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Abstract

We study the probabilistic properties of the solutions of certain high-dimensional optimization prob-
lems arising in statistics. More specifically, if for 1 <1i < n, X; € RP and ¢; € R, we study the properties
of
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in the high-dimensional setting where p/n tends to a finite non-zero limit.

While most the work is done for 7 > 0, we show that under some extra assumptions on p, it is
possible to recover the case 7 = 0 as a limiting case when p/n < 1. This implies that we can derive
results for the unpenalized (i.e 7 = 0) standard “regression M-estimate” problem where ¢; is replaced by
Y; = X[Bo + €;, with 8y an arbitrary deterministic vector in RP, characterizing in this case the behavior

of § — Bo.
Our assumptions on X;’s are very general and cover for instance cases where X;’s are i.i.d with
independent entries. Importantly, our proof handles the case where these entries are not Gaussian.
While our main focus is on the case of i.i.d ¢;’s, our proof technique can also handle the case of ¢;’s
with different distributions and we give some details on this problem at the end of the paper.

1 Introduction

The last 15-20 years have seen renewed interest in statistics and machine learning for the use of convex
methods in data analysis. Hence, in many applied situations, practitioners now often solve a non-trivial
optimization problem to estimate or approximate a parameter or quantity of interest. A natural question
is therefore to understand the probabilistic properties of the solutions of these optimization problems, if we
assume for instance that the data is generated by an underlying probabilistic mechanism. We study this
issue in this paper for a certain class of optimization problems which are “natural” in high-dimensional
statistics and demonstrate that the tools and intuition developed in random matrix theory can be brought
to bear on some of these problems. Our focus in this paper is probabilistic, but we now give some statistical
background for the problems we consider.

We will focus on the basic statistical problem of regression M-estimates in high-dimension. Regression
M-estimates have been of interest in statistics for at least five decades (Anscombe (1967); Relles (1968);
Huber (1973)). They are natural extensions of the least-squares problem: namely one estimates a regression
vector by solving the optimization problem

~
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for p a function chosen by the user. Here, X; € RP is a vector of (observed) predictors and Y; € R is an
observed scalar response. In this paper, p is a convex function from R to R. Typically once assumes that
there is a linear relationship between X; and Y;, i.e

Y = XiBo+e,

where ¢; are unobserved random errors, and [y is an unknown fixed vector one wishes to estimate. The
n X p matrix X whose i-th row is X is called the design matrix. A very natural question is to understand
how close B is to By, since B is an estimate of (.

Huber’s papers from the 1970’s (Huber (1972), Huber (1973)) contain a number of very interesting
results, including limiting behavior for B\ as n — oo when p is held fixed. Huber also raised the question
of understanding the behavior of the estimators when p is large and obtained partial results in the least-
squares case. Further interesting contributions happened in the mid to late 80’s with work of Portnoy
(Portnoy (1984), Portnoy (1985), Portnoy (1987)) and Mammen (Mammen (1989)). In these studies, the
authors studied the behavior of regression M-estimates when p and n are both large, but p/n — 0 at various
rates. Some of the papers refer to fixed design (i.e X;’s are non-random and the only source of randomness
in the problem are ¢;’s), others treat the random design case (i.e both X;’s and ¢;’s are random).

A central result of Huber (see e.g Huber and Ronchetti (2009)) is that when p is held fixed, and ¢;’s are
i.i.d, the optimal p one can use is — log f., where f. is the density of the errors ¢;’s - at least when we measure

quality of the estimator by the size of cov B . This essentially means that maximum likelihood methods

are asymptotically optimal for these problems in low-dimension. In El Karoui et al. (2011), El Karoui
et al. (2013) a group of us looked at corresponding questions in the high-dimensional setting where p/n is
not small and found the situation to be very different. Indeed, it was clear that one could do significantly
better than using — log fe, in many metrics, including ones that would typically favor maximum likelihood
methods in low dimension. More specifically, we found, in the situation where f. is a log-concave density
that, at least for certain design matrices X, instead of considering p = —log(fc), it was more natural to
consider

P# = (P2 +T;2é,£ 10g¢r# * f)" =2

where 7y = min{r : r2I(r) = p/n}. Here ps is the function such that ps(z) = 2?/2, ¢, is the Gaussian
density with variance r2, f x g represents the convolution of f and g, I.(r) is the Fisher information
(Lehmann and Casella (1998), p. 115) of ¢, x fc and g*(x) = sup,(zy — g(y)), is the Fenchel-Legendre dual
of g. This convinced us that, on top of their great theoretical interest, these high-dimensional investigations
could uncover unexpected insights that could be put to use, in perhaps slightly different form, in statistical
practice. We also note that this result is a key motivation for the current paper. In particular, to develop a
probabilistic theory that is relevant to the result just discussed, we need to be able to work with errors ¢;’s
that are log-concave and functions p that grow at infinity at least polynomially fast - the latter creating
a number of mathematical problems. This is what we do in this paper. (A more statistical discussion
explaining the setup of our work is in Appendix D-2.)

In El Karoui et al. (2011), we proposed a probabilistic heuristic - i.e a heuristic based on sound
mathematical arguments - to understand the behavior of 5 and verified the high quality of its predictions
in simulations and computations. As an aside, we note that this heuristic approach was also the route
taken by Huber (Huber (1973)) in his seminal work. Our heuristic was also developed because certain
physics-based heuristic produced wrong predictions and we thought it would be helpful to develop other
methods to guide practitioners’ intuition. We believe that our methods are more reliable in the hands of
mathematically-minded researchers. Our heuristic led to the formulation of a natural variational problem
to optimize ||8 — Bo||, which we rigorously solved in Bean et al. (2013). Interestingly, the solution of
the variational problem - i.e px mentioned above - depends in general on p/n, i.e the dimensionality
of the problem and is convex. In other words, in general, “good” p’s depend in high-dimension of the
dimensionality of the problem. (El Karoui et al. (2011) is the long form of the paper El Karoui et al.
(2013), which is very short due to page-limit requirements in the journal where it appeared.)

In El Karoui et al. (2011) pp. 4-5, we showed that when X;’s are i.i.d N'(0,Y) with X invertible, when
p <nandY; = X/By+ €, with {¢;}_, independent of X = {X;}",, the solution of Equation (1) has a



simple stochastic representation, namely
~ L _ ~
B~ o= 57Y2B(0;1dy) u,

where w is uniform on the unit sphere in R? and independent of || E(O;Idp)H, which is the norm of the
solution of Equation (1) when 8y = 0 and ¥ = Id,. As we explained in that paper and detailed in Bean
et al. (2013), this stochastic representation can be used to create confidence intervals for vy, where v is a
fixed deterministic vector of Euclidean norm 1, based on v B\ - L.e attach “error-bars” to this quantity. The
width of the interval, and hence the accuracy of v/ as an approximation of v'fy, depends on [|3(0;1d,)]|
and so understanding this quantity - which is one of the foci of the current paper - is interesting and useful
(the width of these confidence intervals naturally measures the quality of the corresponding statistical
statements). So, even though || — Bo|| does not go to zero asymptotically in the problems we consider,
B can be used to build confidence intervals of width of order n=1/2 for the linear contrasts v’y we just
mentioned. This is, remarkably, similar to the situation in low-dimension, i.e p fixed and n — co. We refer
the reader to the supplementary material of Bean et al. (2013) for precise details. The characterization of
|6(0;1d,)|| allowed us to optimize the width of these intervals over p in Bean et al. (2013), illustrating the
need to understand well || 3(0; Id,)||. Finally, | B (0;1d,)|| evidently plays a key role in measuring prediction
error, another reason to study and understand it - see Appendix D-2.3 for more details. The fact that
I8 — Bo|| does not tend to 0 asymptotically is what renders the problem interesting probabilistically but
has been a source of misunderstanding among some statisticians. We address these misunderstandings in
Appendix D-2, since statistical issues are not the main concern of this paper.

Beside these periormance issues, our investigation also pointed to an interesting behavior for the residu-
als, i.e R; =Y; — X3, suggesting that the natural idea of “bootstrapping from the residuals” is problematic
in the situation we investigate. (See also Theorem 3.1 of the current paper.) We refer to El Karoui and
Purdom (2015) for more details and solutions to some of those statistical problems.

The idea of looking at asymptotics for p and n large is motivated by their probabilistic interest,
naturalness, and the fact that these asymptotic results might yield better approximation in finite samples
than their traditional “small p, large n” counterparts - see e.g Johnstone (2001). At a high-level, this is
explained by the fact in this type of work, we need to keep track of “higher-order” quantities that are
typically neglected in classical asymptotics. As we just discussed, this different perspective also sheds new
light on quantities of statistical interest that up to now were thought to be well understood. We note that
Huber (1973) already raised the “large p, large n” question.

Our heuristic in El Karoui et al. (2011) was based on random matrix theory, convex analysis and
concentration of measure ideas. We prove in this paper that these tools can be used to obtain a rigorous
understanding of various aspects of the problems of interest in great generality. The proof presented here
does not simply follow from the heuristic - i.e we are not filling some “minor technical details”. Rather, the
heuristic provided some insights which helped us design the proof presented in the current article. Also,
the problem on which we focus most of our attention here - see Equation (2) - is more general than the
one studied in El Karoui et al. (2013) - the latter having no penalization. The introduction of penalization
created conceptual challenges which are tackled here, while also simplifying some technical issues, resulting
in quite general results.

The assumptions under which we operate for the design matrix reflect the central role played by the
concentration of measure phenomenon (Ledoux (2001)) in this problem - see also our discussion on page 11
and the proof. Concentration of certain quadratic forms in X;’s is especially important here. We thought
it important to do the proof at this level of generality to show the scope (or lack thereof) of potential
“universality” results. This is also the level of generality that is now standard in random matrix theory.
For an example where our concentration assumptions on X;’s are not satisfied and the corresponding results
are completely different, see El Karoui et al. (2011) and our discussion in Subsection 6.2.

Two weeks before this paper was posted on arXiv (with a slightly different presentation), Donoho and
Montanari (Donoho and Montanari (2013)), motivated by El Karoui et al. (2011), posted on arXiv a proof
of some of the results explained in El Karoui et al. (2013) under the assumption that the design matrix is
full of i.i.d Gaussian random variables (i.e X;’s are independent with i.i.d Gaussian entries). Their proof
uses different ideas than ours - it is based on the technology of rigorous analysis of approximate message
passing algorithms (see Donoho et al. (2009) and Bayati and Montanari (2012)).



By working under concentration assumptions, we are able to show many results without requiring i.i.d-
ness of the entries of the vectors X;’s (see Section 3 and Assumption O4 below) - in fact the entries could
be quite dependent. However, to prove all the results of the current paper, we still need the X;’s to have
i.i.d entries, but they do not need to be Gaussian.

Donoho and Montanari also make interesting connections with rigorous work in statistical physics,
namely to the so-called Shcherbina-Tirozzi model (Shcherbina and Tirozzi (2003) and Talagrand (2003))
and other physics-based heuristic approaches based on approximate message passing (Rangan (2011)). Our
approach can also be used to have a different point of view on these statistical physics models, in the zero
temperature setting. R

Our point of view is that the properties of § defined in Equation (1) or Equation (2) below can be
understood via connections to random matrix theory - which are not obvious a priori. As such, our proof
relies on “leave-one-out”, martingale and concentration of measure ideas, as some of our previous random
matrix theoretic work (see e.g El Karoui (2009)) did. We also use quite a few tools from convex analysis,
especially Moreau’s proximal mapping (introduced in Moreau (1965)). Leave-one-out ideas have been
prevalent in both theoretical and applied Statistics for many decades - though the double leave-one-out
idea we used in El Karoui et al. (2011) was a new take on it. Leave-one-out ideas seem to be known
in Physics under the name “cavity method”, so our general approach falls broadly in that category. A
number of the tools we use are also used in the spectral analysis of large random matrices via the Stieltjes
transform method (see Marc¢enko and Pastur (1967), Wachter (1978), Silverstein (1995)). However, the
random matrices that appear in the current paper are non-standard from the point of view of random
matrix theory: they are weighted covariance matrices with weights depending from the design matrix X
in a non-trivial way; the distribution of the weights is also itself a major challenge to understand. By
contrast, when similar issues arise in random matrix theory, the weight distribution is typically assumed
to be known and independent of the design matrix.

In the notation of the abstract and Equation Q) below, this paper gives a very detailed understanding
of the properties of 3, the residuals R; = ¢; — X3, and several other interesting quantities.

Beside Theorems 1.1 (p.5) and 6.1 (p.42), our main results are Theorem 3.1 (p.21) and Theorem 4.1
(p. 33). Theorem 3.1 explains how to approximate  to high-accuracy using a non-linear function of X;
and explains the behavior of the residuals in the high-dimensional setting (where p and n are both large
and p/n is not small) under consideration. The results in Subsection 6.1 explain how to go from results
concerning the “ls-penalized” problem which are at the center of this paper, i.e 7 > 0 to the unpenalized
problem, i.e 7 = 0. This in turn allows us to study the non-null case, i.e Sy # 0, in the unpenalized case
(7 =0). In other words, we obtain some of the properties of the solution of Equation (1) by understanding
the solution of Equation (2). We also explain in Section 6 that our techniques can be adapted to the case
where ¢€;’s have different distributions (the heteroskedastic case) and mention briefly potential extensions
to the elliptical setting, as well as to weighted robust regression for instance. For the convenience of the
reader, we summarize the key results of our analysis in the next few subsections. Sections 2, 3, 4 and
5 are devoted to proofs, the main contribution of the current paper. Section 6 describes results in the
unpenalized case and extensions. The Appendix contains mathematical and statistical background. Our
notations are standard but we redefine most of them on p. 12.

Probabilistically, this paper is part of an effort to understand the probabilistic properties of solutions
of high-dimensional optimization problems depending on random observations, which we believe is an
interesting endeavor from both a purely probabilistic and a more applied point of view. This paper shows
that it is possible to do so using a random matrix point of view, which we believe also opens a new set of
interesting questions for random matrix theorists.

Regression M-estimates are quite widely used, despite the fact that in some random design cases, they
are known to have undesirable inadmissibility properties (Stein (1960), Baranchik (1973)) even in simple
(Gaussian) situations. We do not dwell more on these otherwise interesting issues, since they are tangential
to the main aim of this particular paper, which is to obtain a very detailed probabilistic understanding of
B and other quantities of interest.



1.1 Main focus of the paper and results

The focus of the paper is the problem of understanding the probabilistic properties of
) . 1 - / T 2
p = argmingcps - Z plei — X;8) + 5”5” (2)
i=1

where 7 > 0. For all 1 <i < n, we have ¢; € R and X; € RP. We will see later (see Subsubsection 1.1.1
and Section 6.1) that under certain conditions on p, the understanding of B for various 7 > 0 will lead us
to rigorous understanding of B when 7 = 0. This will then allow us to study the solution of Equation (1)
in the standard linear regression model, i.e Y; = X/f5p + ¢;.

The aim of the paper is to prove the following theorem:

Theorem 1.1. Consider B\ defined in Equation (2) and assume that 7 > 0 is given, i.e does not change
with p and n. Under Assumptions O1-0O7, P1 and F1-F2, detailed below, we have: as p, n tend to

infinity while p/n — k € (0,00), var <||B||2> — 0. Furthermore, for r,(k) a deterministic scalar, if
Ze = €+71,(k)Z, where € is a random variable with the same distribution as €;’s and Z is a N'(0,1) random

variable independent of €, we have: HBH — r,(k) in probability and there exists a constant c,(k) > 0 such
that

E ([proz,,(p))/(2)) = 1—r+7c,(x)

3
Ky (k) =E ((36 — ProT () (p)(ge))2> : ®

We use the notation prox,.(p) to denote the proximal mapping of the function cp, where ¢ > 0. p is
assumed to be convex. This notion was introduced in Moreau (1965). We recall that

1

prox.(p)(z) = argmin, cg (cp(y) + §($ —y)?), or equivalently,

prox,(p)(z) = (Id + cy)"H(x) , where ¢» = dp

is the sub-differential of p (see Schirotzek (2007), p.59). The proximal mapping is an important notion
in convex analysis and convex optimization (beside the very thorough and nice Moreau (1965), see for
instance Beck and Teboulle (2010) or Ruszczynski (2006), Section 7.3). We note that even when p is not
differentiable, prox.(p)(z) is a well-defined function.

