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Problem 9

(a) Clearly B + B’ is disjoint from A + A’, because otherwise we’d have an ele-
ment z in the intersection of the two sets. We'd have + = a +a = b+ b for some
a € A € Ab € B, € B'. But a < b and d < b so it is always the case that
a+a < b+, soit’simpossible for a+a' = b+b'. Now let z = A|B be the cut representing
—V/2 and 2’ = A'|B’ be the cut representing /2. More precisely, A = {a € Q : a < 0
and a> > 2}, B={be Q:b>00rb* <2} A ={de€Q:d <0ora? <2}
B'={V €Q:V >0and b? > 2}. We show that neither A + A’ nor B + B’ contain 0.

First consider A + A’. There are two cases. Suppose a € A,a’ € A',ad’ < 0. Since
a < 0 and ¢ < 0 we must have a + ¢’ < 0. Now suppose a' > 0 and a”? < 2. We
must a®> > a? = a? —a? > 0= (a+d')(a—a') > 0. Since a < 0, (a — @) is negative, and
so (a + a’) must be negative for the product to be positive. Thus we have that a + o’ < 0.
Therefore 0 ¢ A.

Now consider B + B’. There are similarly two cases. Suppose b € B,b' € B',b > 0.
Then we have b > 0 and &’ > 0 and so b+ ¥ > 0. Now suppose b > 0 and b*> < 2. We have
V2 >0 =0?—0>>0= (V' +b)()/ —b) > 0. Thus we must have (V' +b) # 0. Therefore, 0
is not in B + B’ either.

Therefore 0 is not in the union of A + A’ and B + B’, and so the union does not form
all of Q.

(b) Take x and 2’ as in part (a). We showed above that (A + A’) U (B + B') was
not all of Q. Thus the sum z + 2’ = (4 + A")|(B + B’) is not a cut, because by definition
(A+ A") U (B + B') must form all of Q. Since the sum of two cuts is not a cut in this
case, R is not closed under addition under this definition, and so this must be an incorrect
definition of addition.

(c) Let z =2’ = A|B be the cut representing 0. Here A is the set of rationals < 0.
Consider z-2' = (A- A)|rest of Q. A-A={r:Ja,d’ € A,r =a-d'}. Clearly A- A consists
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of only positive rationals. Therefore, the "rest of Q7 contains negative rationals, which
violates the condition that for a cut C|D,Ve € C,Vd € D,c¢ < d. Therefore we cannot
define multiplication as x - 2’ = (A - A")|rest of Q.

Problem 15

Recall that we are given x > 0 and n € N. We claim that y =l.u.b.(S), where
S ={s e R:s" <z} First we show that S is both nonempty and bounded above, and
then we show that y" can be neither greater than or less than x, and then that y is unique.

Clearly, 0" <, so 0 € S and thus S is nonempty. Now consider the number z = (I +1).
We claim that z is an upper bound for S. Suppose there is a number u that is greater than

z. Then . .
oo (G -5 () ()

by the binomial theorem. Now we simply extract one term from that summation and get

n n n xr\n—i n x\n—(n—-1) €T
B >;<z>(ﬁ) ><n—1)<ﬁ) T

Thus any number « which is greater than z is greater than x when taken to the nth power,
and therefore u is not in the set S. Therefore z forms an upper bound for S. Since S is
both nonempty and bounded above, by the completeness of R it has a least upper bound,
which we call y.

Now suppose y* > z. Let € = y™ — x. We know from exercise 14 that there exists a
number ¢ for which all u such that |y —u| < ¢ are such that |y" —u™| < e. Let h > 0 be less
than §. Then we have |y — (y — h)| < d and therefore that |y™ — (y — h)"| < €. Therefore
(y—h)™ > y™—¢€=xand so (y —h)" > x. But y — h is both less than y and greater
than x when taken to the nth power. Therefore it is an upper bound for S that is less vy,
contradicting the fact that y was the least upper bound for S. Therefore we cannot have
y" > .

Now suppose y" < x. Let ¢ = x — y". From exercise 14, we know that there exists a
number § for which all u such that |y — u| < ¢ are such that |y™ — u™| < e. Let h be
less than 6. Then |[(y + h) — y| < ¢ and therefore |(y + h)™ — y™| < e. This means that
(y+h)" <y"+e==xandso (y+h)" < z. Thus y+ h is a number greater than y for which
(y + h)™ < z. Thus y is not actually an upper bound for S, contradicting our assumption.
So we cannot have y" < x.

So we know we must have xr = y”. Now we show that y is unique. Suppose that 2" = z.



