3.2. Below, we bound the mixing time of this chain.
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4.3.2 Mixing time for Glaub er Dynamics on Graph Colorings

We brie°y recall the Glauber dynamics on graph colorings. At ead step of the chain, a vertex is
chosenuniformly at random and the color of this vertex is updated. To update, a color is chosen
uniformly at random from the allowable colors, which are those colors not seenamongthe neighbors
of the chosenvertex. It can be easily chedkedthat if q> ¢ + 2 then this Markov Chain is reversible
and its stationary distribution is uniform over all proper colorings. Assumethrough the rest of the
sectionthat q> ¢ + 2.

We will usepath coupling to bound the mixing time of this chain. Since Glauber dynamics dictates
that the color of a vertex is updated by a color not among the neighboring colors, it is corveniert
to write A(f;w) for the set of colors available for a vertex w and a given coloring f :

A(f;w)y=fj2S:fornou» w;f(u)=jg (4.14)

Write n = jVj. We usethe usual Hamming distance for two coloringsf;g2 -:
d(f;g) = jfv:f(v) 8 g(v)gj (4.15)
Note that Diam(-) = nandd(f;g), 1forh6 g.

Let f and g be two colorings which agreeeverywhere exceptfor a vertex v; this implies d(f ; g) = 1.
We describe how to simultaneously ewlve the two chains so that separately they ead have the
correct dynamics.

First, we pick a vertex w 2 V uniformly at random. If v ¢ w, we update the two chains with

the samecolor. This works becausein both chains we pick among the available colors uniformly

at random, and the available colors are the samefor both chains: A(f;w) = A(g;w). This case
includes the w = v casefor which f and g becomethe same coloring and distance between them
decreasedy 1. Otherwise the distance stays the same. Note that P(v = w) = %

The other caseis v » w. This happenswith P (v » w) = %Y without lossof generality assume
that JA(g;w)j - JA(f; w)j.

Choose a color ¢ uniformly at random from A(f;w), and useit to update f at w to get a new
coloring f~with f{w) = c. If ¢ 6 g(v), then update the con guration g at w to the same color
c. g(w) = ¢ = f{w). We subdivide the casec = g(v) into subcasesdepending on whether or not
JA(F W) = JA(gw)j:

case | how to update g at w
JA(GW)j = JA(F;w)j setg(w) = f (v)
JA(GW)] < JA(f;w)j | setg(w) = Unif (A(g; w))

Exercise 4.10 Check that the alove update rule chaosesa color for g{w) uniformly from A(g;w).

Note that the probability that the two con gurations do not update to the samecolor is at most
15)A(f ; w)j, which is bounded above by 1=(qj ¢).

Given two colorings f and g which are at unit distance, we have constructed a coupling (7 ¢) of
P(f; 9 and P(g; ®. The distance d(f”; g) increasesfrom 1 only in the casewhere a neighbor of v is
updated and the updates are di®erert in the two con gurations. Also, the distance decreaseso zero
when v is selectedto be updated. In all other casesthe distanceis unchanged. This shows that
1, degv) oy
n n JA(f;wW)j

de (£ P;%P) - Ed(f5g) = 1 (4.16)
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[The expectation is neededon the right becausew is chosenat random.] This is bounded above by

1.¢ 1
1j =+ —¢—— 4.17
atn e (4.17)

and is lessthan 1 provided that qf—¢ < 1,or g> 2¢. If this condition holds, then holding ¢ and g
constart, we obtain ° = O(%) and hence¢; = O(nlogn).

Let us emphasizethat we created coupling for all possiblepairs of adjacert colorings, not only the
proper onesand that the distanceis de ned for any two elemeris of -. This is necessarysincethe
path betweentwo proper colorings f ; g realizing the Hamming distance d(f ; g) may passthrough
colorings that are not proper. Howewver, once a general coupling is constructed, we can apply it
to proper colorings. We can assumethat a chain starts at some proper coloring (which can be
constructed in linear time for q> ¢ + 2); or we can also considerthe more complex casewith the
chain starting at any colorings.

4.4 The Ising Mo del

Let G = (V;E) be a graph of maximal degree¢. To ead vertex in V assigna spin from f+1;; 1g.
Then - = fj 1; 1gV is a state spaceof all spin con gurations. De ne the probability ¥{3%) of a spin
con guration %2 - by

1 X
V(¥ = 0 exp( Y{Uu)¥V)) (4.18)
where ~ is a parameter called inverse temperature, and Z(") is a normalization constart. The
above is also called the Gibbs distribution. For this distribution, con gurations with neighboring
spins aligned are favored.

u» v

Glauber dynamics (a Markov chain with state space-) for the Ising Model are de ned as follows.
Given the current state 3% pick w 2 V uniformly at random and update the spin at w to 3¥w)
according to the conditional probabilities for the Gibbs distribution given the spins at all other
sides. We can easily obtain transition probabilities:

e S

(4.19)
P
wheres = s(w) =, %u).

It is easyto ched that the Glauber dynamics for the Ising Model de ne a reversible Markov chain
and that the Gibbs distribution is stationary for this chain.

Just asbefore,we want to 'nd constraints on the parameters ;¢ of the model which will guarantee
fast mixing. Considertwo neighboring spin con gurations %¢, 2 - which di®er at a single vertex v:
¥{v) = j 1;¢(v) = +1. We will couple these con gurations in the following fashion. If a vertex w
picked on a next step of Glauber dynamicsis di®eren from v or j( v) := fw » vg, then update both
chains to the samespin picked accordingto Gibbs distribution. If v = w, do the same.If w 2 j( v),
probability distributions of new valuesof a spin at w are no longer the samefor %and ¢. We can
couple an update at w by choosing a uniform U 2 (0;1) and setting #w) = 1i® U < P(34w) = 1)
and (w) = 1i® U < P(&(w) = 1). Noting that s(¢) = (¥ + 2= s+ 2 we obtain

y (S+2) , S
P(AV) 6 V) = ——— -

= %(tanh(_(s+ 2))i tanh("s)) - tanh(")
(4.20)

€2 + g (v | gs+@ s
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wherethe last inequality follows by maximizing the expressiontanh(” (s+ 2))j tanh(" s) asa function
of s (the maximum occursat s = j 1).

Hence if we de ne the following metric on con gurations in -: d(%¢) = %P w2y J7AU) i ¢(u)j
(normalized sothat distance betweenneighboring con gurations is 1), we obtain that if d(34¢) = 1,
then Ed(%¢) - 1i X+ Stanh("). Theorem 4.8 tells us that if ¢ tanh(") < 1, the mixing time
is O(nlogn) asDiam(-) = nand°® = O(%) when ™~ and ¢ are treated as constarts. The above

i ; —< 1 ¢+1
condition can be rewritten as < 3 Iog(¢i 1)-

In the high temperature region, we can make approximation tanh(") » = hencegiving us simple
condition for rapid mixing: ~ ¢ < 1.
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Lecture 5: The Ising Mo del and the Bottlenec k Ratio

5.1 Cycle Identit y for Reversible Chains

Remenber that in the reversible chains, we have:

Lemma 5.1
Ea(ép) + Eb(éc) + Ec(éa) = Ec(én) + En(éa) + E(é)

Pro of: We can reword this lemma as

Ea(¢ébca) = Ealéeba): (5.1)

Let ¥be the stationary distribution. It turns out that it is much easierto start at stationarity, since
it allows us to usereversibility easily De ne

X
Evéa) =  YAX)Ex(éa):

X
Adding Ey(¢a) to both sidesof (5.1), we nd it is enoughto show that
E1/4(C',abca) = El/zz((',acba):
In fact, we will shav equality in distribution, not just expectation. Supposes and t are nite strings

with bitsin -, says2-"™;t2 -"with m- n. Wesay that s- ti®s sitsinsidet asa subsequence;
that is there exist indices1 - iy;:::;im - n with s(k) = t(ix) forall 1- k- m. We have

Py(éanca > K) = Pyabcab- Xo:::Xy)
= Py(abcab6: Xy :::Xo)
= Py(acbab: Xg:::Xg)
= P%(facba > k):

Note: The sameproof works for non-reversible chains. Again all we needis to ched that E,(¢5) =
E.¢a) and that Py(éa > k) = Pyléa > K).

5.2 Path Coupling for Ising Examples

Return to the Ising model. For any con guration %2 fj 1;1gY, the Ising distribution is

1 -P Yu)3
1/(% - ﬁe ux v Juv Y{U)¥{V) (52)

The parameterJ,, , Oand , 0. Usually, J,, ~ J for someconstart J, sowe canreplace J by
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Example 5.2 Ising model on Z,

Recall from (4.20), if we start at con guration ¥and ¢ which di®ersonly at a vertex w. And if
v » w, then,

P(34V)) 8 (V) = %(tanh(_(s+ 2))i tanh("s)) - tanh("); (5.9)
wheres= |, %u). Henceour analysisyielded that
de (5P1%P) - Ed®#e) - 1i ~+ - tanh();
Recall that the inequality in (5.3) ariseswhen we maximize and take s = j 1. In the caseof Z,,

however, the only possiblevaluesfor s are0 and § 2. In this casethe maximum occursat s 2 f0; 2g.
Hencewe obtain instead that:

1, tanh@) - cO).

P+ P) - 1j 1j 4
dk (£P;+,P) i . i (5.4)
By this we nd the mixing time ¢; - C( )nlog(n).
Example 5.3 Ising model on K, the complete graph without loops.

. B
WetakeJ = 1, then %) = % Sothat ¢ =nj 1,7 ! —, and we obtain that:

1 nj1 n
dk (&P;xP) - 1) =+ tanh(— 5.
kK (BP2P) - 1i —— tanh(-) (5.5)

Sotaking = < 1 and a Taylor expansionof tanh, we "nd that the mixing time ¢; - C(")nlog(n).

5.3 Bottlenec k Ratio, Conductance, Cheeger Constant

As usual, we work in the setting of a irreducible and aperiodic Markov Chain on a nite state space
-, with transition probabilities P and stationary distribution % We de ne the edge measure Q via:

X
Q(x;y) = Ux)p(x;y);  Q(A;B) = Q(x;y) (5.6)

X2Ay 2B

In particular, Q(S;S¢) gives the probability of moving from S to S® in one step starting from
stationarity.

Exercise 5.4 Showthat for any S %2 - , we have
Q(S;S°) = Q(S%; 9):

The result is trivial in the reversible case,but true in general.
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The bottleneck ratio of the set S is given by
Q(S;S9).

= — " T
&) = s (5.7)
The bottleneck ratio of the whole chain is de ned by:
©s = min ©(S): (5.8)
Y(S)- %
To seehow this is connectedto mixing, considerthe measure
Ys(A) _ YA\ S)
1 = 1 . 1(A) = =
From a version of the de nition of the total variation norm, we have
X
VS)K P kv = (sP)(Y) i Ys(y) (5.9)

y¥s P(y), Ys(y)

Since¥s vanisheson S°¢, the di®erencein (5.9) is nonnegative on S¢. Moreover, for y 2 S we have

X X X
(YsP)(Y) = Ys(X)P(Xy) = YAX)P(X;y) - VX)P(x;y) = y) = Ys(y);
X X2S X

sothe di®erenceis nonpositive on S. Thus the sumin (5.9) is taken overy 2 S°. Hence

X X
Y{S)KLP i 1kyy = Y{X)P(x;y) = Q(S; S%):
y2S¢ x2S

It follows that
klpi 1kTV . ©(S)

Recalling that convolution decreaseshe TV norm, we haveforanyt, 0
kKtP'j 1P key - ©(S);

SO
kt Pt| 1kTV . t©(S)

Now assumethat ¥(S) - 1, sothat k! j Ykryv , 3. Takingt= ¢ (%), we have by the de nition of
a 1 1
E -kt YKty - Z + tO(S):

Minimizing over S, we have proved a lower bound on the mixing time:

Lemma 5.5
a(3), 5= (5.10)
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5.4 Checking for Bottlenec ks

Example 5.6 We return to the Ising Model on the complete graph K. Still, we take J = % We
want to taken! 1 and ched for bottlenecks. Take k » ®n and considerthe set

Sk = %) #fvj% = 1g= kg:

By counting we obtain that:

|l T il
%S0 = Tl_)“k exp[ﬁ[u; L LK D= S

Taking a log and applying Stirling's formula, we obtain

logAx » nh(®) + ng(®) (5.11)
where 1 1

h(®) = ®|09(®) +(1i ® |09(1i—®):

o@ = (L2,

If we do somecalculuswe nd that h%2) = g%3) = 0, hQ3) = j 4,913) = 4. Hence®= }isa

critical point of h + g, whereby it is a (local) maximum or minimum depending on the value of ~.
Let us take the case” > 1, sowe have a minimum at ® = % In this casewe have a bottleneck.
De ne X
S= f3/4j Yo < Og

u

By symmetry, %(S) - % For simplicity think of k = b%c. Obsene that the only way to get from

S to S° is through Sk, sice we are only allowed to change one spin at a time. Thus Q(S; S°) =
d3e=n%Sy) and %(S) = i <k Y(S;). Werecall that at ® = 1 we didn't have a maximum sincewe
took = > 1, soafter clearing the logs we get a negative exponertial:

©, - e ") (5.12)

By Lemma 5.5 we concludethat the mixing time is exponertial.

Note : When = 2 (0; 1), we get a lower bound nlogn for the mixing time. The rate of mixing time
goesfrom this to exponertial at the critical point — = 1.
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Lecture 6: Intro duction to block dynamics

6.1 Exp ectation of hitting times

We rst revisit Exercises4.28 and 4.29.

Prop osition 6.1 There exists a transitive graph G and a pair of verticesx; y 2 V(G), for which
there is no automorphism A of G satisfying A(x) = y and A(y) = x.

Pro of: The simplest examplewe know, suggestedto us by Luigi, is a tetrahedron with ead corner
replaced by a triangle. (If multiple edgesare allowed, one can simply take a hexagonwith three
nonadjacen edgesdoubled). An examplewherethe verticesx; y that cannot be °ipp ed are adjacen
was suggestedby Ander Holroyd: The snub cube.

I

Figure 6.1: Construction of the snub cube.

We describe how to construct it. Start from a cube, and detad its six faces. Sowe have six separate
faceswith 24 vertices. We add someother lines betweenthese24 vertices. Now we have a polyhedron
with 6 squaresand 32 triangular faces. This "gure is transitive . But for any two neighbors x and
y, there is no automorphism A of G such that A(x) = y and A(y) = x.

Prop osition 6.2 For a simple random walk on a transitive (connected) graph G, for any vertices
a; b2 V(G) we have
Ea(é) = En(éa) (6.1)

Pro of: Let A be an automorphism such that A(a) = b. Let ag = a, & = Al(ap) for j , 1, where
Al denotesthe j-th iterate of A. The_ sequenceag; az;::: will return to ag evertually, say a,, = a,
m > 0. Becausethe automorphism Al takesa; b to a;aj+1, soforany j:

Ea (éay ) = Ealé); (6.2)
Summing over j from 0to mj 1 we obtain

an((;alagz::am] 130) = mEa(Cb) (6‘3)
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For the samereasonyield:
an(c',ami 18m smarap) = MEp(éa) (6.4)

From the sameproof of equation (5.1), we get the left hand side of equation (6.3) and (6.4) are the
same. So we have proved

Ea(én) = En(éa) (6.5)
||

In fact, more is true: ¢4 when the chain starts at b has the samedistribution as ¢, when the chain
starts at a.