As explained in Bean et al. (2013), the previous system can be reformulated in terms of prox; ((c,(x)p)*),
where f* represents the Fenchel-Legendre dual of f. Indeed, Moreau’s prox identity (Moreau (1965)) gives

prox; ((cp)*)(x) = x — prox, (cp)(z) .
Example : our assumptions are for instance satisfied when

e X;’s are i.i.d with i.i.d entries. Those entries have mean 0 and variance 1 and have for instance a
“strongly log-concave density” (i.e a density f. of the form f. = exp(—g.), where g, is convex with
gl > C for some C > 0; an example is the Gaussian distribution) or are bounded. (See p. 11 or
Appendix D-4 for justification.)

e ¢;’s are i.i.d, independent of X;’s, and have a log-concave distribution that is symmetric around O.

e the function p is twice-differentiable, convex and grows at most polynomially at co. Furthermore, its
unique minimizer is at 0 where p(0) = 0.

As explained below, our assumptions are in fact much less restrictive than what is stated in the example
just given (chosen mostly because it is simple to state). In case the reader is unfamiliar with Moreau’s
proximal mapping, we give a few examples in Appendix A.



1.1.1 From7#0and Sy =0to7=0and 5y #0

The standard linear model in statistics assumes that the statistician observes Y; = X{Bg + ¢;. Then it
is of interest to understand the properties of ({Y;, X;}i~1) — Bo, where 8({Y;, X;}I-,) is defined as

~ , 1 &
BHY:, Xitiny) = argmingegp I ZP(YZ - Xz,ﬁ) :
i=1

We have the following simple lemma.

Lemma (A). Suppose that span{X;}?_; = RP and Y; = X/Bo + €;. Suppose that p is strongly convex and
call

~ . . 1 &
BHYi, Xi}i,) = argimingeprp I Z_; p(Y; — X{ﬁ) )

~

. 1 ¢
B = argmingcgy - ZP(Q‘ - X!B) .
=1

Then . ~
BYi, Xitiz) —Bo=5.

In particular, using Theorem 6.1, we see that when Assumptions O1-07, P1 and F1-F2 are satisfied,
limp/n =k <1, and p is strongly convez, we have,

lim HBH —1,(k;0)| = 0 in probability ,

n,p—00
where 1,(K;0) = lim, 0 7,(k; 7) and r,(k; ) is the quantity denoted by r,(k) in Theorem 1.1.

More information, details and justifications are provided in Subsection 6.1 and Theorem 6.1 on p. 42.
(We refer the reader to Hiriart-Urruty and Lemaréchal (2001) p. 73 for a definition of strong convexity.)

The previous lemma simply states that to understand the properties of 3({Y;, X;}I ;) — fo, it is enough
to understand those of BT as 7 — 0, where BT is defined as

~ . 1 & T
Br = argmingcgy n Zp(ei — X;B) + 5”5“2 :
i=1

1.2 Key intermediate results

We present here some key intermediate results - of probabilistic, analytic and statistical interest -
that appear in our proof for the convenience of the reader. Different parts of the proof require different
assumptions, so we label the assumptions accordingly. The assumptions are progressively more restrictive.
We decided to state them separately to show what aspects of the proof held under the less restrictive
assumptions, something that would have been lost if we had just stated the most restrictive assumptions
at once. N

These results apply to  as defined in Equation (2). 7 is held fixed in our asymptotics and we choose
to not index B by 7 to avoid cumbersome notations.

We believe our notations are standard, but definitions, if needed, can be found on p. 12.

1.2.1 Impact of leaving one observation out

We first consider the situation where we leave the i-th observation, (X;, ¢;), out. We call, with standard
notation,

R , 1 T
B(i) = argmingcpp Fz(ﬁ) , where Fz(ﬂ) = " ZP(EJ’ - Xglﬁ) + §Hﬁ”2 .
J#i



Definition. We call, assuming that p is twice differentiable and ¢ = p/,
~ 1 <&
;=€ — X dS=-— "(R)X; X!
R, =c¢ '8, and S n;:lw(R) i

] ~ 1 i
P = € — XjB and Si = — > /(7)) X;X]

J#i
1 1
filB) = =—_ Xjule; = X38) + 76 = () + —Xitp(e: — XiP)
J#i
Using the above definitions, let us now consider
~ . 1 B ~ ~
Bi =B+ (8i +71d) "X (prox,, (p) (i) = By + i » (4)
where
¢ = 2X/(S; +71d) X, , and ()
n
1 _ -
n; = E(Si + 71d) " X (prox,, (0) (7i,1)) - (6)

Our main results from Section 3, Theorem 3.1 and Proposition 3.4 state the following:

Theorem (B). Under Assumptions O1-O7 stated below, we have, for any fized k, when T is held fized,

sup |3 — fil) = Op, (P2E0A™)y

1<i<n

In particular, we have

vi<i<n,E (B - Bil?) = OlpolyLog(n) /n?)

Also,
_ polyLog(n)
i) — Rj| =0, (————) ,
g&gﬁﬂ> il = On(— )
~ polyLog(n
sup |R; — proz,, (p) (7)) = OLIJHW()) )

var (1B)1) = o(22Eesn),

Beside their probabilistic interest, these results give us fine insights about how to perform “online
updates” for B (i.e how to change B if a new observation becomes available without solving the optimization
problem anew, something that is very useful computationally) and the error made in doing so. They
also show that the behavior of the residuals R; is very different from the classical setting limp/n — 0
(in that setting, we basically have R; ~ ¢;), and that Moreau’s proximal mapping is a key ingredient
for understanding the marginal behavior of the residuals. Under the assumptions detailed below, the
probabilistic behavior of 7; (;) is much simpler to understand than that of R; - that is one of the motivations
for relating these two quantities.

For this part of the proof (i.e “leave-one-Observation-out” ), we work under the following assumptions:

e O1: p/n has a finite non-zero limit.

e 02: p is twice differentiable, convex and non-linear. 1) = p’. Note that ¢/ > 0 since p is convex.
We assume that p > 0, p(0) = 0 and 0 is the unique minimizer of p. Note that this implies that

sign(v(x)) = sign(z).

e O3: ¢ is L(u)-Lipschitz on (—|ul, |u|), where L(|u|) < K|u|™ as |u| — co. Hence, ¥(|z|) = O(|z|™)
at infinity for some m and p grows at most polynomially at co.



e O4: X;’s are independent and identically distributed. X; € RP. Their distribution is allowed to
change with p and n. Furthermore, for any 1-Lipschitz (with respect to Euclidean norm) convex
function G, if mg(x,) is a median of G(X;), for any ¢ > 0, P(|G(X;) —mg(x,)| > t) < Cn exp(—cut?),
C), and ¢, can vary with n. For simplicity, we assume that, 1/c, = O(log(n)®) for some o > 0 and
C,, is bounded in n. X;’s have mean 0 and cov (X;) = Id,. Furthermore, for any given k, we assume
that the k-th moment of the entries of X; is bounded independently of n and p.

e O5: {X;}" , are independent of {¢;}"

e 06: for any fixed k , 23" | E (¢)?*(¢;)) remains uniformly bounded in p and n, as both grow to
infinity.

o O7: sup;c;<, |&| = € = O, ((logn)?) for some B> 0 and ¢;’s are independent. In other words, we
assume that for any given k > 1, E (|€,[F) = O((log n)"*).

We do not assume at this point that ¢;’s have identical distribution. (Note that if ¢;’s are log-concave or
bounded, O6-O7 are satisfied.)

1.2.2 Impact of leaving one predictor out

For the second part of the proof (i.e “leave-one-Predictor-out”), we need all the previous assumptions
and

e P1: X;’s have i.i.d entries. We call X;(k) the k-th coordinate of X;. Furthermore, the vectors
Or = (X1(k),...,Xn(k)) in R™ satisfy: for any 1-Lipschitz (with respect to Euclidean norm) convex
function G, if mg(e,) is a median of G(©y), for any t > 0, P(|G(O)) —mge,)| > t) < Cn exp(—cut?),
C,, and ¢, can vary with n. For simplicity, we assume that 1/c, = O(log(n)®) for some o > 0 and
C}, is bounded in n.

We note that according to Corollary 4.10 and the discussion that follows in Ledoux (2001), Assumptions
04 and P1 are compatible. O4 and P1 are for instance satisfied if the entries of X;’s are independent
and bounded by O((logn)®/?). Another example is the case of X; ~ N'(0,1d,). We note that as the proof
will make clear, the assumption that X;’s have the same distribution at given n and p could be relaxed.
By contrast, we use strongly the assumption of independence.

Let us now state the main approximation results we get by leaving one predictor out.

We call V' the n x (p — 1) matrix corresponding to the first (p — 1) columns of the design matrix X.
We call V; in RP~! the vector corresponding to the first p — 1 entries of X;, i.e V/ = (X;(1),..., X;(p—1)).
We call X (p) the vector in R™ with j-th entry X;(p).

Let us call 4 the solution of our optimization problem when we use the design matrix V instead of X.
In other words,

- . Ly T2
7 = argmin, egp-1 ;P(fi —Viv) + 5”7” : (7)
1=

v

(It is easy to see that <O

) is the solution of the original optimization problem (2) when Xj;(p) is

replaced by 0.)
The corresponding residuals are {r; p,}i;, i.e

’ri,[p] = €; — V//’}? .

(2

We call
1< 5N
up =~ V' (rip)ViXi(p) , and &y =~ ¢/(ri ViV -
i=1 =1

Note that u, € RP~! and &, is (p — 1) x (p — 1). We call
1< _
én = n ZX?(P)wl(Ti,[p}) - U;(Gp +71d) 1“:0 ) (8)
i=1

8



and
N
N, = 7n ;Xi(p)w(%[p]) - 9)

It is shown in Subsubsection 4.2.2 that &, > 0. We consider

~ 1 N,
A - 1
bp \/ﬁT"an ’ ( O)
and call )
- =~ _ 1d)~
b= m +bp[ (6p+17d) “p} . (11)

We have, if Bp denotes the last coordinate of B :

Theorem (C). Under Assumptions O1-O7 and P1, we have, for any fized T > 0,

r@e%|<oL(“W“MW)

n

Furthermore,

~

\/ﬁ(ﬁp —by) =0r, (POZ?JLOQ(”)/\/E) )

~ o~ olyLog(n
sup |X;(6 —b)| = Op, (W) 7
olyLog(n
sup |R; — 1y )| = Or, (pyﬁlg()> .

This is the statement of Theorem 4.1 on p.33. R

The last coordinate of b, by, has a much simpler probabilistic structure under Assumption P1 than 3,,
the last coordinate of B . Because our approximations in the previous theorem are sufficiently good, we will
be able to transfer our insights about b, to Bp.

We also have the following results concerning ¢;’s and || B ||. We call, using the definition of S on p.7,
1
Crp = Etrace (& + 7Idp—1)7") ,
1
¢r = —trace ([S + TIdp}_l) .
n

Then we have, under Assumptions O1-O7 and P1, with ¢; defined in (5) on p. 7, the following results.
Proposition (D).

sup|e; — ¢-| = Op, (n™/*polyLog(n)) and |c; — crp| = Op, (n~"/*polyLog(n)) .

Furthermore,
copln b 1) = Pt 0y (P
Also, )
<§)2 nE () = % > E ((crptlrip)?) +o(1) -
i=1
And finally,

P (I517) = - S°B ((ert(proa,, (o) (7 o)))?) +o(1)
=1

This last equation is at a high-level what gives us the second equation in System (3). The second one,
following “Furthermore,”, is closely related to the first equation in System (3), as can be understood from
reading Section 4.



1.2.3 Final steps

The last steps of the proof in Section 5 are divided into two: first we show that Béi)Xi is asymptotically

normal, with obvious consequences for 7; (;y = €; — /BEi)Xi' This is done in Lemma 5.1. Then some work is
needed (under assumptions F1-F2 below) to show that our system has a unique solution and that ¢; (and
hence ¢;’s) is asymptotically deterministic. This is done in Lemma 5.4.

The assumptions we just mentioned are:

e F1: the ¢;’s have identical distribution and for any r > 0, if Z ~ A/ (0, 1), independent of ¢;, €;+7Z has
a density f which is increasing on (—oo, 0) and decreasing on (0, 00). Furthermore, lim;_, tf(t) = 0.

e F2: For any fixed k, E (|e;|*) < o0.

We refer the reader to Lemma C-1 and the discussion immediately following it for examples of densities
fulfilling the assumptions made in F1. We note that symmetric (around 0) log-concave densities will for
instance satisfy all the assumptions we made about the ¢;’s. See Karlin (1968) and Ibragimov (1956) for
instance.

We could relax assumption F1 to ¢;’s having identical distribution and many of our arguments would
go through, except for the fact that c,(x) in our system (3) would only be shown to be a random variable,
with possibly non-zero variance. The proof of Lemma 5.4 explains this in much more details. Equation
(39) is especially important to understand c¢,, which is very closely related to ¢, (k).

Remark : We note that if one is interested in understanding the fluctuation behavior of Bp, the
approximations above (in particular in Theorem (C)) and the definition of b, in Equation (10) lead to
fairly easy central limit theorems for Ep and, by symmetry, the other coordinates of B . For space reasons,
we leave the minor technical details that need to be filled in to the interested reader. (Of course in the
case of i.i.d Gaussian predictors with identity covariance, the rotational invariance arguments given in El
Karoui et al. (2011) apply when p/n < 1 and allow us to characterize the fluctuation behavior of v/nv'3
for any fixed vector v with ||v|| = 1 from simply understanding ||3]|)

Remarks on the assumptions

e Assumptions concerning p: in this paper, we wanted to allow p to grow reasonably fast at infinity.
One of the motivations for this was to be able to handle a broad class of situations where ¢;’s are i.i.d with
a log-concave density f. and for our results to hold when p = —log(f.). This is a natural choice from the
point of view of maximum-likelihood estimation and the paper Bean et al. (2013) which highlighted, in the
case of log-concave errors, the importance of the functions py described in the introduction. We note that
the new “canonical” loss functions p4 tend to be fairly smooth (see Bean et al. (2013)) and hence the fact
that the current paper requires p to be twice differentiable is not a source of major concerns to us. The
classic reference papers Huber (1973); Portnoy (1984, 1985); Mammen (1989) also all require smooth p’s.
We also note that if a function ¢ = p’ of interest is for instance not differentiable at one or two (or a
few points), our main result, Theorem 1.1, will apply to a slightly smoothed version of 1) and hence an
approximation of p. For the purpose of the current paper - where the effort is really probabilistic, trying
to handle fairly general X;’s - working with smooth p is therefore enough. See nonetheless Appendix D-3.
Finally, in the context of Lemma (A) our results are stated for strongly convex p. This is not very natural
for some (but not all) questions in “robust statistics” - but it is not a problem for the kind of optimality
questions that one could tackle using Lemma (A) or Theorem 1.1 - we discuss these issues a bit more in
Appendix D-2. However, it is well-known that if p is convex, p, = p + np2, where pa(z) = 2?/2 and n > 0
is strongly convex, almost by definition (see Hiriart-Urruty and Lemaréchal (2001), p. 73). Once again,
it seems that a bit more work of an approximation theoretic nature should allow us to extend the current
results of Lemma (A), which apply to p, for any n > 0 to a p that is not strongly convex. Of course, the
fact that we can handle p’s that grow at infinity quite fast is important to allow this kind of approximation
arguments. (We also recall that the ¢;’s we are concerned with in the current paper are not allowed to
have very heavy-tails because we allow p to grow “fast” at infinity.)

A detailed look at the proof reveals that if we had more restrictive growth conditions on p at infinity than
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the ones we impose in the paper, we could tolerate ¢;’s with fewer moments and heavier tails. Understanding
how heavy the tails of ¢; can be and while our system (3) remains valid is interesting statistically, but we
leave these considerations for future work since our focus in the current paper is primarily probabilistic and
is on the development of mathematical tools and strategy for rigorously tackling this class of problems. We
refer the interested reader to Appendix D-2 for a longer discussion of these and related issues explaining
why we chose the setup we consider in the current paper.

