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Abstract

We place ourselves in the setting of high-dimensional statistical inference, where the number of
variables p in a dataset of interest is of the same order of magnitude as the number of observations
n. More formally we study the asymptotic properties of correlation and covariance matrices under the
setting that p/n — p € (0, 00), for general population covariance.

We show that spectral properties for large dimensional correlation matrices are similar to those of
large dimensional covariance matrices, for a large class of models studied in random matrix theory.

We also derive a Marcenko-Pastur type system of equations for the limiting spectral distribution of
covariance matrices computed from data with elliptical distributions and generalizations of this family.
The motivation for this study comes partly from the possible relevance of such distributional assumptions
to problems in econometrics and portfolio optimization, as well as robustness questions for certain
classical random matrix results.

A mathematical theme of the paper is the important use we make of concentration inequalities.

1 Introduction

It is increasingly common in multivariate statistics and various areas of applied mathematics and
computer science to have to work with datasets where the number of variables, p, is of the same order of
magnitude as the number of observations, n. When studying asymptotic properties of estimators in this
setting, usually under the assumption that p/n has a finite non-zero limit, we often obtain convergence
results that differ from those obtained under the “classical” assumptions that p is fixed and n goes to
infinity.

A good example is provided by problems of portfolio optimization in quantitative finance. Typically, if
one is working with, say, the stocks making up the S&P 500 index over a period of a year, and recording
quantities daily, one will have to work with a data matrix of size roughly 250 x 500. For many “large”
portfolio optimization problems, the data matrices will have the characteristic that p/n is not very small.
Since covariance matrices (and their inverses) play a key role in solving a number of portfolio optimization
problems, and in particular Markowitz’s formulation (see e.g Campbell et al. (1996)), it is important to
understand how good our estimators are in this “new” type of asymptotics. This should help us assess the
quality of our empirical choices of portfolio and their proximity to the theoretically optimal ones. We refer
the reader particularly interested in these questions to Laloux et al. (1999) for an early and interesting
application of random matrix ideas to portfolio optimization problems.

The realization of the fact that there might be problems in estimating the spectral properties of large
dimensional covariance matrices when p/n is not small is not recent: the first paper in the area is probably
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Mar¢enko and Pastur (1967), where the authors studied the behavior of the eigenvalues of large dimensional
sample covariance matrices, for diagonal population covariance matrices, and with some assumptions on
the structure of the data. The surprising result they found was that, in the case of i.i.d data with variance
1, the eigenvalues of the sample covariance matrix X*X/n do not concentrate around 1 (the value of all
population eigenvalues), but rather were spread out on the interval [(1—+/p/n)?, (1++/p/n)?], when p < n.
Moreover their empirical distribution is asymptotically non-random. We note that this seminal paper is
much richer than just described, and refer the reader there for more details. A simple take-away message
is that when p/n is not small, the sample covariance matrix is not a good estimator of the population
covariance.

Since this result there has been a flurry of activity, especially in recent years, concerning the behavior
of the largest eigenvalue of sample covariance matrices (Geman (1980), Yin et al. (1988)), their fluctuation
behavior in the null case (Forrester (1993), Johansson (2000), Johnstone (2001), El Karoui (2003)) and
under alternatives (Baik et al. (2005), El Karoui (2007b), Paul (2007)), as well as fluctuation results
for linear spectral statistics of those matrices (Jonsson (1982), Bai and Silverstein (2004), Anderson and
Zeitouni (2006)). Even more recently, some of these results have started to be used to develop better
estimators of these large dimensional covariance matrices (Burda et al. (2004), El Karoui (2008) and Rao
et al. (2007)). We note also that from a statistical point of view, other approaches to estimation using
regularization have been taken, with sometime striking results (Bickel and Levina (2007), Ledoit and Wolf
(2004)).

As noted above, the random matrix results in question concern somewhat exclusively sample covariance
matrices. However, in practice, sample correlation matrices are often used, for instance for Principal
Component Analysis (PCA). A question we were asked several times by practitioners is how much of the
random matrix results would hold if one were concerned with correlation matrices and not covariance
matrices. Part of the answer is already known from a paper due to Jiang (2004), where he considered the
case of i.i.d data. The answer was that spectral distribution results as well as a.s convergence of extreme
eigenvalue results held in this situation. However, in practice, the assumption of i.i.d data is not very
reasonable, and in most cases, practitioners would actually hope to be in the presence of an interesting
covariance structure, away from the no-information case represented by the identity covariance matrix. In
this paper we tackle the case where the population covariance is not Id,, and show that classic random
matrix results hold then too, with the population covariance matrix replaced by the population correlation
matrix. This means that recently developed methods that make use of random matrix theory to better
estimate the eigenvalues of population covariance matrices can also be used to estimate the spectrum of
population correlation matrices.

As explained below, such results can be shown for Gaussian and some non-Gaussian data. A natural
question is therefore to wonder how robust to these distributional assumptions the results are. In partic-
ular, a recent paper (Frahm and Jaekel (2005)) and a recent monograph (McNeil et al. (2005)) make an
interesting case for modeling financial data through elliptical distributions. As explained in Frahm and
Jaekel (2005) and McNeil et al. (2005), this has to do with certain tail-dependence properties that are ab-
sent from Gaussian data and present in certain class of elliptically distributed data. As mentioned above,
understanding the spectral properties of sample covariance matrices with these distributions should help
us better understand the properties of empirical solutions to the classical Markowitz portfolio optimization
problem. This is one of the many applications these results could have. Though this paper does not deal
with this specific problem, we show in the second part of the paper that for elliptically distributed data
(and generalizations), the spectrum of the sample covariance matrix is asymptotically non-random, and
we characterize the limit through the use of Stieltjes transforms. In particular, the result shows that the
Marc¢enko-Pastur equation is not robust to deviation from the “Gaussian+” model usually considered in
random matrix theory (see Silverstein (1995) and Theorem 1 below for an example of those assumptions).
The result also explains some of the numerical results obtained by Frahm and Jaekel (2005). From a more
theoretical standpoint, our approach allows us to break away from models for which the data vectors are
linear transformations of random vectors with independent entries. Rather, what we need are concentration
properties for 1-Lipschitz (with respect to Euclidean norm) functionals of these data vectors. We note that
some of our results can be obtained when the concentration properties are limited to convex 1-Lipschitz
functions. Hence, our approach will show that some classical results in random matrix theory hold in



wider generality than was previously known. For instance, it shows that classical random matrix results
apply to data drawn, for instance, from a Gaussian copula (see Nelsen (2006)), under some restrictions on
the operator norm of the corresponding correlation matrix. We note that the Gaussian copula problem
appears to be quite far from what can be obtained using currently available results.

As it turns out, a central element of the proofs to be presented are the concentration properties of
certain quadratic forms. We make use below of a number of concentration inequalities, recent and less
recent. The usefulness of these inequalities in random matrix theory has already been illustrated, in another
context than what we develop below, in Guionnet and Zeitouni (2000). A very good reference on the topic
of concentration is Ledoux (2001).

The fact that we rely on concentration of quadratic forms for many of these results also yield some
practical insights about possible limitations of the models considered in the random matrix literature. In
particular, applying the concentration results to the standard random matrix models considered e.g in
Theorem 1 (or their generalizations in Theorem 2 with A\; = 1 in the notation of this latter theorem)
shows that the corresponding data vectors have norms (when divided by the square root of the dimension)
that are all almost equal. Similarly, one can show (see e.g El Karoui (2007a) for more details) that the
concentration results we need also imply that for standard models, the data vectors are almost orthogonal
to one another. More precisely, one can show that the maximum angle between data vectors goes to zero
almost surely. Before applying or using these random matrix results, and in particular the Maréenko-Pastur
equation, it therefore appears that practitioners should pay attention to these features of the data, by, for
instance, drawing histograms of the angles between data vectors and norms of the data vector divided by
the square root of the dimension. If those are not “concentrated”, there might be some doubts about the
quality of the fit of the standard models and about the relevance of the insights drawn from random matrix
results.

We now turn to the gist of our paper. In Section 2 we study the problem of spectral characteristics of
correlation matrices with data drawn from standard random matrix models. In Section 3, we characterize
the limiting spectrum of covariance matrices computed from data drawn from a generalization of elliptical
distributions. In terms of concentration results, Section 2 can be viewed as using concentration results
for the norm of the columns of the data matrices of interest. On the other hand, Section 3 relies on
concentration properties for the rows of the data matrices of interest.

2 On large dimensional correlation matrices

We recall that a correlation matrix is a matrix that contains the correlations between the entries of a
vector. So if R is the correlation matrix of the vector v,

_ cov (vs, v;) '
V/var (v;)y/var (v;)

We will naturally focus on empirical correlation matrices. We assume that we are given a sample of
data {yr}}_,, where y; € RP. Let us call 7.; = 1/n) ;_ yi; the mean of the i-th component of our data
vectors. We call s; the standard estimate of standard deviation of {y;}}_;, i.e

R;

n

1 _
si = Z(yk,i - y-,z‘)Z :

n—14%
=1

By definition, ﬁ, the empirical correlation matrix of the data, is

/(=130 (ki — 9-4) Ykj — F-5)
SiSj .

Rij =

These matrices play an important role in many multivariate statistical methods. In particular, in
techniques like Principal Components analysis, there are sometimes debates as to whether one should use
the correlation matrix of the data or their covariance matrix. So it is important for practitioners to have
information about the behavior of correlation matrices in high-dimension.



We now turn to our study of sample correlation matrices. The main result is Theorem 1, which says
that under the model considered there - related to the classical one in random matrix theory - results
concerning the spectral distribution and the largest eigenvalue pass without much modifications from
sample covariance matrices to sample correlation matrices.

Before we proceed, we need to set some notations. In the rest of the paper, we call Ct = {z € C
Im([z] > 0}. We call v’ the transpose of the vector v and use the same notation for matrices. We use
[||M]||2 to denote the operator norm of a matrix M, i.e its largest singular value. For positive semidefinite
matrices, it is obviously their largest eigenvalues. If Y is an n X p matrix, we naturally denote by Y; ; its
(i,7) entry and we call Y the matrix whose j-th column is constant and equal to Y,j. Finally, the sample
covariance matrix of the data stored in matrix Y is

L vovyw-v).

p:n—l

2.1 A simple lemma

The crux of our argument is going to be that correlation matrices can be represented as the products of
certain matrices, one of them being a covariance matrix. Hence, we will have solved our problem if we can
show that these other matrices are “not too far” from matrices we understand well, and if we can show
that “nothing” (as far as spectral properties are concerned) is lost when replacing them by these better
understood matrices. Before we state our main theorem and prove it, we state two results of independent
interest, on which we will rely in the proof.

Lemma 1. Suppose that M, is a p x p Hermitian random matriz, whose spectral characteristics (spectral
distribution F, or largest eigenvalue \1(M,)) converge a.s to a limit, and whose spectral norm is (a.s)
bounded as p — oo. Suppose that Dy, is a p X p diagonal matriz and that |||D, —1dy|||2 — 0 a.s. Then the
spectral characteristics of Dy M,D,, or D;IMPD;I have the same limit as that of M)y,.