Exercise 6.3 Showthat Pa(¢p > k) = Pp(éa > k), k = 0;1;::: for simple random walk on a
transitive graph.

Exercise 6.4 On an n £ n squae, with edgesinherited from Z?2, let a be the lower-left corner and
b the upper-right corner. Give a simple proof that

Ea(é) = O(n*logn) (6.6)
In order to solve this problem and the following mixing time problems, we now intro duce a method

called block dynamics.

Recall we have shawn that the mixing time for the Ising model on the cycle of length n is
¢1(1=4) = O-(nlogn); (6.7)
i.e. the constart in the O may dependon .

Note that lazy simple random walk on the d-cube f0; 1g can be regardedas Glauber dynamics on
a graph with no edgesand d vertices. In suc graphs, the ising distribution is uniform. Generally,
on any graph of d vertices, the Ising distribution is

1 _P
]/ 3) = —e u» v Yu Ya 68
4= 75 (6.8)
If welet — #0, then the Glauber dynamics degenerateinto simple random walk on the d-cube. Thus
the Ising model at in nite temperature is just like simple random walk on the d-cube.

We now consider Ising model on a ladder graph. To establish the mixing time O-(nlogn), the
contraction method we learnedin lecture 5 won't work anymore. We will useblock dynamicsto get
thesekinds of mixing times.

In the ladder example, we regard ead pair of 2-spinsin a column as a 4-spin, so the whole graph
may be regardedas a 4-spin systemon a one-dimensionalline,

Our discussionbelow applies to general one-dimensionalsystemswith local interactions. For sud
systems,we have exponertial decay of spatial correlations, which will get us the mixing times. The
exponertial decay of spatial correlations meansthat there exists 0 < p < 1, such that for any
functions f, gand any ~ , 0, we have:

Cov(f (s;5) - K);a(si:j > k+ ) - pkfkakgke (6.9)

where s; is the spin at the site j .
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6.2 Blo ck dynamics

Consider a one-dimensional system with con guration f%ng:iol. Fix a large integer b = b("),

the block size Chose uniformly at random an integer w 2 [j b;N j 1] and update the block
f% : w- j - w+ bg by erasingthe spins within the block and replacing them with a con gu-
ration chosenaccordingto the conditional probability determined by the spins at the neighboring
sites ¥; 1 and ¥+p+1 . (For w < 0 we only update the interval [O;w + b]. The sameapplied to
w> N bj 1.) We call this a heat-bath black update.

Theorem 6.5 If bis large enough,the block dynamics give a contraction of the Hamming metric.

We will prove this for monotone systemslik e the Ising model. A monotone systemis a Markov chain
on a partially ordered set with the property that for any pair of statesx - y there exist random
variables X1 - Y; such that for every state z

P[X1=z]= p(x;2); P[Y1=2z]= p(y;2):

In words, if two copiesof the chain are started from statesx - y, we can couple them so that the
one which started in the lower state always remainsin a lower state. Last time, we cheded that the
single site dynamics for the Ising model are a monotone system under the coordinatewise partial
ordering: ¥- ¢ if ¥ - ¢ for every x.

Lemma 6.6 If the single-site dynamics within each block are irr educible and aperiodic, then the
black dynamics for the Ising model are also a monotone system.

Pro of: For ead block, the distribution in the block conditioned on the boundary valuesis stationary
for single-site dynamics within the block. Sincethese dynamics are irreducible and aperiodic, they
convergeto the block update. Sincethe single-site dynamics are monotone, we can couple them so
that the limiting distribution of (X¢;Y;) is supported on f(x;y) : X - yg. Therefore the block
dynamics are also monotone. ]

Pro of:[Proof of Theorem 6.5] Recall that it is enoughto ched the contraction for con gurations ¥%
and ¢, di®eringonly on a singlesite w. There are N + b blocks altogether, of which b+ 1 contain w. If
we update one of theseb+ 1 blocks, we can couplethe updatesto remove the defectat w. Moreover
if we update a block not containing w and not adjacert to w, we can couple the updates so as not
to introduce any additional defects. The only situation in which we might intro duce a new defect
is when we're updating one of the two blocks adjacert to w. But in this casethe exponertial decay
of spacial correlations (6.9) implies that the expected number of new defects created is bounded
independert of the block size. Hence

b+1 2C(7).

de (5Ps % Pg)= 1] —— =+ :
k (2.Pg ;% Pg) i NF b N+b

-<

Taking b sutciently large we can ensurethat this is - 1j %_) which givesO-(nlogn) mixing. m

6.3 Strong Spacial Mixing

In higher-dimensional systems,the condition (6.9) doesnot always hold, and in order to prove fast
mixing we imposeit as a hypothesis; this is the hypothesis of strong spacial mixing. Under strong
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spacialmixing, the block dynamicsfor the Ising model on a subsetV of Z¢ mix in time O(jVjlogjVj).
Here the blocks are boxes[w;w+ bj 1]9. Take V = [0;n]¢ asan example. For con gurations ¥and
¢, di®ering at a single vertex v on the boundary of a box @, we have by strong spacial mixing

_E%j@, YU) i Egjg e(u) - cret C2Oiiui Vi,
The e®ectof a block update on the Kantorovich distance is therefore

o opli e
dk (#Ps;+,Pg) = 1j m"‘ %;

which for suzciently large b canbetaken- 1j % giving mixing time O-(n%logn).
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Lecture 7: Cut-o® and Eigenvalues of Reversible Chains

7.1 Cut-o® for the Hyp ercube

We'll considerthe hypercube- = fi 1;1g%. We usedf0; 1g® before, but this represenation is better
suited for the following calculations. The random walk on the hypercube was explained in detail in

with equal probability % In Example 4.9, we found an upper bound on the mixing time ¢;(2) of
order dlogd. Now we'll look for a lower bound. By the de nition of the mixing time, we have

a®) = mzaxminft (kPY X O Uhkry - 29, minft:jPY(x;A)i A)j- 29 (7.1)
i

forall A% - andall x 2 -. A lower bound hencecan be achieved by "xing an initial state x and
‘nding a set A sud that if we start X at x, start Y under the stationary distribution % and run
both chains until time t, the resulting distributions di®eron A with probability greater than 2:

De nition 7.1 Let!; = P! ie. 1, is the distribution of our Markov chain if we start with
uniform con guration 1 and run it t steps.

Recall that the stationary distribution of the random walk on the hypercube is uniform (use for
examplethat P is symmetric). We'll look for a set A which will make jP'(x; A) i ¥{A)j as big as
possibleand thus provide uswith a lower bound on the total variation distance. The random walk on
the hypercube is identi able with the Glauber dynamics for the Ising model at in nite temperature
(i.e. ~ = 0). As above, let X; be the ith con guration. Let

xd
Sy = Xi: (7.2)
i=1
Sincefor ead 1, the distribution only depend on the sum of the coordinates. So we only have to

look for setsgiven in terms of Sy. Let's try to get a rst idea of the distribution of Sy under the
measureszand ! ;. One can easily calculate

Ev(Sq) = 0 (7.3)

3 xd xd ’
Vary(Sqy) = EySE = Ey, X2+ XiX; =d+0=d (7.4)
i=1 i =1;i6]j

As the probability that we haven't chosenthe i-th coordinate up to time t is (1 j %)t we obtain (as
we started with conguration +1 in ead coordinate)

Z 3 1’t Xt 3 1 1
Xidty = 1¢ 1j d + P., (\coordinate i is rst chosenat time j") ¢ §(+1) + é(] 1)
j=1
3 .
1t
= 1 = 7.5
= (7.5)
and therefore Z 3 1
Sqdty = 1j d d: (7.6)
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As we'll seelater, ¢; » %dlogd. Sowe sett = liz—zdlogd, and try to nd the lower bound for
kiyi Ykrv. Using (1i 1)'» e 7, we obtain:
Z
Sqdt; = E: Sy» d'z: 7.7)

Moreover, the variables X; are negatively correlated under 1 ; due to similar calculations
Z 3 2' .

XiXjdty = 1 d fori®j) cov:i (Xi;Xj)<O0; (7.8)
where the rst equation results from considering the casethat we haven't touched either of the
variables i andg so far. Having chosenthe represenation - = fj 1; 1g¢ for the hypercube we
directly obtain X 2d'; = 1 and thus by the negative correlation of the coordinates

xd
Var:, (Sg) - Var. (Xj) - d: (7.9)
i=1

The idea how to choose A now is to separateboth measures,i.e. in terms of the following "gure
to chooseit in such a way that the area over this set becomessmall under the “rst graph while it
becomeshig under the secondone: The left resp. right graph represerts the distribution of Sq under
Yaresp. 1y:

n [al
P P

d d

Figure 7.1: Separating measuresfor lower bounds on the mixing time

For thesereasonswe'll choose

n q 0
A= XxjSq, > (7.10)
Chebyshev'sinequality gives . i
1+ 2
VAA) - Y4 (Sqj . d; . 4di (7.11)
Further calculations, leading to
1 (A°) - 4di (7.12)
“nally result in
Kiei Ykry, To(A)i Y(A), 1i 8d'“[1+ o(1)]: (7.13)

We add this o(1) becausewe did someapproximations in the computation. But this o(1) could be
skipped.

Exercise 7.2 Check that the approximations dorit matter.
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1 dlogd t
Ldlogd

L dlogd

Figure 7.2: Cut-o®

Remark 7.3 In fact, 1dlogd is what you need to mix. Whent geta little smaller than %dlogd, the
total variation distance k* ; j Ykry getquickly closeto 1. This behaviour follows from our preceding
calculations taking 2 small and d big.

This phenomenonis known under the name \cut-o®". It appears for instance whenshuzing cards,
where a deck suddenlyturns from being mostly ordered to random (see Diaconis' book for more). It
is still an open questionwhen exactly this cut-o® phenomenonoccurs. For exampleit doesrit happen
for the cycle (here the distribution of the chain approachesthe stationary distribution a bit further
in every time-step).

Remark 7.4 Equations (7.1) and (7.13) yield ¢1(?) , %dlog d. Togetherwith earlier resultsfor the
hypercuke we therefore obtain that ¢;(2) = £( dlogd) is the right order of magnitude for the mixing
time of random walk on the hypercube.

Remark 7.5 For the lazy random walk on transitive graphs, Yuval Peres conjectures that
i, Meg™r 1 fornt 1 (7.14)

is necessary (easy to check) and suzcient for cut-o®, where , (2”) is the 2"¢ largesteigenvalueof the
chain on n vertices. One can showin geneal that for irr educible chains (such as the lazy random
walk) the eigenvaluescan be ordered asfollows, ; = 1> ,,> 3> :::> 0. The di®erene 1 .,
(resp. more geneally 1 j r;nazxfj . ij9) is called spectral gap.

7.2 Eigenvalues of Reversible Chains

In this sectionwe'll examinethe eigervalue spectrum of the transition matrix P of a reversible chain,
and establisha rst connectionbetweenthe spectral gap and the mixing time of such a chain. Recall
that a reversible chain is one satisfying “Ax)P(x;y) = Y{y)P(y;x) for all statesx;y 2 -. Note that
we agreedonly to look at irreducible and aperiodic chains. The irreducibilit y together with the
reversibility now imply ¥{x) > 0 for all x 2 - (or usethe fact that the ertries of the stationary
distribution of anirreducible aperiodic chain, run ona nite space,are all positive dueto the positive
recurrenceof the chain).



30

Instead of directly consideringP, let us rst considerthe symmetric matrix
s

A(x;y) =

YAX)
AY)
The fact that A(x;y) = A(y;x) follows directly from the reversibility. As A is symmetric we can

take advantage of the spectral theorem, which yields an orthonormal basis of real eigervectors ' ;
with real eigervalues, ;.

P(x;y):

As onecandirectly chek, ' ; = P Y@ is an eigervector of A with corresponding eigervalue , ; = 1.
Let (with a slight abuseof notation) %.also denote the diagonal matrix with ertries ¥{x). Then

A= YVEPYj 2
Setting L
fj =972 (7.15)

Wecompute L . .
Pfj = Py 5'] =YVizZA' j =Y 7}j'j = ,J'fji

Thus P has eigervectorsf; and eigervalues, j. The disadvantage of this represenation is that the
eigenfunctions are not necessarilyorthonormal. Therefore we will introduce a new inner product
under which the eigenfunctionsf; = ¥ ' ; will be orthonormal again. Let < ¢ ¢> denotethe inner

product we seekand < ¢ ¢> ;. ; the usual scalarproduct on R)*1. We have H =<'i;"j >ri-i=<
vefi;Vaf, >gi. =< fi;¥; >g;.;. Henceby introducing
z X
<fig>= f(x)g(x)d4x) = f(x)g(x)/Ax) =< f;Yg >R, (7.16)

X2-

we obtain a new inner product on RI- 1 under which the f; form a basisof orthonormal eigervectors
of P. Note that (7.16) proves,together with the fact that %is a symmetric positive de nite matrix,
that < ¢ ¢> de nesindeeda new inner product on RJ-1. The transition matrix P is self-adjoirt for
this inner product, i.e. < Pf;g>=< f;Pg >, ascan easily be shavn by cheding it for the basisof
eigenfunctions.

1
AN
+

X
% wof > = (y)Yy) o (7.17)

and noting that P'(x; y) = (P'%/)(x) this yields

X
PUOGY) = Fj(Y)%y) ¢ 1 (x) (7.18)
j
ty X X
) Pl/(,(x;;)y) = HEGy.; =1+ 50080, (7.19)
i, 1 i.2

wherewe usedthat P1= 1andf,= lasf,= % z' ;=1 (see(7.15) and before) with correspond-
ing eigervalue , ; = 1.

In general(i.e. even without assumingreversibility) we havej,j- 1

Indeed, for all functions f we have k Pf k; = maxj p(x;y)f (y)j -k f ki . Henceif Pf = f we
X
y
obtain K Pf ky = j,jkf kg -k f kg ie.j,j- 1.
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Exercise 7.6 For an irr educible aperiodic chain we havej, jj < 1for all j > 1.
Hint: See it directly or use convergene theorem.

Continuing our calculation by setting
J,a) = Tale,jl
we obrain EP‘(X; y) - X Ly S X X o
vy P F IGf WL OO WL ol (7.20)
.2 i.2 i.2
where the last equation follows by Cauchy-Schwarz. Using the de nition of < ¢ ¢> and (7.17) we
also get

X X
Y(X) =< ;8 >=< fj (X)4x) ¢f;;  f; (X)%x) ¢f; >
j j
and together with the orthonormality of the f; this gives

V) = Y0P 1007) 002 e
x) = ¥Ax) . i(0)7) L 1007 5y

Inserting this in (7.20) we obtain

y) P o0y Ve 2 °

with Ygin = mzin Y{x). Hencewe obtain for the weighted averagethat if
X2-

Py o
wy)

2

j.alt 2 CYanin )
and for the total variation distance
. 1 X - 1X
KPi(x:§i AQkrv = 5 JPI(Xy)i Vi~ 5 Ay <=
y2- y2-
This "nally gives an estimate for the mixing time of a reversible Markov chain in terms of its

stationary distribution %.and the eigervaluesof its transition matrix P:

Theorem 7.7 For a reversibleMarkov chain we have

i 1

log(® anin ) _ 109 g,
(). Piin ) _ 109 g 7.21
4O Togi e Tlog' L (721

wher Ymin = Xmzi_n Y{x) and j, o] = rjnazxj,,-j.

i, ¢
Remark 7.8 Observethat when, . ! 1 then log ! JLJ 1 j, j which givesan upper bound on

the miximg time in terms of the spectral gap 1 |, »j. In fact, applications showthat this relation
strongly depends on the model under consideration.