We finally would like to clarify a little bit a semantic point: the optimization problems we consider in this
paper are associated by many researchers in statistics with “robust statistics”, which generally deals with
€;’s having heavy tails (and hence the functions p’s that are considered in that field are quite restrictive,
from a mathematical point of view). The fact that we consider ¢;’s having relatively light tails and p’s
that can grow at infinity “fast” is motivated by two factors: one is purely mathematical, since the growth
conditions on p at infinity create a number of challenges; the other one is that we are not concerned here
with the impact of having a few ¢;’s having a heavy-tailed distribution on the probabilistic properties of
B (something the current techniques nonetheless seem able to handle when p’s are not allowed to be as
general as the ones considered here). Rather, one motivation for our setup is to show that even in a
“simple” context, where ¢;’s do not have heavy-tails, standard methods of statistics do not perform in
high-dimension as low-dimensional (i.e p fixed, n — o) intuition would suggest. This is the content of
Lemma (A) and the results of the paper Bean et al. (2013), when for instance, ¢;’s are i.i.d with density
fe = exp(—g) and g is strongly convex, symmetric around 0 and has its unique minimum at 0: even in
this simple setting, one can improve upon maximum-likelihood techniques, which are basically optimal in
low-dimension.

e Assumptions concerning X;’s Assumption O4 is a bit stronger than we will need. For instance,
Sections 2 and 3 do not actually require the X;’s to have identical distributions. The functions G we will
be dealing with will either be linear or square-root of quadratic forms, so we could limit our assumptions
to those functions. However, as documented in Ledoux (2001), a large number of natural or “reasonable”
distributions satisfy the O4 assumptions - see also Appendix D-4. Our choice of having a potentially
varying c, is motivated by the idea that we could, for instance, relax an assumption of boundedness of
the entries of X;’s - that guarantees that O4 and P1 are satisfied when X; has independent entries, see
Appendix D-4 - and replace it by an assumption concerning the moments of the entries of X;’s: this is
what we did for instance in El Karoui (2009) through a truncation of triangular arrays argument (see also
Yin et al. (1988)). We also refer the interested reader to El Karoui (2009) for a short list of distributions
satisfying O4, compiled from various parts of Ledoux (2001). Finally, we could replace the exp(—c,t?)
upper bound in e.g O4 by exp(—c,t®) for some fixed a@ > 0 and it seems that all our arguments would
go through. We chose not to work under these more general assumptions because it would involve extra
book-keeping and does not enlarge the set of distributions we can consider enough to justify this extra
technical cost. From a more applied point of view, Assumption O4 imposes certain restrictions on the
Euclidean geometry of the “point cloud” generated by the X;’s - see e.g El Karoui (2009) for more details
on this or Appendix D-4. Working at the level of generality of Assumption O4 allows us to show that this
geometry plays a key role in our main results.

Our assumption that 1/c, increases like a power of log(n) at most is quite restrictive when it comes to
bounded random variables (or truncating random variables) - but is of course satisfied by e.g Gaussian
random variables where c,, is a constant independent on n - and motivated by simplifying the book-keeping
needed in our proof. The result also applies to Xj ;’s that are i.i.d and bounded (uniformly in n). Having
1/¢,, grow like n? for a small v should be feasible - with v depending on m and my (see O3). In the first
part of the proof we keep track of the impact of ¢, to illustrate this aspect of the problem.

We would also like to address the question of whether working under O4 and P1 is “artificially general”.
While it is true that we could assume i.i.d-ness of X;; (and some conditions on their distribution), we
would then constantly be using in the proofs the fact that the functionals of X;; we need in this paper
satisfy certain concentration properties. We feel that working under these simpler-to-state assumptions
(like i.i.d-ness) would potentially obscure some of the geometric properties of the vectors X;’s - concerning
e.g || X;||//p or X/ X;/p - that appear to be fundamental in establishing Theorem 1.1. Working under the
assumptions we state makes rather clear (at least in light of previous papers and the short discussion in
Appendix D-4) the role of these geometric properties.
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Finally, we think the questions raised here are interesting from both a probabilistic and statistical point of
views. Hence, we worked under broad assumptions for the sake of mathematical and probabilistic interest,
even though for certain statistical tasks, less general assumptions (concerning e.g 1) are arguably more
natural. However, these assumptions (such as having ¢ bounded) seem to render the analysis simpler.
Hence since our aim was mostly probabilistic in this paper, we chose to work under more general assump-
tions that enlarge the domain of validity of the results to a large class of interesting situations and also
forced us to deal with numerous extra technical and conceptual difficulties - the proof makes this clear.

Notations

We will repeatedly use the following notations: polyLog(n) is used to replace a power of log(n); Amax (M)
denotes the largest eigenvalue of the matrix M; |||M]|||2 denotes the largest singular value of M. We call
Y= % Z?zl X; X Z’ the usual sample covariance matrix of the X;’s when X;’s are known to have mean 0. We

say that X <Y in Ly if E (]X|k) <E (|Y|k) We write X £V to say that the random variables X and Y
are equal in law. We use the notation u,, < v, to say that there exists a constant K independent of n such
that u, < Kwv, for all n. We use the usual notation f(;) to denote the regression vector we obtain when
we do not use the pair (X;,Y;) or (Xj,€;) in our optimization problem, a.k.a the leave-one-out estimate.
We will also use the notation X(;) to denote {X1,..., X; 1, Xit1,..., X,}. We use the notation (a,b) for
either the interval (a,b) or the interval (b,a): in several situations, we will have to localize quantities in
intervals using two values a and b but we will not know whether a < b or b > a. We denote by X the n x p
design matrix whose i-th row is X/. ||v|| denotes the Euclidean norm of the vector v. x;(£) stands for the
k-th cumulant of the random variable . We write a A b for min(a,b) and a V b for max(a,b). If A and B
are two symmetric matrices, A = B means that A — B is positive semi-definite, i.e A is greater than B
in the positive-definite/Loewner order. The notations op, Op are used with their standard meanings, but
see van der Vaart (1998) p.12 for definitions if needed. For the random variable W, we use the definition

WL, = [E (\W\k)]l/k For sequences of random variables Wy, Z,,, we use the notation W,, = O, (Z)
(resp Wy = o1, (Zn)) when [|[Wal|z, = O Znl[L,) (resp [[Wallz, = o([|Znllz,))-
Remarks

Note that under our assumptions on p, B , the solution of Equation (2), is defined as the solution of

-~

f(B) =0 with (12)
F(B) = = 3"~ Xuth(es — XIB) + 75 (13)

=1

We call .
F(B)= 3 ples — XI8) + L1811 (14

=1

Of course, f = VgF.

2 Preliminaries

In all the paper, we work under Assumption O2, which is purely about the function p, i.e there are
no probabilistic elements in this assumption. We also assume O1, which guarantees that p/n remains
bounded.

In case it is helpful to the reader, we give a very high-level overview of our proof strategy in Appendix
D-1.
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2.1 General remarks

Proposition 2.1. Let 81 and (2 be two vectors in RP. Then

161~ Ball < Z1F(B) — £ (15)

When p is strongly convex with modulus of convezity C' > 0, we also have
1

br—Bol| £ ——=——F(B1) = F(B2)I -

181 — Ball C)\min(E)—l-TH (B1) = f(B2)l

For a definition of modulus of convexity we refer to Proposition 1.1.2 on p. 73 in Hiriart-Urruty and
Lemaréchal (2001). When p is twice differentiable, the modulus of convexity is a lower bound on its second
derivative (see Theorem 4.3.1 on p. 115 in Hiriart-Urruty and Lemaréchal (2001)).

Proof. Let 51 and (2 be two vectors in RP. We have by definition
f(B1) = f(B2) = 7(B1 — B2) + % DX [v(e — X[Ba) — (e — X[B1)] -
i=1

We can use the mean value theorem to write
(e — XiBa) — (e — XiBr) = ' (7], x5, x15,) Xi(B1 — B2) ,

where 7* By X! s is in the interval (e¢; — X/f1,€; — X B2) - recall that we do not care about the order of
the endpoints in our notation.
We therefore have

n

f(B1) = f(B2) =7(Br — B2) + %Z?//(Wé,xlzgl,X;gQ)XiX{(ﬁl —B2)

i=1
which we write

f(B1) = f(B2) = (Spy,p, + TIdp) (B1 = f2) (16)

where Lo
81,8, = n Zwl(fyzi,Xgﬂl,Xgﬁz)Xin{ ‘
i=1
We therefore have
Bi = B2 = (Spy g, +71dy) ' (f(B1) = F(B2)) -
Since p is convex, ¢’ = p” is non-negative and Sg, 3, is positive semi-definite. In the semi-definite
order, we have Sg, g, + 71d, > 7Id,. When p is strongly convex with modulus C, we have ¢/(z) > C (see
Theorem 4.3.1 p. 115 in Hiriart-Urruty and Lemaréchal (2001)) and therefore, Sg, g, +7Id, = Cf]—l—TIdp -

~

(CAmin(X) + 7)Id,. In particular,

181~ Ball < (B~ (B

In the strongly convex case, we have

18— Bof] € —————

ron(E) 7B = 1B

Proposition 2.1 yields the following lemma.

Lemma 2.1. For any (1,

~ 1
18- il < H17 (B0

The lemma is a simple consequence of Equation (15) since by definition f(58) =0
In the following, we will strive to find approximations of 3. We will therefore use Lemma 2.1 repeatedly.
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2.2 Boundedness of HEH

We have the following lemma.

Lemma 2.2. Let us call W,, = %Z?:l Xiv(e;), W, € RP. We have

1
18I < =[[Wall -
T

In particular, under Assumptions O4 and OS5,
B (1317) < S21 3B (1) (17)
“12nn — e

If k > 1, a similar result holds in Loy, - provided the entries of X;’s have cumulants of order 2k bounded

i n. In other words,
E (|I31*) = 0 (i > E (w%(ei))) .
i=1

These conditions are automatically satisfied under our assumptions O4 and O6.
This guarantees that ||B|| is bounded in Loy, provided 37" | E (|1(e;)|?*) is bounded. If this latter

quantity is polyLog(n) so is E <||B||2k>
We also have

(18)

and hence

Though from a probabilistic point of view our various bounds might look interchangeable, it is important
to have both from the point of view of potential statistical applications (beyond the scope of this paper).
Indeed, in some robust regression problems, where ¢;’s can have heavy tails, one would typically used
bounded 9 functions (for instance the Huber functions or smoothed version of the Huber functions - see
Huber and Ronchetti (2009), p. 84, Equation (4.51) for a definition of the exponential of the Huber
functions). The bound based on Equation (17) will then be particularly helpful.

Proof. The first inequality follows easily from taking 5; = 0 in Lemma 2.1 and realizing that W,, = —f(0).
The second inequality follows from the fact that, if e is an n-dimensional vector with entries all equal to
1, W,, = X'Dye/n, where X is n x p and Dy is a diagonal matrix whose (i,) entry is ¥ (¢;). Hence,

1
W = ﬁe’Dd,XX’Dd,e ,

and therefore, E (|[Wy,]?) = &> 7" E (¢¥%(¢)), since E(XX') = pld, and {}, is independent of
{Xiti,-

For the Loy, bound, we can use E ([[W,[|**) < pF~1 30| E (W(j)), because for a; > 0, (3-F_; ci)" <
PP ISP oF by convexity.

Let us work temporarily conditional on ¢;. We control E (W2 (j)|{e;}7,) through the use of cumu-
lants since W, (j) = > i Xi(j)¥(€j)/n, so the 2k-th cumulant of W,,(j) - conditional on {¢}" - is
S (6;) /n* Kok (X;(5)). These cumulants are all of order n!=2% if 3~ 2?*(¢;)/n = O(1). By the classi-
cal connection between moments and cumulants, we see that E (W25(j)) = O(n™%) if L3 | E (¢**(¢;))
is uniformly bounded. Hence, E (||W,||**) = O(p*~!pn=F) = O(1).
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The proof of Equation (18) simply follows from observing that, since p > 0,
Th312 < 2 A
DLLLSS Zp ||ﬁ|| F(B)

< - i) =F(0
_n;p(f)

Indeed, since, according to Equation (14), B= argmingegp F(3) , we have F(B) < F0) =137 p0(e),
and the result follows immediately.
O

3 Approximating B\ by B(i): leave-one-observation-out

We consider the situation where we leave the i-th observation, (Xj,¢;), out and refer the reader to
Subsection 1.2 for definitions of the quantities that will play a key role in our analysis.

These definitions and the approximations they will imply can be understood in light of the probabilistic
heuristics we derived for this problem in El Karoui et al. (2011) and El Karoui et al. (2013) - so we refer the
reader to these papers for explanations and intuition about why we choose to introduce these quantities;
see also Appendix D-1.

With the definitions introduced in Subsection 1.2 and Subsubsection 1.2.1, the aim of the work in
this section to show that B\ can be very well approximated by ;. In Theorem 3.1, we show that the
approximation is accurate to order polyLog(n)/n in Euclidean norm, if for instance 1/c,, = O(polyLog(n)).
We refer the reader to Theorem 3.1 for full details.

3.1 Deterministic bounds

We refer the reader to Subsubsection 1.2.1 where the important quantities BZ, ni, Tj) and f; are
defined.

Proposition 3.1. We have, with B; defined in Equation (4),

oL
18 = Bill < ;HRiH : (19)
where )
Ri=— > {11/(7*()(]', By, mi)) — W(?’j,(i))} X;Xmi (20)
J#
and 7*(Xj73(i),ni) is in the (“unordered”) interval (7; y, 7 iy — X}ni) =(€; X ﬁ X’ﬂz)

Proof. We have of course, since fi(B(i)) =0, and ﬁi = B(i) + i,

FBi) = F(Bi) — fi(B(i)) = —%Xﬂ#( — X!B) + ZX [ 5(1‘)) — (e — X],‘(B(i) + ni))} + 7 -
J#l

By the mean-value theorem, we also have
Wej — XiBuy) — (ej — X5(Biy +mi)) = o' (7, 0) X mi + [W(V*(Xjﬁ(i),m)) S AGT ))} Xini

where 'y*(Xj,B(i), n;) is in the (“unordered”) interval (e; —X]’ﬁ(i), €j —XJ’-(E(Z») +1;)), i.e (fj,(z‘)»fj,(i) —X]’m).
Hence, if R; is the quantity defined in Equation (20),

1 ~
LS [l X3B) — 0les — X)(Bp + )] = - S ) Ko X+ R
J#i J#z
=S +R; .

15



In light of the previous simplifications, we have, using

F(8) = 1:(8) =+ Xab(ei = X/B) andl fi(F) =0,

the equality
~ 1 ~
f(Bi) = —EXW(Q’ — X;Bi) + (Si + 7Id)n; + R -
Since by definition, n; = %(S’Z + TId)*lXﬂp(proxcl_(p)(ﬁ(i))),

1 -

(85 + 71y =+ Xiab(pros,, (o) (o) -

In other respects, ~
- sz' = fi,(i) - Ciw(pTOXci (P)(Fi,(i)» .
When p is differentiable, x — cy)(prox.(p)(z)) = prox.(p)(z) almost by definition of the proximal mapping
(see Lemma A-1 and its proof). Therefore, e; — X|f; = prox., (p)(7; ;) and
1 ~ 1 - _
_EXﬂ/}(ﬁi - X/B;) 4+ (Si + TId)n; = ﬁXi [—(prox,, (p)(Fii))) + ¥ (prox., (p)(7; (;))] = 0.

We conclude that

F(Bi) =R .
Applying Lemma 2.1, we see that
~ = 1
18 = Bill < =lIRill -
T
O
3.1.1 On R;
Lemma 3.1. We have 1] ol
1 X 2,(2
Il < <= 2 oGl n T2 (21)
and L
A< IS N (X5, By, 1)) — (7 )| —— 22 Fo ool /e 29
HR H = H’ |H23]1;IZ) w ('7 ( j76(1)777 )) ¢ (r],(’l))‘ \/,7”_ " Uw(rz,(z))‘ A ’Tz,(z)|/c] ( )
Proof. We have
1 N ~ s
Ri=— > {W(V (X5, Beiysmi) — @b/(rj,(i))} X;X5mi -
J#i

Of course, S = Z#Z [w’(’y*(Xj,B(i),m)) - wl(fj7(i))} X; X} can be written S = LX'DX, where D is a
diagonal matrix with (7, j) entry [1//(7* (Xj,B(i),ni)) - 1//(17]-,(,-))} and (7,17) entry 0.
Using the fact that ||| - |||z is a matrix norm, we see that |||S|||2 < |||Z]||2]/|D|||2. This implies that

IRl < 111SH]25up [ (v (X5, By mi)) — 1//(@,@))‘ [lmall

JFi

where & = LS X, X/ is the usual sample covariance matrix.
We note that, since |||(S; + 71d,) 7|2 < 771,

L [1X]]
Var i

Il < [ (prox., () (7 i)l -

Using Lemma A-1, we see that

|1/)(proxci(p)(fi,(i)))y < |¢(fi’(i))| A M ]

G

The lemma is shown. OJ
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3.1.2 On 'y*(Xj,B(i),m) and related quantities

W (v (X, By, mi)) — W(fj,(z‘))‘

We now show how to control ﬁ SUp;iz;

Lemma 3.2. Let us call R
Ba(i) = sup [[e; = X} | + [ X]mi]] -
JFi
Suppose, as in our assumption O3, that Y’ is L(By(i)) Lipschitz on (—By(i), By (i)). Then,

~

S V' (v (X5, By mi)) — zb'(fj,(i))‘ < L(Bn(i))siplX}ml :
J7F JF

It follows that

L(Bn(i)) || Xl
vnt o \/n

We note that we could replace the assumption concerning the Lipschitz property of ¢’ on (—B,(i), B,(7))

by saying that 1)’ has modulus of continuity w, when restricted to this interval and putting growth condition
on this modulus. We chose not to do this to simplify the exposition.