Proof. The assumption |||D, — Idp|||2 — 0 implies that for p large enough, D, is invertible. Now

|’|Mp - DpMprmZ = |||Mp - Mpr + Mpr - DpMprH|2
< [[[Mpl[|2/[|Dp = 1dp| 2 + [[Dp — 1dp|[2[|[ Dp||[2]||Mp][|2 — 0 a.s

Using Weyl’s inequality (see Bhatia (1997), Corollary II1.2.6), i.e the fact that for Hermitian matrices A
and B and any i, if A;(A) denotes the i-th eigenvalue of A, ordered in decreasing order, |A\;(A) — A\;(B)| <
[||A — Bl||2, we conclude that

max Ak (Mp) — A (DpM,Dy)| — 0 as .
=1,..p

Because |||Mp]|]2 is bounded a.s, the two sequences are a.s asymptotically distributed (see Grenander and
Szegd (1958), p.62, or Gray (2002)). Therefore, if F},(M,) weakly converges to F, then F,(D,M,D,) also
converges to F.

1If Dy — 1Idy||]2 — 0, then [[[D,! —Idy||] — 0, too. So the same results hold when we replace D, by

D U

-
The previous lemma is helpful in our context thanks to the following elementary fact, which is standard
in multivariate Statistics.

Fact 1 (Correlation matrix as function of covariance matrix). Call C), the correlation matriz of our data
and S, the covariance matriz of the data. Call D,(Sy) the diagonal matriz consisting of the diagonal of
Sp. Then we have:

Cp = [Dp(Sp)] 7/ 8, [Dy(5,)) 7% .
Proof. This is just a simple consequence of the fact if D is a diagonal matrix
(DHD);; =d;;H;;d;; .
Note that Cp(4,j) = Sp(i,7)/+/Sp(i,4)Sp(j, 7) and the assertion follows. O
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As a consequence of the previous Lemma and Fact, we will deduce the asymptotic spectral properties
of correlation matrices from that of covariance matrices by simply showing convergence of the diagonal of
Sy, (or a scaled version of it) to Id, in operator norm.

2.2 Spectra of large dimensional correlation matrices

We are now ready to state the main theorem of this section.

Theorem 1. Suppose X is n X p matriz of i.i.d random variables with variance 1. Assume without loss
of generality that their common mean is 0. Denote by X; ; the (i,j)-th entry of X. Assume further that
E (|1X;,;]*(log(|X:,;1))*™¢) < co. Suppose ¥, is a p X p covariance matriz and call T, the corresponding
correlation matriz. Assume that |||Tp|||2 < K, for all p.

Call

o Y = XZII,/Q. Y is the observed data matriz. The n observed data vectors are stored in the rows of Y.

o Vi = XT}/?

Then the spectral properties of corr(Y'), the sample correlation matriz of the data, are the same as the
spectral properties of I’Il,/2(X — X)(X — X)F;,l,/z/(n -1 =Y -Y1)(Y1 —Y1)/(n—1).

In particular, the Stieltjes transform of the limiting spectral distribution of corr(Y') satisfies the Maréenko-
Pastur equation, with parameter the spectral distribution of I'y: namely, if Hy,, the spectral distribution of
Iy has a.s a imit H, if p/n has a finite limit p, and if my, is the Stieltjes transform of corr(Y'), we have,

calling wy, = —(1 —p/n)/z + (p/n)mu(2),

AH ()

1
wn(2) = wlz) a5, which satisfies — s =2 = p/ 1+ Aw(z)’

and w is the unique function mapping CT into CT to satisfy this equation.
Also, if the norm of FII,/2(X - X)) (X - X)F;,/Q/(n —1) has a limit in which T'), intervenes only through
its eigenvalues, the norm of corr(Y) has the same limit.

This theorem is related to that of Jiang (2004), which was concerned with I', = Id,, which would
amount to doing multivariate analysis with i.i.d variables, an assumption that for obvious statistical reasons,
practitioners are not willing to make. By contrast, here we are able to handle general covariance structures,
assuming that the spectral norm of I', is bounded. However, Jiang (2004) required only 4 moments and
we require a bit more. We explain in subsubsection 2.3.2 why it is so.

We note that the proof can actually handle cases where [||T'p||]2 grows slowly with p. We refer the
reader to Silverstein (1995) for more information on the Marcenko-Pastur equation. We note that the
paper Silverstein (1995) is an important strengthening of the result of Marcenko and Pastur (1967), dealing
in particular with non-diagonal covariance matrices.

Recent progress has led to fairly explicit characterization of the norm of large dimensional sample
covariance matrices - a fact that makes these results potentially useful in, among other fields, statistics. In
particular, results concerning limiting spectral distributions do not, in general, give any information about
the localization of the largest eigenvalue of the corresponding matrices. For many practitioners, and in
particular those dealing with Principal Components Analysis (see e.g Mardia et al. (1979)), it is important
to have this localization information. Our analysis, combined with recent results, allow us to characterize
the limit of the largest eigenvalue of sample correlation matrices in certain cases.

In particular, the following consequence for the norm of the correlation matrix can be drawn from the
recent El Karoui (2007b), specifically Fact 2 there (which is partly a consequence of a deep result in Bai
and Silverstein (1998)):

Corollary 1. Under the assumptions of Theorem 1, we have: if \1(I',) tends to the endpoint of the support
of H, and the model {I'p,n,p} is in the class G defined in El Karoui (2007b), then

eorr(¥)ll2 = inp — 0 a.s



where

1 P Ac
= —(1+2 dH(A
=2 (142 [ 2% ar )

”:/< Aco )QdH()\) ,co € 0,1/X(Tp)) -

P 1—Aco

Though the result might seem a bit cryptic (the conditions set forth in El Karoui (2007b) are a bit
complicated to describe), it basically says that if the largest eigenvalues of I', are sufficiently close to one
another (the precise mathematical meaning of this statement is contained in the assumptions made in El
Karoui (2007b)), then the largest eigenvalue of C), will converge to the end point of the limiting spectral
distribution of corr(Y). We insist on the fact that the quantities above (co and p, ) are fairly easy to
compute explicitly with a computer, making them relevant in practice. We refer the reader to El Karoui
(2007b) for more information about these problems, as well as examples of matrices I', for which the results
hold.

2.3 Proof of Theorem 1

The proof is in three steps. The first one consists in showing that to understand the spectral properties
of corr(Y), we need to focus only on the matrix Y{Y; (or (Y3 — Y7)'(Y1 — Y1)). Then we need a truncation
and centralization step for the entries of X. And finally, we use concentration of measures result to show
that indeed the diagonal of the corresponding covariance matrix converges in operator norm to the identity.
We postpone a formal proof of Theorem 1 to Subsubsection 2.3.5, where we put all the elements together.

2.3.1 Replacing ¥, by I'),

Since the correlation coefficient is invariant under shifting and (positive) scaling of random variables,
we see that for any diagonal matrix D with positive entries,

corr(Y') = corr(Y D) ,

since (YD), ; = Yi jdj;. In particular, for D we can use (diag(¥,))~"/2, which clearly has positive entries.

After this adjustment, the data matrix we will focus on, Y5, takes the form
Y; = XG , where G = 3}/*(diag(%,))"/? = 5/?D

and G'G =T',. Note in particular that since Iy, is a correlation matrix, its diagonal consists of 1-s. Because
G is not symmetric, it is in general not equal to /I',. So we need to explain why we will be able to rely
on existing random matrix results results, since e.g Silverstein (1995) requires the data to have the form

xxL2

Since G is similar to D'/ 22119/ *pY 2 all its eigenvalues are real and non-negative. Further, because
G'G = T, the eigenvalues of G are equal to the square root of the eigenvalues of I'). Because Ell/ 2
and D are invertible, so is E}O/ 2D. Therefore the spectrum of the matrix of interest, Y;Y>/n is the same
as the spectrum of X’XE,l,/zD?EIl;/2/n. Even though in general E,l)/zDgEIl,/2 # I'), they have the same
eigenvalues. Because the Marcenko-Pastur equation involves only the eigenvalues of the deterministic
matrix at stake, the limiting spectral distribution of Y5 Y5/n is the same as the limiting spectral distribution
of FII,/ .0.¢ F},/ 2 /n =Y{Y1/n. A similar conclusion applies to the largest eigenvalue, if it depends only of
I'), through its spectrum.

So in what follows, we just need to investigate corr(Ys) or corr(Y;) to understand corr(Y').

2.3.2 Truncation and centralization step

In this part, we show that we can truncate the entries of X, the n x p matrix full of i.i.d random
variables, at level \/n/(logn)(*€)/2 = \/n/8, and almost surely not change the value of corr(Y), at least



for p large enough. The same holds when the truncated values are then recentered. The conclusion of
this subsection is that it is enough to study matrices X whose entries are i.i.d mean 0 and are bounded in
absolute value by C'v/n/(logn)(1+)/2,

The proof is similar to the argument given for the proof of Lemma 2.2 in Yin et al. (1988). However,
because the term 1/(logn)*9/2 is crucial in our later arguments, and the author of Yin et al. (1988) gloss
over the details of their choice of §,,, we feel a full argument is needed to give a convincing proof, though
we do not claim the arguments are new. This is where we need a slightly stronger assumption that just
the finite 4-th moment assumption made in Yin et al. (1988). (Our problem is with Remark 1 in Yin et al.
(1988), which is not clearly justified. There also appears to be counter-examples to this claim. However,
it does not seem that (the full-strength of) this remark is ever really used in that paper, and the rest of
the arguments are clear.)

We have the following lemma, which follows closely Lemma 2.2 in Yin et al. (1988).

Lemma 2 (Truncation). Let X be an infinite double array of identically distributed (i.d) random variables.
Suppose X, is an n X p matriz of identically distributed random variables, with mean 0, variance 1, whose
entries, X;;, satisfy E (]1X;;]*(log(|Xi|))*"%) < oco. X, corresponds to the upper left corner of X.
Suppose that p/n has a finite limit p. Call T, the matriz with (i,7)-th entry Xijlix, j|<ym/(ogn)i+o/2-
Then

P(X,#T,i0)=0.

Proof. Because of the moment assumption made on X; j, we have, if we call f.(z) = z*(log z)

um+1
/ Iy |X7j]>ydy—2/ P(| X > y)dy < o0,

for any increasing sequence {uy, }o0_,
fily) = 0, s0

2(1—4-6)7

with ug = 0 and u,, — 00 as m — co. Now, when y is large enough,

/ " F)P(Xi | > y)dy = P(1Xi 5| > tmi1)(fe(tmr1) = fe(um)) -

m

Call v, = 2™ and upy, = \/vm/(logym)iTe. Note that Uy, 18 increasing for m sufficiently large.
Elementary computations show that, as m tends to oo, u? 1 (log um)?T2¢ ~ 22m—(2+2¢)  Consequently,
fe(tmai1) = fe(tm) ~ 3 x 22(m=1)_ Note that our moment requirements therefore imply that

(0.9}
Z 22mP(|Xi,j| > ’LLm) < 00 .
m=1
Now, for n satisfying v,,—1 < n < Y, we threshold X,,(i,j) at level u,,—1. (In what follows, 2p7,, should
be replaced by the smallest integer greater than this number, but to avoid cumbersome notations, we do
not stress this particular fact.) We have:

[e%e) n p

P(Xp#Thio)< Y P( |  JUUXnli, )] > um-1))

m=k Ym—1Sn<ym i=17=1

Ym 2pYm

P U U U XG> wm)

m=k Ym—-1<n<ym =1 j=1
) Ym 2pYm

= > P U 0%l > )
m=k i=1 j=1

<2p Z Y P(1Xi 5 > 1) = 8p Z 22"V P(| X 5] > 1) -

The right hand side tends to 0 when k tends to infinity and the left hand side is independent of k. We
conclude that
P(X,#T,i0)=0.