Exercise 7.9 Write the eigenvaluesand the eigenfunctions for the Lazy SRW on the cycle Z,
explicitly. Checkthat 1§ , 3 n% (3 signi es that the ratio is boundel by positive constants).
Hint: A solution can be found in Feller's book, using symmetric functions.
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Example 7.10 We'll considerthe hypercube fi 1;1g® again. In this represetation the eigenfunc-
tions are the following functions aswe'll prove in an instant:
Y
fs(x) = Xj; S¥%f1l;:::;dg;
j2s
P . .
wheref, = 1. Indeed, let Pfs(x) =  p(X; y)fs(y) = Exfs(X), where X" is the state of the chain,
y

started at x and run one step. As one step consistsin replacing a uniformly chosencoordinate with
equal probability via § 1, we get (observing that fs(x) only changesto j fs(x) if a coordinate of
the set S is chosenand changedwith probability %)

Exfs(X) = Pyx(\no coord. out of S'is chosen")fas(x)
. 1 1
+Px(\a coord. out of S is chosen") Efs(x) + é(i 1)f s(x)
3 T
= 1 J% fs(X): (7.22)
This provides us with all eigervalues and eigenfunctionsof P. In particular, S = f1;:::;dg has0
as corresponding eigervalue, S = ; has, ; = 1 and the S with jSj = 1 have,, = 1j % i.e. the
spectral gap is 3. i ¢
1
Hence theorem 7.7 gives ¢1(?) - mlg_'% As Y49 = X we have ¥min = Z and therefore
o9 T
i, ¢ i T
. 2y . _log, & — dlog2j log? _ dlog2jlog2 — 2 PR ; ; ; ;
é(?) E;ﬂ? i Iog(lli o) Tas 5(%)) O(d¢), which in this caseis an overestimation
bd

comparing it with previous results.

7.3 Bounds on the Spectrum via Contractions

De nition  7.11 The Lipschitz constant of a function f on a metric space (- ;d) is de ned as

Wi
HR(T) = SUP ™0 y)

Supposethere exists a constart u< 1 and a coupling such that
Ed(X ;Y1) - pd(x;y); for all x;y; (7.23)

where X 1 resp. Y; are the states of the chain started at x resp.y and run one step.

Theorem 7.12 If the chain is irr educible aperiodic, and (7.23) holds, then the eigenvaluesof the
chain satisfy j, jj - pfor j , 2 (reversibility is not necessaryfor proving this theorem).

Pro of: (M. F. Chen) Let f satisfy Pf = f . First estimate:
IPE(x) i PE(Y)i = JE(f (X1) i f(Y))j- Eif (X1)i f(Yoi:
The de nition of the Lipschitz constart for jf (X1) i f(Y1)j and the hypothesis(7.23) yield

JPE(x) i PE(y)j - Lip(f)Ed(X1;Y1) - pLip(f)d(x;y):
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We now obtain
Lip(Pf) - pLip(f)

involving no restrictions on behalf of the consideredMarkov chain sofar. If f is constart we have
. = 1=, seeexercise7.6. Let f; be one of the non-constart eigenfunctionsfor j , 2, then we
obtain

J,jitip(f;) = Lip(, f;) = Lip(Pf;) - pLip(f;)

for j , 2 which provesthe claim. ]

Remark 7.13 For the hypercube with contraction 1 j é the inequality of , , is sharp: Let us mix
as descriled in example4.9, then we obtain:

d(x; ’ d(x; ’
(XdY) d(x; y) + Ldy)(d(x; i = 1 % d(x; y);

3
Ed(X1; Y1) - 1

i.e. we havefound p= 1j % Recalling our resultin example7.10, we obtain p= | 5.

7.4 A new Interpretation of the Kan toro vich Distance

R R
Denition 7.14 Letdx (; °)= sup j fdtj fdoj.
Lip (f)- 1

It is easyto seethat dx - dgx, wheredx denotesthe Kantorovich distance asusual: If Lip(f) - 1
and (X;Y) is acoupling of 1 and ° realizing the Kantorovich distance, then

= z -
= fdtq fdo—= JE(F(X) i f(Y)j- Ed(X;Y) = dk (5 °);

where we usedLip(f) - 1 for the inequality and optimal coupling for the last equality.

The following theorem provides us with the other direction:

Theorem 7.15 Kantorovich-Rubinstein (1958): dx = dk .

Remark 7.16 This theorem is more geneally valid on compact metric spaces. The proof usesa
form of duality.
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Lecture 8: Expander Graphs

8.1 De nition of Expander Graphs

A sequenceof graphsfGpg iq;;:alled an expander family if there exists£ > 0 such that for all n and
for all A%V (Gy) such that ,, deg(x) - JE(Gn)j we have

X
J\j> £ dedx);

X2A

where @\ denotesthe set of edgesconnecting A to its complemert A°.

Considerthe simple random walk on a graph. The stationary measureis ¥{x) = dgf’E()]‘) , and thusin

the Cheegerconstart terminology, a sequenceof graphs f G, g is an expander family if there exists
£ > 0 sud that the Cheegerconstart of the simple random walk satis es

©.(Gp), £ 8n:

8.2 A Random Construction of Expander Graphs

We now construct a family of 3-regular expandergraphs. This is the "rst construction of an expander
family and it is due to Pinsker (1973). Let G = (V; E) be a bipartite graph with equal sides,A and
B, ead with n vertices. Denote A; B = f1;:::;ng. Draw uniformly at random two permutations
Ya;Ys 2 Sn, and setthe edgesetto be E = f(i; i); (i; Ya(i)); (i; Ye(i)) :1- i ng.

Theorem 8.1 With positive probability bounded below from O, G has a positive Chesger constant,
i.e., there exists+> 0 suchthat for any S %2V with jSj - n we have

# f edgesbetween S and S°g .-
# fedgesin Sg B

Pro of: It is enoughto provethat any S %2 A of sizek - % hasat least (1+ $)k neighborsin B. This
is becausefor any S %2V simply considerthe sidein which S has more vertices, and if this side has
more than % vertices, just look at an arbitrary subsetof sizeexactly 3 vertices. Let S %2 A be a set
of sizek - 3, and denote by N (S) the neighborhood of S. We wish to bound the probability that
JN(S)j - (1 + Hk. Since(i;i) isanedgeforany 1- i - k, we getimmediately that jN (S)j, k. So
all we have to enumerate is the surplus tk verticesthat a set which cortains N (S) will have, and to
make sure both ¥4 (S) and ¥%(S) fall within that set. This argument gives

h i i i ok
PIN(S) - (1+ 9k - ¢y
k

SO

h n i X Hnﬂin¢i(1+ t)k(l:2
P 9S;jSj - E,jN(S)j a+ Dk - K ik—lnfktz—

k=1 k
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To conclude the proof we needto shaw that therg eX|sts +> 0 sud1|that t@e abov% sum will be
1+ )k

strictly lessthan 1 uniformly in n. We bound +k . (”k)l, similarly *,”" and ” s . This
gives e ¢
n + 2 n
ba |ir1k I.(1+ +)k . x2 n:k((l + i)k)Ztkkk -
n 3nk
‘o1 K - (£k)I®n

Recall that for any integer > we have *! > (‘=€) , and bound (2k)! by this. We get

X 'l‘k¢"“ 9% Bons o0 e p2ia F Pk @ akNed(r 4 2y2is
k. . —_~ B + — S e — :
n _'3 _'3 .
k=1 k k=1 n - k=log n n -
The rst sum clearly tends to 0 as n tends to 1, for any + 2 (0;1), and since % . % and

11 5 e+ #)? * < 09 for + '
5 — 9 for = < 0:01, for any sudh * the secondsum tends to O as n tends to

1. |

8.3 Mixing Time for Random Walk on Expander Graphs

Let j, oj = max;_ »j, ij wheref, ;g are the eigervaluesof a reversible Markov chain. Also let g. =
1i .= and Y%min = minkov ¥{x). We previously proved using spectral decomposition that if P is a
transition matrix of a reversible Markov chain, then for any two states x; y we have

PUXY) E- e ot
wy) Vi

hencethe mixing time ¢;(2) satis es
1 1

;4 (2) . _|0 -
a(® % 921/4mn

The following theorem connectsthe spectral gap and the Cheegerconstart.

Theorem 8.2 Assumethe walk is lazy, i.e. p(x; x) , % for all x. Then

©F

7' gu' 2©u

By the theorem and the above discussionwe nd that for a uniformly bounded degreeexpander
family the mixing time of the simple random walk satis es
a(1=4) - O(log(Wh));

where we denote V, = jV(Gy)j: This is indeed optimal. Let ¢ denote the maximum degreeof the
expanderfamily. Clearly, P!(x; ¢ is supported on at most ¢ ! vertices, soif ¢t < V,=2¢ then

) . 1
iPY G 90 Yty . >

and so ¢ (1=4) , -(log (Vh)).



Lecture 9: The Comparison Metho d

9.1 The Diric hlet Form

De nition 9.1 The Dirichlet form for P is given by
E(f;h) = Rel(l j P)f;hizuy,:

E(f) = E(f ;f) hasseveal equivalent formulations:

E(1) = Bl (<o) 1 (<)

= Ey f (Xo)?i f (Xo)f (X1)

by stationarity of ¥

1X _ : 2
5 ORI i )]

Xy

1 X
R ACTRIY) &
Xy

E(f)

and, if P is reversible,then it is self-adjoint and therefore

E(f) = I i P)f;fizguy:

De nition 9.2 The spectral gap of P is
U 1
_ T OE(f)
g= mfln Var( )1[\/ar(f) 6 0]
E 1

f
_ (f) :
= min Var(f)l[f ? 1;f 6 O]
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Recall that if P is irreducible and aperiodic, then, the eigervaluesof P can be written as,1= ;>

L2 >P¢¢¢> .Nn > 1. If Pisreversible,f ? 1 Wherepl is the vector (1

n

f =" ,afj, wheref; areeigenfunctionsof P and ;_, aj2 = 1. Thus,

J

X
hii P fi= &Ly L), 1i,2

.2

implying that g= 1 ,,.!

1), and kf k=1, then

1For historic reasons,ge := 1| |, 2j is also called spectral gap. We denote it by ga to distinguish it from g which

we de ned here.
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9.2 A Lower Bound

Let P be reversible and have eigenfunctionf: Pf = f , with | 6 1. Sipcethe chain is reversible,

5

eigenfunctionsfor distinct eigervaluesare orthogonal, and so< 1;f >= y Y{y)f (y) = 0. Then
- 2 G ¢ = X g -
Sf) = P () == pxsnfy)i Ayf(y) = kfky 2d(t);
y

31

where d(t) = maxy kp'(x; 9 i ¥k;, . With this inequality, we can obtain a lower bound on the
mixing time. Taking x with jf (x)j = kfky yieldsj,j#) . 22, and so

<;1(2)ui i 1ﬂ a®) Ioguiﬂ log“i‘”
I ) N 2
Recall that j, oj := max; »j,;j < 1 since P is irreducible and aperiodic, and that we de ned
0. = 1j j, oj. Rewriting the above, we have
M T w 111

1
;4 (2 o .
a® ., &% | 1 log 2

Key Fact If gs is small becausethe smallesteigervalue ,  is nearj 1, the slow mixing sugessteddy
this lower bound can be recti ed by passingto a lazy or corntinuoustime chain to make eigervalues
positive. Howeer, if the largest eigervalue , ; is near 1, then the mixing may be very slow indeed.
Therefore, we are mainly concernedwith g, not g.

9.3 The Comparison Theorem

Recall that for lazy simple random walk on the d-dimensional torus Z¢, we used coupling to shav
that ¢; - Cyn? and % - Kg4n? for constarts C4 and K4. Now, supposewe remove some edges
from the graph (e.g. somesubsetof the horizontal edgesat even heights). Then coupling cannot be
applied, due to the irregular pattern. The following theorem|pro ved in various forms by Jerrum
and Sinclair (1989), Diaconis and Stroock (1991), Quastel (1992), Salo®-Coste(1993), and in the
form presened here by Diaconis and Salo®-Coste,allows one to compare the behavior of similar
chains to achieve bounds on the mixing time in general.

Theorem 9.3 (The Comparison Theorem) Let %P and %P be two Markov chains on - .
Write E = f(z;w) : P(z;w) > 0g, and similarly with E. Assumethat for all (x;y) 2 E, thereis a

path (e;;ep;:::;em) contained in E from x to y. For every pair (X;y), we chaose one out of these
paths and denoteit by °,, . De ne the congestionratio to be
0 1
e t * A
B= max @ ——— X ¥Y) x5
e=(zw) Q(z;w) °xy3eQ( NI

Then E(f) - BE(f) for all f.

Remark 9.4 In the reversiblecase, it follows from the variational formula for the spectral gap that
g -+ Bg. An important special sub-@se occurs when % = Y and p(x;y) = “y). Then E(f) =
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P
Vary(f) = 3, YOOI (x) i f(Y)% andsoE(f), & Var(f), givingg, &. Thus givesthe
following bound:

X
oo BE max T YOU] ©.1)

e=(z;w
( ) W 3e

Pro of:

X
2E(f ) = QUG YIF (%) i fW)I?

(xy)2E
32
X X
= Qxy)4 d (e)°
Xy €2 °yy

where for an edgee = (z;w), we write d (e) = f(w) i f(z). Thus,

X X
2E(f) - Q% Y) °xy] (d ()2
xy €2°yy

2 3
X
4 QY (d(e)?

e2)E( °xy 3€

BQ(z;WIf (W) i f(2))?
(z;w)2E
2BE(f):

Example 9.5 (Comparison for Simple Random Walks on Graphs) If two graphs have the
samevertex set but di®erent edgesetsE and E, then

Q(x;y) = L. and Q(xy) = L.

2Ej’ 2E]j’
since the vertex degrees cancel. Therefore, the congestionratio is simply
0 1
X . .
B=@max oA ).
e2E oy 36 JE]

In our motivating example,we only removel horizontal edgesat even heightsfrom the torus. Since
all odd-height edgesremain, we can take j°y,j - 3 since we can traverseany missing edgein the
torus by moving upwards, then across the edge of odd height, and then downwaids. The horizontal
edge in this path would then be usel by at most 3 paths ° (including the edge itself). Since we
removel at most one quarter of the edges,we getthat B - 12, and therefore, we can compare the
spectral gap of the irr egular graph g to that of the completetorus g, yielding that the relaxation time
for the irr egular graph satis'es § - 125 - Can?.

Exercise 9.6 Showthat for lazy simple random walk on the box [1;:::;n]%, wher opposite faces
are not identi e d, the relaxation time still satis es é . Cy4nZ.



9.4 An "2 Bound

If P is reversible, then

o

o2
t g >(\I 2t
L1 Fi OOfj (y)e : .

2wgyy 172

o <°>2 Z
o P'(x;y) P19 oo
AY) “2(vE )

o

o
j=2

by orthogonality. If the chain is lazy simple random walk on a transitiv e graph,

v
o o o o u
Y S o G R splx 9 X
2°p (%9 Vary = o vl 10\ vl lo\ t
1(v) 2(¥9 j=2
For lazy simple random walk on the hypercube f0; 1g",
o o o M oo T 3o MY s
opt(x;q)i 1/:2_ 1i h E . e 2tk =n E = 1+ ¢ 2t=n
k=1 m k=1
If wetaket = 5nlogn+ An, then
o 02 u- 1 ﬂn -
PO v 1+ ﬁei A - I

suggestinga cuto® phenomenonat %n logn.
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Lecture 10: Spectral gap for the Ising model

10.1 Open questions

We start with a few open questions.