NSz [0 (Fs o) A |7yl fei] -

IRill < sup [ Xl
JFi

Proof. By definition, we have R
IV (X5, By, mi) — T,y < 1X5mil -
Therefore,

sup |y (X5, By, mi)| < sup [|6j — X} Byl + |X]/'77iq
JFi J#i

Recall that R
B, (i) = sup DEJ' — X]'-B(i)\ + ]X]'nz]} )

J#i
Y’ is L(By(i))-Lipschitz on (=B, (i), B, (7)) by assumption. Therefore,
sup 1/ ("5 B 1) = ¥/(750)| < LB sup K.
J7F JF

The bound for ||R;|| follows immediately.

3.2 Probabilistic aspects

Note that 1
Xin; = (prox,, (p)(fi,(i)))ﬁXj/'(Si +71d,) 71X

We can rewrite the bound on ||R;|| as

| X5(S; + 71d,) 1 X

n

L(Bn(i)) [ Xill

NN 112112 ([ (i o)] A 173 )] ] [ (proxe, (p) (7 0))) -

IRill < [S,UP

J#

In light of Proposition 3.1, the bound on ||R;]| is encouraging since it shows that we can control ||3— 5
in L provided we can control each terms in the above product in Lgg: indeed, for a product of m random

variables {W;}7.,, we have E (| T2, W]|> <I[L, [E (|Wj|m)]1/ " by Holder’s inequality. In particular,

we will later need control of E (H B— BZHQ) and will therefore require subsequent bounds to in Lqg.
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3.2.1 On sup,; | X}(S; + 7Id) "1 X; /n|

We will control X J'(Sz +7Id)~' X; /n by appealing to Lemma B-2, which is designed to handle problems
of the kind we are encountering here.

Lemma 3.3. Suppose X; are independent and satisfy the concentration assumptions mentioned in As-

sumption O4. Then

||X I
su =0, (1
up 11 = 01, (1)

and

sup [ X(S; + 71d) 7 X, /n| = O, W#Zg(”) .
J#i Cn

Proof. e First part Using the fact that X; — || X;||/v/n is n~/2-Lipschitz with respect to Euclidean norm
we see, using Lemma B-1, that

sup NIX51/v/n = myx,)/yml < polyLog(n)/(v/ncy) in Lag -
A1

Recall that cov (X;) = Id,. So my X;|l/vm 18 of order 1 in the case we are interested in (using for instance
Proposition 1.9 in Ledoux (2001)). Hence,

SHP\HX 17Vl = OLy (1),

provided 1/(ncy,) = O(polyLog(n)). This is clearly the case under our assumptions. This shows the first
result of the Lemma.

e Second part Let us work conditionally on Xy = {X1,..., Xi—1, Xit1,..., Xn}. Call v = (S; +
7I1d)71X;. The map Fj(X;) = Xi(Si+7ld)~ 'X; = X/v; ;) is Lipschitz (as a function of X;) with Lipschitz

constant \/X]’-(Si + 71d)72X; < ||Xj||/7. Indeed, it is linear in X;. Call mp, its mean, conditional on X ;.

Since X; has mean 0, we see that mp, = 0.
Therefore, using Lemma B-2, we see that

10\ 7 1/10 20\ 71/20
E ! Sjl;ég) | X5(S; + 71d) ™ el =0| |E 7 sgp !_i(/]ﬁ‘] polyLog(n)/c, | ,
and therefore .
—SJL;IZ)\X (S; +71d)™ lx, | = Oy, ( polyLog(n)/cn> ,
since we have established earlier that sup;_; ||| X;[|/v/n| = O, (1). O

3.2.2 Control of the residuals R; and fi,(i)

Our aim here is to show that we can control sup, |R;|, where R; = ¢; — X B are the residuals from the
full robust ridge-regression problem. This will allow us to achieve control of B, (i). As 7; (; is much easier
to understand than R;, our strategy is to relate the two.

Lemma 3.4. We have the deterministic bound

IIX I1X]1? 1

[ Ril < |7,)| + mUGIONE (23)

Denoting by &, = sup;<i<,, |€i|, we have under our assumptions on {X;} ,

1
sup |7, (] < En + [[[Wall + n P [ Xilllo(En) V ¢ (=En)lpolyLog(n)/[T+/cn] in Ly .

1<i<n
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Under the assumption (see O3) that |p(x)| = O(|x|™) for some fized m at infinity, we have, for some
constant K,
sup |R;| < K (sup m’(i)‘)mw in Ly, |
i i

and [|[Wa| + - supy<icp | Xil[[9(E0) V ¥ (=E)| = O, (|Wall + polyLog(n)Ey*/ /).
Proof. Recall the representation
Bi = B2 = (Spy p, +71dy) " (f(B1) = F(B2)) -
Take 81 = ﬁ and By = 5 . Note that since fz(ﬂ(Z ) =0,
~ 1 1 ~ 1
fBw) = =~ Xib(Figy) = — D Xip(7j0) + 7By = =~ Xitb (7 1)
J#i

Therefore,
- 1 B 3
B —Bu = E(Sgﬁm + 7ldp) 1Xi?/)(7“z',(z‘)) .

Since 7 ;) — R; = XZ’(E - B(Z»)), we also have

Xi|?1
o — Rl < X D, ).
We conclude that X H2
N e 1 5
|Ri| < |75 )| + - ;W(Ti,(i))\ .

Now under assumptions, we have sup;<;<;, |1 X3]|2/n — 2] = Op, (polyLog(n)/\/ncy,), according to Lemma
B-3. Using the fact that ||Bg || < |[W, @)|l/7 (see Lemma 2.2 with obvious modifications of notations), the
independence of X; and B(Z-), we have, through Lemma B-2,
W .
sup |X| ﬁ )| < sup | n’(Z)HpolyLog(n)/\/Q .
T

1<i<n 1<i<n

Since [W,, o)l < [Wall + X [4(e:)] /n, we have
173 0) < lesl + (Wl + sup] i [ [¢(es) /n) JpolyLog(n) /[ /&) in Ly .

Denoting by &, = sup;<;<,, |€i|, we have, using the fact that 1 is non-decreasing,

1 i .
s (7] < €t [ IWll+ =575 sup LT 0E,) v o8, | poyLog(o)/ /&) i L.

1<i<n

for any given k. We note that if [¢/(x)| = O(|z|™) at oo, since we have shown that

Rl

|Ri| < |7y, + ——
-

s CIGAOV

‘m\/l

we have the bound supy<;<, [Ri| < supi<;<;, [T5,33) and therefore,

mV1

1 .
sup || S |En + polyLog(n)/[rv/eullllWall + - sup [IXill[¥(En) Voo (=&n)l in Ly,

1<i<n

provided the bound on sup;<;<,, |7 ;)| holds in L. Note that this is guaranteed under our assumptions.
Of course, here we are using control of sup,||X;||?/n, which we get by controlling || X;||/y/n through con-
centration arguments. The fact that sup;||X;||/v/n = Or, (1) gives us the last statement of the lemma. [J
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Remark 1: at the gist of the bound on 7; ;) is a uniform bound on || B(i)H in L. We could also

have used the bound sup;|| E(i) | </2/73/1/n 3., p(e;) which is immediate from Lemma 2.2. This would
change slightly the appearance of our bounds on sup; |7; (|-

In the case where p grows like |z|!T¢ at infinity, it seems preferable to have bounds that depend on
¥ (€;) and not p(e;), which is why we demonstrated how to use those ¥-based bounds, instead of using the
slightly simpler ones based on p. This difference will likely be more important when &, is allowed to grow
much faster with n than under our assumption O7 - but we leave this variant of statistical interest to
another paper.

Remark 2: We note that a similar result holds of course for 7; ;). More precisely,

~ 1 - r
7 — Bl < |~ XG(S55, + mldp) " X [1(7i o)

)

and hence,
N X IXll
70 = Ryl < 7= = ()] -

Of course, this bound is very coarse and we will see that we can get a better one later.
However, this finally allows us to have the following proposition

Proposition 3.2. Under the assumption that |¢(z)| = O(|z|™), as in O3, we have the bound

m mV1

B,(i) < K |&, + (W]l + f}lﬁ)polyLog(n)/[T Cn) in Ly ,
[

where K is a constant independent of p and n. When ||W,|| and Jn are bounded in Ly, this bound simply

becomes
B (i) < K [E, V polyLog(n) / (/&)™ in Ly, .

The same bound holds for sup; By, (i) in Ly .

Proof. The result follows easily from the fact that
B, (i) = sup [|77j7(i)] + |Xj’m|] ,
J#i

the fact that ||X ”HX H
sup sup |7 ;) — ;| < supsup —— W(fﬁ(i))‘ )
i i i nr

and the bounds on sup; |R;| we have derived earlier. In more details, we have
B,.(i) < sup R; + supsup |7 ;) — R;| + supsup |Xj/~m\ )
i i A i g

The same bound is of course true for sup; B, (7). Now we recall that

!/

XH(S; + r1d) 7L X;
Ximi = 15 X

n

P(prox., (p)(7i@)) -

Using our previous investigations concerning X7 (S; + 71d,) 1 X;, the part concerning sup, sup;; | Xl
is easily shown to be negligible compared to the bound on

sup sup |Fj7(z-) - Ryl .
i i
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3.2.3 Consequences

We have the following result. Recall that ¢’ is assumed to be Lipschitz with Lipschitz constant L(u)
on (—|ul, ul).

Proposition 3.3. Suppose, as is consistent with O3, O6 and O7, that [(x)| = O(|z|™), ||[Wh]| is bounded
in Ly and E* = o(y/n) in Li. Suppose further that L(x) < K|z|™ . Then we have
2m+m1(mV1)

polyLog(n _ .
IR < Kyzgg/g) <8n V (Tcy) 1mpolyLog(n)) in Ly .
nr2cy

In particular, if €, = Oy, (polyLog(n)) and 1/c, = O(polyLog(n)), we have, since T is assumed to be fized,
lyL
IRl < K PAWESE) g

Furthermore, the same bounds hold for sup;||R;||.

Proof. The proof follows by aggregating all the intermediate results we had and noticing that under our
assumptions, [||Z[|]2 = O L.(c, ). This latter result follows easily from a standard e-net and union bound
argument for controlling |]|§]|H2 - see e.g Talagrand (2003), Appendix A.4. We provide some details on this
bound in Lemma B-4.

The statement concerning sup,||R;|| follows by the same method. O

We have the following theorem, which is very important for this paper. We recall that BZ is defined in
Equation (4) on p.7.

Theorem 3.1. Under Assumptions O1-07, we have, for any fized k, when 7 is held fixed,

~ o~ lyL
sup |7 = Bill = Op, (P2Los() .

1<i<n
In particular, we have
vi<i<n,E (5= 5l2) = OpolyLog(n)/n?) .
Also,

- polyLog(n)
sup sup |7 ;) — Rj| = O, (——75—
1§i£n #IZ?| 7,(4) il L ( nl/2 )

Finally,

- polyLog(n
sup [R; — proz,,(p) (7 i) | = OLk(nl/Q())

Proof. The only parts that may require a discussion are the ones involving the residuals. However, they
follow easily from the very coarse bound

sup |7,y — Rj| = sup | X}(5 — Bi)| < sup | Xj(B — 5;)| +sup |X;(B: — Bi)l ,
J#i J#i J#i J#i
< (s )R8 - B sup g
1<j<n V1 j#i
and the fact that (suplgjgn Hf;%“) = Og, (1) under our assumptions. Recalling that ||B — Bill < IRs|l/7

and hence sup,|| = Bill < sup;||R:||/7 gives control of the first term. Control of the second term follows
from Lemma 3.3 and our bounds on sup; |7; (;)| in Lemma 3.4.
Concerning the fine approximation of R;, recall that

Ri=ei—XIB=e— XiBi— XI(B—B) -
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Now, given the definition of Bi, we have

X3 = X{B(i) + civp[prox,, (p) (Fi )] -
Hence, _
e — X, Bi = T (s — co[prox,, (p) (7 (i))] = prox., (p)(7; iy) »

where the last equality is a standard property of the proximal mapping (see Lemma A-1 if needed). So we
have established that

sup [ R: — prox,, (p)(7: s))| = sup [ X/(5; = B)|

and the result follows from our previous bounds. ]

3.3 Asymptotically deterministic character of |32

Proposition 3.4. Under our assumptions O1-07,

var (HBH2) —0asn—o0.

Therefore ||B||2 has a deterministic equivalent in probability and in Lo.
More specifically, when 1/c, = O(polyLog(n)), we have

var (|3]?) = (2L

Proof. We will use the Efron-Stein inequality - a martingale inequality - to show that var (H 3 HQ) goes to
0 as n — oo. In what follows, we rely on our assumptions, which imply that ¢ (e;) have enough moments
for all the expectations of the type E (HBH%) to be bounded like 1/7%%. Note that this the content of our
Lemma 2.2.

Recall that the Efron-Stein inequality (Efron and Stein (1981)) gives, if Y is a function of n independent
random variables, and Y(;y is any function of all those random variables except the i-th,

n

var (V) < Zvar (Y — Y(Z)) < ZE (Y - Y(i))Q) .

=1 i=1

We first observe that
E (1812~ 1BwI?1?) < 2 [B (I1BI2 - 1B:1212) + B (132 - 186 127)] -

Of course, using the fact that 5 = 5 — 3, + B; and [|B]1> — [|B:1*2 = [(B — Bi)' (B + B:)12, IIBI — [1B:]1%* =
Or, (\|§—§i|]4)+\/OL1 (13 = Bil|), by the Cauchy-Schwarz inequality, since E (|]§H2> exists and is bounded
by K/7%.

Using the results of Theorem 3.1, we see that

B (1812 - 1311212) = 0(R2eEM) _ o1y

n2

On the other hand, given the definition in Equation (4),

~ ~ 1 _ . 1 _ -

18:012 = 1By I” = 2-5(;) (S + 71d) L X (prox., (p) (7i ) + —3Xi(S + 71d) X (prox., (p) (i () -
Since B\(i) and S; are independent of X;, and |||(S;+7Id) Y|z < 1/7, Béi)(Si—i—TId)*lXi = OL4(”B(1-)”/C»}/2),
using our concentration assumptions on X; (O4) applied to linear forms. Therefore, we see that both terms

are Or,(1/ ney/ 2) provided ¥ (prox,, (p)(7; ;))) has 4 + € absolute moments - uniformly bounded in n - by
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using Holder’s inequality. Under our assumptions, given our work on 7; (;), the fact that the prox is a
contractive mapping (Moreau (1965)) and that we assume that sign(¢(x)) = sign(z), it is clear that this
is the case. We conclude that then

5 3 2)? polyLog(n)
B (|13 - 15017 ) = 0P 58,
Taking Y = || 3 |? and Y{;) = HE@HQ in the Efron-Stein inequality, we clearly see that

var (131?) = 0P, o).

This shows that || B |2 has a deterministic equivalent in probability and in L. O

4 Leaving out a predictor

In this second main step of the proof, we do need at various points that the entries of the data vector
X, be independent, whereas as we showed before, it is not important when studying what happens when
we leave out an observation.

We refer the reader to Subsubsection 1.2.2 for the definition of the various quantities that appear in
the current section.

We will show later, in Subsubsection 4.2.2 that &, > 0. However, we will use this information from
the beginning and there are no circular arguments. Note that when &, > 0, we have, with the definitions
introduced in Subsubsection 1.2.2,

S » > % {101 O L N e D VET
% Z?:l X,-Z(P)W(Ti,[p]) - u;(GP + Tld)_lup n
The aim of our work in the second part of this proof is to establish Theorem 4.1 on p.33, which shows that
|lb— 5| = O(polyLog(n)/n) in Lj. Because the last coordinate of b, b,, has a reasonably simple probabilistic
structure and our approximations are sufficiently good, we will be able to transfer our insights about this
coordinate to 3,, the last coordinate of 3.
Appendix D-1 provides some intuitive explanations for why by, is a natural quantity in our context.