Lemma 3 (Centralization). Call TC,, the matriz with entries TCy(i,5) = Ty, (i,5) — ET,(i,5). Then
1
—|T, T, — TC,TCyll|l2 — 0 a.s .
n

Proof. The proof would be a simple repetition of the arguments in Lemma 2.3 of Yin et al. (1988), with
r=1/2and ¢ = (log n)_(l‘“)/2 in the notation of their papers, so we skip it. Note that their proof finds a
bound on the spectral norm of 7, T;, — TC TC,,. O

The centralization lemma (Lemma 3) guarantees that the spectral characteristics of G'TC)TC,G/n
are asymptotically the same as those of G'T),T,,G/n: this is a consequence of the fact that |||G|||3 = A1 (T})
is uniformly bounded, as well as Weyl’s inequality:

max |\ (G'TCLTC,G [n) — N(G'TLT,G) /n| < |||G'(TCLTCy, — TLT,)G /nl|l2
< |G GLNTCRTCr = T3 Tn) /nlll2 -

Therefore, the spectral characteristics of G'T'C! TC,G/n and those of T'V/2X! X,,T'V/2 /n = Y]Y,/n are
also asymptotically the same by the truncation lemma, since a.s I'V/2X/ X, T'V/2 /p = V27 T, TV/2 /n.

2.3.3 Controlling the diagonal in operator norm

Now that we have seen that a.s we can replace X,, by T'C,, without incurring any loss in operator norm,
we will essentially focus in the analysis on the matrices obtained by replacing X,, by T'C,,, since the results
will be a.s the same. Recall that the entries of T'C,, are bounded by Cv/n/(logn)(1*9)/2,

We turn our attention to showing that the diagonal of G’ X' X G/n is close to 1. We remind the reader
that G = X/2(Diag(3,))”"/? and assume wlog that C' < 2. As a matter of fact, since E (T,,(i,i)) —
E (X,(i,i)) = 0, [TCu(i,5)| < |Xn(i,5)| + 1, for n large enough, and since |X,(i,5)| < v/n/(logn)(1+9/2,
|TC,(i, )| < 2¢/n/(logn)(1+9/2 for n large enough. This shows that we can take C' < 2 wlog.

Lemma 4. Let us focus on S, = %)/2/)/2 = %G’X’XG, a quantity often studied in random matriz theory.
When p < n, we have

max
i=1,....,p

Sp(i,1) — 1‘ — 0 a.s
Proof. Let us first call W, = G'T'C} TC,,/n. We note according to results in the previous subsubsection,
|Sp(i,7) — Wp(i,1)| = |€i(Sp — Wpe| < [[[Sp — Wplll2 = 0 as .

Hence the result will be shown if we can show it for W),(4,1).
We call v; the ith column of G. Denoting M = X'X/n, we note that

Spli,i) = viMv; = || Xv;/v/nll3 .

Now consider the function f; from R™ to R defined by turning the vector x into the matrix X, by filling
first the rows of X, and then computing the Euclidean norm of Xwv;. In other words,

fi(z) = [ Xvill2 -

This function is clearly convex and 1-Lipschitz with respect to Euclidean norm. As a matter of fact, for
0 €10,1], and z,z € R",

fil0z + (1= 0)z) = (60X + (1 = 0) Z)vill2 < [[0Xvill2 + [[(1 = 0) Zvill2 = 0 fi(z) + (1 — 0) fi(2) .
Similarly,
[fi(x) = fi(2)| = [ Xvilla = [[Zvillo] < [[(X = Z)vill2 < [|X = Z|pllvill2 = [l = z[|2,

using the Cauchy-Schwarz’s inequality and the fact that |v;||3 = (G'G)(3,i) = I'(i,i) = 1. The same is
true when X is replaced by T'C),.



Because the T'C, (i, ) are independent and bounded, we can apply recent results concerning concen-
tration of measure of convex Lipschitz functions. In particular, from Corollary 4.10 in Ledoux (2001) (a
consequence of Talagrand’s inequality, (see Talagrand (1995) and Theorem 4.6 in Ledoux (2001))) we see
that for any r > 0, we have, if my, is a median of f;(TC,,),

P(|f{(TCy) —my,| > ) < dexp(—r?/(16C*n/(log n)1F))

In particular, since /W) (3,1) = f(T'Cy)/v/n, calling m;; a median of f;(T'C,)//n, we see that
P(|\/Wy(i,7) —mi| > 1) < dexp(—r?(logn)1+9 /160?) .

Finally,
P([max [\/W(i,4) = my]] > r) < dpexp(—r?(logn) 119 /(16C?)) ,

S0, since p < n, using the first Borel-Cantelli lemma, we see that

1r2?<)§7\ Wp(i,i) —m;;] — 0 as .

All we have to do now is show that the m;; are all close to 1. We call v,, = var (T'Cy,(¢, j)). Note that
vy, is independent of 4, j and v, — 1, as n — oo.
Since we have Gaussian concentration, using Proposition 1.9 in Ledoux (2001), we have

E ( Wp(i,i)) —m; ;| <8C/m(log n)~(+9)/2

and, since E (W, (i,4)) = |lvi||3vn = ['(i,7)vy, = vy, the variance inequality in the same proposition gives
2 2
64C
< vy — W,(i,i)) < —rvn .
0<v,—E ( P(sz)> = (log n)(l—i—e)
Consequently,
2
8C\/1 o 64C < my <ot 8C\/m ‘
(Iog n)(1+6)/2 (10g n)(l-i—e) ’ (log n)(1+e)/2

Therefore, max; |m;; — 1| = O(max(|1 — v,|, (logn)~1*9/2)) and we have

121?3);‘ Wy(i,i) — 1] — 0 a.s

We can therefore conclude that we also have

max |y/Sp(i,4) —1| = 0 as .
1<i<p

We now turn to the more interesting situation of a covariance matrix.

Lemma 5 (Covariance matrix). We now focus on the matriz

1 _ _
Sp = —= (V2 = 12) (Yo —V2) .

For this matriz, we also have

max [1/Sp(i,4) —1] = 0 a.s .
1<i<p



Proof. As before, we call I}, the equivalent of 5, computed by replacing X by T'Cy,.
Note that Y5 — Y5 = (Id,, — 111)Y5 = (Id, — 211)XG. Now S,(i,i) = v/ X'(Id, — 211") Xv;/(n — 1),
so the same strategy as above can be employed, with f now defined as

F() = F) = | (1dy — 1) Xl

This function is again a convex 1-Lipschitz function of z. Convexity is a simple consequence of the fact that
norms are convex; the Lipschitz coefficient is equal to ||v;||2||Id,, — 211'|||2. The eigenvalues of the matrix
Id,, — %11’ are (n—1) 1s and one zero. So its operator norm is 1. We therefore have Gaussian concentration,
when replacing X by T'C),. Also, we have the same bounds as before on max; [Sy(i,7) — Wp(4,7)|. All we
need to check to conclude is that E (W),(i,7)) — 1. By renormalizing by 1/v/n —1, we ensure that
E (W,(i,4)) = vy, and so we can conclude as before. O

2.3.4 A remark on |||(X — X) (X — X)/n—1]||2

We now turn to providing a justification for Corollary 1. This amounts to understanding the behavior of
the largest eigenvalue of (Y —Y) (Y —Y)/n— 1, which is slightly different than what is usually investigated
in the literature, namely §p =Y'Y/n, if say Y is assumed to have mean 0 entries.

Since in (statistical) practice, S, = (Y —Y)(Y —Y)/(n — 1) is almost always used, it is of interest to
know what happens for this matrix in terms of largest eigenvalue. Note that |||S, — gp\ ||2 does not go to 0
in general, so a coarse bound of the type |\ (Sy) — Al(gp)| <|[|Sp — §p|\|2 is not enough to determine the

behavior of A;(S)) from that of A\{(Sy).
However, calling H, = Id,, — 211/, we see that

Y -Y =H,Y.
Therefore, since o1, the largest singular value, is a matrix norm, we have

o1(Y = Y)/v/n < o1(Hp)o1(Y/v/n) = o1(Y/Vn)

since H,, is a symmetric matrix with (n — 1) eigenvalues equal to 1 and 1 eigenvalue equal to 0.
Now because Y'Y/n and (Y —Y) (Y —Y)/n — 1 have asymptotically the same spectral distribution,
calling [; the right endpoint of the support of this limiting distributions (if it exists), we conclude that

liminf o ((Y = Y)/vVn—1) > 1; .
Hence, when |||Y'Y/n]||a — I3, we also have
Y =) =Y)/(n—1Dlll2 = k.

This justifies the assertion made in Corollary 1, and more generally, the fact that when the norm of a
non-recentered sample covariance matrix (whose entries have mean 0) converges to the right endpoint of
the support of its limiting spectral distribution, so does the norm of the centered sample covariance matrix.

Finally, we note that when dealing with S, the mean of the entries of Y does not matter, so we can
assume without loss of generality that it is 0.

2.3.5 Proof of Theorem 1

We now put all the elements together and give the proof of Theorem 1.

Proof of Theorem 1. As noted in Subsubsection 2.2.1, corr(Y') = corr(Y2). So to understand the spectral
properties of corr(Y'), it is enough to study those of corr(Y2).
Let us call S, = (Y2 —Y3) (Y2 — Y2)/(n — 1) and Dg, = diag(S,). We have seen in Lemma 5 that

|HDSp —Idy|[2 — 0 as .
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Now, using the remark made in Subsubsection 2.3.4, and Yin et al. (1988), we have
11X = X) (X = X)/(n=Dlllz = 1+ v/p/n)?, as .
Since |||T'p]||2 is bounded, we have
11Splll2 < [IIT][[2/[1(X = X)"(X = X)/(n = D)]ll2 -

Therefore, |||Sp|||2 is a.s bounded, and the assumptions of Lemma 1 are verified.
Using Fact 1 and Lemma 1, we therefore have

|||Sp — corr(Ya)||]2 — 0 a.s .

Hence,
[||Sp — corr(Y)|]2 — 0 as .

Finally, as explained in Subsubsection 2.3.1, the spectral properties of Sp, when they involve only the
spectral distribution of G'G are the same as that of (Y1 — Y1) (Y1 —Y1)/(n —1). O

3 Elliptically distributed data and generalizations

We now turn our attention to the problem of finding a Marcenko-Pastur -type system of equations
to characterize the limiting spectral distribution of sample covariance matrices computed from elliptically
distributed data, and generalizations of these distributions. Our aim in doing so is severalfold. From
a statistical standpoint, one issue is to try and explain the lack of robustness in high-dimension of this
estimate of scatter, and to explain some of the numerical findings highlighted in Frahm and Jaekel (2005).
From a more mathematical point of view, elliptical distributions raise a question concerning data vectors
with a somewhat more complicated dependence structure than is usually investigated in random matrix
theory. Their study will therefore force us to confront this difficulty and show that our tools allow a
generalization of the results beyond elliptical distributions (and classical models).