Then we have
0=2"— Z n—1—i z

This implies that one of the two factors above is 0. But the factor on the right, the
summation factor, is greater than 0, since both z and y are positive. Therefore, the left
factor is 0, and we have (z —y) = 0 and therefore that z = y.

Problem 16

(a) Observe the following facts which follow from the definition of z;. In general, zy

is the largest integer less than
10* — (N .

k—1
10* (x— <N+Zf—0>) — < 1.
=1

The proof is by induction on k.

Base case: © — N < 1, since otherwise N + 1 would be an integer less than x. And clearly
x— N > 0.Thus 0 < 10(z — N) < 10. Thus z, the largest integer less than 10(x — N),
must be a digit between 0 and 9.

Now assume that z,, ; is a digit between 0 and 9, and therefore that

Thus we have that

By definition, z,, is the largest integer less than

10™ (m— <N+”§f—0>> =10 (10m;<j <N+T§f—0> — f&;_ﬂ)) —
10 ([10’" ! (x— <N+Z o )] —xm_1>.

We know from the definition of z,,_; that

(o= (v ) )| o
(e (] )

and so x,, is the largest integer less than 10, and so must be a digit between 0 and 9.
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(b) We first consider the simpler case of 0.999... and then extend this to a general
case of N.x1xs...1,_1999... Let’s assume that the number x = 0.999... can be produced with
the given algorithm. We know that x is less than 1, because otherwise the digit before the
decimal point would be a 1 and not a 0. We also observe that x is greater than any number
terminating in a finite string of 9s ie. 0.9, 0.99, 0 999, etc. It is easy to see which numbers

generated these strings, namely - 75 = 0.9, 190 m = 0.99, etc. Thus we must have

av>z:10Z

But this is true for any arbitrary n, so we must have
00 9
9 -z
T > 0 _—1

Tni i
— 10¢ 1— 3

by the infinite geometric series sum formula. So we have

= 9
22 1o
an obvious contradiction. Thus it is impossible to produce the number 0.999...

Now consider the general case of a number x = N.zi25...7, 1999..., where x;_; is the
last digit that is not a 9, and the related number y = N.x xs...25_1000.... We can write
x as x = y + 0.00...0999... where the 9s start in the kth decimal place. We know that
> 0.00...0999... because otherwise the digit x;_; could be one greater. Thus we have

10k 1
9 I 9 1
y+ 10k 1 >x_y+000 -999... >y+z 10k—1+¢ =YyT 10k-1 ZI—OZ =y 10k—1’
i=1
the last step again using the infinite series sum formula. In short, we have
1
y+10k 1 >x—y+10k 1

which is impossible. So we cannot generate a number x as above which terminates in an
infinite string of 9s.

(c) Ifwe begin counting at 0 for simplicity, then the kth element of the set {N, N +

:160 n + E + m .}, call S, is N + Z -. Thus the decimal expansion of the kth

element is N.x123...24000.... This is Clearly less than or equal to N.xixsx3... since each
of the digits {xy1, Txyo,...} are each > 0. Thus the set is bounded, and N.xjzox3... is
an upper bound. So by Theorem 2, there exists a least upper bound for the set. Suppose
M .y1y2ys3... is the least upper bound for the set. Then for any k&, we must have M.y ysy3... —
Sk < N.xywoxs... — S = 0.0...00412g12.... Thus M and N, and the first £ digits of
M .y1ysys... and N.xix973..., must agree. But this is true for any £, and so we must have
M. y2y3... = N.x12923.... SO N.x12223... 18 the least upper bound for the set.
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Extra Problem

Suppose x € Q solves
2% + axt + 432 + a2 + gz +ag = 0,

with a; € Z. Let x = g, where p,q € Z,q # 0 and ged(p, q) = 1. We rewrite the equation
as
.'L'5 = —041'4 — 031'3 - CLQI2 —a1r — Qg

and substitute for x, giving

p5 = —q p4 a p3 a p2 a P a0
— = —Q4—7 —A3— — Q2— — a;— — al.
q° q* ¢ q?

Multiplying through by ¢° gives us
P> = —aip'q — asp’q® — asp’q’ — arpg" — aoq’.

Since all of ai,p,q € Z, the right-hand side of this equation is an integer. Each term has
a common factor of ¢, thus the right-hand side of the equation is an integer divisible by g,
and therefore the left-hand side must also be an integer divisible by q. Thus ¢|p°. But ¢
and p are relatively prime, and so it must be the case that ¢ = 1 or ¢ = —1. So we have
that z = p or x = —p, and in either case x € Z.