Op en Question: For the Ising model on any graph with n vertices, shaw that ¢;(1=4) , Cnlogn
where C is a universal constart.

Hayes and Sinclair have shown that this result holds with C = C(max degree), but their constart
tends to zero asthe degreeof the graph increases.

Open Question: For the Ising model on a generaln vertex graph, shaw that (;1_(1:4) increasesin

Open Question: For the Ising model on a generaln vertex graph, show that L) increasesin

9
and in the edgeset.

10.2 Bounding 1=gfor Ising model

Consider the Ising model on G = (V; E) with n verticeswith — = 1=T. Recall that thlg probability
pf observinga con guration %2 fi 1; 1g” isgivenby %) = e "9 whereH (% =, , %% +
w hu% . In order to state our result, we must rst introduce someterminology.

De nition 10.1 The cutwidth W(G) of a graph G is obtained as follows. Order the vertices of G

n © a © a (0]

W(G) = crgusn mkax# edgesfrom v, ) ik:1 to v, 5k

Example 10.2 The cycle hascutwidth 2, an ™ £ m lattice with ~ - m has cutwidth ~ + 1.
Example 10.3 The d-dimensionallattice [0;n]? has cutwidth W ([0; n]?) » cgndi 1.

Example 10.4 The binary tree with height °, (so the number of verticesn » 2'), has cutwidth
W (binary tree) » logn.

Out main result, using the cutwidth of the graph to bound the spectral gap, is presened as the
following theorem.

Theorem 10.5 For the Ising model on a graph G with n vertices,
1 2
e n

a()

AW ().
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Pro of: The proof usesthe comparisontheoremintroducedin lecture 9, it is basedon a combinatorial
method introduced by Jerrum-Sinclair for studying monomer-dimer systems. Order the vertices of
G using a total order <. Suppose¥.and ~ are two spin con gurations di®ering at the vertices

7 “(x) i :
i _ X) ifx- X
A=y x> X

Now, consideran edgee = (»;»*), where »(y) = »*(y) for all y 6 X, in the path °(3%"). Suppose
without loss of generality that Y4{»*) , “{») (otherwise °ip %and "). De ne Q(e) = Y»)P(»;»)

and note that Q(e) , 2.

Seti(e)=f°(32 9 :e2°(3% 9g. Dene ©.:i(e)! fj 1;1g" asfollows,

1/23/? if y <
R NN = T Y

Sincefor every °, ©(°)(x) = ~9Yx) = »(x). Sothe image set of ©, sitsin S := f3 2 f; 1;1g" :
3(x) = »(x)g. On the other hand, for any ©¢(° (3 9) 2 S, we could reconstruct ¥ as

Ya
oy = Ce(C(¥A () ify<x
Ay) = »(y) ify, x

and similarly “ ®may be reconstructed from e and ©¢(° (4. 9) by the sameway, so©; is a bijection
betweenj( €) and S. Now obsenethat under the optimal ordering of the verticesof V, the following
inequality holds

H#) + H(Yi H) i HO(°(%2"9) - 4W(G) (10.1)
This is true becauseany edgethat does not go acrossfrom fy:y > xg to fy:y- xg will not
cortribute to the left hand side. Exponertiating (10.1) we obtain

VRAYCY - e VOO (¥ Y)
2ne* W (©) Q(e) YO (° (34 9)):

Now, summing over all the paths ° (32," 9 which contain the edgee, we obtain

_ X
YA N (A0 - 2%t WIOQe)  HOe(?)

P, 0:e2° (¥P; 0) °2i( e
= n%e* W@IQ(e):

P P
The last equality is because ., o %4©e(®)) = 554 1.1gv:5 (0= w0 ) = 3. It follows from

the comparisontheorem (9.1) that é - n2e* W(G) asclaimed. [ ]

Remark 10.6 This result is "sharp" for boxesin Z?2 provided that — is large. More precisely one
can show that for an m £ m box in Z? we have é , € ™. This lower bound can be obtained by
shawing that the con gurations %for which i %=0 (assumingm ewven) form a bottleneck which

inhibits the mixing.
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Lecture 11: Mixing Times for Card Shu?ing and Lattice
Paths

This lecture, deliveredby David B. Wilson of Microsoft Researt, preseris results from two papershby
the speaker, Mixing Times of LozengeTilings and Card Shu2ing Markov Chains (2001) and Mixing
Time of the Rudvalis Shu2e (2002). Both are available on the arXiv. Seweral useful illustrations
are found in (Wilson, 2001); seepp. 1, 5, 10, 12, and 14.

11.1 Intro duction; random adjacent transp ositions

In computing mixing times, we wish to 'nd an event which is likely to occur after t steps of the
Markov chain, but unlikely to occur at stationarity. In this lecture, the event will be that a certain
eigenfunction is suxciently large.

As a speci ¢ instance of this method, considera ded of n cardslaid out left to right. At ead time t,
shuze accordingto the following random adjacert transposition rule. Pick a pair of adjacert cards
from amongthe nj 1 possiblepairs, uniformly at random. With probability 1=2, swap this pair of
cards, and otherwise do nothing.

This chain had been previously studied and was known to corvergein O(n®logn) time. The best
known lower bound was about n® time; but it was strongly suspectedthat n®logn was the correct
order of magnitude. In this lecture, upper and lower bounds that are within a constart factor of
ead other will be proved.

Our planisto nd a eigenfunction © on the state spacesud that E(©(%.1)j%) = , ©(3%), where
., < 1. If we can, it follows that E(©(%)) = 0 at stationarity; so as long as ©(%) remains large
enough, the sizeof ©(%) can be usedto show that mixing has not yet occured.

First, somenotation. ¥ is the state of the chain at time t. A typical card is denoted} (the diamond
suit symbol); %(} ) is the position of } at time t. For technical reasons,it is conveniert to label
the possiblepositions of a card asx = 3;3;:::;nj 3 (rather than as0;1;:::;nj 1, for instance).

That is, %(} )2 f3;3;::5n 0.
Fix acard} and follow it. According to the dynamics of the whole chain, } performsa lazy random
. - 1 . .
walk onf1;3;:::;nj g, with probability I of moving to the left and the sameprobability
I

of moving to the right (except at the boundaries,wherethe probability of an illegal move is replaced
by 0). Temporarily call this random walk's transition matrix P. It is easyto verify that the left
eigervaluesof P are fucgpl;' where

KX
Uk (x) = cos ;

with corresponding eigernvalues
M "

k= 1 1j cos%

ni

(Usethe addition and subtraction formulas for cosine.) Theseeigernvectorsgiverise to eigenfunctions
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©;y (¥ = uk(¥4} )) which satisfy

E(Ok; (Y1) %) Uk (X)P (%} );x)

(uP)(%(} )
L kU (%G ) = L kO (%4)

asdesired. Now, we are interestedin the second-largeskigervalue, which herecorrespondsto k = 1.
Sode ne

YL} )

n
In principle, we might think of studying all the ©, 's as} rangesover the cards of the dedk. With
an eye to future dewelopmerts, however, a better ideais to "X an arbitrary subsetRed %2 dek and
de ne

© (%) = cos

X
©) = © (%3
}2 Red
wherethe dependenceon the choice of red cardsis implicit. Both © and ©; are eigenfunctions,with

E(©(%+1)]%) = ,©(%) and
s ;

Ya %
1j — Yalj —:
ni 1 ! COSn =1 ons

,:,l:]-i

With © now de ned, we are ready to state the theorem which converts © into a lower bound on the
mixing time.

11.2 The lower bounds

Theorem 11.1 Supmse © is a function on the state space of a Markov chain with the property
that E(©(ti1)jxt) = (1 °)O(Xy), with E((¢©) 2jX;) = E((©O(Xt+1) i ©(X1))?jX¢) - R and
0< ° - 2j 2. Then the mixing time is at least

10g Omax + 3 l0g
i log(li °)

in the sensethat for valuesof t up to that value, the variation distance from stationarity is at least
1 2

This theorem actually follows (except for a slightly di®erent bound on °) from a more general
theorem which is relevant to the Rudvalis shu2e:

Theorem 11.2 Supmsea Markov chain X; hasa lifting (Xy;Y;), and that @ is a function on the
lifted state space suchthat E (3( X¢; V) j(Xt; Y1) =, 3 Xy;Y:), and suchthat j&( x;y)j is a function
of x alone;andalsoj, j< 1,° = 1j <(,) - 1=2, and E(3( Xts1;Yeer) i A X YOI2 (X ) -

R. Then the mixing time is at least

1092 max + 109 75
i log(1i °)

in the same senseas before.
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Pro of: Write 2 { = 3( X;Y), ¢8 =2, | 2, and @ { for the complex conjugate. By induction,
it follows that E(@ ;) = ,'2; sincej, j < 1, E(® = 0 at stationarity. Also E(¢2 j(Xi;Y)) =
(, i 1?2 and, writing

a,,,30, =a@4+a ¢a ®+a’ga +j¢a jz;
ECw® i i(XoY)) = 2@ F[L+ (i 17+ (i DI+ E(e j°jXy)
S A <) i 1+ R

Induction gives

EC @D "ot g0 1 I+ g and
Vare )= E@ ¢ 91 E@OEE )7 205120 ) 1 Ui (L) d e
t) — t t)1 t t 0 o s )1 | 55 2| 2<(’)'

Our assumption on <(, ) meansthe rst term is negative (because:(1i ,)1i ,"), Oleadsto
®,2<(,)i 1, Oandhence(,, °)', [2<(,)i 1T for all t) sothat

R R
Var(@ P
o) T 7
and soVar(®) - X at stationarity also.

We are now in a position to use Chebyshev'sinequality. To acheive a bound of 1§ 2 on the variation
distance, the appropriate estimatesare: at stationarity,

A s |
o R 2
P j2j, o - 5 (11.2)
whereas A s _ |
a a R 2
P j%¢i E®¢] 2 3
and so by the triangle inequality A s 1
: R 2
P j2¢j > 5 (11.2)
provided that s
. . R
JEG DI, 2 o5 (11.3)

If we can arrange (11.3), then (11.2) together with (11.1) will show that the variation distance from
stationarity is at least 1j 2. But weknow JE@ )j =, 'j®0j, j%oj(<( ) = j20j@i °).
The initial conditions are arbitrary so choosethem sothat j@ o] = 2 hax iS maximized. Finally,

substituting in (11.3) and solving for t showvs that mixing has not occured aslong as
3 .

i |Og 2 %:a max _ IOga max + %IOQ%
i log(Li °) i log(i *)

as claimed. [ |

Let us apply this theorem to the random adjacert transposition example. Recall that

X 1
©(%) = cos 3 )

12 Red
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where we must select Red % ded. In principle, di®erent choicesof Red (to make ©nyax bigger)

might have the side e®ectof making R bigger as well, which might worsenthe estimate. In actual
fact, though, whatever the choice of Red, we will havej¢®© j - %‘ and henceR = ;/ii (since the only
transposition that alters © is the swap of a red card and a black card, and this only changesone
term in the sum, by at most %/“). Soour best estimate will comefrom simply making ©nax aslarge
aspossible,in other words choosingasred cards every card which cortributes a positive term cos %

n
to ©.

. _ [ LT
Oncethis is done,we nd that ©ma, » constén. Recallalsothat ® = 1j | = nﬁ 1j cosZ v 2{;‘23;
so overall, the mixing time is

lognj const+ %log(2=8n 1
» gni 2 10g( )» —n3logn:
Y£=2n3 V¢

It is believed that the constart % is in fact the correct one.

11.3 An upper bound; lattice paths

Eigenfunction techniques can also be usedto 'nd an upper bound. To do so, it is helpful to
reformulate the permutation problem in terms of lattice paths.

Our lattice paths will be on the diagonally oriented lattice, i.e., Z? rotated by forty-'v e degrees,
moving from left to right. Thus, the two possiblemovesat ead step are north-east and south-east.
Given a permutation, we can encale it as a collection of lattice paths as follows. Fix a subsetRed.
At ead position X, if the card at position x is ared card, move up (north-east); otherwise move down
(south-east). As an even more abbreviated form, record the movesas a sequenceof bits (threshold
functions), with 1 for up and O for down. SeeDavid Wilson's illustration in (Wilson, 2001, p. 10).

For a "xed choice of red cards, the permutation obviously cannot be recovered from the lattice path
moves. However, number the cards from 1 to n, and successiely choosethe red cards to be: the

be recovered from the collection of all n lattice paths. (Indeed, in the bit interpretation, the value
of the card at position x is simply the number of bits at position x which are 1.) Hence\mixing to
within 2" can be acheived by requiring that every lattice path has\mixed to within 2=n".

In lattice path terminology, the Markov chain dynamics are the following: Pick three adjacert points
of the path uniformly at random. If the middle point is a local maximum or minimum (_ or %),
switch it with probability 1=2; if it is not a local extremum, do nothing. In the bit version, choose
a pair of adjacent bits and randomly either sort them or reverse-sortthem. In this context, we
consider the state spaceto be all lattice paths have a xed number a of up movesand b= nj a
down moves, so that the chain is irreducible. (So for the permutation case,a will range from 1 to

n.)

Here, the eigenfunctionis (after adjusting the coordinates in an appropriate way)

X2 Y
©(h) = h(x) cos—

X=j n=2 n

with the sameeigervalue as before,
3

Ya

=1j 1 cos—

''n i1l . n
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This time, to get an upper bound on the mixing time, the key obsenation is that © is discrete, so

P(©6 0)- E(©y)

©min
and the right-hand side can be computed as before. We apply this to the height di®erencebetween
two coupled paths to shaw that they must coalescewith probability 1 2 within
2+ 0(1) 4 ab
72 n®log —

steps.

Returning to card permutations, we can acheive coupling of the permutations with probability 1 2
as soon as every lattice path has coupled with probability 1 2=n. As a crude bound, ab - n?
uniformly, soit takesat most about

2 3 n2 6 3|
7" 1095 = zn’logn

stepsto ensuremixing. (The constart 6 is not optimal and (Wilson, 2001) improvesit to 2.)

11.4 Extensions

In the theorem proved here, from Wilson (2002), the Markov chain could be lifted to a larger chain
(X¢;Y:), aninnovation we did not needfor random adjacert transpositions. It is relevant for other
shu2es, notably the Rudvalis shu2e and variants, which will be very brie°y described. See(Wilson,
2002) for further details.

In the original Rudvalis shuze, at ead stagethe top card is randomly either swapped with the
bottom card or not, and then the ertire ded is rotated by putting the (possibly new) top card
on the bottom. In other words, either \swap and shift-left" or \swap". Two variants change the
possiblemovesto (1) \swap" or \shift-left" or (2) \swap", \shift-left", \shift-righ t", or \hold" (do
nothing).

In all casespy time t there hasbeena net shift of Y; cardsto the left, whereY; = t for the Rudvalis
shu2e and Y; is random for the variants. In all casesthe presenceof theseshifts would tend to make
the direct eigenfunction approad fail: the eigervalues are complex, and the eigenfunction values
tend towards a shrinking, narrow annulus { rather than concerrating at a point, with the result
that the variance becomestoo large. Howewer, retaining the value of Y; as part of the state space
(i.e., lifting the chain) allows us to introduce a phasefactor correction in the eigenfunction which
corrects for this e®ect. Eigenfunctions for the lifted shuzes take the form

3y (X3 V) = v(X¢(}))e?iz ()=

wherej?, (X¢)j = v(X¢(} )) dependsonly on the original chain, and Z(} ) = X(} )i Xo(} )+ Y;
(mod n).