Elliptical distributions are advocated as good models for financial data. We refer to Frahm and Jaekel
(2005) and to the book McNeil et al. (2005) for interesting discussions of the potential relevance of elliptical
distributions to problems arising in the analysis of this type of data. Naturally, the study of corresponding
covariance matrices is relevant to problems of portfolio optimization, where sample covariance matrices
are used to estimate the covariance matrix between assets. This latter matrix is key in these problems,
since the optimal portfolio weights depend on the assets’ covariance matrix in many formulations. Let us
mention at least two other properties that make elliptical distributions appealing in the financial modeling
context. The first is the tail-dependence properties that they induce between components of data vectors, a
property that in practice is found in financial data and cannot be accounted for by say multivariate Gaussian
data. Second, at least some of these distributions allow for a certain amount of “heavy-tailedness” in the
observations. This is often mentioned as an important feature in modeling financial data. By contrast, it
is sometimes advocated in the random matrix community that matrices with say i.i.d heavy-tailed entries
should be studied as models for those financial data, and in particular, returns or log-returns of stocks.
We find that these more simple heavy-tail models suffer at least from one deep flaw: in the case of a
crash, many companies or stocks suffer on the same day, and a model of i.i.d heavy-tailed entries does not
account for this, whereas models based on elliptical distributions can. Besides the particulars of different
models, it is also important to notice that the limiting spectra will be drastically different under the two
types of models and the behavior of extreme eigenvalues is also very likely to be so. Before we return to
our study, we refer the reader to Anderson (2003) and Fang et al. (1990) for thorough introductions to
elliptical distributions.

We are therefore particularly interested in problems where we observe n i.i.d observations of an ellip-
tically distributed vector v in R?. Specifically, v can be written as

v=pu+ \'r,
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where p is a deterministic d-dimensional vector, A is a real-valued random variable, r is uniformly dis-
tributed on the unit sphere in R? (i.e ||r|l2 = 1) and T' is a d x p matrix. We call S = I'T’. Here S, a
d x d matrix, is assumed to be deterministic, and A and r are independent. We call the corresponding data
matrix X, which is n X d, i.e the vectors of observations are stacked horizontally in this matrix. We will
assume below that n/p and d/p have finite limits.

As it turns out, the models for » we can handle allow for more complicated dependence structure than
the one induced by a uniform distribution on the unit sphere in R?. So for r we will focus on random
vectors whose distribution satisfy certain concentration of measure properties. For more details we refer
the reader to Subsection 3.2.

Note that when studying the limiting spectral distribution of a properly scaled version of X'X/n, we
can, without loss of generality, assume that ¢ = 0 and E (r) = 0. As a matter of fact, if we call X the
data matrix obtained by replacing v; by \;I'(r; — E (r;)), it is clear that X'X is a finite rank perturbation
of X’X and hence properly scaled versions of these matrices have the same limiting spectral distributions.
Also, since (X — X)'(X — X) is a rank-1 perturbation of X'X, we see that, after proper scaling, it has the
same limiting spectral distribution as the properly scaled X'X. In what follows, we will therefore assume
that

V; = )\ZF(’I"Z —E(’I“Z)) ,i = 1,...,n.

As is now classical, we will obtain our main result on the question of characterizing the limiting spectral
distribution of a properly scaled version of (X — X)'(X — X) (Theorem 2) by making use of Stieltjes
transform arguments. If needed, we refer the reader to Geronimo and Hill (2003) for background on the
connection between weak convergence of distributions and pointwise convergence of Stieltjes transforms.

We note that our model basically falls into the class of covariance matrices of the type 7T}, 1/ 2X P, & Tl/ 2
where X, , is a random matrix, independent of the square matrices T, (p x p) and L,, (n X n) Wthh can
also be assumed to be random, as long as their spectral distribution converge to a limit. These matrices
have been the subject of investigations already: see Tulino and Verdu (2004) Theorem 2.43, which refers to
Boutet de Monvel et al. (1996), Li et al. (2004) and Girko (1990) and the very recent Paul and Silverstein
(2007) (of which we became aware after this research was completed), which refers to Burda et al. (2005)
and to Zhang (2006) for systems of equations involving Stieltjes transforms similar to the one we will derive.
We note that under some distributional restrictions, methods of free probability using the S-transform (see
Voiculescu (2000)) could be used to derive a characterization of the limit.

However in all these papers, the entries of X, ;, are assumed to be independent. Naturally, this is not
the case in the situation we are considering, and as we make clear below the dependence structure of the
models we are considering can be quite complicated, as the example of the Gaussian copula (see below)
indicates. Similarly, elliptically distributed data have a certain amount of dependence in the entries of
the vector r, since its norm is 1. (We note that the original Mar¢enko and Pastur (1967) allowed for
dependence, too, and one of our questions was to know if one could recover (and generalize) those results
from a different angle than the one taken in Mar¢enko and Pastur (1967).) Also, our matrix I' is d X p,
and usually only square matrices are considered. Interestingly, the result shows that the ratio d/p plays
a non-trivial role in the limiting spectral measure. One of our aims here is to show that independence in
the entries of X, , is not the key element, rather we will rely on the fact the rows of X, ;, are independent,
and that the distribution of the corresponding vectors satisfy certain concentration properties.

As our proof will make clear, using the “rank 1 perturbation” method originally proposed in Silverstein
and Bai (1995) and Silverstein (1995), proofs of convergence of spectra of random matrices basically boil
down to concentration of certain quadratic forms and concentration of Stieltjes transforms, the latter being
achievable using Azuma’s inequality. We discuss these two aspects in Subsection 3.2 and Subsection 3.1
respectively. We chose to separate the results of this two subsections from the main proof because we
believe the results are of interest in their own rights, and that their technical nature would obscure the
proof of Theorem 2 if they were treated there. As far as we know, many results covered by Theorem 2 are
new and cannot be achieved with other methods involving (one way or another) moment computations.

One of our points is really that the importance of concentration inequalities in this context appears
to not have been realized and that they permit generalizations of random matrix results to problems that
look intractable by other methods.
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3.1 Concentration of Stieltjes transforms

We show a result of independent interest, namely the fact that the Stieltjes transform of a matrix which
is the sum of n independent rank 1 matrices is asymptotically equivalent to a deterministic function. We
have a bit more than this: we show concentration around its mean, which also gives us immediately some
lower bounds on the rate of convergence.

Naturally, the result (and its extension Remark 1) is needed in our proof (see p. 25), which is why it
is included here. Another reason to highlight it is the fact that it shows that certain existing results that
have been obtained with “only” convergence in probability actually hold almost surely, by simply using the
Borel-Cantelli lemma and the following lemma. Finally, it answers some practical questions raised in El
Karoui (2008), which relied on Stieltjes transforms to perform spectral estimation in connection to random
matrix results.

Lemma 6 (Concentration of Stieltjes transforms). Suppose M is a p X p matriz, with

n
—_ ¥
M = E vy,
i=1

where r; are independent random vectors in RP. Call
1
mp(z) = Etmce (M —21d,)7h) .
Then, if Im[z] = v,
P(lmp(2) — B (mp(2)) | > ) < dexp(—r2p??/(16n))

Note that the lemma makes no assumptions whatsoever about the structure of the vectors {r;}" ,,
beside the fact that they are independent.

Proof. We call My = M — rpri. We call F; the filtration generated by {r;}{_,. The first classical remark
(see Bai (1999) p. 649, but note that the equation after (3.16) there contains a spurious 1/n, which is
problematic for the rest of the argument) is to write the random variable of interest as sum of martingale
differences:

my(z) — ZE mp(2)|Fi) — E (mp(2)| Fr1) -
Now we note that E (trace (M, — 21dp) ") |F) = E (trace (M, — 21dp) ") |Fr—1). So
B (my(2)17) — B 1y (<) Fics) | = B (mp(2)]70) ~ B (S trace (0 o1,) ) 7

+ E ( —trace ((My — z1dy) ™) ]fk1> — E (my(2)|Fr-1)

1

p
1

< |E (mp - ];trace (M — 21d,) ™) |fk> ‘

the last inequality following from Silverstein and Bai (1995), Lemma 2.6. So my(z) — E (mp(z)) is a sum
of bounded martingale differences. Note that the same would be true for its real and imaginary parts. For
both of them we can apply Azuma’s inequality (see Ledoux (2001), Lemma 4.1), to get that

1
(mp - };trace (Mg — 21dy) ™) |]:k_1> ‘

<

2w td

P(|Re[my(2) = E (mp(2))]| > r) < 2exp(—r?pv?/(8n)) ,
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and similarly for its imaginary part. We therefore conclude that

P(|mp(2) — E (my(2)) | > 1) < P(Re[my(2) — E (my(2))]| > r/V2) + P(|Im [my(2) — E (my(2))] | > r/v/2)
< dexp(—r*p*v?/(16n)) .

We have the following immediate corollary.

Corollary 2. Suppose we consider the following sequence of random matrices: for each p, pick n inde-

pendent p dimensional vectors. Call M = 7" rirf. Assume that p/n remains bounded away from 0.

%

Then
Vz € CT my(2) —E (my(2)) -0 as ,
and also /P
p
Vz eCT ,W]mp(z) —E (mp(2))| =0 as , fora>0.

In other words, m,(z) is asymptotically deterministic.
Proof. The proof is an immediate consequence of the first Borel-Cantelli lemma. 0

Remark 1. We note that if ¥ is a matrix independent of the r;, similar results would apply to

1
Etrace ((M - zIdp)_12l> ,

after we replace v by v/|||3|||5. In particular, if |||Z]||2 < C(logp)™, for some m, we have

1 —1yl 1 —1yl
Etrace ((M zId,) E) E <ptrace ((M zId,) 2) —0as .

However, the rate in the second part of the previous corollary needs to be adjusted.

Remark 2. We notice that the rate given by Azuma’s inequality does not match the rate that appears
in results concerning fluctuation behavior of linear spectral statistics, which is n and not \/n. Of course,
our result encompasses many situations that are not covered by the currently available results on linear
spectral statistics, which might contribute to explain this discrepancy. The “correct” rate can be recovered
using ideas similar to the ones discussed in Guionnet and Zeitouni (2000) and Ledoux (2001), Chapter 8,
Section 5. As a matter of fact, if we consider the Stieltjes transform of the measure that puts mass 1/p
at each of the singular values of M = X*X/n, it is an easy exercise to see that this function (of X) is
1/(,/npv?)-Lipschitz with respect to Euclidean (or Frobenius) norm. Hence if the np dimensional vector
made up of the entries of X has a distribution that satisfies a dimension free concentration property with
respect to Euclidean norm, we find that the fluctuations of the Stieltjes transform at z are of order /np,
which corresponds to the “correct” rate found in the analysis of these models. (Note however, that results
have been shown beyond the case of distributions with dimension-free concentration.)

The conclusion of this discussion is that since the spectral distribution of random matrices is character-
ized by their Stieltjes transforms, it is not surprising that they are asymptotically non-random, for a very
wide class of data matrices of covariance type. We now turn to examining another type of concentration
which we will crucially need in our proof, namely the concentration of certain quadratic forms.