4.1 Deterministic aspects

Proposition 4.1. Recall the definition of b in Equation (11). We have

o~ 1 ~
18 = bl < =[bp| sup |dip| |\|E!||2\/||(6p +7Id) 2 + 1. (24)
T 1<i<n
where dip = W' (v},) — ' (ri )] and 77, is in the interval (e; — V7, € — X{N).
Furthermore,

- 1 ¢
1(&p + 71d) " Hup||* < — Y XP W (rigy) - (25)
i=1
As we saw in Equation (16) and Lemma 2.1, we have

o~ 1~
16 = bl < ~llF O,
where
~ 1 & ~ ~
fo) =—- 2; e — Xib) +7
We note furthermore that

- 1 St
9() = ==Y Vitblei = V{A) + 77 = 0p1
=1
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The strategy of the proof is to control f(b) by using g(7) to create good approximations and then use
the fact that g(7) = 0p_1.

Proof. a) Work on the first (p — 1) coordinates of f(b)
We call f,_1(3) the first p — 1 coordinates of f(5). We call 7¢,+ the p-dimensional vector whose first p — 1
coordinates are 4 and last coordinate is 0, i.e

?ezt = |:2)/:| .

For a vector v, we use the notation veymp to denote the p — 1 dimensional vector consisting of all the
coordinates of v except the k-th.
Clearly,

o1 (5) = o1 (B) — 93) = = D Vi [vles — X[B) — s — V/A)| + 7(Feomp ~ )
=1

We can write by using the mean value theorem, for 77, in the interval (e; — V/7, € — Xjb),
P(ei — Xib) — (e = Vi7) = &' (%) Xi Feat — 1),

= w/(Ti,[p])Xz{(;Y\ea:t —b) + [wl(’)/i*,p) - wl(Ti,[p])]Xz{(:y\ext —-b).

Let us call

dip = [ (7ip) = ¢ (ri)] 5
dip = [V (i p) = ' (73 1p))] X Fewt — D)

1 & . ~
Rp = _E Zldi,p‘/;Xg(Vext - ) .
We have with this notation
-1 - / 12 7 7 % A
fp—1(b) = n Z (] (Ti,[p])ViXi(Wext = b) + 7(beompp —7) + Rp = Ap + Ry .
i=1

We note that by definition,

~ —1
%zt —b= bp |:(6p * z]:ld) up:| ’

bcomp,p - /'77 = _bp(Gp + TId)_luP :

Therefore, X!(Yeat — b) = by [V/ (S, + 71d) " up, — X4(p)], and

1 n
Ap = —by (n Z wl(ri,[p])‘/i [Vi/(Gp + TId)_lup - Xz(m]) +7(=bp(Sp + TId)_lup) ‘
i=1

Recalling the definition of &, and u,, we see that
Ay = —b, (6,(6, + 7Id) tup — up + 7(6, + 71d) tuy,) = 0,1,

since 6,(6, + 7Id) ! + T(6) + 7Id)~! = Id.
We conclude that

fo1(b) =R, .
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b) Work on the last coordinate of f(b)

We call [f(b)], the last coordinate of f(b). We recall the representation

¢(€i - Xz/ ) - 7/}(61 - szlfy\) = w/(ri,[p])Xz((:Y\ext - b) + [¢/(7;p) - ¢/(ri,[p])]X£(:7\ext - b)

and call

dip = [0 (% p) — ' (ri )1 Xi Feat — D) .
Clearly,

D€ — XIb) = (rs ) + ¥ (i) X} Fear — b) + G
= (ri ) + 0 (1) bp [Vi (Sp + 71d) " uy, — Xi(p)] + Sip -

We therefore see that

~ 1 o 1 & ) ) - -
LF@)]p + — > Xi(p)bip = - > Xi(p) (U(ri ) + 9 () [VV (S, + 71d) "y, — Xi(p)]) + 7hy
=1 i=1
1 — 10
= Z Xi(p)Y(rip) — bpu;(Gp + TId)_lup + bpﬁ Z @b'(ri’[p])Xf(p) +7b, ,
i=1 i=1
1 - 1 - / / _
S [n > Xi(p)e(rigy) = Tbp| + by <n S (s ) X2 (p) — (S, + 71d) 1up> 7
i=1 =1
1
- [\/ﬁNp - T[’p] + bpén
=0.
We conclude that
~ 1 & 1 & o ~
[f(D)]p = - Z Xi(p)dip = — Z di pXi(p) X; (Yewt — D) -
i=1 i=1

Representation of f(b)

Aggregating all the results we have obtained so far, we see that
~ 1 <& ~
f(b) = (—n;di,pxixz) (Feat —b) ,
1=

B 1 < N\ [(Sp + 71d) ",
= —b, (n Z;d@pXiXi) [ i :

We conclude immediately that

~ ~

1F@) < 10p] sup [dip [[SHll2y/ (S, + 71d) 1y 2 41 (26)
1<i<n

In connection with Equation (15), this gives Equation (24).
Calling Dy, ) the diagonal matrix with (4,4) entry ¢'(r; p)), We see that

1 1
Up = EV/DW(TH[,,])X(p) and &, = EV/DW(“,[I?])V : (27)
Therefore,
1/2 , —2 11 1/2
||(6 4 TId)_lu ||2 _ X(p)/Dl/Q Di/)’(r.,[p])v 14 Diﬁ'(r,[p])v 1 r1d 4 le(ﬂ,[p]) D1/2 X(p)
g N n N
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D2y

Clearly, using for instance the singular value decomposition of Ln“’]) or Lemma V.1.5 in Bhatia
(1997),
1/2 1 1 1/2
Dw’(T»,[p])V V/Dw/(r-,[p])v v Dw’(r.,[p])
+ 7ld — = <1d,
vn n NLD
and 1/2 1/2
-2 17/
Dlﬁ’(?“»,[p])v V/DW(TA,[p])V 4 DW(’\,[p]) Id
+ 7ld e
Vvn n vn T
So we have

) 1 Ly
(6 + 714) Yy | < X (0) Dyrr ) X(0) = — D7 XE0) (1)
=1

4.2 Probabilistic aspects

From now on, we assume that X (p), the p-th column of the design matrix, is independent of {Vj, ¢;}7_;.
This is consistent with Assumption P1.

Because r; ) are the residuals from a ridge-regularized robust regression problem with n observations
and p — 1 predictors, the analysis done above concerning the R; - see Lemma 3.4, p. 18 - applies and will
allow us to control maxi<j<n [¢'(r;[,))|?. (Note that Assumption O4 is satisfied for V; if it is satisfied for
X;: convex 1-Lipschitz function of V; can be trivially made to be convex 1-Lipschitz function of X; by
simply not acting on the last coordinate of Xj.)

In light of Lemma 3.4 and using independence of X;(p)’s and ; [, it is clear that the upper bound in
Equation (25) is Op, (polyLog(n)) under Assumptions O1-O7 and P1. In other words, at 7 fixed,

18 + 71d)~up||* = O, (polyLog(n))

(Note that p does not play a particular role here. If we considered the same quantity when we remove
the k-th predictor instead of the p-th, and took the sup over 1 < k < p of the corresponding random
variables, the same inequality would hold, in light of our work in Section 3.)

This guarantees that

2

1 —1
H<6p+7d) Il < (14118, + 71d) "y |?) = O, (polyLog(n)) -

-1

We conclude, using Equation (26), that
~ o~ K a .
18 = bll < —polyLog(n)[by,| sup |dip|[[|IZ[|]2 in L.
T 1<i<n

Recall that Lemma B-4 gives a bound on |[|S|[|2. At a high level, we expect SUpPy <<y, [dip| and by, to
be small, which should give us that
I8~ = O, (polyLog(n) sup [di,lby)

In fact, we will show in Proposition 4.2 that b, = Oy, (polyLog(n)n~/2) and in Proposition 4.4 that

SUP) <<y, |dip| = Op, (polyLog(n)n=1/2).
‘We now show these two results.
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4.2.1 Onb,

We recall the notations
1 n
N, = — P(r; 1) Xi(p) ,
N ; (74, Xi(p)
1 <& i
& = ﬁ Z"lﬂ’(’f’i,[p])XiQ(p) — U;(Gp + TId) 1up '
i=1

Under our assumptions, we have E (X;) = 0 and cov (X;) = Id, and hence E (XZ(p)) = 1. Recall that
since we assume that X (p) is independent of {V;, ;}7_;, X(p) is independent of {r; , }i ;.
Proposition 4.2. We have
1
Vnt

Furthermore, under assumptions O1-O7 and P1, N, = Op, (polyLog(n)) and therefore, when 7 is held
fized,

[bp| < [Ny -

b, =Or, (polyLog(n)n="/?) .

Proof. From the definition of by, we see that, when &, # 0

b — 1 N,
Pnr+&,
We will see later, in Subsubsection 4.2.2, that &, > 0. It immediately then follows that
1
[bp| < —=—[Ny| -

nt

Using independence of X (p) and {Vj, €}, we have for instance
1 n
E(N;) =~ E(X2(0) E (¥*(rifp) »
i=1

whether the right-hand side is finite or not.

Since 7; [, are the residuals for our original problem with n observations and p — 1 predictors, our
previous analyses show that N, has as many moments as we need and N, = Oy, (polyLog(n)). (Indeed,
for higher moments, since X;(p) are independent random variables when i varies from 1 to n, it suffices to
apply reasoning similar to the arguments given in Lemma 2.2 for the control of the moments of W, (j) in
connections with our bounds on r; ;) and therefore on 9 (r; ,)) under Assumption O3).

We therefore have

[p]

1
|by| < WOL;C (polyLog(n)) .

4.2.2 On &,

Let us write &, using matrix notations: denoting by X (p) the last column of the design matrix X, we
have

_ 1 1y1/2 1/2
Sn = EX(p) le(r-,[p])MDW(W,[p])X(p) ’ (28)
where s b
_ /
M ' m

|4
1
M = Idn — ) (nV/Dw,(T-,[p])V + TId) (29)

Vn vn
This simply comes from the representations of u, and &, given in the proof of Proposition 4.1, specifically
in Equation (27).
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Lemma 4.1. We have
£ >0.

Furthermore, under Assumptions O1-O7 and P1,
1 1/2 1/2
|&n — Etmce (Dqﬁ{("".‘[ )MDw{(T " ) | = OLk(lsslg)nQ//(Ti’[p])/(\/ncn)) . (30)

Proof. Let us first focus on M, as defined in Equation (29). When 7 > 0, it is clear that all the eigenvalues

_1/2D1/2

of M are strictly positive, i.e M is positive definite. Indeed, if the singular values of n V(. ])V are
(P

denoted by o;, the eigenvalues of M are 7/(c? + 7).

Therefore, since &, = %T)IMU with v = Dll/){?r : ])X(p), & > 0.
1P,
M is symmetric and has eigenvalues between 0 and 1, as we just saw. Therefore, using e.g Lemma

V.1.5 in Bhatia (1997),

1/2 1/2
0-<D Wi })MDdJ’(r.,[p})

The matrix M is independent of X (p) under Assumption P1. D, ) is also independent of X (p).
Since X, satisfy the necessary concentration assumptions under Assumption P1, we can now appeal
to Lemma B-3 to obtain

=< D'Lﬂ’(?“"[p]) .

1

1 1/2 1/2 _
0 W ) W (T'ﬂ[p])X(p) - —trace (D MD [ ]))‘ =0y, (

Vo MP e, SV (i) -

1
\/nc,
O

We now take a slight detour from the aim of showing that we have a very good approximation of B
through b by working on finer properties of &, and b,. These properties will be essential in establishing
the validity of the system (3).

To get a finer understanding of &,, we now focus on the properties of

1 1/2 1/2
trace (DUE MDUE L)

1 1/2 1/2
About ~trace (DW(T"M)MD¢,(T"[p]))
Lemma 4.2. Let us call &, = L5 4/ (r; 1, )ViVi and S(i) = &, — 24/ (r; (,) )ViV]. Let us also call

1
Crp = gtmce (&, + TId)_l) ,

1
G = VI(®,(0) + 1) Vi — ;.

Then we have under Assumptions O1-O7 and P1, if M is the matriz defined in Equation (29),

1 1 1/2 1/2 e !
Etmce (Id,, — M) — <ntmce (D MD ))> Crpl < [sgp |Cl|] . ;1/1 (7)) - (31)

P, p1) P'(r.,ipl

We also have

1 -1
—trace (Id,, — M) = P

— TCrp .
n n 87

Proof. We call d;; = 1'(r; ;) /n. Of course, by using the Sherman-Morrison-Woodbury formula (see e.g
Horn and Johnson (1990), p.19),

M’i7i =1- di,i‘/il(V/Dq/)’ (r. [p] V/n + TId) V

VI (6,(3) + 71d) 'V,
- dzz
1+ dl V/(6p(i) + 71d) !
1
1+ diZ’(Gp(z) + TId)_l‘/; '

28



. .1 It 1/2 1/2 .
Recall that we are interested in EZi ID/(?”i,[p])Mz‘,z‘ = -trace (Dw’(r.?[p])MDw’(rt,[p])>' Note that, since
trace (AB) = trace (BA),

trace (Id,, — M) = trace ((&, + 71d)7'&,) = p — 1 — 7trace (&, + 7Id) ') = p— 1 — n1cr .
On the other hand,
V/(&,(i) + 71d) "1V,
t Idn—M:E 1—Mii:E d;; 2
race( ) ( ) ) i 1+ dz zV/(Gp Z) +TId) (3 )

i

With our definitions, we have

1 Gi
 trace (Idn = M ( Zw ip) Z%)Cfﬁ Zw ) T v, () + 1)

It immediately follows that

%trace (Id,, — — ( Zw z[p )CTp > [SQP|C1'|] %ZW(U[})]) )

as announced. ]

Controlling (;

Lemma 4.3. Suppose we can find {r i Ip] }j;,gz independent of V; such that sup;; \rj w7 ol < 0n(i).
Suppose further that we can find K, such that

SupSUPHD( )_¢(y[p)‘<K
i j#i
Then

polyLog(n) 1 > 7 (33)

1 ~
s i| =0 =K, |2l + —F—= + —
1;p|Cl| L <7’2 all12ll2 Ty/NCy nr

provided K, has 3k uniformly bounded moments.

Proof. We call
AM;, = Z ViV
J#z
Then, using for instance the first resolvent identity, i.e A~! — B~! = A=Y(B — A)B~!, we see that
. _ _ 1 PN
11(8p (@) + 71d) ™" = (AM;p + 71d) " ll> < S Kall[2]]]2

since ||| 32, ViV/||l2 < [||Z]]|2- In particular,

IVil* 1
n

1 1
\nw@p(i) +7Id) IV = VI (AMy + 71TV < B RS2

However, since AM; , is independent of V;, we can use Lemma B-3 and see that

(polyLsf(n) )

1 1
sup |—V/(AM,,+71d)~'V; — gtrace ((AM;p +71d)71)

1<i<n | T

= OLk )

by using the fact that Amax((AM;, + 71d)71) < %
However, by the argument we gave above,

ltrace (AM;p +71d)71) — ltrace ((&p(3) + 71d) 1)

n n

1 a0 P
< —=K,|lIZ|||e= .
< SEllSlkE
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We conclude that

lVi/(@p(i) + 71d) 71V — %traee ((&p(i) + TId)_l)

L), polsLasts)

1 ~ P
< LEISIl: sup [+
T 1<i<n LT

sup y
1<i<n n n T+/NCp
in Lk

Now, it is clear that under O1 and O4, sup;<;<,||V;[|*/n = O, (1) and finally

1 , IR , . 1 a polyLog(n)
1212” HVi’(Gp(z) +71d)"V; — Etraee ((GP(Z) + 71d) ) = OLk(ﬁKanHb + W) :

Control of Ltrace ((S,(i) + 71d)~!) — Ltrace ((&, + 71d) ™)
Using the Sherman-Woodbury-Morrison formula, we have
_ V(i) (Sp(i) + 7Id) ViV (S (4) + 71d) !

(6p(i) + 71d) ™" — (&, + 71d) ! )
o1 SRS, (i) + 71d) 1Y

After taking traces, we see that

0 < trace ((Sp(i) + 71d) ") — trace (&, + 71d) ™) < 1 ,

B

since V/ (&, (i) + 71d)72V; < 1V/(&,(i) + r1d) V.
Therefore,

1 1 1
0< =t ' Id)~ 1) — —t )1 < —.
< race (<6p(l) + 71d) ) - race ((Gp—i-T ) ) < =

‘We conclude that .
sup 16 = O, (Il +

polyLog(n) N )
1<i<n nr)’

e

provided we can use Holder’s inequality. In effect, this requires K, to have 3k uniformly bounded moments.
O

4.2.3 Control of K,
A natural choice for r'’) ] defined in Lemma 4.3 is to use a leave one out estimator of 7. Hence, all the
work done in Theorem 3.1 becomes immediately relevant.