Another alteration is to relax the requiremert of nding an actual eigenfunction. (For example,
j2 j above is no longer nec&ssaglyan eigenfunction, but it is the function that providesthe mixing
time.) Forshu2ing onthe ™ n£ " n grid, the boundary conditions make nding an exact eigervector
computationally ditcult. But an approximate eigervector can be good enough.

Lattice paths also have application in lozengetilings. Like permutations, lozengetilings can be
understood in terms of a family of lattice paths; now, howewer, it is necessaryto consider the
interactions between distinct lattice paths. (Wilson, 2001) also discussesthis and other Markov
chains.
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Lecture 12: Shutng by semi-random transp ositions and
Ising model on Trees

12.1 Shu?ing by random and semi-random transp ositions.

Shuzing by random transpositions is one of the simplest random walks on the symmetric group:
given n cards in a row, at ead step two cards are picked uniformly at random and excanged.
Diaconis and Shahshahani,in the 1980's, shaved that the cuto® for mixing in this random walk is
%n logn. Broder, using a strong uniform time argumert, has given the mixing time

éa = O(nlogn):
Open Question: Is there a coupling proof for this mixing time?

There are a few facts about this random walk. By the time tnlogn, with u < 1, the number of

cards untouched is with high probability bigger than “12i ", While at time t, the expectation of the

number of untouched cardsis n(1 i %)2‘. This shu2e was precisely analyzedin 1981, see[12].

Let fLygl; beasequencefrandom variablestaking valuesin [n] = f0;1;:::;nj 1gandlet fRygi;
be a sequenceof i.i.d. cards chosenuniformly from [n]. The semi-random transp osition shuze
generatedby fLg is a stochastic processf 3§gi., on the symmetric group S,, de ned as follows.
Fix the initial permutation ¥§. The permutation ¥ at time t is obtained from %§. ; by transposing
the cards at locations L; and R;.

One exampleis the cyclic-to-random  shu2e , in which the sequenced.; is givenby Ly = t mod n.

Mironov showed that Broder's method can be adapted to yield a uniform upper bound of O(n logn)
on the mixing time of all semi-random transpositions. Mossel, Peresand Sinclair proved a lower
bound of -( nlogn) for the mixing time of the cyclic-to-random shu2e. They also proved a general
upper bound of O(nlogn) on the mixing time of any semi-randomtransposition shuze.

Open Question: Is there a universalconstart ¢ > 0 sudc that, for any semi-randomtransposition
shu2e on n cards, the mixing time is at leastcnlogn ?

For this lower bound question there is no obvious reduction to the casewhere the sequence Lg is
deterministic, so conceiably the question could have di®erent answers for deterministic fL;g and
random fL;g. One hard caseis the following.

permutations are independen.

Another two casesmay give someillumination on the lower bound.

this situation is not a semi-random transposition shu2e as we de ned. This random walk gives
stationary distribution Y%aat the n-th step.

Case 2:At time t, let Ly = t mod n, R; is choosing uniformly from f1;2;:::;ng. This is a semi-
random transposition shuze.

Exercise 12.1 Prove that this random walk does not give the stationary distribution after n steps.
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12.2 Ising model on trees

gonsiderthe Ising model on the b-ary tree T, = T with r levels. The number of vertices n =
r

[0 D The cut-width is
W =rb:
Considerthe Ising model at temperature . Using graph geometry to bound é aswe learnedin the
last lecture, we get:
1 2
9
where g is the spectral gap. This means% is bounded by a polynomial of n.

AW

e o)

n

This Ising model have someother versionsof descriptionsin applications. For example,the mutation
model in biology and the noisy broadcast model.

In the mutation model, we imagine that the child's con guration is with 1 2 probability to be
the sameasits parent, and with 2 probability to be di®erert. We set spinsto a b-ary tree T, from
its root. ¥t is uniformly chosenfrom f+;ig . Then, scanthe tree top-down, assigningvertex v
a spin equal to the spin of its parent with probability 1 2 and opposite with probability 2. This
construction givesus a distribution on f; 1;1g™ . We prove that this is an Ising distribution.

Supposewe °ip a subtree of ¥; and get &as shavn in gure 12.4. If 0< 2 < 1=2, then

P(® _ *
PH 1i°?
This coordinates with the ratio of P (&) and P (%) in the Ising model, which says
P(% = g 2
P(%)
If weset  as )
i 2 = ; 12.1
¢ = i (12.1)

sincefor any two di®erent con gurations ¥and & we can always do seweral °ips to turn zinto &
the ratio of P(%) and P (& given in the mutation model is always the sameas given in the Ising
distribution. This provesthat the mutation model gives us the Ising distribution. Sometimeswe

Figure 12.1: Flipping a subtree

useanother parameter u= 1 22 instead of 2. By equation (12.1), we get

€1
M= @1

= tanh(")
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One thing we care about in the mutation model is how to predict the con guration of the ancestors
given the information of the children. Even more, can we predict the structure of the tree? There
are someresults addressingthese questions.

When 1j 22 < 1=Dh the expectedvalue of the spin at the root ¥, givenany boundary conditions 3/4@r<b)

decays exponertially in r. In the intermediate regime, where 1=b< 1j 22 < 1= b, this exponertial
decyy still holdsfor typical boundary conditions, but not for certain exceptionallpgundary conditions,
such asthe all + boundary. In the low temperature regime,wherelj 22 > 1= b, typical boundary
conditions imposebias on the expected value of the spin at the root %, At this low temperature
regime, the reconstruction of the con guration becomespossible.

We now intro duce another represenation for the Ising model, called the percolation represenation.
The mutation model can be represened as

)
3 . H HH . 2 = .
¥, = You: with probability 1 2 1 (12.2)

uniformly from f1;; 1g; with probability 22

If at someedges,the uniform distributed situation hasbeenchosen,then the children thereafter are
distributed uniformly at random. Thus those children can not do any help to predict the ancestor.
Soit is the sameasthe following model.

In the tree T, , we\cross out” ead edgeindependertly with probability 1j u. After this, if the root is
still connectedto the leaves,then the spinsat the leaveshelp to predict the spin at the root. Sothe
reconstruction fails if P(root connectedto the k-th level) ! 0,ask ! 1 . A necessarycondition
for this is bu- 1, which means1 22 - % Intuitionally , the condition for possiblereconstruction

should be (bp)* > ~ B¢, which givesus a hint for the results of the thresholds of root reconstructions.

12.3 Lower Bounds at low temp eratures

Figure 12.2: The recursive majority function

In order to "nd the lower bound of 1=g for low temperatures, we apply recursive majority to the
boundary spins. For simplicity we consider ‘rst the ternary tree T, seeFigure 12.2. Recursive
majority is de ned on the con guration spaceas follows. Given a con guration %; denote the
recursive majority value at v asm,. For leavesv, m, = %. If fmygis de ned for all of the children
u of w. Then, de ne my, by the majority of f m,g, where u take valuesin all of w's children.

Lemma 12.2 If u and w are children of the sameparent v, then P[m, 6 m,,] - 22 + 822
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Pro of: We have
P[my, 6 my]- P[3% 6 my]+ P[¥% 6 my]+ P[¥% 6 %]+ P[3% 6 %I

We will show that recursive majority is highly correlated with spin; in particular, if 2 is small enough,
then P[m, 6 %] - 422

The proof is by induction on the distance ™ from v to the boundary of the tree. For a vertex v at
distance* from the boundary of the tree, write p- = P[m, 6 %]. By denition po = 0- 422

For the induction step, note that if 3% 6 m, then one of the following everts hold:

2 At least 2 of the children of v, have di®eren 3svalue than that of 3, or

2 One of the children of v hasa spin di®erert from the spin at v, and for someother child w we
have m,, 6 ¥%,, or

2 For at least 2 of the children of v, we have ¥, 6 m,,.
Summing up the probabilities of theseeverts, we seethat p- - 3?2+ 62p-; 1 + Sp?i .- It follows that
p - 42?2, hencethe Lemma. [ ]

Let m = Myo0r. Then by symmetry E[m] = 0, and E[m?] = 1. Recall that

E(f)
f6const Var(f)

If we plug in f = m, then we get

E(m)
Var(m)
= E(m)

= :—ZLP(m(%) 6 m(&) ¢4 (12.3)

Where ¥2has the Ising distribution and &is one step glauber move from %

From Lemma 12.2, we know that if u and v are siblings, then P[m, 6 m,] - 22+ 82. Since
m(¥%) 6 m(& only when we update a leaf, and all the ancestorsof this leaf has two siblings with
di®erent valuesunder function m. So, for a ternary tree with height k, we have

P(M(*) 6 m®) - (22+ 83!
(3ej 27)ki 1
ni ¢ (12.4)

Sum up equation (12.3) and (12.4), we get the polynomial lower bound for é in the low temperature
case.

Note that the proof above easily extendsto the d-regular tree for d > 3. A similar proof also applies
to the binary tree T, wherethe majorit y function m is de ned asfollows. Look at verticesat distance
r for evenr. For the boundary vertices de ne my, = %. For ead vertex v at distance 2 from the
boundary, choosethree leaves on the boundary below it vi;vsy;vs (e.g. the rst three) and let m,
be the majority of the valuesm,, . Now cortin ue recursively.
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Repeating the above proof, and letting p- = P[m, 6 %] for a vertex at distance 2° from the
boundary, we derive the following recursion: p- - &+ 6(22)p; 1 + 3p?i ;- By induction, we get
p- - 42 (suppose? is small enougtt). If u and v are with sameewven distance from the boundary,
and have the sameancestorat distance two above them. Then, P[my 6 m,] - 42+ 2(4?2) = 122, It
follows:

P(M(#) 6 m(#®) - (122)°%°
(12ef 27)b5e
ni ¢

wherek is the height of the binary tree. This, asthe sameasthe ternary tree, givesthe polynomial
lower bound for é
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Lecture 13: Evolving sets

13.1 Intro duction

It is well known that the absenceof \b ottlenecks" in the state spaceof a Markov chain implies
rapid mixing. Preciseformulations of this principle, related to Cheeger'sinequality in di®ererial
geometry, have beenproved by algebraic and combinatorial techniques|3, 19, 17, 23, 14, 20]. They
have beenusedto approximate permanerts, to sample from the lattice points in a convex set, to
estimate volumes, and to analyze a random walk on a percolation cluster in a box.

In this lecture, we show that a new probabilistic technique, introduced in [25], yields the sharpest
bounds obtained to date on mixing times in terms of bottlenecks.

Let f P(x; y)g be transition probabilities for an irreducible Markov chain on a countable state space
V, with stq;;ionary distribution ¥4 For x;y 2 V, let Q(x;y) = Yx)P(x;y), and for S;A 2V, de ne
Q(S;A) = grs5a24 Q(s;a). For S%2V, the \b oundary size" of S is measuredby j@j = Q(S; S°).
Following [17], we call ©s = % the conductane of S. Write % := miny,y ¥(x) and de ne ©(r)
for r 2 [Ya; 1=2] by

O(r)=inffOs : %S) - rg: (13.1)

Forr > 1=2, let ©(r) = ©, = ©(1=2). De ne the 2-uniform mixing time by
n - n . .1 — (0]
OJ(Z) = ¢unif (2) ‘= min n :W_. 2 8x: y 2V -

Jerrum and Sinclair [17] consideredchains that are reversible (Q(x;y) = Q(y;x) for all x;y 2 V)
and also satisfy

P(x;x), 1=2forall x 2 V: (13.2)
They estimated the secondeigervalue of P in terms of conductance,and derived the bound
M 1 lﬂ
anit (2) - 2642 log -+ log (13.3)
) 2

We will prove (13.3) in the next lecture. Algorithmic applications of (13.3) are described in [30].
Extensions of (13.3) to non-reversible chains were obtained by Mihail [23] and Fill [14]. A striking
new idea was introduced by Lovfisz and Kannan [20], who realized that in geometric examples,
small sets often have larger conductance, and discovered a way to exploit this. Let k* j °k =

3 ,avit()i °(y)i bethe total variation distance, and denote by

n 0
a® =min n:kp"(x;9j Yk- 2foral x2V (13.4)

the 2-mixing time in total variation. (This can be considerably smaller than the uniform mixing
time ¢,(?), seethe lamplighter walk discussedat the end of this section, or x13.6, Remark 1.) For
reversible chains that satisfy (13.2), Loviszand Kannan proved that

Z 324

¢2(1=4) - 2000 du

O} =9
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Note that in general, ¢1(?) - ¢1(1=4)log,(1=?). Therefore, ignoring constart factors, the bound in
(13.5) is tighter than the bound of (13.3), but at the cost of employing a weaker notion of mixing.

The main result sharpens (13.5) to a bound on the uniform mixing time. SeeTheorem 13.9 for a
version that relaxesthe assumption (13.2). We usethe notation ®” =~ := minf®, g.

Theorem 13.1 Assume(13.2). Then the 2-uniform mixing time satis es
Z 4:2

4du
; (2) . —_ .
P C M e
More precisely, if 7
4=2 4du
N 1 du_. (13.7)
a0~ wyy) UG (U)
then T onroN Y, _
Py i Ay) =, (13.8)

YAy)

(Recall that ©(r) is constart for r | %.) This result has seweral advantagesover (13.5):

2 The uniformity in (13.6).
2 |t yields a better bound when the approximation parameter 2 is small.
2 |t appliesto non-reversible chains.

2 |t yields an improvemern of the upper bound on the time to achieve (13.8) when ¥{x); %{y)
are larger than Y.

2 The improved constart factors make the bound (13.6) potentially applicable as a stopping
time in simulations.

Other ways to measurebottlenecks can yield sharper bounds. One approad, basedon \blo cking
conductancefunctions" and restricted to the mixing time in total variation ¢;, is presened in [18,
Theorem 3].

Another boundary gaugeA is de'ned in x13.2. For the n-dimensional unit hypercube, this gauge
(applied to the right classof sets, see[26]) givesa bound of the right order ¢, (1=€) = O(nlogn) for
the uniform mixing time. Previous methods of measuring bottlenecks did not yield the right order
of magnitude for the uniform mixing time in this bencdmark example.

Theorem 13.1is related to another line of researd, namely the derivation of heat kernel estimates
for Markov chains using Nash and Sohlolev inequalities. For nite Markov chains, such estimates
were obtained by Chung and Yau [8], and by Diaconis and Salo®-Coste[13]. In particular, for the
special casewhere © is a power law, the conclusionof Theorem 13.1 can be obtained by combining
Theorems2.3.1 and 3.3.11 of Salo®-Coste[29]. For in nite Markov chains, Nash inequalities have
beendeveloped for generalisoperimetric pro les; seeVaropoulos[31], the survey by Pittet and Salo®
Coste[27], the book [32], and especially the work of Coulhon [10, 11]. Evenin this highly developed
subject, our probabilistic technique yields improved estimates when the stationary measureis not
uniform. Supposethat Ysis an in nite stationary measureon V for the transition kernel p. As
before, we de ne

‘) = 1 ) P - 165

Q(X’ y) - /A(X)p(X, y)v J@] - Q(S,S )i ©S - 1/(8) .