3.2 Concentration of quadratic forms

The key property we will rely on in the proof of our main theorem is a concentration property of
quadratic form. This property is summarized in Corollary 4 and we now give important sufficient conditions
to reach it.
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Lemma 7 (Case of Gaussian Concentration). Suppose that the random vector r € RP has the property
that for any convex 1-Lipschitz (with respect to Euclidean norm) function F, from RP to R, we have, if
mp denotes a median of F(r),

P(|F(r) = mp| > t) < Cexp(—c(p)t®) ,

where C' and c(p) are independent of F' and C is independent of p. We allow ¢(p) to be a constant or to
go to zero with p like p=®, 0 < a < 1. Suppose further that E (r) =0, E (rr*) = X, with |||X|||2 < log(p).
If M is a complex deterministic matriz, with |||M]|||2 < &, where £ is independent of p,

1 1
—r' Mr is strongly concentrated around its mean, —trace (M) .
p

In particular, if for € > 0, t,(e) = log(p)'*</\/pc(p),

1 1
log {P (‘T/MT’ - tmce(MZ)‘ > tp(e)>} = —(logp)t+%.
p p

If E (r) # 0, the same results are true when one replaces everywhere r by r — E (r), and ¥ is the
covariance of r.

Finally, if € is allowed to vary with p, the same results hold when one replaces t,(€) by ty(e)&, or
equivalently, divides M by &.

Proof. In what follows, K denotes a generic constant, that may change from display to display, but is

independent of p. First, it is clear that we can rewrite M as M = RM +iIM where RM and IM are real

matrices. Further the spectral norm of those matrices is less than £ (of course, RM = (M + M;)/2, where

M is the (entrywise) complex conjugate of M).

Now strong concentration for v’ RMr/p and r'IMr/p will imply strong concentration for the sum of
those two terms. We note that, since ' RMr is a real, ' RMr = (v’ RMr)’ and

!

T RMr =1/ <RM—;RM > r.

Hence instead of working on RM we can work on its symmetrized version.

Now let us decompose (RM + RM')/2 into RMy + RM_, where RM_ is positive semi-definite and
—RM_ is positive definite (or 0 if (RM + RM')/2 itself is positive semi-definite). This is possible because
(RM + RM’)/2 is real symmetric and we do this decomposition by just following its spectral decompo-
sition. Note that both matrices have spectral norm less than {. Now the map ¢ : r — /r'RMr/p is
\/%—Lipschitz (with respect to Euclidean norm) and convex, which is easily seen after one notices that

Vr"RMyr/p = HRM}L/QT/\/}?HQ. This guarantees by our assumption that

P(|\/T"RMyr/p — mgy| > t) < Cexp(—pc(p)t?/€) , where my is a median of ¢(r) .

Now, using Proposition 1.9 in Ledoux (2001), calling j, the mean of ¢(r) and remarking that var (¢(r)) =
E (¥ RMyr/p) — ui, we have

0 <E (r'RMyr/p) — ,ué <
We hence deduce, using the fact that v/a + b < v/a + v/b for non-negative reals, that

IWVE ("RMyr/p) — mg| < Kkp = M .

pc(p)
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We also have trivially
trace (RM,X)

E ("RMr/p) = )

,since E (r) =0.

Therefore, we have that for u > 0,

P(|\/r'RMr/p — \/trace (RM; 3 /p)| > u + £p) < Cexp(—pe(p)u’/€) -

On the other hand, if 0 < ¢t < k), we have

P(|\/T'RM,r/p — /trace (RM3/p)| > t) < 1 < exp(pe(p)ry/€) exp(—pe(p)(t — rp)*/€)
< max(C, exp(pe(p) iy, /€)) exp(—pe(p) (t — £p)/€) -

Since pe(p)ks = (Cv/T/2+ VC)?, we conclude that for any ¢ > 0,

P(|\/r'RMyr/p — v/trace (RM2/p)| > 1) < K exp(—pe(p)(t — rp)*/€) ,

where K depends on C and &, but not on p. Note that x, — 0, since pc(p) — oo and C does not depend
on p.

We now turn to finding a deviation inequality for the quadratic form of interest to us. Let us denote
by

(p = trace (RMX/p)
A= (" RMr/p— G| > 1}
B ={r"RMyr/p < /G +1}

Our aim is to show that the probability of A is “exponentially small” in p. Of course, we have P(A) <
P(AN B) + P(B¢). We note that P(B¢) is “exponentially small” in p, since

P(B®) = P(\/T'RM,r/p — \/trace (RM,X/p) > 1) < K exp(pc(p)(1 — £)?/€)

and pc(p) — oo, at least as fast as p! =, with a > 0. Now, note that

AHBQD:{|V7"RM+7‘/p \/§| 2\/?_'_1
P

To see this, note simply that for positive reals, |z — y| = [/ — /y|(v/z + \/y). Finally, because of our
bounds on the norm of ¥ and the fact that |||[RM,|||2 < &, we see that trace (RM3/p) = (, < log(p)§.
Hence, P(D) < K exp(—pc(p)(t/(2/Cp + 1) — kp)?/€), for some K independent of p, and hence, we have

P(A) < K [exp(~pe(p) (t/(2/G + 1) = 15)?/€) + exp(~pe(p) (1 = 5p)2/€)] = (1) -
Similarly, we can obtain the same type of bounds for \/—r'RM_r/p. From those we conclude that
P(|r"RMr/p — trace (RMY,) /p| > t) < 2g,(t/2) .

And finally,
P(|r'Mr/p — trace (ME,) /p| > t) < 4g,(t/2v2) .

From the way g,(t) behaves we get the result about strong concentration. Now studying the asymptotics
for p large of g,(t,(€)) gives the statement concerning the log probability in the lemma.

The last statement in the Lemma, concerning the replacement of » by r — E (r) if E (r) # 0 follows
simply from the fact that, at u given, the map ¢(r) = \/(r — u)’S(r — p)/p is convex and \/%-Lipschitz,
since the composition of a convex mapping and a affine one is convex. (See e.g section 3.2.2 in Boyd and
Vandenberghe (2004).) O
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Motivated by examples we will see below, we also note that we have the following corollary, which is
applicable when concentration is not limited to convex 1-Lipschitz function but holds for any 1-Lipshitz
function.

Corollary 3 (Gaussian Concentration of non convex functionals). Suppose that the random vector v € RP
has the property that for any 1-Lipschitz (with respect to Fuclidean norm) function F, from RP to R, we
have, if mp denotes a median of F(v),

P(|F(v) — mp| > t) < Cexp(—c(p)t?)

where C' and c(p) are independent of F' and C is independent of p. We allow ¢(p) to be a constant or to
go to zero with p like p~®, 0 < a < 1.

Consider r = ®(v), where ® is a 1-Lipschitz map from RP to R?, also with respect to Euclidean norm.
Suppose as above that E (r) =0, E (rr*) = X, with |||X]||]2 < log(p).

If M is a complex deterministic matriz, with |||M|||2 < £, where £ is independent of p,

1 1
—r' Mr is strongly concentrated around its mean, —trace (MY) .
p

In particular, if for € > 0, t,(e) = log(p)t*</\/pc(p),
1 1
log {P <’r'M’r‘ — tmce(ME)‘ > tp(e)>} = —(logp)tt3.
p p

If E(r) # 0, the same is true when one replaces r by (r — E (r)) everywhere and ¥ is the covariance
of r. Finally, if £ is allowed to vary with p, the same results hold when one replaces ty(€) by ty(€)§, or
equivalently, divides M by &.

Proof. The proof follows easily from the arguments developed for Lemma 7, after we notice that the
map ¢ : RP — R with ¢(v) = /r'RMyr/p = /@) RM+®(v)/p is \/¢/p Lipschitz with respect to
Fuclidean norm. The concentration properties of v can then be invoked and the proof follows similar lines
as above. O

For applications, it is important to extend the results beyond Gaussian concentration. We therefore
state the following lemma:

Lemma 8 (Beyond Gaussian Concentration). Suppose that the random vector r € RP has the property
that for any convex 1-Lipschitz (with respect to FEuclidean norm) function F, from RP to R, we have, for
b > 0 independent of p, and mp a median of F,

P(|F(r) —mp| > t) < Cexp(—c(p)t’) ,

where C and c(p) are independent of F and C' is independent of p. We allow c(p) to be a constant or to go
to zero with p like p=%, 0 < a < b/2. Suppose further that E (r) =0, E (rr*) = X, with |||X]|||]2 < log(p).
If M is a complex deterministic matriz, with |||M]|||2 < &, where £ is independent of p,

1 1
—r'Mr is strongly concentrated around its mean, —trace (MY) .
p p

In particular, if for e > 0, t,(e) = log(p)'/2F1/b%¢/\/pc2/b(p),

1 1
log {P (‘T’M?“ — tmce(MZ)‘ > tp(e)>} = —(log p)*Tbe.
p p

IfE (r) # 0, the same is true when one replaces r by (r — E (r)) everywhere and ¥ is the covariance of r.
Finally, if € is allowed to vary with p, the same results hold when one replaces t,(€) by ty(e)§, or
equivalently, divides M by &.
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Proof. We only give a sketch of the proof. The ideas are exactly the same as above. However, when studying
the concentration of \/r’RM,r/p, the exponent of the exponential is to leading order pP/2c(p)(t — k).
We note that x, will be a bit different in its form than it was in the Gaussian concentration case. This
comes from the fact, following the analysis in Proposition 1.9 of Ledoux (2001), the inequalities we now
have, if ur denotes the mean of F' are:

C 1 2C 2
_ < —T(= < —
pr—mp| £ TG) and var (F) £ (),
where I' denotes the Gamma function. After this adjustment the previous proof goes through. O

A corollary similar to Corollary 3 holds in the variant of Lemma 8 where concentration is not limited to
convex 1-Lipschitz functionals, but is valid for any 1-Lipschitz (with respect to Euclidean norm) functional.

Examples of distributions for which the previous results apply

e Gaussian random variables, with |||X]||s < log(p). Lemma 7 and Corollary 3 apply, according to
Ledoux (2001), Theorem 2.7, with ¢(p) = 1/[]|2]||2.

e Vectors of the type \/pr where r is uniformly distributed on the unit (¢2-) sphere is dimension p.
Theorem 2.3 in Ledoux (2001) shows that Lemma 7 (and Corollary 3) apply, with ¢(p) = (1—1/p)/2,
after noticing that a 1-Lipschitz function with respect to Euclidean norm is also 1-Lipschitz with
respect to the geodesic distance on the sphere. As we will see below, this will allow us to treat the
case of elliptically distributed data.

e Vectors I'y/pr, with r uniformly distributed on the unit (f2-)sphere in RP and with I'T = ¥ having
the characteristics explained in Lemma 7.

e Vectors of the type p*/®r, 1 < b < 2, where r is uniformly distributed in the 1-£% ball or sphere in RP.
(See Ledoux (2001), Theorem 4.21, which refers to Schechtman and Zinn (2000) as the source of the
theorem.) Lemma 8 apply to them, with ¢(p) depending only on b.

e Vectors with log-concave density of the type e U(®) with the Hessian of U satisfying, for all z,

Hess(U) > cld,, where ¢ > 0 has the characteristics of ¢(p) in Lemma 7: see Ledoux (2001), Theorem
2.7. Here we also need |||X]|]2 to satisfy the assumptions of Lemma 7. Corollary 3 also applies here.

e Vectors (r) distributed according to a (centered) Gaussian copula, with corresponding correlation
matrix, ¥, having |||X|||2 bounded. Here we can apply Corollary 3, since if 7 has a Gaussian copula
distribution, then its i-th entry satisfy 7; = ®(v;), where v is multivariate normal with covariance
matrix >, ¥ being a correlation matrix, i.e its diagonal is 1. Here ® is the cumulative distribution
function of a standard normal distribution, which is trivially Lipschitz. Now taking r = 7 —1/2 gives
a centered Gaussian copula. The fact that the covariance matrix of r then has bounded operator
norm requires a bit of work and is shown in the Appendix.

e Vectors with i.i.d entries bounded by 1/4/¢(p). See Corollary 4.10 in Ledoux (2001) for the concen-
tration part, which shows that Lemma 7 applies. We crucially need the fact that the concentration of
measure result is valid “only” for convex 1-Lipschitz function. As we will explain below, in our main
theorem, this result will enable us to work with random variables with bounded second moment,
since using an argument similar to those in Silverstein and Bai (1995), those random variables can
be truncated at log(p) without (a.s) changing the limiting spectral distribution.