Lemma 4.4. Suppose we use for {ry[)p] }jzi the residuals we would get by using a leave-one-out estimator
of 7, i.e excluding (V;, €;) from problem (7).
With the notations of Lemma 4.3, we have

sup(5,(9) = O, (228 )

7

Therefore,
K, =0, (n71/2polyLog(n))

Proof. The first statement of the Lemma is an application of Theorem 3.1 with R; = r;,; and 7; ;) =

. [p}
The control of K, follows immediately by using our assumptions on ¢’ and on the growth of B,,(i) and
L(B,(i)) we had before, now applied to the situation with p — 1 predictors. O

Important remark: the previous remark has important consequences for ¢; defined in Equation (5):
we just showed that sup; |2V/(&,(i) + 71d)~'V; — ¢, | = Oy, (polyLog(n)/y/n). Recalling the notation

—1
1 1 &
er = —trace | |~ > W (R) X X[+ 71d,, ,

i=1
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which is the analog of c;, when we use all the predictors and not only (p — 1), we see that sup; |¢; — ¢-| =
O(n~/2polyLog(n)). Indeed, ¢; in Equation (5) is defined, in the notation of the proof of Lemma 4.3 as
%Vi’ (AM; ,, + 71d)~1V;, with the role of {r§.f[)p] };#i being played by the residuals obtained from the leave-
one-out estimate of B, excluding (Xj,¢;) from the problem. Lemma 4.3 in connection with Theorem 4.1
shows that sup; |1 V/(AM;, + 71d)~'V; — ;| = Op, (polyLog(n)/y/n) under our assumptions. Passing
from the p — 1 dimensional version of this result, i.e Lemma 4.3, to the p-dimensional version gives the
approximation

sup |¢; — ¢;| = Oy, (n"Y?polyLog(n)) . (34)

K2

4.2.4 Further results on &, and b,
We can combine all the results we have obtained so far in the following proposition.

Proposition 4.3. We have, under Assumptions O1-O7 and P1,

—1 olyLog(n 1 ~ 1 oluLoa(n,
Craltn +7) = pT = O, <(Supl/"(7‘zu[p1) (pyg() + 5 Kall[Elll2 + )> = O, <pyg()> '

nrt

/nc, Vn
(35)
Furthermore, under our assumptions,
P2 RN
() nE (2) = = DB ((crpto(rsfp)?) +o(1) - (36)

i=1
Proof. The proof of Equation (35) consists just in aggregating all the previous results and noticing that
crp < (p—1)/(n7) and therefore remains bounded. Indeed, we have
p—1
n

1
—7Crp = —trace(Id — M) > 0.
n

This latter quantity was approximated in Lemma 4.2 by

1 1/2 1/2
<ntrace (Dw’(r.,[p])MDw’(r.,[p]))> Crp -

And in Lemma 4.1, we approximated &, by (%traee (D}/?T : ])MD;{?T : ]))).
1P, 1P

We recall that
1 n
(7 + &IV {Vi, i} = —= > " ¢(ri ) Xi(p) -
Vi
Therefore,

1 n
CrplT + EalVibp{Vis e} = 7= 3 S erptblrsf) Xi(p)
=1

Now, c;p9(r; p)), which depends only on {V;, €;}7;, is independent of {X;(p)}L;.
Since X;(p)’s are independent with mean 0 and variance 1, we conclude that

n

E ((CT,p(T + fn)\/ﬁbp)2) = %ZE ((CT,pw(ri,[p])Q) .

=1

Given the result in Equation (35) and our bound on /nb, in Proposition 4.2, this means that

n

(B)Q nE (bz) = %ZE ((chpw(rMp])?) +o(1) .
i—1

O]

We now need to control d;, to show that our approximation of 3 by b in Proposition 3.1 will yield
sufficiently good results that they can be used to prove Theorem 1.1.
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4.2.5 Ond;,

Recall the definition
dip =)' (i) =¥ (ri)] 5

where v/, € (73], i,y + Vi), With

-1
V; = pr,L, |:(6p +z:[1d) Up:| = bpﬂ-i .

We call B, (i) = sup; |73 (p)| + sup; |mil.
We have the following result.

Proposition 4.4. We have, under Assumptions O1-0O7 and P1, at fixed T,

oup|diy] = O, (p‘)lﬂ:ffz POLI) 5 (i) [ (~ B} v w'@n(i))]) -

Hence,

o, <p0ly\L/%g(n)> '

sup |d; p
Proof. Recall the definition
dip = [ (7ip) — ¥ (rip)]
where v/, € (7], 7,y + Vi), with

-1
V; = pr’L, |:(6p +z:[1d) Up:| = bpﬂ-i .

Therefore,
mi = V{(6p + 71d) " tu, — X;(p) .

Recall that u, = %V’ Dy ()X (p). Using independence of X (p) with {(Vj, €;)}?;, and our concentration
assumptions on X (p) formulated in P1, we see that according to Lemma B-2, we have

polyLog(n)

sup V/ (&) + 71d)'up| = O, ( 1/2
i Cr

1 _
Sll}p||ﬁDw/(r,[p])V(6p + Tld) 1VZH> )

where we look at V/(&, + 71d) lu, as a linear form in X (p).

Now,
1 1 VD%V
15D ) V(S + 710 Wil = V(8 7)™ (&, 7T
: V' Dy 0V VD3t "
Since &), = ol we have ——— =P < |||D¢’(r4,[p])|‘|26p and we conclude that
V' D? 1% 2 2
1 P'(r _ Vi i
L@, + vt 00 e, +r1a) W< D py i = D sup ).

We also note that sup; X;(p) = Oy, (polyLog(n)//c,) and conclude that

1+\/supwf<r s L ‘D ,
1+ Supw’(n,[p])])-
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polyLog(n)
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Recalling that b, = Oy, (n='/2polyLog(n)), we finally see that

(polyLog( n)
\fcl /2

As before, we can control sup, v’ (Ti,[p]> by using the work done in Proposition 3.3, since 7; |, are the
residuals when we work with p — 1 predictors and n observations. The growth conditions we have imposed
on ¢ and &, therefore guarantee control of [sup; ¢'(r; )] as polyLog(n) in Li. Recall that B, (i) =
sup; |7 p) | + sup; |mi.

So we have shown that under our assumptions,

sup |d; | = O, (p‘ﬂﬁflg/i LL(BA) [0/ (- Buti) v w’@n(i))}) -

Proposition 3.2 then allows us to conclude, by giving us polyLog bounds on En(z) O

supy; = Op,
i

L+  [sup w’(n,[p])] >

4.3 Final conclusions

We can now gather together our approximation results in the following Theorem.

Theorem 4.1. Under Assumptions O1-0O7 and P1, we have, for any fired T > 0,

polyLog(n)
n

17 -7 < o, (
In particular,

V(B = b,) = O, (polyLog(n) /v/n) ,
1T polyLog(n)
Sgple-(/J’ b)| = O, (\/ﬁ ) ;
polyLog(n))
— )

Proof. The theorem is just the aggregation of all of our results, using the key bound on HB —5|| in Proposition
4.1.

The last statement is the only one that might need an explanation. With the notations of the proof of
Proposition 4.4, we have R; — ;) = (b ﬁ) + v;. The results in the proof of Proposition 4.4 as well as

sup\R =il = OLk<

the bound on Hg — B]| give us the announced result. O

We note that when the vectors X;’s are i.i.d with i.i.d entries, all the coordinates play a symmetric

E (I5°) =B (32) .

We now recall that Ep = b, and remind the reader that b, = Oy, (polyLog(n)/y/n). So using the results of
the previous theorem, Equation (36) and summing over all the coordinates, we have, asymptotically,

role. In particular,

R 2 2 n
E (1812) = 2B (B2) = 2B (82) +01) = % S E ((crpth(rigy)?) +o(1) . (37)
i=1

Furthermore, when {(V;, €;) }i_; are exchangeable, it is clear that r; |, £ j[p]» DY symmetry. Since cr
does not depend on ¢, we therefore see that in this case which corresponds to Assumption F1,

%ZE ((CT,pl/)(n,[p])Q) =E ((CT’piﬁ(TL[p])Q) .
i=1
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4.3.1 On c;p and c;

Proposition 4.5. We have
le; —crpl = Op, (n=Y2polyLog(n)) .

Proof. Let us recall the notation
1 S ! / 1 -1
S = n ;d] (R)X,;X;, and ¢; = Etrace (S+71d,) ") -
i

Ifwecal T =137  /(R)V;V/ and a = L 37 o/ (R;) X2(p), we see that
n =1 7 n =1 7

According to Lemma C-2, we have

1 11
ler — —trace (I'+ 71d) ™) | < — +a/T .
n n T

It is clear that under our assumptions, a = Oy, (polyLog(n)) (using e.g Lemma 3.4). It is also clear that
sup [¢/'(R;) — ¢ (73 )| = Or, (polyLog(n)/v/n) .

Hence, using arguments similar to the ones we have used in the proof of Lemma 4.3 (i.e first resolvent
identity, etc...), we see that

’:Ltrace ((F + TId)_l) — %trace ((GP + TId)_l) = Oy, (polyLog(n)/v/n) .

Since ¢y = %trace ((619 + TId)*l), the result we announced follows immediately. O

In light of this result, we see, using Theorems 3.1 and 4.1 that Equation (37) can be re-written
P ~ 1 — 1 &
EE (I1817) = = DB ((erh(R)) +0(1) = = Y B ((eh(prox,, (o) (7 0)))?) +0(1)
i=1 1=1

where we have used the remark we made after Lemma 4.4 that showed that sup; |c;—c.| = Or, (n~'/?polyLog(n)).
(See also Lemma A-2 and its proof where we compute the derivative of prox.(p)(z) with respect to c.)
So we finally have:

Proposition 4.6. Under Assumptions O1-07 and P1,

P (I317) = - S°B ((erth(proa,, (o) (i o)))?) +o(1) (3%)

n <

This will give us the second equation of our system. We also note that for any x, c;[prox,._(p)(x)] =
x — prox,_(p)(z) = prox;((c;p)*)(z) - see e.g Moreau (1965). In Bean et al. (2013), we found that this
formulation was nicer when further analytic manipulations where needed.

If we further assume that (X;,¢;) are exchangeable and hence play a symmetric role - which is for

instance the case when (X;, ¢;)’s are i.i.d - we see that T4, (4) £ 7j,;) and hence

LS UB (et prox,, (0) 7 0)))?) = B ((erth(proxe, (0)(7,0)))?)
=1
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5 Putting things together

5.1 On the asymptotic distribution of 7; (;

We have the following lemma.
Lemma 5.1. Under Assumptions O1-O7 and P1, as n and p tend to infinity, T; ;) behaves like €; +

\/E (HB\HQ)Z, where Z ~ N(0,1) is independent of €;, in the sense of weak convergence.

Furthermore, if i # j, T; ;) and T} ;) are asymptotically independent.

Proof. The only problem is of course showing that BEZ.)XZ- is approximately N (0, E <|| B H2>) Recall that

By is independent of X; and that X; has mean 0, variance 1 and that the third absolute moment of its
entries are assumed to be bounded uniformly in n.

We recall that in the proof of Proposition 3.4, we showed that E (H@\P — HE(Z)\P) — 0. Recall that we
have also shown that var <HB\H2> — 0 and var <HB\(Z)H2) — 0. Note also that our earlier bounds guarantee

that E (HB\P) and E (HB\(Z)]P) remain bounded.

The first part of the Lemma will be shown - by appealing to Slutsky’s lemma (Lehmann and Casella
(1998), Theorem 1.8.10) - if we can show that B\Zi)Xi behaves like N (0, E (HB\(Z) H2>)

This follows from a simple generalization of the standard Lindeberg-Feller theorem (see e.g Stroock
(1993)). Indeed, if anp(k) are random variables with \/>°¥_, an,(k)? = Ay, E (A2Z) remains bounded

in n, and a,,(k)'s are independent of X;, we see that: a) if Z ~ N(0,1d,), independent of ay ,(k), then
anpZ ~ AN where N ~ NV(0,1) and independent of A, (conditionally and unconditionally on ayj;); b)
Theorem 2.1.5 and its proof in Stroock (1993) hold provided > ; E (Jan»(k)|*) = o(1). The proof simply
needs to be started conditionally on a,,, and the final moment bounds are then taken unconditionally.
This very mild generalization gives, if ¢ is a C? function, with bounded 2nd and third derivatives,

p

Ve > 0,[E (6(a),, X)) — B (6(4N)] < K <e||¢<3>||ooE (Z an,pae)?) e s (\an,pw)r?’)) ,
k=1

k=1

where K is a constant that depend on the second and third absolute moments of the entries of X;. It is
therefore independent of n and p under our assumptions on X;.
In our setting, anp(k) = B(;) (k). Recall that we have shown that

= polyLog(n)
B, = 0n, (25,

The same arguments we used apply also to (B(i))p, the p-th coordinate of the leave-one-out estimate B\(i).
So it is clear that

E (1(Bi))»l*) = O(polyLog(n)n?/2)

We conclude that E( - \(3(1)%’3) = O(polyLog(n)nil/Q) = o(1). This, in connection with Corol-
lary 2.1.9 in Stroock (1993), shows that BEZ.)XZ- behaves asymptotically like HB\(Z»)HN in the sense of weak
convergence.

Since ||§(l)|| —-E (HB@ H) — 0 in probability and E <||B\(z)||> remains bounded, Slutsky’s lemma guar-

antees that ~ >
6Ei)Xi behaves like E <H/8(2)H> N

asymptotically, in the sense of weak convergence. (In other words, the difference of the characteristic
functions of the random variables on the two sides of the statement above goes to 0 pointwise.)
This shows the first part of the lemma.
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Second part For the second part, we use a leave-two-out approach, namely we use the approximation
Ti (i) = € — ﬁéi)X,- =¢ B( HXi+Or, (polyLog(n)/(v/ncy)) and similarly for 7; ;) (this is clear from Theo-
rem 3.1; E(Z-j) is computed by solving Problem (2) without (Xj, €;) nor (Xj,¢;)). Let us call t; = ¢; —BEU)XZ-
and tj; = ¢; —BEZ.].)Xj. It is clear that ¢; and ¢; are independent conditional on (X(;;)) and {ex }r(i ) £ €(ij)-
All we have to do to complete our proof is to show that a; = Bzij)X j and a; = /Béij)X’i are asymptotically
independent (the arguments above establish their asymptotic normality). Essentially because their depen-
dence on X ;) is asymptotically only through [|8()|[, which is asymptotically deterministic by arguments
similar to those used in the proof of Proposition 3.4, we see that t; and ¢; are asymptotically independent.

Let us now give a formal proof. R R
The arguments we gave above apply to §;; as they did to 8(;). In particular, since

(Z\ (i)l ) O(polyLog(n)n~"/?) = o(1)

we also have

M*@

’ zy) k‘g P(l)
k=1
Of course, B\(ij) depends only on {X;;y, €(;;) }. We call P;j) the joint probability measure P(;;) = Hk#(i,j) Px, e
i.e probability computed with respect to all our random variables except (X, ¢;) and (Xj,¢€;) (we slightly
abuse notation and do not index this probability measure by n for the sake of clarity). R
So we have found Ef}, depending only on (X(ij)» €(i5))> such that P (E7; i )) — Land >0 [(Buj)el® =
o(1) when (X, {er}rry)) € Ef - The arguments we gave above (treating app’s as deterministic

quantities) then imply that, when (X;;),€q j)) € E(w)’

B(U X; ]( E(U)) behaves like HB(ij)HN .

Let us now use characteristic function arguments. Let (w;, w;) € R? be fixed and

. N W(wiaitwaay) | r(wia;twaa;) n
X(w“wj)_E(e 1 2])_E<e s [1E<m+ [Eu)]D

Since P([E7};]°) = Py ([E;;)]?) — 0, we can just focus on E (e’(wlo‘i’LwQO‘j)lEaj)), since the modulus of

the functions we are integrating is bounded by 1.
Now

since 1 B is a deterministic function of (X ( (i) €(i7)-
Now independence of X; and X; implies that

E (el(wlai+w2aj)|X(ij)7 E(ij)) —E ( Zw1az‘X (i) €( )) E ( w20 ‘X (i) €( )) .