54

6/8<U<7/8

[

T
[
\
/

1/8<U<2/8

Figure 13.1: One step of the ewlving set process.

Dene ©(r) forr 2 [Y;1 ) by
O(r) = inffOs : %4S) - rg: (13.9)

For the rest of the introduction, we focus on the caseof nite stationary measure.

De nition 13.2 Evolving sets. Given V;%Y.and Q as alove, consider the Markov chain f S, g on
subsetsof V with the following transition rule. If the current state S, is S %2V, chooseU uniformly
from [0; 1] and let the next state S, be

S=1fy:Q(Sy)., UXy)g:

Conseajuently, 3

P(y298) =P Q(Syy), UAy)

_ QY.

y)

Figure 13.2 illustrates one step of the evolving set process when the original Markov chain is a

randomwalk in a box (with a holding prokability of %). Since %is the stationary distribution, ; and

V are absorbingstatesfor the evolving set process.
3 7 3 ’

(13.10)

3

Write Ps ¢ =P ¢ Sy=S andsimilarly for Es ¢ . The utility of evolving setsstemsfrom
the relation Yy)
oy — 7AY
Pn(xv y) - % Pfxg(y 2 Sn)

(see Proposition 13.11). Their connection to mixing is indicated by the inequality

P
Kin i Yk- YASn) " YASS)

wher 1, := p"(x; ¢); see [26] for a sharper form of this. The connection of evolving setsto conduc-
tance can be seen in Lemma 13.7 below.
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Figure 13.2: A box with holes.

Example 13.3 (Random Walk in a Box): Consider a simple random walk in an n £ n box.
To guarantee condition (13.2) we add a holding probability of % to ead state (i.e., with probability
% do nothing, elsemove as above). When 1=2 - u - 1, the conductancepro le satis es

a
©(u) , B

where a is a constart. Thus our bound implies that the 2 uniform mixing time is at most
Z 1=2 1
C:+ 4 —————du= O(n?);

which is the correct order of magnitude. Of course, other techniques such as coupling or spectral
methods would give the correct-order bound of O(n?) in this case. Howewer, these techniques are
not robust under small perturbations of the problem, whereasthe conductancemethod is.

Example 13.4 (Box with Holes): For arandom walk in a box with holes(seeFigure 13.4), it is
considerablyharder to apply coupling or spectral methods. However, it is clearthat the conductance
pro le for the random walk is unchanged (up to a constart factor), and hencethe mixing time is
still O(n?).

Example 13.5 (Random Walk in a Percolation Cluster): In fact, the conductance method
is robust enoughto handle an even more extreme variant: Supposethat ead edgein the box is
deleted with probability 1 p, wherep > % Then with high probability there is a connected
componert that contains a constart fraction of the original edges.Benjamini and Mossel[5] shoved
that for the random walk in the big componert the conductancepro le is suzciently close (with
high probability) to that of the box and deducedthat the mixing time is still O(n?). (See[22] for

analogousresults in higher dimensions.) By our result, this alsoappliesto the uniform mixing times.

Example 13.6 (Random Walk on a Lampligh ter Group): The following natural chain mixes
more rapidly in the senseof total variation than in the uniform sense.A state of this chain consists
of n lamps arrayed in a circle, eat lamp either on (1) or o® (0), and a lamplighter located next
to one of the lamps. In one\activ e" step of the chain, the lamplighter either switchesthe current
lamp or moves at random to one of the two adjacert lamps. We consider the lazy chain that
stays put with probability 1=2 and makes an active step with probability 1=2. The path of the
lamplighter is a delayed simple random walk on a cycle, and this implies that ¢;(1=4) = £(n?),
see[15]. Howewer, by consideringthe possibility that the lamplighter stays in one half of the cycle
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Figure 13.3: Random walk in a percolation cluster.

g

Figure 13.4: Random walk on a lamplighter group

for a long time, one easily veri es that ¢,(1=4) ., c¢;n® for someconstart ¢; > 0. Using the general
estimate ¢, (2) = O(¢1(2) log(1=Y4)) givesa matching upper bound ¢, (1=4) = O(n3).

13.2 Further results and pro of of Theorem 13.1

We will actually prove a stronger form of Theorem 13.1, using the boundary gauge
S

A(S) = 1 Es

S)
S)

instead of the conductance©s. The next lemma relates these quartities.

Lemma 13.7 Let; 6 S% V. If (13.2) holds, then A(S) , ©%=2. More geneally, if 0< ° - 1
02

and p(x;x) , ° for all x 2 V, then A(S) , a7 ©5-

Seex13.4 for the proof. In fact, A(S) is often much larger than ©§.
De ne the root proTe A(r) for r 2 [Ya;1=2] by
A(r) = inffA(S) : %4S) - rg; (13.11)

and for r > 1=2, let A(r) := As = A(%). Obsene that the root proTe A is (weakly) decreasingon
[Ya;1 ).
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For a measure! on V, write

A X 3y T2 X ay)2
A1 vy = %y) 1/(y) i1 = —1/(y) i 1: (13.12)
y2v 4y) oy AY)
By Cauchy-Schwarz,
o1 o o1 o
2k1 i :L/k: ) (¢) . 1o . oﬂ . 10 - A(l, 1/4: (1313)

W' T WO T L
We can now state our key result relating ewolving setsto mixing.

Theorem 13.8 Denotet!, = p"(x; ¢). Then A2(* ,;%) - 2 for all

Za= g,

av{x) uA(u) ’
Seex13.5for the proof.

Deriv ation of Theorem 13.1 from Lemma 13.7 and Theorem 13.8:

The time-reversal of a Markov chain on V with stationary distribution % and transition ma-
trix p(x;y), is another Markov chain with stationary distribution %4 and transition matrix p(¢ ¢
that satis es y)p(y;z) = Yz)p(z;y) for all y;z 2 V. Summing over intermediate states gives
z)p™(z;y) = Uy)p"(y;z) for all z;y2 V and m | 1.

P
Sincep"*M(x; z) = y2v p" (x; y)p™ (y; 2), stationarity of Yagives
3 ‘3

X
P (X 2) i W2) = PTGy i Ay) PT(Yi2) i Az) (13.14)
y2Vv
whence
(X 2) i YUz)Z
Y2) (13.15)
:X 3 /o "3 . c
- P (X;y) p" (z;y) -
= Yy) i1 i1 (13.16)
J2v ) ' ) !
Ap'(x ;% A P (z; 0% (13.17)

by Cauchy-Schwarz.

The quantity Q(S; S°) represetts, for any S %2V, the asymptotic frequency of transitions from S to
S€ in the stationary Markov chain with transition matrix p(¢ @ and henceQ(S; S°) = Q(S¢;S). It
follows that the time-reversedchain has the sameconductanceprole ©(¢ as the original Markov
chain. Hence,Lemma 13.7 and Theorem 13.8imply that if

Z 4= 2du

avx)n vy UG (W)

m;



58

and (13.2) holds, then
3 . 3

Apxo% - P2 and A p™(z;9;% - pi:

Thus by (13.17), - —
P2 i A=,
YAz) '

and Theorem 13.1is established.

In fact, the argumert above yields the following more general statemert.

Theorem 13.9 Supmsethat 0< ° - % and p(x;x), ° forall x2 V. If

(1i °)? Z 4= 4du
02

n, 1+ (13.18)

ax)~ wgy)) UCP(U)
then (13.8) holds.

To complete the proof of Theorems 13.1 and 13.9, it sutcesto prove Lemma 13.7 and Theorem
13.8. This is donein x13.4 and x13.5, respectively.

13.3 Prop erties of Evolving Sets
Lemma 13.10 The sequen@ f¥{S,)gn. o forms a martingale.

Pro of: By (13.10), we have
3 - X 3 -
E ]/(Sn +1 )_Sn ]/(y) P y 2 Sn +1 _Sn
y2Vv

Q(Sniy) = Sn):

y2Vv

[ |
The following proposition relates the nth order transition probabilities of the original chain to the
ewlving set process.

Prop osition 13.11 For alln, Oandx;y 2 V we have

P y) = % Prxg(y 2 Sn)
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Pro of: The proof is by induction on n. The casen = 0is trivial. Fix n > 0 and supposethat the
result holdsfor nj 1. Let U be the uniform random variable usedto generateS,, from S,; 1. Then

p" (% y) = p"i H(x; 2)p(z;Y)
z2V
X 1
= Pixg(z2 2 Snj 1) 123 p(z;y)
z2V
H 1
_ Ay) 1 .
- %Efxg %Q(Sni 11y)
_ Ay) .
- ]/(X) Pfxg(y 2 Sn)-

We will alsousethe following duality property of ewlving sets.

Lemma 13.12 Supmsethat f S,g, o iS an evolvingset process. Then the sequene of complements
fS5on. o is also an evolving set process, with the sametransition probabilities.

Pro of: Fix n and let U be the uniform random variable usedto generateS,.; from S,. Note that
Q(Sn;y) + Q(SE;y) = Q(V;y) = Yy). Therefore, with probability 1,
n 0
n+l y 1 Q(Sniy) < Uy)
n o}
y:Q(Shiy). (Li U)Ay) :

Thus, f Sg has the sametransition probabilities asfSyg, sinceli U is uniform. ]

Next, we write the A? distance between? ,, := p"(x; ¢) and ¥in terms of ewlving sets. Let f S, O o
and fe,g, o betwo independert [eplicas of the ewlving set process,with Sy = @y = fxg. Then
by (13.12) and Proposition 13.11,A?(% ;%) equals

X PrxoY 2 Sn)?
V(y)%i 1 (13.19)
y2Vv
h x 3 g i
1
= =5 YAY)Pixg fy2Shg\ fy2m,g i %x)? (13.20)
YAX) y2v
1 : ’
= ypztixe ASh\ Ea)i ASh)Yea) (13.21)

where the last equation usesthe relation ¥(x) = E4¢¥4Sn) = Etxg¥42n). De ne
s

g .= S S &

S¢  otherwise,

Lemma 13.13 For any two setsS;a 2V,

q___
JAS\ a) i US)Vr)j-  YS)Y(al)
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Pro of:
S\ 8) + YS°\ 0) = ¥(m) = YS)Ve) + US)YE);

and hence
JYAS\ 0) | YS)¥r)|j= S\ 1) i YUS)An)j:

Similarly, this expressiondoesn't changeif we replacea by =€¢. Thus,
JAS\ ®) i US)Ye)j = jAUSI\ =l)i wShyrl)
E/(S]) " Yal)j
Y{SY{al):

[ |
Apply this lemmainto (13.21), we obtain
A2 (R S v
A (1n;l/9 : 1/(X)2E 1/‘(Sn)l/‘(nn) ;
whence q
K0 k- ARy Sh) (13.22)

Ax)

13.4 Evolving sets and conductance prole: proof of Lemma

3
Lemma 13.14 For everyreal numbker ~ 2 [ 3;3], we have
p p
1+2 + 1 2 P—— _
5 ! Sl T2 1y 2=

Pro of: Squaring givesthe secondinequality and converts the rst inequality into
1+2 +1j 27+ 2 1 42. 41 7
or equivalertly, after halving both sides,
P 1i 42. 1 2°2;
which is veri ed by squaring again. [ ]
Lemma 13.15 Let X 3 g
‘s = myzv Q(Siy) " Q(S%y) - (13.23)

Then p
1 A(S) -

T+ 25+ 11 25

5 -1 ' i=2: (13.24)

Pro of: The secondinequality in (13.24) follows immediately from Lemma 13.14. To seethe rst
inequality, let U be the uniform random variable usedto generate$ from S. Then

Ps y2S U<} =10 0.

3
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Consequetly, 3 .
y)Ps(y 2 §jU < 3)= Q(Siy) + Q(S%y) " Q(Sy)

Summing overy 2 V, we infer that
3

Es %$) U< 1 = yS)+ 2%S) s: (13.25)

Therefore, R := ¥{$)=%4S) satis'es Es(RjU < %) =1+ 2 5. SinceEgR = 1, it follows that

Es(RjU, ) =1j 2 s:

Thus
~ P—
1i A(S) = E( RL _
_ E(RU< Y+ eCRU, 1)
- 2
q q
E(RiU< })+ E(RjU, 3)
2 1
by Jensen'sinequality (or by Cauchy-Schwarz). This completesthe proof. [ ]

Pro of: (Proof of Lemma 13.7) If p(y;y) , 1=2 8y 2 V, then it is easyto ched directly that
'g= Os forall S¥»LV.

If we are only giventhat p(y;y), ° 8y 2V, where0< ° - % we can still concludethat fory 2 S,

Q(S;y) " Q(S5y) . “y) " Q(S%y) . M—QQ(S";y):
Similarly, for y 2 S® we have Q(S;y) * Q(S%;y) , 1i"—f,Q(S; y). Therefore
20
[QESV " QASEV], -—=Q(S:S);
y2Vv I

whence' s , l:—e©s. This inequality, in conjunction with Lemma 13.15,yields Lemma 13.7. ]

13.5 Pro of of Theorem 13.8

Denote by K (S;A) = Ps(S = A) the transition kernel for the ewolving set process. In this section
we will useanother Markov chain on setswith transition kernel

YAA)
YAS)

R (S;A) = K (S;A): (13.26)
This is the Doob transform of K (¢ 9. As pointed out by J. Fill (Lecture at Amer. Inst. Math. 2004),
the processde ned by © can beidentied with oneof the \strong stationary duals" constructed in

9.

P
The martingale property of the ewlving setprocessLemma13.10,implies that ~ , Ib(S;A) = 1for
all S¥ V. The chain with kernel (13.26) represens the ewlving set processconditioned to absorb
in V; we will not usethis fact explicitly.
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Note that induction from equation (13.26) gives

Y(A)
" (S;A) = K"(S;A
(SiA) = 5 K" (SiA)
for every n, since
X
Rl (s;B) = R (S; A)R(A; B)
A
X w%B)
= K"(S;A)K (A; B
_ YB) o
= ) K" (S;B)
for every n and B %2 V. Therefore, for any function f,
R76 :
Bsf (Sy) = Es é(g))f(sn) ; (13.27)
where we write B for the expectation when f S, g has transition kernel . Dehe
q
, - v(sh)
BEREZCH I

and note that %S,) = Z} 2 when Z,, , P 2, that is, when ¥%(S,) - 1. Then by equations (13.27)
and (13.22), A(* n; %) - Byyq(Zn) and
H | M -1
Z 1/:(8 +1) Zna
E n+1 — E n
Z, " WS Za

049

Y{Sha1 )=
E@g—"""5 A (13.28)
v(Sh)

1i A(4Sn)) = 1i fo(Zn); (13.29)

where fo(z) := A(1=7%) is nondecreasing. (Recall that we de'ned A(x) = A for all real numbers
X, %.) Let Lo = Zo = Yx)i 172, Next, obsene that E((D is just the expectation operator with
respect to a modi ed distribution, pso we can apply Lemma 13.16 below, with B in place of E. By
part (iii) of that lemma (with £= " 2), for all

ZL[) ZL

2dz ° 2dz

"o T . ARG’

(13.30)

we have A(* ;%) - Efxg(zn) . # The changeof variable u = 4=7? shows the integral (13.30) equals

Z 4=s Z 4=

du du
aix) UA(U) gy UA(U)
This establishesTheorem 13.8.