It also appears possible to treat with this method more “exotic” examples involving vectors sampled
uniformly from certain Riemannian submanifolds of RP, a question which is sometimes of interest in
multivariate statistics and computer science. We refer to Ledoux (2001) Theorems 2.4 and 3.1 for the
concentration aspects for these questions.

We also have the following important corollary that will play a key role in the proof of Theorem 2.
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Corollary 4. Suppose {r;}!' | are independent random vectors whose distributions satisfy the hypotheses
of Lemmas 7 or 8 or Corollary 3. Suppose n =< p. Suppose M; are random matrices, M; being independent
of ri, with ||| M;|||2 < K, where K is non random. Suppose further that for some matriz M, and some Kp,
with K, = O(K/p), and all Hermitian matrices A,

Vi

1 1

—trace (M;A) — —trace (MA)‘ <|||A||]2Kp -
p b

Then, for any e >0, if r; =r; — E (ry),

pc?/(p)
(]ogp)(1/2+1/b+5)K zirll,a)fn

Proof. From the previous results, we have

1 1
—7 M;T; — —trace (MZ)‘ —0 as . (1)
p p

1 1 —~ 1 1
P(max | -7, M;7; — —trace (M;X) | > t) < g P(|=#M;7; — —trace (M;X) | > t) < 4ng,(t/2V/2) ,
vt p p , p b
1=1

by conditioning on M; to compute each probability in the sum. Therefore, using the first Borel-Cantelli
lemma, the results above, and the fact that n < p, we have

2/b
pc?/*(p) 1, 1 |
(10gp)(1/2+1/b+5)K m?X’priMsz ptrace (M;Z)| = 0 as .

nd because |=trace ;) — —~trace < 9 < og(p), we conclude that
And b ; M%) — M) | < K |||Z K, lude th

pc?/b(p)
(1ng>(1/2+1/b+e)K

1 1
max |~ 7} M;7; — —trace (MX)| — 0 a.s .
t p p

We also have the following technical result that will be useful below.

Corollary 5. We assume that Lemmas 7 or 8 or Corollary 3 apply, and trace(X) /p is bounded by K
independent of p. If {ri}l-, is a triangular array of independent random variables, and n/p remains
bounded, the spectral distribution of Ap, =Y 1, 7} /n is a.s tight.

Proof. We first assume that E (r;) = 0. Call R,, the matrix whose i-th row is r,. We consider the first mo-
ment of the spectral distribution of A,, = R}, Ry, /n, which is equal to My, with My = 1/n > | trace (r;r} /p).
Its mean is trace (X) /p. As we just saw, rr;/p is strongly concentrated around trace (X) /p(= E (M;)) and
this property transfers to M; using the fact that P(|M; — E (M) | > t) < nP(|rfri/p — E (riri/p)| > ).
Because trace (X)) /p is assumed to be bounded, we see that M;j is a.s bounded by K + 1. Because it
is the first moment of the spectral distribution of A,, we conclude that, if we call F4» the cdf of the
spectral distribution of A,,, we have a.s 4" ([M, 0c0)) < (K 4 1)/M, for n large enough. Since the spectral
distribution of A,, is supported on [0, 00), we conclude that it is a.s tight. _
In the case when r; do not have mean 0, we can work with 7; = r; — E (r;). The resulting matrix R,
is perturbation of R, or rank at most 3, and therefore generates the same limiting spectral distribution as
that generated by R,. Therefore the previous arguments applied to R,, give the result for R,. O

We finish this concentration discussion by some practical consequences.

Practical geometric consequences of concentration If we apply the previous results to the matrix
M =1d,, we see that our concentration results indicate that, if E (r) = 0, ||r||*/p is strongly concentrated
around trace (X,) /p. In particular, if n < p, we see that max;—1__, |||7||>/p — trace (¥,) /p| will tend to 0
a.s. Hence, the vectors r;/,/p appear to be located close to a sphere. By properly choosing M, for instance
as a block matrix with 0 on the block diagonal, and Id, off the diagonal, we can also show (see El Karoui
(2007a) for details) that max;.; |rir;/p| tends to 0 a.s., and hence so does the maximal angle between
two such vectors. So, perhaps surprisingly, the vectors r; appear to be almost orthogonal to one another.
These remarks suggest that, though the models we study are quite general, their geometric properties
are somewhat peculiar. Hence, one should probably check (even as simply as graphically) whether such
geometric features are present in the data before using random matrix results.
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3.3 Marcenko-Pastur -type system for covariance matrices computed from generalized
elliptically distributed data

We refer the reader to the discussion introducing Section 3 for a review of literature concerning ellipti-
cally distributed data and some motivation for the theorem that follows. In what follows, we assume that
we have a triangular “array” of random variables, where the n-th line contains n i.i.d A\;’s and n i.i.d r;’s
in R? satisfying concentration inequalities as in Lemma 7, Lemma 8 or Corollary 3. We assume that the
r;’s have covariance matrix ¥, with |[|X[||2 < log(p). We also have to work with a d x p matrix I'. The
data vectors we will focus on are therefore the “array” of

v =+ NDrg,

which we say have generalized elliptical distributions. In what follows, we allow S = I'T’ to be random,
as long as it is independent of the vectors r;’s. For all practical matters, however, S can be considered
deterministic.

We present the theorem in the form that makes it most natural for elliptically distributed data, which
were our original motivation.

Theorem 2. Let {{v;}],}°°, form a triangular array of independent random vectors, “generalized-
elliptically” distributed as described above. In particular, recall that they are in R,

o Call 0, = d/p, pn = p/n, & = d*/np = 2 py,.

e Call Gy the spectral distribution of TT" = S, Hy the spectral distribution of TXTY =T (S and T are
d x d), and vy, the spectral distribution of the diagonal matrix containing the \;’s.

o Assume that Hg converges weakly a.s to a probability distribution H # 0. Assume further that
[ 7dH4(7) remains bounded.

o Assume that G4 converges weakly a.s to a probability distribution G # 0.
o Assume that v, converges weakly a.s to a probability distribution v # 0.
Call X the n x d data matriz whose i-th row is v;. Consider the matrizc
d1 O -
B,=--X'X= —nZvivg =S Zu,u; .
pn n “ ,
=1 =1

If pn has a finite non-zero limit, p, and 0, has a finite non-zero limit 0, then &, obviously has a finite
non-zero limit & and the Stieltjes transform of By, my,, converges a.s to a deterministic limit m satisfying
the equations:

_ dH(7)
m{z) = / T/ HLCZV()\) -z

£ w(z)

w(z) = / — rdH(r)

and

o2 ’
1+EX2w(z) dU(A) -z

w is the unique solution of this equation mapping C* into CT. (The intuitive meaning of w is explained
just below. We also remind the reader that m uniquely characterizes the limiting spectral distribution of
B,.)

We note further that we have

2
1+ 2zm(z) = w(z) / 1+g)\)\zw(z)dl/()\) .

The same results hold for the scaled sample covariance matriz d/p(X — X) (X — X)/n, since it is a
finite rank perturbation of B,.

The conclusion is that the limiting spectral distribution of B, is a non-random probability measure and
1s uniquely characterized by the previous system of two equations.
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We note that our finite rank perturbation arguments (see the introduction to Section 3) allow p and
E (7) to be arbitrary. However, in the proof, we can and will assume (without loss of generality) that =0
and E (r) = 0.

In the proof we actually do not need the A;’s to be independent of each other. We only need them to
be independent of the r’s and we need their empirical distribution to converge a.s to a deterministic limit,
v. In the case of i.i.d A;’s, we note that v, has an almost sure limit v by the Glivenko-Cantelli Theorem
(van der Vaart (1998), Theorem 19.1) for triangular arrays. (A simple modification to the proof given in
van der Vaart (1998), which is not for triangular arrays, can be obtained using Hoeffding’s inequality for
the variables 1),<;, which guarantees that the result is true for triangular arrays.)

We note that, maybe interestingly, the proof could be adapted to show that quantities of the type
trace (T ¥(B, — zIdp)*l) /d satisfy the same equation as w, with 7 raised to the power k at the numerator
and the same denominator involving w, provided the Hy’s have enough moments. (Note that this is the
case for m, with k=0 and w which basically corresponds to k = 1.)

To make the theorem more concrete, we now give a few examples of distributions to which it can be
applied. The concentration justifications are in Subsection 3.2.

e Elliptical distributions: In this case, r; = /pr, with 7; uniformly distributed on the sphere, so
> = Id,. Note in particular that A\; can have a Cauchy distribution or any heavy tailed distribution.
The theorem hence describes the limiting measure obtained when using data sampled according to
the multivariate ¢ or Cauchy distributions.

e Data distributed according to a Gaussian copula, with corresponding correlation matrix, R, bounded
in operator norm: in this case, \; = 1, r; = ®(r;), where 7, = N (0, R), and ® is the cdf of the
standard normal distribution. The theorem then says that the Marcenko-Pastur equation holds
when r; is sampled according to this distribution. This example in particular appears to be out of
reach of methods relying one way or the other on moment computations.

o ; = p'/b7;, where 7; is sampled uniformly from the unit ¢, ball or sphere, 1 < b < 2, in R?. We
refer the reader to Ledoux (2001) pp. 37-38 for some of the subtleties happening for the sphere when
1<b<2.

e 7; has i.i.d entries with finite second moment. Then, using the truncation arguments in Silverstein
and Bai (1995), we see that we can truncate r; at level log(p) without a.s affecting the limiting
spectral distribution. (The arguments in Silverstein and Bai (1995) are rank arguments and carry
directly over to our situation.) We then have c(p) = (log(p))~2 when using Lemma 7. Here the
convexity assumption mentioned in Lemma 7 is necessary, as we rely crucially on Corollary 4.10 in
Ledoux (2001) for the concentration arguments.

e We note that if \; = 1, and d = p, we recover the Marcenko-Pastur equation. The theorem therefore
provides an extension of the known range of validity of this result. (We note that our result is in
that case related to Pajor and Pastur (2007), of which we became aware after completion of the
research part of this project.) In this setting, the practical geometric remark we made at the end of
Subsection 3.2 applies, and hence one should probably perform simple graphical diagnostics on the
data before relying on insights drawn from random matrix results.

The system of equations we have found is unfortunately not trivial to exploit to gain further understanding
of the spectra of the matrices at stake, and we postpone a detailed investigation of its consequences to a
further project. We now turn to the proof of Theorem 2.