Also, our conditional asymptotic normality arguments above imply that

a2 2.2
1]:7&,> [E( zw1az‘X (i) €( )) — e~ wi/2lBayll } 0

in P;j-probability. We therefore have
lag, [E (ez(wlai+w2aj)|X(z‘j),€(z‘j)> - e_(w%/%wgn)”ﬂw)”j =0

in P;j-probability.
So we conclude that

E (1% )ez(wlaﬁwwj)) _E (1%)6 (w%/2+w§/2>ué(ij>||2> 0.
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Since P(1 EZ‘U)) — 1 and || ,/6’\(”-)”2 is asymptotically deterministic by arguments similar to those used in
the proof of Proposition 3.4, we see that

E (1% e—(w%/2+w§/2>||ﬁ<ij>u2) _ o l@?/2+wd /DB (I1Bup I12)] o

)

Therefore,
E (ez(w1ai+w2aj)) _E (ezwwzi) E (ezwgoc]-) 0.

This proves that a; and «; are asymptotically independent. This implies that ¢; and ¢; are asymptotically
independent and so are 7; ;) and 7 ;) using e.g Slutsky’s lemma. The lemma is shown.
O

We are now in position to show that ¢, = %trace ((S + TIdp)_l) is asymptotically deterministic. We
however need the following preliminary result.

Lemma 5.2. We work under Assumptions O1-0O7, P1 and F2.
Consider the random function

n

1 1
gn(x) = " ; 1T SUW(]??"O%(/))(?}@))) , defined for x > 0.

Let B> 0 be in Ry. Call F, g(u) = ([¢'(0) + L(|u])|u|] + BL(|u|)[|(w)| + [ (—w)|]), where L(|u]) is the
Lipschitz constant of 1’ on [—|ul, |u|]. We have, for any (z,y) € R%, and x < B, y < B

1 — .
sup lgn(2)) = gn(W)| < 1= Fo5(Fi) -
(z,y):lz—y|<n,e<By<B n-=

In particular, we have

n

p* (( sup gn (%)) = gn(y)] > 5) < g% > E(F5(Fim)) -

z,y):|lz—y|<n,x<B,y<B i—1

Hence, g, is stochastically equicontinuous on [0, B] for any B > 0 given, since under our assumptions
E (Fp,B(ﬁ,(i))) is uniformly bounded in n,

We used the notation P* above to denote outer probability and avoid a discussion of potential measure
theoretic issues associated with taking a supremum over a non-countable collection of random variables
(see e.g van der Vaart (1998), Section 18.2). We refer the reader to e.g Pollard (1984) for more details on
stochastic equicontinuity. We note that relying on outer measure arguments to avoid potential measura-
bility issues is standard in the empirical process theory literature (see e.g van der Vaart (1998), Chapter
18).

Proof. Let us consider the function

1

o (3?) = 14+ ;mp’(pI'OXx (p) (u

5 = D prox () (u)

The last equality comes from Lemma A-3.
We have, since v’ is non-negative,

() = hu(y)] < |29 (prox, (p) (u)) — yo' (prox, (p) (w))| A1 .

Therefore, since x,y > 0,

|7 (2) = hu(y)] < |2 — y|¢ (prox, (p) (u)) + yl¢' (prox, (p) (u)) — ¥/ (prox, (p)(u))] -
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In particular, if |z —y| <n,and x Vy < B

sup |hu () = hu(y)] < ' (prox,(p)(u)) + B sup |9’ (prox,, (p)(u)) — ¢’ (prox, (p) (u))] -
y:lz—y|<nzvy<B y:lz—y|<nzVy<B

Under our assumptions, Lemma A-1 implies that, for y > 0, sup, [prox,(p)(u)| < |u[. One of our
assumptions is that ¢’ is Lipschitz on any [—¢,¢] with Lipschitz constant L(t¢). Therefore,

¥/ (prox, (p)(u)) — ' (prox, (p)(u))| < L(|ul)|prox, (p)(u) — prox, (p)(u)| .

We recall that, according to Lemma A-2,

oo, ()W)
¥ a0 (pro, (p) (w)

Furthermore, since 1 is non-decreasing and changes sign at 0, we also have

2 pros, (p)(u) =

sub prow, (o) ()] < (] v [0l

This naturally gives us a bound on the Lipschitz constant of the function # — prox,(p)(u). We finally
conclude that

¢ (prox, (p)(u) — ¢’ (prox,, (p) (w))| < L(|ul)[[¢(w)| V [¥(—w)[]]z - y] .

We therefore have, when x Vy < B

o () — ha(y)] < m' (prox, (p)(w)) + BL(|ul)[[¢(u)| V [ (=u)l]n -
y:lz—y|<n

Of course, ¢’ (prox,(p)(u)) < ¢'(0) + L(Ju|)|u|, by using again |prox,(p)(u)| < |u|, prox,(p)(0) = 0 and the
fact that the Lipschitz constant of ¢’ on [—|prox,(p)(u)|, |prox, (p)(u)|] is less than L(u).
Therefore, if when x V y < B we have

s () = ha ()] < 1 ([7(0) + L(|ul)[ul] + BL(Ju)[[¢:(w)| + [ (=u)]]) -

Therefore, we also have

T B!hu(w)—hu(y)! <0 ([¢'(0) + LJu])|ul] + BL(|ul) [[¢(u)] + [ (=u)]]) -
z,y):|lr—y|<n,zVy<

We denote by F, p(u) = ([¢'(0) + L(|u|)|u|] + BL(|u|)[|¥(u)| + |¢(—w)|]) . This analysis shows that for =
given, if [t —y| <nand zVy < B, we have
1o i
sup l9n(2)) = @) < 0= Fop(Fig) -
i=1

We can now take expectations, and get the result in L; provided E (Fp, B(fz-7(2-))) is finite and remains
bounded in n. However, this holds since F}, g grows at most polynomially at oo, and ¢, HB\(Z-) | and X; have

bounded moments for any given order, by Assumptions O4, F2 and our work on HE Il
We have established stochastic equicontinuity of g, (z) on [0, B]. O

Lemma 5.3. Let us call G,,(x) = E (gn(x)). Let B > 0 be given. For any given xo < B,

gn(20) — Gn(z0) = 0L,(1) -

Under our assumptions O1-07, P1 and F2, we also have

E* ( sup |gn(x) — Gn(ac)|> —0.
0<z<B

38



Note that when (X, ¢;)’s are further assumed to be i.i.d, G, (x) can be written as the expectation of a
bounded continuous function of 7y (1), by symmetry between the 7; (;’s.

Proof. Asymptotic pairwise independence of 7; ;) implies that
var (gn(xo)) = 0

and therefore gives the first result.
Let us pick € > 0. By the stochastic equicontinuity of g, and our L; bound, we can find z1,...,zx,
independent of n, such that for all x € [0, B], there exists [ such that, when n is large enough,

E (Ign(x) = gn(@)]) < €.

Note that
gn (@) — Gu(@)| < |gn(2) — gn(@)| + |gn (1) — Gn(i)| + |Gn(@1) — Gn(2)] -

We immediately get

E* ( sup |gn(z) —Gn(x)|> <2+ E < sup |gn(z;) — Gn(xl)\> )

0<2<B 1<I<K

Because K is finite, the fact that for all I, |g, (1) — Gn(z;)| — 0 in Lo implies that sup;<;< g |gn(z1) —
Gr(z;)| = 0 in Lg. In particular, if n is sufficiently large,

E ( sup |gn(x;) — Gn(xl)|> <e.

1I<IKK
The lemma is shown. O

Lemma 5.4. Call c. = 2trace (S + 71d,)~1). Call as before

n

1 1
gn(x) = n; T

prox; (p)(Fi,i)))

Then ¢, is a near solution of

B—Tx—l—l—gn(x):(), i. e
n

p
o T Ter = 1+ gn(cr) =o0r,(1).

Asymptotically, near solutions of

Sn(z) = P — 72— 14 gn(xz) =0,
n
are close to solutions of

An(x):%—rx—1+E(gn(x)):0.

More precisely, call T, = {z : |A,(z)| < €}. Note that T, C (0,p/(n7) + €/7). For any given €, as
n — 0o, near solutions of 6, (x,) = 0 belong to T, . with high-probability.

Our assumptions concerning the distribution of €;s, specifically F1, guarantee that as n — oo, there is
a unique solution to A,(x) = 0.

Hence ¢ is asymptotically deterministic.

We note that the deterministic equivalent of ¢; is ¢,(x) in Theorem 1.1.
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Proof. Let 6, be the function

on(x) = % —71z— 14 gn(x),

and Ay (z) = E (6,(x)). Call z,, a solution 0, (z,) = 0 and x5 a solution of A, (z,0) = 0.

These solutions exist, since d,, is continuous, 0,(0) = p/n > 0 and d,(p/(n7)) < 0. The same arguments
apply for A,.

Since 0 < g, < 1, we see that =, < p/(n7), for otherwise, d,(x) < 0. The same argument shows that if
x> (p/n+e)/T, Ap(z) < —€ and = ¢ T), .. Similarly, near solutions of §,(z) = 0 must be less or equal to
(o/n+e)/7.

e Proof of the fact that ¢, is such that J,(c;) =op(1)

An important remark is that ¢, is a near solution of 6, (x) = 0. This follows most clearly for arguments we
have developed for c;;, so we start by giving details through arguments for this random variable. Recall
that in the notation of Lemma 4.2, we had

p—1 1
P2 e, = “trace(Id, — M).
- TCrp =~ race (Id, )
Now, according to Equation (32),
1 1< 1
—trace (Id,, — =1-= ; .
" ! ”;“FW?‘ ) w Vi (8,(0) + 71d) =1V,

According to Lemmas 4.3 and 4.4, we have

1
sup  LV(©,(0) + 1) 1V: - e

%

= Oy, (polyLog(n)n~'/?).

Of course, when z > 0 and y > 0, [1/(1+ ) — 1/(1 +y)| < [z — y| A 1. Using our bounds on 9'(r; ) ), we
easily see that,

1< 1
p/n—TCrp — 1+ — =0y, (n~Y?polyLog(n)) .
/ D n ; 1+ CT,pq/),(Ti,[p]) Lk( g( ))

Exactly the same computations can be made with ¢, so we have established that
p/n—Ter — 1+~ Z m = Oy, ("~ YpolyLog(n)) . (39)
Now we have seen in Theorem 3.1 that
sup |R; — prox,, (p) (i) = Or, (n™"/?*polyLog(n)) .
2
Through our assumptions on 1)/, this of course implies that

sup [¢/ (R;) — 1/ [prox,., (p)(7:,:)]| = Or, (n~"/*polyLog(n))

We have furthermore noted that sup; |¢; — ¢;| = O, (n~/?polyLog(n)) after Lemma 4.4. Using the proof
of Lemma A-2, this implies that

sup |4/ Tprox,, (p) (7)) — 9/ [prox,, (p)(Fi)]| = Or, (n™"/?polyLog(n))

and therefore
sup [/ [R;] — ¢/ [prox,. (p)(7:4)]| = Or, (n~"/*polyLog(n))

So we have established that 6, (c,) = Or, (n~"/?polyLog(n)).
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e Final details
Note that for any given z, d,(z) — A, (x) = op(1) by using Lemma 5.3. In our case, with the notation of
this lemma, B = p/(n7) + n/7, for n > 0 given.

This implies that, for any given € > 0

sup ‘571(%) - An(x)‘ <€,
ze(0,p/(n7)+n/7]

with high-probability when n is large. Therefore, for any € > 0
|An(zn)| <€

with high-probability. This exactly means that z,, € T},  with high-probability. The same argument applies
for near solutions of 0, (z) = 0, which, for any e > 0 must belong to T, . as n — oo with high-probability.
Of course, there is nothing random about 7}, . which is a deterministic set. Note that T;, . is compact
because it is bounded and closed, using the fact that g, and E (g,) are continuous.

If T, 0 were reduced to a single point, we would have established the asymptotically deterministic
character of c;.

Given our work concerning the limiting behavior of 7; ;) and our assumptions about €;’s, we see that
Lemma C-1 applies to lim, o Ay (z) under assumption F1. Therefore, as n — oo, T}, is reduced to a
point and ¢; is asymptotically non-random. O

Proof of Theorem 1.1
As we had noted in El Karoui et al. (2011),

1
~ 1+ e/ (prox,(p) (1)

%Droxc(p)(t) = prox.(p)'(t)

So A,, can be interpreted as
P 15N .
Ap(z)==—10—1+ - ZE (proxx(p) (Tz’,(i))) .

n .
=1

The fact that ¢, is asymptotically arbitrarily close to the root of A, (x) = 0 gives us the first equation in
the system appearing in Theorem 1.1.

The second equation of the system comes from Equation (38). Theorem 1.1 is shown under Assumptions
01-07, P1 and F1-F2.

6 Extensions

6.1 From the 7 > 0 case to the case 7 =0

Our original motivation in El Karoui et al. (2011) and El Karoui et al. (2013) was to study the
“unpenalized” problem, namely 5({Y;, X;}) was defined as

BYE i) = axgming > p(¥i — X16)
=1

We now explain how we can derive results in the unpenalized case from the ones we have obtained in the
penalized case, i.e 7 > 0, when p/n < 1 and Y; = X/f5y + ¢;.
We first note that when p < n, and when X;’s are such that span{X;}? ; = RP, if Y; = X5y + €;,

B{YE 1)) — fo = axgming = > ples — X/6) 25,
i=1

essentially by a change of variables (see El Karoui et al. (2011) and El Karoui et al. (2012) for details if
needed). So to understand the error we make when using regression M-estimates, i.e the vector 8(Y;, X;) —
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Bo, it is enough to study the properties of the estimator ,/6’\ . In other words, we simply need to understand
the null case of the problem, i.e 5y = 0. Of course, we have previously studied the penalized version of this
particular problem.

(Note that under Assumptions O4 and P1, the classic result of Bai and Yin (1993) applies, which
guarantees that span{X;}!" ; = R? with probability going to 1. If X;’s have e.g continuous distributions,
this is guaranteed non-asymptotically with probability 1.)

The next result requires the notion of modulus of convexity of a function. We refer the reader to
Proposition 1.1.2 on p. 73 in Hiriart-Urruty and Lemaréchal (2001) for a definition. When p is twice
differentiable, the modulus of convexity is a lower bound on its second derivative (see Theorem 4.3.1 on p.
115 in Hiriart-Urruty and Lemaréchal (2001)).

We have the following theorem.

Theorem 6.1. Suppose our assumptions O1-07, P1 and F1-F2 hold. Call, for 7 > 0,

5 1y / 1812
Br = argming - ZP(Q‘ - X;B)+ are
i=1

When 1,7 > 0, we have

~ -~ \/§|’7'2*7'1| 1 "
Hﬁn—ﬁmHSTﬁ EZP(Q'%

i=1

Suppose further that limsupp/n < 1 and p is strongly convex with modulus of convezity C. We have, if
1 n
B = argming — z;P(Gi - X{B),

LV

Hence, under our assumptions, as n and p tend to infinity,
lim||3; — || = op(1) .
TI_I%HBT 5” OP( )

Recall that under our assumptions, if T is fized and p/n — K, 0 < K < 00, limy, p—yoo |HBTH —rp(k;7)| =0,
where 7,(K;T) is deterministic and characterized by System (3).

Hence, when k < 1, ||B|| is asymptotically deterministic and we have, if 7,(k;0) = lim, o 7,(K; T),

lim [||B] — rp(k;0)| = 0 in probability .
n,p—00

Proof. We call f-(8) = =2 3" | X;)p(e; — X[B) + 73. Note that for any 71,72 > 0,
fr(B) = [ (B) + (2 =m)B .
Hence, fr, (B\ﬁ) = (m2 — 1) ,/B\Tl. Using Proposition 2.1 with f, playing the role of f, we have

|72 — 71|

Hﬁﬁ - /67’1H < ”5‘1'1” .

T2

We now turn to approximations when p is strongly convex. Since by definition, E is such that

> Xih(e — X[B) =0,
1=1
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we see that fT(B) = 7',/6’\. By a similar token, we see that fo(BT) = —TBT.
If p is strongly convex with modulus of convexity C, we see, using Proposition 2.1 that by working with
fo - along the same lines as in the proof of Proposition 2.1 - we get

~ ~ 1 ~ T ~
18- = B < m”fo(ﬁr)u = m”ﬁrﬂ .

Recall that we showed in Equation (18) that

~ 2 |11
H/BTH <\/= gzp(ez)
i=1
This shows that
~ ~ To— T
e~ Bl < 2220 1157 ) and

e VI |
1B < s [ o).

Under our assumptions, > | p(e;) = Op(1). Under the assumptions that, for instance, the entries of
X;’s are i.i.d mean 0, variance 1, with 44+-€ moments (which is always the case under our assumptions), it

is well known that Amin(3) = (1 — \/g)z in probability and a.s (Bai (1999)).

We conclude that || BT — 3 | = 0 in probability as 7 — 0 under the assumptions stated in the theorem.
It is also clear that the mapping 7 +— || 3] is continuous on [0, oo) with probability going to 1 as n,p — oo,
while p/n — k < 1. Furthermore, ||3:| is bounded in probability on [0, o).