Lemma 13.16 Letf;fo :[0;1) ! [0;1] be increasing functions. Supmwsethat fZ,g, o are non-
negative random variableswith Zg = L. Denote L, = E(Z,).
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R
(i) MLni Lner, Lnf(Lp) for all n, then for everyn , :LO Zf"% we havel, - +

(i) If E(Zn+1jZn) - Zn(@ i f(Zy)) for all n and the function u 7! uf (u) is convexon (0;1 ),
then the conclusion of (i) holds.

(i) If E(Zn+1jZn) - Zn(1j fo(Zyn)) for all n and f (z) = fo(z=2)=2, then the conclusion of (i)
holds.

Pro of: (i) It sutcesto shaw that for every n we have

Z LO
dz
: 13.31
g zf(z)’n (13.31)
Note that for all k , 0 we have
h i
Liss - Lk 1i f(Lk) - Ly T,
whence z z
Lo dz 1 “hedz_ 1 log Le .
L ZF(2) 7 f(Lk) (,, Z  T(Lk) Leksr ~
Summing this overk 2 f0;1;:::;ni 1g gives(13.31).
(i)  This is immediate from Jensen'sinequality and (i).
(i) Fix n, 0. We have
E(Zni Znv1), E[2Zaf(2Zn)], Laf(Ln); (13.32)
by Lemma 13.17below. This yields the hypothesisof (i). ]

The following simple fact was usedin the proof of Lemma 13.16.

Lemma 13.17 Suppmsethat Z , 0 is a nonnegative random variable and f is a nonnegative in-

creasing function. Then 3

E zf(2z) . 22

= o (E2);

B

Pro of: Let A betheevent fZ , EZ=29. Then E(Z1a¢) - EZ=2,s0E(Z1a), EZ=2. Therefore,
3 ’ 3 .
E zf(22)

E Z1a ¢f (EZ) %f (EZ):

5 B

13.6 Concluding remarks

1. The example of the lamplighter group in the introduction shows that ¢;(1=4), the mixing
time in total variation on the left-hand side of (13.5), can be considerably smaller than the
corresponding uniform mixing time ¢,(1=4) (so an upper bound for ¢, (9 is strictly stronger).
We note that there are simpler examplesof this phenomenon. For lazy random walk on a clique
of n vertices, ¢1(1=4) = £(1) while ¢,(1=4) = £(log n). To seea simple examplewith bounded
degree, consider a graph consisting of two expandersof cardinality n and 2", respectively,
joined by a single edge. In this case¢s1(1=4) is of order £( n), while ¢, (1=4) = £( n?).
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2. Let X, bea nite, reversible chain with transition matrix P. Write 1% := p"(x; §. Equation
(13.22) gives q

R 1 ] . 1 . A \n.
V(X)E /(Sh) pﬁ(l. A" (13.33)

A(l;(_l;l

Let f, : V I R be the secondeigenfunction of P and , ; the secondeigernvalue, so that
Pfa=,of2. Forx2V,demngf,:V ! Rbyfy(y)= %(y)i %y), wherezis the Dirac delta

function. We canwrite fo = ., &fy. Hence
anf(q)Z X anfx(ng
° ° . ° ° 13.34
ZCREET R e (13:34)
= &AL ;Y (13.35)
X
const¢max Arx:s (13.36)
const¢(1i Au)"; (13.37)

where the rst line is subadditivit y of a norm and the last line follows from (13.33). But

SR (93 SPhr(gs X o X
O tint A w0 RUIELe R0 (13.38)

Combining (13.37) and (13.38) gives, ] - c¢(1j Ax)" for a constart c. Sincethis is true for
all n, we must have , - 1 Ag, soAs is a lower bound for the spectral gap.
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Lecture 14: Evolving sets and strong stationary times

14.1 Evolving sets

Recall the de nition of uniform mixing time, ¢uni¢ (2) introducedin the previous lecture:

A Feey o ”

éonif (A= min t = 1/(;,) i I <2 8x;y2-

We usethe method of ewolving setsto nish the proof of the following upper bound for the uniform
mixing time.

Theorem 14.1 If the chain is reversibleand lazy (P (x; X) , % for all x 2 - ), then

2 1
unit (2) - 6&'09% (14.1)

Pro of: Let fS,g be an ewlving set processstarted at fxg corresponding to the Markov chain
with transition matrix P, and let fo,,g be an independert ewlving set processstarted at fzg
corresponding the reverseMarkov chain with transition matrix P. From the easyfact

X
P 2) = PUxy)PT(y;2)
y2-
and the detailed balance equations, we deduce
P*M(x;2) _ X P(xy) P"(z;y)
W), A AY)

y):

Now, from the previous lecture, we know that P(y 2 S,) = %}gxy) and it follows that

Prm(xz) _ X P(y2Sn)P(y2em)

Y{z) y2- Y4X) Y(z) ¢Ly)
_ 1 )
TR, stz
I S
- ME[/(Sn\ m)]:

Subtracting 1 from ead side of the above equation (recalling that %{S,) is a martingale) and taking
absolute values, we obtain:

P M (x; Z) | 1/<z>5_§ 1

= 1 L1 1 _
1/(z) 1/(X)1/(Z) E[/‘(Sn \ o m) I /‘(Sn) /‘(Q m )] (14.2)
Following from lemma 13.13, we get
P (x;2) | Y(2Z)— 1 q

. vial Yy gl y-
Yz) VOOAZ) ASn) AR m):
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Theorem 13.7 implies that

q
Eixg YASh)

(x)

©3 no?=
. (1| 7)n e n©g;=2

P
The sameinequality applies for &B%. Using this as well as the independenceof S, and o,

we obtain:
- - 49— 49—
P (x;2) i Wz)— Erxg YASn) Etzg YAPm)
Y(2) YAX) Y(z)
g n©2=2 g mo2=2
X))
i e(n+m)©§:2
:l/mm '
from which the theorem follows. [ |

14.2 Stationary stopping times

In this section, we de ne stationary stopping times and strong stationary stopping times, and give
seweral examples.

De nition  14.2 A random stoppingtime T for a chain X; is a stationary stoppingtime (starting
at x) if
Px(Xt 2 A) = YAA)

for all A% - andall x 2 -. The stoppingtime T is said to be a strong stationary stopping time
(starting at x) if
Py(XT 2 A; T = k) = YYA)P(T = k)

for all A, x and k.

To seethe connection between strong stationary times and mixing, note that if T is a strong sta-
tionary stopping time, then - -
. P'(xy)=
- i - _.
Y)
Averaging over the statesy 2 - weighted according to the stationary distribution, we nd

P(T > n):

i PY(X Qjitv - P(T > n):

We now give someexamplesof strong stationary times.

Example 14.3 Top to random insertion

Consider a ded of n cards. After successie time intervals, remove the top card from the dedk and
placeit in a uniform random position in the dedk. Let T be the rst time the original bottom card
in the dedk reachesthe top and is then randomized. Sinceall the cards below the original bottom
card are always in a uniform random order, it is easyto seethat T is a strong stationary time. By



67

consideringthe expected time for the original bottom card to move up a position onceit is in the
k™ postion from the bottom, and then summing over k, we obtain:

X1 g
ET = k+1» nlogn:
k=0

The following lemma and proof from [1, lemma 2] shaws that lim,; P(T > nlogn+ cn) - e °,

Lemma 14.4 Sampleuniformly with repla@ment from an urn with n halls. Let V be the number
of draws required until each ball has been selected at least once. Then P(V > nlogn + ¢cn) - el ©,
wherec, Oandn,k 1

Pro of: Let m = nlogn + cn. For ead ball b, let A, be the evert that the b™ ball is not selected

in the rst m draws. Then

X H 111 m

P(V >m) =P ([ bAp) - P(Ap) =n 1j "
b

nel ™" =@ ©
]

To seethat there is a cuto®at nlogn, considerthe everts A; (t) that the bottom j cardsarein their
original order at time t. The probability that the j card from the bottom has readhed the top in
time t-: = (1§ 2)nlogn is very small, soP'(Aj(t=)) i Y4Aj) » 1j Ji, For the proof of this fact, we
follow [1]. De ne T- to bethe st time whenthe card originally in the ! position (counting from the
top) is placed underneath the original bottom card. Obsene that P(Aj(t-)) , P(Ti Tj; 1> t2),
sinceT j Tj; 1 is distributed as the time for the card initially j™ from the bottom to reach the

top and be randomized. We prove that P(T j T;;1 5 t:) ! Oasn! 1, wherej is xed.
5

¢
Obsenethat E(Ti+1 i Ti) = i and Var(Ti+1 i Ti) = &f '11 % and sum over i to obtain

E(Ti T;) = nlogn+ O(n) and Var(T i T;) = O(n?). The claim now follows from Chehyshev's
inequality.

Example 14.5 Ri2e shu2e (Gilbert, Shannon, Reeds)

Break a dedk of n cards into two piles of size B(n; 1=2) and n j B(n;1=2). Then merge them

uniformly, preserving the order of the cards within ead respective pile. If the cards are labelled
with 1's and O's according to the cut, the resulting ordering gives a uniform sequenceof binary

bits. The reverseshu?e, which yields the same probability distribution, has the following simple
discription: assignall the cards uniform random bits, and then move the cards with 0's to the top

of the dedk preservingtheir order. After this processhasbeenrepeatedk times, ead card hasbeen
assignedk uniform binary bits. It is easyto seethat the relative order of two cards with distinct

binary sequenceds uniquely determined, and the rst time T that ead card has been assigned
a unique binary sequenceis a strong stationary time. SinceP(T > t) - % ¢2i ' it follows that

amit (3) -+ 2log,(n=2). A lower lower bound of the sameorder can be obtained by c0|'61puting the
probability that the resulting permutation contains an increasing sequenceof length 10™ n.

Remark 14.6 Consider the simple random walk on the cycle Z,,. The cover time, ¢ is de ned as
follows

The cycle has the property that for any starting state the distribution of X, is uniform o® the
starting position. This property is trivially true for the complete graph as well, and a remarkable
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theorem due to Lov§isz and Winkler [21] establishesthat these are the only two graphs with this
property. Note that there are other graphsthat have this property for somestarting states (e.g. a
star).
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Lecture 15: Hitting and cover times for irreducible MC and
Lampligh ter graphs

15.1 Relations of hitting time and cover time

In a Markov chain on a_niﬁe state space,we de ne to := maxap Ea(ép) to be the maximal hitting
time. De ne ty, = ty(a) := | Ea(én)¥4b), where %is the stationary distribution.

Theorem 15.1 ty, is independent of its parameter a.

For the proof, seethe \Random target lemma" (Lemma 29 in Chapter 2) in [2], or following the
exercise.

Exercise 15.2 Check that ty, is a harmonic function of a, which means

X
tlﬂ,(a) = P(a; Z)tlA‘(Z):

z

Since the only harmonic functions are the constant functions, t, is independent of a.

Let ,1, ,2, :::, ,n bethe eigervaluesof the transition matrix P. If the chain is reversible,
then i < 1fori, 2.

Lemma 15.3 X 1

t1/4: -

b1 Tl
Seethe \Eigentime identit y" in [2].
By lemma 15.3, we have: X
1 1
t1/4 = 1: - 1 (151)
>1 b i 1,2

In other words, ty, is at least the relaxation time.

Consider the cover time e, := max, ¢; On an n-state chain, i.e. the time required to visit every
state. The following result bounds the expected cover time.

Theorem 15.4 (Matthews bound)

1 1
Eaen + ta(l+ > + CCC+ ﬁ) » tylogn

of L. Then T, = e,.
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On the evert fJy 6 Lyg, we have Ty i Ty, 1 = O; and on the evert fJy = Tyg, wehave Ty j Ty; 1=
ELki 1(CJk)- So

EBa(Tki Tk i X000 X7, 0) = Lige=1,0BLy, 1 (é30)
1ka:|-kg ¢tu

Take expectations, we get:
1
Ea(Tki Tk 1) - taP(Jk=Lk) = e (15.2)

Summing over k givesthe desiredinequality. ]

On the torus Z9 for d , 3, this upper bound for Ee is also the asymptotic formula for Ee. See
Corollary 24 in Chapter 7 of [2]. For d = 2, Aldous-Lawler proved that for n £ n torus Z2, the
expectation is bounded by:

2 5 2 4 5 2

1/4n logn - Ee 1/4n log® n:
Dembo, Peres,Rosenand Zeitouni later proved that the upper bound is the asymptotic order:

4
Ee» —n?log’n
» 1/4 g

15.2 Lampligh ter graphs

Given a nite graph G = (V;E), the wreath product G® = f0;1g¥ £ V is the graph whosevertices
are ordered pairs (f;x), wherex 2 V and f 2 f0;1gY. There is an edgebetween (f ;x) and (h;y)
in the graph G” if x; y are adjacert in G and f (z) = h(z) for z 2 fx; yg. Thesewreath products are
called lamplighter graphs becauseof the following interpretation: place a lamp at ead vertex of G;
then a vertex of G” consistsof a con guration f indicating which lamps are on, and a lamplighter
located at a vertex x 2 V.

Figure 15.1: Lamplighter graphs

The random walk we analyze on G* is constructed from a random walk on G as follows. Let
p denote the transition probabilities in the wreath product and g the transition probabilities in
G. For a 6 b p[(f;a);(h;b] = q(a;b)=4 if f and h agree outside of fa;bg, and when a = b,
p[(f;a);(h;a)] = g(a;a)=2 if f and h agreeo®of fag. A more intuitiv e description of this is to say
that at ead time step, the current lamp is randomized, the lamplighter moves, and then the new
lamp is alsorandomized. The secondlamp at bis randomizedin order to make the chain reversible.
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To avoid periodicity problems, we will assumethat the underlying random walk on G is already
aperiodic.

In the following paragraphs, we give bounds for the mixing time ¢;(2), the relaxation time ¢, and
the uniform mixing time ¢,(2) on this lamplighter graph G®. Recall the de nition of these three
mixing times:

1
‘rel = Max — 15.3
ae T a1 )i (15.3)
( X )
¢a(®)=min t: 5 ipcyY)i ()i 28x2G ; (15.4)

y

LRt
' L(y)

1

& (?) = min

Ya
28xy26G (15.5)

They satisfy the relations
el - al®) - wl:

Let fG,hg be a sequenceof transitiv e graphs and let G;, be the lamplighter graph of G,. Suppose
ta(Gn) = o(Ee(Gp)) asn! 1 . An exampleis G, = Z9 with d, 2. The following three theorems
are given by Peresand Reelle.

Theorem 15.5 With the de nitions alove, as jGnj geesto in nity,

1 4a(Gh) 2
8log2 ta(Gp) log2

o(1): (15.6)

Theorem 15.6 Let fGLg be a sequene of vertex transitive graphswith jG,j! 1, and e, denote
the cover time for simple random walk on G,. For any 2 > 0, there exist constants c;; ¢, depending
on 2 suchthat the total variation mixing time satis es

[c1 + o(1)]Een - ¢(3Gy) - [c2 + o(1)]Een: (15.7)

Moreover, if the maximal hitting time satis es t. = o(Ee,), then for all 2 > 0,

o) Ee - a(Gl) - [+ oD]Ee,: (15.8)

Aldous [2] (Theorem 33 of chapter 6) shoved that the condition t, = o(Ee,) implies that the cover
time has a sharp threshold, that is e,=Ee, tendsto 1 in probability. Theorem 15.6 thus says that
in situations that give a sharp threshold for the cover time of G,, there is also a threshold for the
total variation mixing time on G, although the factor of 2 di®erencebetweenthe bounds means
that we have not proved a sharp threshold.