3.3.1 Preliminaries

We note that the matrix we are considering is of the form I'’X'DXT", where D is a diagonal matrix,
containing the /\?’s, ieD;; = lizj/\?. We call s; the eigenvalues of S = I'T".

We denote by ||F|| the value sup, |F(z)|, and by FM the cdf of the spectral distribution of the matrix
M. We see using Lemma 2.5 in Silverstein and Bai (1995) that

* A A 1 ~ -
|FQTQ _ pQ' Q) < . (rank (Tl - T1> + 2rank (Q - Q)> .
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In our situation, we have @ = XTI” and T} = D, so using the fact that rank (AB) < min(rank (A),rank (B)),
we conclude that

* ANk ) 1 ~ ~
|FQTe _ pOTQ| < = (rank (D - D) + 2rank (F’ —I")) .
p

Now let us choose for D the diagonal matrix with entries )\?1 A2<ap which we abbreviate by D1|p|<a,,

and for IV = I Lis1<g, (this is understood using the singular value decomposition of I, where we keep the
singular values that are less than \/ﬁ; and replace the others by 0).

We see that rank (D — D) = > i1 Ix2sq,, and similarly, 0 < rank (F’ — f’) <4 lig,|>8,- Since
we assumed that G4 converges weakly a.s to G, and v, converges weakly a.s to v, we conclude that for
ap = (B = log p, rank (F’ — f’) /p — 0 a.s and rank (D — f)) /p — 0 a.s. Here it is important that d/p

and p/n have finite non-zero limits.

So to prove the theorem, it is sufficient to prove it for D and S bounded in operator norm by, for
instance, log p, since we just showed that by truncating S and D at these levels, we will not change the
limiting spectral distribution of the matrices of interest, provided it exists.

3.3.2 Proof of Theorem 2

As explained in subsubsection 3.3.1, we can and do assume that all the eigenvalues of S = I'T” are less
than log p and similarly, we assume that |\;] < v/logp, since we explained that these assumptions do not
affect the limiting spectral distribution of B,. We also recall that we assume that |||X|||2 < log(p). We
call the spectral measures obtained after truncation éd, ﬁd and v, to keep track of the modifications we
have induced by truncation. However, to avoid cumbersome notations, we use S, 1" and I" to refer to the
matrices we deal with. (§ and T might have been more appropriate but the notation would be too heavy.)
The approach we use follows the “rank-1 perturbation” approach developed in Silverstein and Bai (1995)
and Silverstein (1995).

We remind the reader that as clearly explained in, for instance, Geronimo and Hill (2003), one can
show vague convergence of distributions by showing pointwise convergence of Stieltjes transforms. This
is the approach we take, and we will therefore show convergence at fixed z of the Stieltjes transforms of
interest. Finally, we will need a tightness result to go from vague to weak convergence. We now turn to
the actual proof.

Recall that uy, = /0, /nA\ L1k, 05, = d/p and B, = > | wju,. We call

« By = Bu = ¥y
° Mk = (Bn - ukuz — ZIdd)_l == (B(k) - Zldd)_l’
Y Mn — (Bn — Z:[dd)_l,

and
n

1 On N2
B(z) = — — Nk
We note that B, is d x d and so are all the other matrices involved here. Using the first resolvent identity

A7l — B~ = A7Y(B — A)B~!, and the fact that (see Silverstein (1995))

n /M
B, (B, — 21dy)"! = 1d By, —2dy) " =S Uk P
( zIdy) a+2( zIdy) ;14_”2]\4}61%, (2)
we have
n /M
T — 21dy) " — (B, — 2Idy) ! = T—20dy) | S° %k 50 T(B, — 21dg) "
(B(2)T — z1dg) ( z1dg) (B(2)T — z1dy) glJru;nguk B(2)T( zIdg) ,
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and hence

(B(2)T — zIdg) ' — (B, — 2Idg) ! =

n
1 -1 0
———— | (B(2)T — 21dg) " ugpuf My — — A} —21d B, — zId ]
> i | (IT 140 My — S (AT 210 T 1)
Taking traces and dividing by d, we get

dﬁﬁ()

B(z)T — 2 —mn(2) = N
1 & 1 ) B 6, )
d = W [ukMk; (B(2)T — 21dg) " uy — Z)\%trace ((ﬁ(z)T — 2Idy) ! T/\/ln)] .

Now using for instance Equation (2.3) in Silverstein (1995), we have easily

v .

IA

1
‘ 1+ uszuk

On the other hand, it is clear that Im [3(z)] < 0. As a matter of fact, the eigenvalues of M}, all have a
positive imaginary part (if z = u + 7v, they are 1/(\;(B)) — u — iv)). Note also that |[[M]||2 < 1/v.
According to our first remark, the imaginary part of 1 + uj Myuy is positive, and the imaginary part of
1/(1 + uj Myuy) is negative. Hence the imaginary part of the eigenvalues of 3(z)T — zIdg is smaller than
—v (T is positive semidefinite), and their modulus is greater than v. Therefore,

_ 1 _ 1
IIRe [(B()T = 21dg) ™ |2 < - and [[[1m [(3(=)T = 2Fda) ] [l <
Now ((z) depends on all the ug’s in a non-trivial fashion, so we cannot apply our concentration results
directly. Also, recall that T is positive semidefinite, so we can write T = Z?Zl Teie;, with 7; > 0. So if
b(z) is another complex number, we have

/
e;e; and

d
AT — 21dN =1 — (BT — 2Id) -1 — 7i(b(2) — B(2))
(B(2)T — z1dg) ™" — (b(2)T — z1dg) Z; )~ 90 =5

d l+m+1
m . 1 _ ()T — » —11 7l _ Ti (b(z) — B(2)) o.c!

=1

Therefore, if b(z) is such that |3(z) — b(2)| < €, and Im [b(z)] < 0, we have,

EET — 21dg)™" — ()T — 1)~ < DTz (4)

iy My (B()T — 21da) ", — wfuMe(b(2)T — 2Tdg)~"ug]| < 1wuwmmabemd (5)
l+1

‘:ltrace (Tle [(B(2)T — 21dg) ™ — (b(=)T — zIdd)—l]) 4‘”11! , (6)

by decomposing the matrices appearing in the trace into real and imaginary parts, which are both sym-
metric in this instance, and using a well-known result (see e.g Anderson (2003), Theorem A.4.7) on bounds
of the trace of a product of symmetric matrices.

Consider

— A2 1
by(z) = Z Y k , with Q(2) = ~trace (T(B,, — 21dy)71) .
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Since T is positive semidefinite, it is clear that Im [b,(z)] < 0. Our aim in the next few lines is to show
that |b,(2z) — B(2)| is small. Recall that according to Lemma 2.6 in Silverstein and Bai (1995), we have,
for any Hermitian matrix A,

Al

[trace ((My — My,)A)| < 5

Applying Corollary 4, p. 19 to 7; and the random matrices IVM;I", whose norms are bounded by
= log(p)/v, we see that, for any fixed ¢ > 0 and 6 > 0,

1 1 (3/2+1/b+9)
max |gr§I"MiFri —E(M(2)| < e( ogP) £ ey, as.

v/ pc(p)by

When this happens, we have, if we call ay = r},.I"M;I'ry,/d = u}, Myug/(&:,77), and o = E (Q1(2)),

On i < A A >
et 1+ fn)\iozk 1+ fn)\za

n 4 2 n
< fnen 2/\196710 - < Enbnelz|*vp Z)\% '
[—) [(1+ EnApor) (1 + EAfa)|

16(2) = bu(2)] =

)

k=1
So finally, since || < /log(p), we have, for C(z) independent of p,
1 44+1/b
B(2) = b(2)] < C()el8R) T 7o
pe(p)

Therefore, since |||T|||2 < (logp)?, using Equation (4), we have a.s

§n9 |22y (log p)? ZX; én n! 2 ’Vp(

logp)* = 0 as .
-~ ogp)" — 0 as

| / dHy(r)  dHy(r)

2T —z  bu(z)T—2

Similarly, using our concentration bounds from Corollary 4 applied to
0
|:u;€Mk (b ()T — 21dg) ™  ug /A2 — trace ((bn(z)T —21dy) ! T/\/ln)} ,
n
we see that, we have a.s

mari<k<p U

[%Mk (b (2)T — 2Idg) " ug /A2 — t%ntrace <(bn(z)T — zIdg) T/\/ln>] ’ < Enlp ,

and therefore

1

1
A 2[5 —
| ( (Z))| dk:l 1—|—u§€Mkuk

[u;ch (bp(2)T — 2Idg) " uy, — %Aitraee ((bn(z)T — 21dg) ! T./\/ln>] ‘

’ZMRZ)\QH 0as .

(7)
We now need to show that |A(S(z))] tends to 0 almost surely. To do so, we study |A(5(2)) — A(bp(2))]-
Using Equation (6), we have

- 9” -1 on -1
P Z i ukMkUk [ntrace ((ﬁ(z)T — zIdg) T./\/ln> — gtrace ((bn(z)T — z1dg) TMR)} ‘

A2y (2) — 1<
<6, [Tl (:4) ﬁ(z)||z|nz)\i_)0 a.s .
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On the other hand, using Equation (5), we find that

1« 1 ) , , -
d ; W w My, (b (2)T — 2Idg) ™ u — up, My (B(2)T — 21dg) uk}

bn(z) — z
< @ = BB gy, 2 ZA LT

Applying Lemma 8, with the matrix M = I''T", whose operator norm is bounded by log(p), we get as above
that

1 1 log p)3/2+1/b+6
max | -7 ['T'rp — —trace (T)‘ < e( 08p) a.s .
p p pe(p)
Because |||T||2 < (log p)?, we conclude that a.s
1
max —rTT'ry| < 3(log p)?
p
Therefore,
bn(z) — 1~ o1l
on(2) vf(z)”Z’HyT\HQnZAzr;r'm —0 as .
= P
Hence,

[AB())] < [A(B(2) = Albn(2))] + [A(bn(2))] = 0 as .

Since, by Equation (3), -
CdHy(r)

MEE) = | G

—mn(z),

we can finally conclude that

dH,y(7)
/b—mn(z) —0as .

n(2)T — 2

This corresponds to the first part of the theorem. Now note that Im [b,(z)] < 0, and therefore [1/(by(2)7 —
z)| < 1/v. Because [ |dHy(t) — dHg(7)| — 0, we conclude that

_dHalr) —mp(2) — 0 a.s
/bn(Z)T—Z n(2) = 0as .

To get to the second part of the theorem, we consider instead
T (B(2)T — 21dg) ™' = T(B,, — zIdg) !

Taking traces and dividing by d, we get

/ ) 2~ e (T(Bn = 21da) ™)

To control this quantity, we can use the same expansions we used before, replacing everywhere (5(2)T — zIdd)f1
by T (8(2)T — zIdg) . This has the effect of multiplying the upper bounds by |||T|||2, which under our
assumptions is bounded by (log p)?. So we conclude that

Tdﬁd(T)
/Tbn(z)_ZQl(z)HOa.s .

Now the result we got using Azuma’s inequality shows clearly (see Remark 1) that

Q1(z) —E(21(2)) = 0 as .
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Calling wy,(z) = E (21(2)), we have shown that

dH,
f IMCZQ(,;FR)Q?Z _wn(z) — 0 a.s s and
1+EpA2wn (2) (8)
dH,
f : onﬂ(fjg)@) . mu(z) — 0 as.

