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LECTURER: YUVAL PERES.

SCRIBE: BERNARD LIANG

Definition 20.1: A metric space X is separable if there is a countable set D C X which
is dense in X. (Examples: R is separable. R" is separable; Q™ C R™ is dense.)
More generally, suppose (X, d) is separable, and so is (Y, p). Then (X xY,d,) is a metric
space for 1 < p < oo. We will focus on p =1, 2, oc.
(Note: dp((z1,51), (22,52)) = [d(z1,22)" + p(y1, y2)?P]/P; for p = o0, deo((@1, 1), (w2, 2)) =
max(d(z1, 22), p(y1,Y2)).)

Claim: (X *Y,d,) is separable. d; > d. This suggests that d; > d,Vp. In fact, d,

is monotone decreasing according to p. (Exercise: Show that for a,b > 0, (a? + b)Y/? is
decreasing in p.)
Let Dx be dense in X and Dy bedenseinY. Dx C X, Dy CY = Dx xDy C X xY.
For any ¢ > 0, * € X = By(r,e) N Dx # 0, and y € Y = B,(y,e) N Dy # 0.
Bi(x,5) x By(y,5) C Bi((w,y),¢) C By((w,y),€) (A B, ball uses the d, metric), since
dl((x17y1>7 (sz,yg)) <€ ThU.S, Ve > 07 (l’,y) € X x Y? Bp((l',y),E) 7& @

Theorem 20.2 (Weierstrass Approximation Theorem): The set of polynomials is
dense in C[a, b] with the max norm for @ < b in R. This result leads quickly to separability
of Cla, b].

Given f € Cla,b], find a polynomial P with || f —p||oc < §. Now approximate each coefficient
a; in the polynomial by a rational ¢; satisfying |¢; — a;| < smmpr Lhen for all ¢ € a, 0],

g —al'| < 2(n+1) =p =Y qt" = [p'(t) —p(t)] < 5. p is a polynomial with rational
coefficients. Q[t] is countable, since it is a countable union of countable sets. Important: the
powers must not be infinite.

Theorem 20.3: Any compact metric space is separable. More generally, a totally bounded
metric space X is separable.

Ve = + Elx1 e ,:Eg\’f]z with X = M, Bz, 7) = U;‘;l{x§’“)}f§1 is dense.

Suppose X is bounded and separable. Is X totally bounded? No, take X a countable and
discrete space.

Theorem 20.4: Suppose (X, d) is separable and Y C X. Then (Y, d) is separable.
Let E C X be countable and dense in X. Vk, ﬂ By(z,1) =X D Y. For x € E such that
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B, (z, 1) intersects Y, pick y(z) € Y in this ball. Write Aj, = {y,ix)}er and A = (2, Ax.
Then A is countable and dense in Y.
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