Theorem 15.7 Let fG,g be a segguene of regular graphsfor which jGnj ! 1 and the maximal
hitting time satis ests - KjGyj for someconstant K. Then there are constants c;; ¢, depending on
2 and K suchthat

C1iGni(&el(Gn) + 109jGnj) - w(® Gp) - C2iGnj(éa(Gn) + l0gjGnj): (15.9)
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Consider the 2-dimensionaltorus Z2.

8
tu(Zﬁ) » ?I’]2 logn
a

4
Ee(Z2) » ?nz log® n
A

Results for this caseare showed as the following theorem.

Theorem 15.8 For the randomwalk f X ;g on (Z2)", the relaxation time satis es

1 sal(@P)?) 16
Ydog2 nZlogn Ydog2

+ o(1): (15.10)

For any 2 > 0, the total variation mixing time satis es

a®(z)®) _ 8
== = 15.11
n'i n2 Iogz n 1/4 ( )
and the uniform mixing time satis es

w(®(Z3)°)

C,- 0

C3 (15.12)

for some constants C, and C$.

To seethe lower bound of equation (15.12), note that by the certral limit theorem,
P (lamplighter stays in lower half for time kn?) | c*
Let A bethe evert that all the lamps in upper half are o®. If kn? = ¢, (2 (Z22)7), then

P'(A) &

1+ 2 N 1/(A) N 2i n2=2

This leadto k ; C,n? with someconstart C,. So¢, (2 (Z2)%), Can“.

The factor of 2 di®erencebetweenthe upper and Iowlgr bounds in (15.8) comesfrom the question
of whether or not it sutcesto cover all byt the last * n sites of the graph. For many graphs, the
amount of time to cover all but the last = jG,j sitesis Ee,=2, which will be the lower bound of
(15.8). When the unvisited sites are clumped together instead of being uniformly distributed, it will
turn out to be necessaryto visit all the sites, and the upper bound of (15.8) will be sharp. In Z2,
at time (1 t)Ee, the setof unvisited points in high probability has holesof radius > n*.

Pro of: [Proof of Theorem 15.5] For the lower bound, we will use the variational formula for the
secondeigervalue:
. E(I, 1 )

1i j.2j= min
i), 2l “wvar> 0 Var'

; (15.13)

For the lower bound of (15.6), we use(15.13) to show that the spectral gap for the transition kernel
p' is bounded away from 1 whent = t,=4. Fix a vertex 0 2 G, and let ' (f;x) = f(0). Then
Var' = 1=4 and by running for t steps,

X
B )= SELO) T O = 5 C(05PlTo < 1
x2G



73

where?® is the stationary measureon G, and f»g is the stationary Markov chain on G”. For any t,
ExTo " t+ tn(1| Px[T0< t]).

For a vertex transitiv e graph, we have by Lemma 15 in Chapter 3 of [2], that

X
ter 2 O (X)ExTo:
x2G

P P
Let Eo = [ °(X)Ex andP. = | °(X)P(x). Then
tor 2EoTo - 2t+ 2ta[lj Po (T, < 1))

Substituting t = ts=4 yields

3
PO [TO < tu:4] * Z
We thus have
1i j, o=~ 4_1;
and so ¢
log4, (i J,2)):
which givesthe claimed lower bound on ¢; ¢ (G®).

For the upper bound, we usea coupling argumert from [6]. Supposethat ' is an eigenfunctionfor p
with eigervalue | ,. To concludethat ¢ ¢ (G®) - % it suxcesto show that , 2* . 1=2. For

a con guration h on G, let jhj denote the Hamming length of h. Let

M = supl (X¥) i " (@X)]
fig:x ifig

be the maximal amount that * can vary over two elemens with the samelamplighter position. If
M = 0,then" (f;x) dependsonly on x, and soA(x) = ' (f;x) is an eigenfunction for the transition
operator on G. Since¢ ¢ (G) - ta (see[2], Chapter 4), this would imply that j, ?"j . e 4 Wemay

thus assumethat M > O.

Consider two walks, one started at (f ;x) and one at (g;x). Couple the lamplighter componert of
ead walk and adjust the con gurations to agreeat ead site visited by the lamplighter. Let (f % x9
and (g% x9 denote the position of the coupled walks after 2t, steps. Let K denote the transition
operator of this coupling. Because' is an eigenfunction,

2o = sup P (FX) i P (G X))
’ fig:x ifig
X o[£ 0O RN 20,
- sup KZtu[(f,g,X)l (f O,QO,XO)]J (f lxogl (ngO)Jf | gq
f;g;XfD;QO;XO Jf | gC] Jf i g
0.
M sup E!f _' goj:
fgx i 0

But at time 2t,, ead lamp that contributes to jf | gj has probability of at least 1=2 of having been
visited, and so Ejf °; g9 - jf i gj=2. Dividing by M givesthe required bound of | gt" - 1=2. ]
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Lecture 16: Ising Mo del on Trees

16.1 Detecting .

Given a Markov chain on "nite state spacewith transition matrix P, supposewe have found an
eigenfunction Pf = f . We'd like to know how to chedk whether , = , ,, the secondlargest
eigervalue.

Recall that the chain is a monotone systemif there is a partial ordering - on the state space,suc
that for any statesx - y, there is a coupling (X;Y) of the probability measurest, P and P with
the property that that X - Y. Note that if f is a function on the state spacewhich is increasing
with respect to this partial ordering, then monotonicity implies that for any x - vy,

Pf (x) = Ef (X) - Ef(Y) = Pf(y)

hencePf is alsoincreasing.

Lemma 16.1 In the monotone and reversiblecase (e.g. the Ising model) the equation

Pf = gf

B

has an increasing solution f .

Pro of, Let ffigL; bea basisof eigenfunctionsfor P. Sincethe strictly increasingfunctions of mean
zero ( fd¥%= 0) form gh open subset of the set of all mean zero functions, we can nd a strictly
increasingfunction h= af; with a; = 0;a, 6 0. Now considerthe sequenceof functions

o H T
hm:’izmpmh: afo + 2! fi:
i=3 2

By monotonicity, hy, is increasingfor each m. Since, , > j, jj for i , 3, the sequenceh,, corverges
to apf, asm! 1, and hencef, is increasing. [ |

The corverse holds as well: if Pf = f and f is increasing and nonconstart, then , = | ,. See
Serban Nacu's paper in PTRF, \Glaub er dynamics on the cycle is monotone." Proof sketch: If
Pfo =, ¢d2and Pf = f with both f;f, increasing,and, 6 |, onecan usethe FKG inequality
to shav ff,d%> 0, contradicting orthogonality.

Open Question: Find other criteria that imply , = , » (in the absenceof monotonicity).

16.2 Positiv e Correlations

A probabkyjlity meagyre® en partially orderedset- has positive correlations if for any increasingf ; g
we have fgdt, fdt gdt.

Lemma 16.2 (Chebyshev) If - is totally ordered, then any probability measure * has positive cor-
relations.
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Pro of: This was the “rst historical use of a coupling argumenrt. Given increasing functions f, g
on -, and random variables X ;Y with distribution !, the events f (X) - f(Y) and g(X) - 9o(Y)
coincide, hence
()i FONaX)i oY), O
Integrate d* (x)d? (y) to get
z z Z

fFegtgdr(x) i F)dt(x)  gy)dt(y), O

Lemma 16.3 (Harris Inequality) Any product measure with independentcomponentsthat are totally
ordered has positive correlations, using the coordinatewise partial order on the product.

Pro of: It sutcesto ched that if 1; has positive correlationson - ; fori = 1;2,then1; £ 1, has
positive correlationson - ; £ - 5. If f;g are increasingon the product space,we have
ZZ Z -7 V4 ,
f(x;y)a(x; y)dt1(x)dr2(y) f(x;y)d* 1(x) g(x; y)dt 1(x) d*2(y)
ZZ ZZ
fdt 1d12 gdl 1d12:

B

16.3 Glaub er Dynamics

Considerthe Ising model on a nite graph G. Denoteby - = f+;ig © the setof spin con gurations.
Starting from a xed con guration %; run the Glauber dynamics using a systematic san: Fix an
ordering of the vertices, and update in this order. So there is no randomnessinvolved in how we
choosethe verticesto update. We update using uniform i.i.d. U; 2 [0; 1] in order to get a monotone
system.

Lemma 16.4 No matter what the initial con guration % if 1 is the distribution after t steps,then
1 has positive correlations.

Pro of: Starting from %, the new state ° can be written ° = j( Ug;:::;Uy) with j @ [O;1] ! -
increasing. Given increasingfunctions f ;g on -, the compositionsf i and g+j areincreasingon
[0;1]'. By Lemma 16.3 we obtain

Z Z
fgdty = (f £i))(gxj) dU;:::dy;
4 4
, f i dUp:::dUy  gzj dU;p:::dy;
VA A
= fdlt gdlt:

Now supposeour underlying graph G is a regular b-ary tree of depth r. We determine the outcome
of an update at a vertex v by a Bernoulli variable
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Yav: with probability 1 22

3y =
YT % with probability 22

wherew is the parent of v.
The parameter 2 is related to the inversetemperature ~ by — = € % .

The rest of this chapter is concernedwith answering the following questions: Under what conditions
on 2 do we get order nlogn mixing for the Glauber dynamics, and under what conditions do we get
order % spectral gap, wheren = 1+ b+ :::+ IJ is the number of verticesin the tree? The answer
to both questionsis: if andonly if £ := 1 22< pl_B

Remark A di®eren transition occursat £ = % When do the spins at depth k a®ectthe root? For
path coupling, we need
(b+ )£ = (b+ 1tanh(") < L;

or £ < b%l This can be improved to £ < % using block dynamics (update small subtrees at

random).

+

For the spectral gap, one direction is easy If £ > 91—5 we get a gap < ni i * using the variational
principle with test function X
Sk(%) = Y-
level(v)= k
This gives
E(Sk X Sk) 3 1 .
Var(Sk) Var(S)'

gap-
To estimte the variance, usethe fact that
E?/AQ/:’VQV = £ dist( V;W):
SeeBerger-Kenyon-Mossel-Reresfor the calculation.

In the casef < 91—5 we will get boundson the mixing time and spectral gap by proving a contraction
in block dynamics. The trick is to usea weighted metric, with weight p% at level j. Soa spin defect
at level j cortributes p% to the distance. Givesa cortraction in block dynamicsif £ < #t-.

A correlation inequality is neededto prove the cortraction. In any tree, given boundary conditions
(‘xed spins) "

E (% =1)i E(%i% =11 E% =10 E(%i% =i 1) (16.1)

where E- denotesexpectation conditional on the boundary conditions. In words, the e®ectof a °ip
is maximized whenthere is no conditioning. The sameis true if the boundary condtions are replaced
by an external "eld. We know that all of this holds for trees, but the corresponding questionsare
open for arbitrary graphs!

To prove the cortraction in block dynamics, start with a singledefect¥{u) = +1, ¢(u) = i 1at level
*. In our weighted metric, d(% %) = (pl—B) . Choosea directed subtree (block) T of height h. If T
contains u, we can remove the defect. Sincethere are h blocks containing u (one for ead ancestor

of u removed by h or fewer generations)the distance decreasesy (91—5)\ with probability 2.
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The distance increasesif T is rooted at a child of u. There are b such blocks. In this case,we use
the correlation inequality (16.1) to remove all boundary conditions other than u. Then the expected
increasein distanceis at most

T b =2

HE (p=) " - ——p=

i=1 ( b) 1i £ b

The distancealsoincreasedf T is rooted at the ancestorexactly h+ 1 generationsabove u. A similar
calculation appliesin this case.

Putting things together, the total expected changein distanceis

1M opti=2 o
E(d(%¢) i d(#¢D) - = Ty (h+ 1)b =2
]

1

n
Taking the block height h suciently large, we obtain
i cb =2

E(d(%¢) i d(#¢9) - = Laee);

for somepositive constart ¢. By path coupling, we concludethat the block dynamics have mixing
time O(nlogn) and spectral gap O(%).

To get a result for the single-site dynamics, use horizontal censoringlines spacedby h. Shift the
censoring lines after running for a while, to get rid of boundary e®ects. The censoredsingle-site
dynamics, run for a long time, closely approximate the block dynamics, which corntract. So the
censoredsingle-site dynamics also cortract.

16.4 Censoring Inequalit y

To get a cortraction for the uncensoredsingle-site dynamics, we will usea \censoring inequality" of
Peresand Winkler.

R R
Write t 1 © jf © stochastically dominates?® (i.e. fdt - fd° for all increasingfunctions f)

Theorem 16.5 (Peres-Winkler) For the Ising model and other monotone systems, starting from

i Vv o 0% 0 Vv

In words, censoringupdates always brings the distribution further away from stationarity.

The proof relies on monotonicity. The analogousquestion is open for nonmonotonesystemslik e the
Potts model.

Given a spin con guration ¥ a vertex v and a spin s, denote by 32 the con guration obtained from
%by changing the spin at v to s. Write % = f3§gs»s for the set of spin con gurations that are
identical to ¥aexcept possibly at v. Given a distribution *, denote by *, the distribution resulting
from an update at v. Then
(3
U2 %):

%)

(%= (16.2)
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Lemma 16.6 For any distribution 1, if , IS increasing, then 3+ is also increasing for any site v.

Proof: Denef :SY! R by

f (%) := max 1/(|):!2';!'% (16.3)
with the corvertion that f (%) = 0 if thereisno! 2 - satisfying! - % Then f is increasingon

SV, and f agreeswith =%, on -.

Let %< ¢ betwo con gurations in -; we wish to show that
1 1
2(#) - —L(¢): 16.4
AL REEVAO) (16.4)

Note rst that for any s2 S,
f(#%) - f(a);
sincef is increasing. Furthermore, f (¢7) is an increasingfunction of s. Thus, by (16.2),

S C R ) AR)

50wt T
X .sl/‘(sys)_x s‘()_l_v..
stf((a\l)]/l(%) s ( )J/( ) - ]/4(6)1

where the last inequality follows from the stochastic domination guaranteed by monotonicity of the
system. [ |

Lemma 16.7 For any !, © suchthat ; 7, Is increasing, and® * *, we have

IR I '
Proof: Let A= % : °(3) > ¥{%¥)g. Then 1, is increasing,so

X
i = (CHi AT =°(A)i A) - T(A)i AA) - it Y
Y2 A

Lemma 16.8 If the set of spins S is totally ordered, and ® and = are prokability distributions on
S suchthat € is increasing,and~ > 0 on S, then ®° ~

Pro of: If g is an increasing function on S, then by Chehbyshev's result on positive correlations
(Lemma 16.2) we have

AIE(S) = g(s)®§ §®(s)
X _ ®(s)
T a9 EEN0
= 7 g9 (s):
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Lemma 16.9 If i—/A is increasing, thent © 1, for all sitesv.

Pro of: This is immediate from Lemma 16.8. [ |

Pro of: [Proof of Theorem 16.5] Let * 0 be the distribution concerrated at the top con guration, and
1= (afily, fori, 1. Applying Lemma 16.6inductiv ely, we have that eat * '=Yais increasing, for
0- i- k. In particular, we seefrom Lemma 16.9that 11i 1o (1;; 1), = 1J,

If wedene °' in the samemanneras?!', exceptthat ©1 = °li 1 then becausestochastic dominance
persistsunder updates, we have ®' © 1! for all i; wheni = k, weget! 1 ° asdesired.

For the secondstatemert of the theorem, we apply Lemma 16.7, noting that °*=Yiis increasing by
the sameinductive argumert usedfor 1. ]
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