J 1+EnA2wn (2)

e Subsequence argument to reach the conclusion of Theorem 2

We now need to turn to technical arguments to go from the statement of Equation 8 to that of Theorem
2. Because of our assumption that f TdHy(7) < K, for all d (or p, which is equivalent), with K fixed and
independent of d, we see that |wy(z)| < trace (T') /(dv) < K/v. So, at z fixed, wy,(z) is bounded. From this
sequence, let us extract a convergent subsequence w,(,)(z), or wy, for short, that converges to w. Through
tightness arguments (see below), we see that w € C*. We will now show that w(z) satisfies

TdH (T
/ [z )) B —w(z) =0
1

Trentw(z) ~ ~

and that there is a unique solution to this equation in CT. Let us call by,(2) = [0, N2di,(N)/(1 +
EmA?win (2)). We first show that by, — b= [0A2dv(N)/(14+EX2w(2)). To do so, note that A\2/(1+w,\?) —
A2/(1+wA?) = (w — wp) A /[(1 +wA?)(1 + w,A?)]. Now, because w,, — w € C*, their imaginary parts
are uniformly bounded below by §, from which we conclude that, if w,, — w € CT,

/ A2di,, / N2di,, 0
[ L — _—
1+ w, A2 14+ w2

On the other hand, for w € C*, A2/(1 + wA?) is a bounded continuous function of . Since v, = v, and
therefore 7, = v, we conclude that
/ Ndin, / Ndy
- | — .
1+ a\? 1+ a\?

Therefore, since 6,, — 0, b,,(z) — b(z). Because we have assumed that v # 0, we have b(z) € C~. By
essentially the same arguments, using the fact that [Im [b,,(2)] | is bounded below by ¢ and b(z) € C™, we

conclude that ~
/ TAH gin(n)) (7) / rdH(T)
Thp(n)(2) — 2 Th(z) — 2 '

TdH (1) () =
et CR

[ 0N 2dr(N)
oz) = / Trevus)

Similarly, we can show that along this subsequence,

/ dHg(T) / dH (1)
—
Thm(z) — 2 Tb(2) — 2
and so we also get the first equation in Theorem 2.
e Uniqueness of possible limit
We now prove that there is a unique solution in C* to the equation characterizing w, the only question

remaining to tackle being uniqueness. To do so, we employ an argument similar to that given in Silverstein
and Bai (1995), though the details are slightly different.

In other words,

where
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Suppose we have two solutions in C* to the equation characterizing w(z). Let us call them w; and ws
and b; and by are the corresponding b’s. We have

T T
w1 — w2 _/<7'b1 — 2 ’7'ng> dH(r)

7_2
= =) | G M)

—_ — w )\4fdl/()\) T2 T
=000 w) [ e+ ) | == )

Let us call f the quantity multiplying w; — w2 in the previous equation. We want to show that |f| < 1.
As in Silverstein and Bai (1995), using Holder’s inequality, we have, given that 6 > 0,

)\4de 1/2 )\4de 1/2
= (6 114+ EX2wi (2 \2/|7-b1—z]2 H(r )) (9 11+ EX2ws (2 |2/|7b2—z]2 H(r )>

Let us write w; = a + ic, z = u + iv, and by = o — iy. By writing the definition of b; in terms of w; we
see immediately that

BEN

|14—§A2wﬂ2dy(A)’

y=c
so [ mdy()\) = —Im [b1] /Im [w1]. Since v # 0 by our assumptions, we see that v > 0. On the other
hand, using the definition of wy in terms of b1, we see that

T2 T
mﬂwﬂ:i/—hnWJLwl_ZPdH@ﬁ+hnkL/Lml_ZP¢Hh),

and therefore Im [wq] > —Im [by] [ ﬁdl—[(ﬂ, since H # 0.

Hence,
OX‘Edy()N) 72 1/2
H 1
([ ivommee [ mop@) <t

and |f| < 1. We conclude that we = w1, so there is at most one solution to the equation characterizing w.
e Tightness of B,, and consequences for w

Finally, we need to show that the spectral distribution F5» is tight a.s and draw consequences for w. It
is shown - through Lemma 2.3 - in Silverstein and Bai (1995), that if B,, = Tﬁ/QY;YnTﬁ/Q, if the spectral
distributions of the T’s form a tight sequence and so do the spectral distributions of the Y Y,’s, then
FBn form a tight sequence. We note that in our case B, = 'R} D2 R,,I"/n, which up to a number of zeros
has the same eigenvalues as SY/2R’ D2 R,,S'/? /n; we temporarily call R, the matrix containing our vectors
r;. S0 all we have to show is that F' RLDLRn/n forms a tight sequence. Note that our assumption on the
convergence of the spectral distribution of the A’s implies that the spectral distribution of D2 form a tight
sequence. So all we have to do to be able to conclude is to show that so does FEnfin/m But we showed this
in Corollary 5. So F'5 forms a tight sequence, a.s. Recall that when trace (X) /p is uniformly bounded
by K, we showed in Corollary 5 that a.s F&ufin/?([M, 00)) < (K +1)/M. So for any ¢, we can find M,
such that FP2[M,, 00) < ¢, a.s. Using the second inequality in Lemma 2.3 in Silverstein and Bai (1995)
and the fact that H and v are deterministic, as well as the fact that if X,, = X and C is a closed set,
limsup P(X,, € C) < P(X € C), we see that M, can be chosen uniformly in w.

We now want to show that w € C*; to do so, we will show that a.s, Im [w,] is bounded away from
zero. Note that Im [(Bn — zId)*l] is a symmetric matrix. Its eigenvalues, which we denote by ag, are, if [
denote the eigenvalues of By, v/((Ix — u)? 4+ v?) > v/(2(12 + u?) + v?). Assume a; > a2 > ... > aq. Using
Theorem A.4.7 in Anderson (2003), we see that, if we call 7;’s the decreasingly ordered eigenvalues of T,

1
Im [Q;(z)] = Im Etrace (T(B,, — z1d,) ] Znad it -
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Now all we need to show is that a.s a fixed non-zero proportion of r;a4_; stay bounded away from 0. Because
H # 0, we can find n such that H(n,o0) > €, for some € > 0. Let us pick such an € # 0. In particular,
the proportion of indices for which 7; > 7 is a.s greater than e, because liminf Hy(n, c0) > H(n,o0), a.s.
For this €, we can find m. < oo, such that FP»[0,m. > 1 — ¢/2, a.s from our arguments above. So
the proportion of i’s such that ag_;41 > v/(2(m? + u?) + v?) is greater than 1 — ¢/2. So the proportion
of i’s for which both 7; > 7 and ag_;11 > v/(2(m? + u?) + v?) must be greater than €/2, a.s. Hence,
Im[Q(z)] > 0 > 0, a.s. Now, we saw that w,(z) = E (Q1(2)) is such that w,(z) — Q1(z) — 0 a.s. Hence,
Im [wy(2)] > & > 0, a.s., and we can conclude that w is in C*. So the subsequence argument given above
is valid and we can go from the result of Equation (8) to the main result of Theorem 2.

So using the connection between pointwise convergence of Stieltjes transforms (see Geronimo and Hill
(2003)) and vague convergence, we have shown that the spectral distribution of B,, converges vaguely a.s
to a non-random distribution, which is uniquely characterized by the system of equations described in
Theorem 2. The a.s tightness result we obtained for F'P» ensures that the limiting spectral distribution of
B,, is a probability measure, and hence we have a.s weak convergence, as announced in Theorem 2. This
completes the proof.

4 Conclusion

We have seen that the concentration of measure phenomenon can be seen as an essential tool in the
understanding of the behavior of the limiting spectral distributions of a number of random matrix models.

Motivated by applications, we have used one flavor of it to deduce spectral properties of sample cor-
relation matrices from the corresponding properties for sample covariance matrices. On the other hand,
for more complicated models, we have generalized known results about random covariance-type matrices
to sample covariance matrices computed from elliptically distributed data, a type of assumptions that is
popular in financial modeling, and further, to generalized elliptically distributed data. We have done it
almost entirely from concentration properties of certain quadratic forms. An interesting aspect of the proof
is that it leads to new results for data coming from distributions for which the dependence between entries
of the data vector cannot be broken up in a linear fashion. The concentration approach also highlights
the fact that data vectors coming from a distribution having the dimension-free concentration property we
used repeatedly have, after proper normalization, almost the same norm, and are almost orthogonal to one
another (in concrete terms, this remark applies to models considered in Theorem 1 and Theorem 2 when
A; = 1). Since this peculiar geometric feature may not be present in datasets to be analyzed, practitioners
should probably perform corresponding diagnostic checks before relying on random matrix results of the
type discussed in this and other papers.

Interestingly, in all the models considered the results tell us that only the covariance or the correlation
between the entries of the data vector matters, and the more complicated dependence structure is irrelevant
as far as limiting distributions of eigenvalues are concerned.

Appendix

On the covariance matrix of data distributed according to a Gaussian copula

The concentration results we developed in Subsection 3.2 require the covariance matrices of the data
at stake to be bounded in operator norm by log(p). To be able to apply the results to data distributed
according to a Gaussian copula, we therefore need to show that this is the case. We have the following
fact.

Fact 2. Suppose r is distributed according to a Gaussian copula with corresponding correlation matriz R.
Then, if ¥ is the covariance matriz of r, we have

%]z < %(IIIRlllz/Q+4|||RIH§(7T/6 —1/2)).

Proof. Recall that if r is distributed according to a Gaussian copula with corresponding correlation matrix
R, r can be generated in the following way: draw v according to a multivariate normal N (0, R). Because
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R is a correlation matrix, v;, the i-th entry of v is N(0,1). Now, calling ® the cdf of the standard normal
distribution, r; = ®(v;).

We also recall the standard fact (see McNeil et al. (2005), Definition 5.28, Proposition 5.29 and Theorem
5.36) that

1
X(i,j) = cov (ry,rj) = o arcsin(R; ;/2) .
0
Note that |R; ;| < 1. Recall the series expansion of arcsin(x), valid for z < 1:

(2n)!
4n(n!)2(2n+1)

o
arcsin(z) = E upz®™ | with u, =

n=0

Denote by E o M the Hadamard (i.e entrywise) product of matrices £ and M. In El Karoui (2007a), it is
shown that if M has non-negative entries, and M and E are symmetric, then

1150 Mllz < max(lE; DIl M][l2 -

Call g(R/2) the matrix with entries arcsin(R; ;/2). Then

9(R/2) = g + nilun m o m ”

where A°" is the n-th Hadamard power (i.e entrywise) of matrix A. Now max; ; |R; /2| < 1/2, so

1
92n—1

max (Ri;/2)>" Y| <

Now, using e.g Bhatia (1997), Problem 1.6.13, we have
IR o Rl[l2 < [IIRIII3 -

We therefore have

R HRIll2 | < 1
g (2>H2§ 5+ > un22n_1H|RH!§
n=1

IE]]]2 2N 1
< 2 +4|HRH|2;U71227H_1
< ”“;'”2 +4/||Rl|B(aresin(1/2) — 1/2)
The result follows since arcsin(1/2) = 7/6. O
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