The other statements in the theorem follow easily. For instance, to show that r,(x; ) is right-continuous
at 0 when k < 1, we can use the bound

Irp(r; 1) = 7p (5 )| < [rp(;71) = [ B I+ 187 | = [15]]]
+ [rp(; m2) = | Bnalll 4 [l Brall = 1811 -

Given our previous results and bounds, it is clear that for any given € > 0, we can find § > 0, such that if
71 and 7o > 0 are less than ¢, the right hand side is less than ¢ with probability going to 1 as n,p — oo
while p/n — k < 1. So the left-hand side, which is deterministic, is smaller than a random variable which
is less than e with probability going to 1. The left-hand side must therefore be less than e. This shows
that 7 — 7,(k; 7) is right-continuous at 0. Therefore 7,(x;0) = lim, g 7,(x; 7) is well defined.

The fact that \HBH —1,(k;0)] = op(1) follows by similar bounds and arguments. O

Under for instance Gaussian design assumptions (i.e X;’s have distribution A (0,1d,)), it is possible to
bound E (1 / )\min(i)> using essentially results in Silverstein (1985) as well as elementary but non-trivial

linear algebra (see the appendix of Halko et al. (2011) for instance). This would give an approximation in
Lo, provided the random variable p(¢;) has enough moment.

It seems possible with quite a bit of extra work to dispense with the assumption of strong convexity -
see Appendix D-3 for a brief discussion.

We note that convergence in probability of B\ is enough for our confidence interval statements from Bean
et al. (2013) (details in the supplementary material of that paper) to go through. This is quite important
from the standpoint of statistical applications.

Finally, now that the probabilistic properties of B and in particular its norm are well-understood
through regularization techniques, the simplest way to get an analog of Theorem 3.1 under Assumptions
01-07, P1, F1-F2, is to go through Section 3 without regularization, i.e using 7 = 0, and hence relying
on the second bound in Proposition 2.1. All the approximations now hold with high-probability (since
they involve the smallest eigenvalue of a sample covariance matrix), but this is good enough to describe
the marginal behavior of the residuals.
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6.2 Other extensions
Heteroskedastic errors ¢;’s

In El Karoui et al. (2013), we considered many extensions of the basic problem, including that of ¢;’s
with different distributions.

Our approximation results make essentially no use of the assumption that €;’s have the same distribution
(Assumption F1 is only used in Lemma 5.4 at the very end of the proof). So all of our approximations
will go through for this more general case.

A case of particular interest is when ¢;’s are chosen from one distribution with probability 1 — « and
from another one with probability « - i.e there is “a-contamination” (Huber and Ronchetti (2009), Section
4.5). (Various symmetry arguments that appear in the proof will go through in this case, by applying them
to each subgroup of observations.)

Clearly the System (3) is changed then. And indeed, one key situation where we assume that ¢;’s have
the same distribution is in Lemma 5.4, when we show that A, (z) has asymptotically a unique zero. We
now explain briefly how to take care of this problem in the heteroskedastic case, i.e ¢;’s with different
distribution.

If ¢;’s are independent and such that W;, = ¢ + Z,, where Z, ~ N (0,72) is independent of ¢;, each
satisfy the conditions of Lemma C-1, it is clear that the same Lemma applies to

Fa@) =L e 14 3B ((pro,(0) (W)

n X
=1

since this function turns out to be decreasing as an average of decreasing functions.

Provided ¢;’s are such that F,,(x) above has a limit (which is decreasing), all of our arguments concerning
the first equation of the system in Theorem 1.1 will go through.

The key function in the second equation of the system becomes in the heteroskedastic case

n

Y E (Wi, — prox,(p)(Wi,)]?) -

=1

1
G = —
If this function has a limit as n — oo, our arguments concerning the second equation of the system will go
through.

The functions F;,, and G, in the a-contamination discussed above are very well-behaved and so our
arguments can be adapted to this interesting situation.

More general assumptions on the X;’s

Our proof makes very strong use of the independence of the predictor vectors X;’s in Section 3 and of
the independence of the entries of X;’s in Section 4. We also use strongly the fact that we assume that the
entries of each X; have mean 0 and variance 1.

But we do not use strongly the assumption that the entries of X; have the same distribution, and it
seems that most arguments go through without this assumption. The passage of Equation (36) to Equation
(37) appeals to the assumption of i.i.d-ness of the entries of X; through a symmetry argument, but this
could be avoided at the cost of a little bit more technical work. So it is clear that, with a bit more work,
our approach could handle the case where X;’s have independent but not identically entries.

Moving from random vectors X;’s like the ones we have studied to vectors of the form Xi = \; X, where
A; are independent, mean 0, variance 1 random variables (i.e scalar) independent of X; does not offer any
new technical difficulties. Indeed, our work in El Karoui et al. (2011) and El Karoui et al. (2013) handled
- heuristically - that case, so the arguments we gave here would be fairly easy to modify.

This extended class of models - which is akin to elliptical distributions in multivariate statistics (see
Anderson (2003)) - is interesting because it includes distributions that do not share the geometric properties
that “concentrated” random vectors have in common. In particular, elliptical distributions show clearly
that there is no hope to have universality results that are meaningful from a statistical point of view in
the problems we have studied. We refer the interested reader to El Karoui et al. (2013) and e.g Diaconis
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and Freedman (1984), Hall et al. (2005), El Karoui (2009), El Karoui (2010) and El Karoui and Koesters
(2011) for discussion of these matters in various contexts.

We do not solve the elliptical problem here in complete details because of the extra notational burden
involved. We just note that it appears that if A;’s are bounded, and so are 1/\;’s, the results of Section 3 go
through. In Section 4, a number of small adjustments are needed and easy to make in light of the arguments
in El Karoui et al. (2013). For instance, in Lemma 4.2, instead of subtracting ¢, in the definition of n;,
one would have to subtract A?c;,. The system (3) would also change, as indicated in El Karoui et al.
(2013).

Other extensions

Another natural extension of the work presented here is to study the weighted regression case, i.e for
weights {w;}" ,, B is defined as

. . I T
8= argmingerp n ;wz’p(éi - XZ{B) + 5”5”2 :
1=

Once again, only minor modifications seem needed to our proof - the conceptual difficulties were dealt with
in El Karoui et al. (2013). More generally, working on the problem of understanding

N . 1 o T
B = argmingep, — > pile — X[B) + 2|18
=1

where p; are potentially different functions and X;’s are “elliptical” (as defined above) seems to be within
relatively easy reach of the method developed and presented here.

As in the case of errors with different distributions, the main issue appears to be to make sure that the
functions that appear in the limiting system have the properties we require.

Finally, we see that when Y; = X8y + €;, it would be interesting to understand better, for p and n
large, but p possibly larger than n,

. . 1 @ T
Br = argmingcg, - ZPZ(YZ - XB) + 5”5”2 ;
i=1

i.e the “ridge-regularized robust regression” problem when the responses Y; are not independent of the
predictors X;. This problem - a variant of the one we have studied here - should be amenable to analysis
with the method we used here. Some difficulties, both conceptual and technical arise however, owing to
the fact that when p/n > 1, span{X;}!' ; # RP, which prevents the use of some of the reduction to the
null case ideas we employed in Section 6.1. We are currently working on these extensions.
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APPENDIX

A Notes on the proximal mapping

Lemma A-1. Let p be differentiable and such that ¢ changes sign at 0, i.e sign(v)(x)) = sign(z) for x # 0.
Then,

proz(p)(0) = 0.

Furthermore,

¥ (proz(p)(x))| < [y ()] .

Also,
Y (proz.(p)(z))| < |z|/c.

Proof. By definition, we have
prox,(p)(x) + c(prox.(p)(z)) = x .

Therefore,
prox,(p)(0) = —ct)(prox,(p)(0)) .

Hence, if we call y = prox.(p)(0), we have sign(y) = —sign(¢(y)). The assumptions on v therefore
guarantee that y = 0, for otherwise we would have a contradiction.

We also note that sign(prox,(p)(x)) = sign(z), since sign[i(prox.(p)(x))] = sign(prox.(p)(z))).
Using contractivity of the prox (see Moreau (1965)), we see that

[prox.(p)(@)| = [prox.(p)(z) — prox.(p)(0)| < |z .

Since p is convex, we see that 1 is non-decreasing. If z > 0, prox.(p)(x) > 0, and therefore,

0 < ¢(prox.(p)(z)) < (x) -

Similarly, if x < 0, < prox.(p)(z) < 0 and therefore, ¢ (x) < 1(prox.(p)(x)) < 0. The second statement
of the lemma is shown.
The last statement is a simple consequence of the fact that cip(prox.(p)(x)) = = — prox.(p)(x), from

which it immediately follows that
|z|

[ (prox.(p)(z))] < — .

Cc

We will also need the following simple result.

Lemma A-2. Suppose x is a real and p is twice differentiable and convex. Then, for ¢ > 0, we have

o o))
90PN = e i pron () (@)
and
D o))
8cp(p c(P)( )) = 1+ i/ (proz,(p)(z)) :

In particular, at x given ¢ — p(prox.(p)(x)) is decreasing in c.
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Proof. Using the fact that
prox.(p)(x) + cip(prox.(p)(z)) =
we easily see that
~ (prox.(p)(x))
1+ e/ (prox,(p)(z)) -

0
—prox,(p)(x) =
It then follows immediately that

P2 (prox,(p)()
I+ et/ (prox, (p) (=)

The denominator is positive, from which we immediately deduce that ¢ — p(prox,(p)(z)) is decreasing in
c. t

& p(pros(p)(a)) =

We also make the following observation, which was essential to finding the system of equations (3) in
El Karoui et al. (2013)

Lemma A-3. We have
9 o, (p)(x) = !
0x "N = T i (proa(p) ()

1
1+c! (proz.(p)(x))

Moreover, at ¢ fized, when v’ is continuous, x — is a bounded, continuous function of x.

A proof of the first fact follows immediately from the well-known representation (see Moreau (1965))
prox,(p)(z) = (Id + ) " (z) .

The second result is also immediate, since ¢’ > 0.
We finally make notice of the following simple fact.

Lemma A-4. The function c — [cip(proz.(p)(x))]? (defined on Ry ) is increasing, for any x.

Proof. Let us consider f,(c) = eip(prox.(p)(z)). Note that f,(c) =z — prox.(p)(x). So

0 wlprox(p)@)
5c!") = T3 e (prox (@)
Hence, ,
9 oy Voo ()@)
0c!7() = 2T i prox, (pla) = °
since ¢ > 0 and v’ > 0. d

Examples : for the sake of concreteness, we now give a couple examples of proximal mappings.

xT

1. if p(z) = 22 /2, prox.(p)[z] = Tre:

2. if p(z) = |z|, prox,(p)[z] = sgn(x)(|z| — ¢)+, i.e the “soft-thresholding” function.

B On convex Lipschitz functions of random variables

In this section, we provide a brief reminder concerning convex Lipschitz functions of random variables.

Lemma B-1. Suppose that {X;}} , € RP satisfy the following concentration property: 3C,, ¢, such that
for any G;, a convex, 1-Lipschitz (with respect to Euclidean norm) function of X;,

P(|Gi(X;) —my| > t) < C, exp(—cnt2) ,

where m; 1s deterministic.
Let us now fix {F;}_,, n functions which are convezx and 1-Lipschitz in X;. Then if F,, = sup; |F;(X;)—
m;|, we have, even when the X;’s are dependent:
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1. if up = /log(n)/cn, E(Fn) < up + Cn/(2\/cny/logn) = log" (1+Cy/(2logn)). Similar bounds
hold in Ly for any finite given k.

2. when C,, < C, where C' is independent of n, there exists K, independent of n such that Fp/u, < K
with overwhelming probability, i.e probability asymptotically smaller than any power of 1/n.

3. m; can be chosen to be the mean or the median of F;(X;).

In particular,
Fn = O(polyLog(n)/\/cn)
in probability and any Ly, k fized and given.

We note that similar techniques can be used to extend the result to situations where we have P(|F;(X;)—
m;| > t) < Cp exp(—cpt®), with a # 2. Of course, the order of magnitudes of the bounds then change.

Proof. Ttem 3 of the previous Lemma follows from Proposition 1.8 in Ledoux (2001) - the impact of such
choice is simply to possibly change C,, and ¢, by constants (independent of p and n).
Clearly, by a simple union bound,

P(F, > t) <1 AnC,exp(—cut?) .

Hence, for any u > 0,

E <.7-"ff) <P +/ kt*nC, exp(—cat?) ,

u

since E (]:,]f) fo ktF=1P(F, > t)dt. Standard computations show that when u%c, is large, and k > 1,
uF

Se? exp(—cnu2)) .
mn

/ tF =L exp(—cnt?)dt = O(

So we see that in that case, for a constant K}, that depends only on k,

exp( cati?)) .

E (fjf) uF (1 + Kk

Taking u,, = /logn/c,, we see that

E (]—}’f) (1+Kklocgn)

We conclude that when C),/logn remains bounded, E (}"fj) Juk remains bounded. In the case k = 1, it is
easy to see that K} = 1/2 and we do not require /c,u to be large for our arguments to go through. This
gives the bound announced in the Lemma.

The probabilistic bound comes simply from the fact that, by a simple union bound,

P(Fp > tuy,) < nCpexp(—(logn)t?) < Cp exp(—(logn)(t* — 1)) .

P<]:"2K>§n_d,
Unp

for any given d, if K is large enough. If we allow K to grow like a power of logn, we also see that the right
hand side above can be made even smaller.

Hence, when C), remains bounded in n,

O

We recall that we denote by X3 = {X1,..., Xi—1, Xit1,..., Xn}. If I is a subset of {1,...,n} of size
n — 1, we call X7 the collection of the corresponding X; random variables. We call Xjc the remaining
random variable.
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Lemma B-2. Suppose X;’s are independent and satisfy the concentration inequalities as above. Consider
the situation where Fy,(-) is a convex Lipschitz function of 1 variable; Fy, (§) depends on X through X, only
and we call Ly, the Lipschitz constant of Fr, () (at X1, given). Ly, is assumed to be random, since Xy, 1s.
Call mp, = mFIk(ng)‘Xka m being the mean or the median. As before, call F, = sup,;—y _, |F, (X];) —

mFIj] Then Fn = O(y/logn/cysupi <<, L1,) in probability and in Ly, i.e there exists K > 0, independent
of n, such that

E (Fnk> < K(y/logn/c,)k | E ( sup £§k> .

1<j<n

Hence, Fy, is guolyLog(n)/ci/2 Sup; <<, L1, in Ly, (provided, of course that \/E (suplgjgn ﬁi’“) is finite)

Remark :  the previous lemma also applies when replacing Fn, = supj—y ., [F1,(Xr¢) — mFIj] by
F) =supp_q_ . |F I k(X 1;) — mp, |, i.e considering n (random) functions of the same random variable
EARRS] ’ 7
Xp¢, as the proof makes clear. Here the random functions Fy, (§) depend only on Xj;.

Proof. We call £ =sup; L1;. By Holder’s inequality, we have

B (7.F) =B (R < /B (72 /02) /B (£2)

Let us call ]?n = Fn/L. Using the same idea as in the proof of the previous Lemma,

E (f];) <uF + Z/ ket P(|Fy (Xpe) —mp, | > La)da
j=1-4
n 00
<uf + Z/u ka* T P(|Fy, (X1s) = mp, | > Lyz)de
j=1

n [e's)
=k + Z/ e 0] (P(’FI],(XI;) — mF1j| > ijxyXIj)> dx .
j=1""

Now our assumptions guarantee that
P(|ka(XI,§) - mFlk‘ > Ly Xy,) < Cy exp(—cnaz2) )

since Fy, /Ly, is 1-Lipschitz (and X7, is independent of X 1}3). We conclude that
E (]?ﬁ) <uf 4+ nC’n/ kzh L exp(—cpa?) .

This is exactly the same situation as we had before and the conclusion follows. O

Lemma B-3. Suppose the assumptions of the previous Lemma are satisfied. Consider Q; = %ngij XI;,
J

where My, is a random positive-semidefinite matriz depending only on X, whose largest eigenvalue is
Amaz,1;- Assume that E (X;) = 0, cov (X;) = Id), and nc, — oo. Then, we have in Ly,

polyLog(n
(979() SUP Ammas,1,) -
Nen 1<j<n

1
Q[j - Etmce (MIJ.) =0y,

sup
1<j<n

The same bound holds when considering a single Q1 without the polyLog(n) term.

Proof. Lemma B-2 applies to |/Qr; and sup;<;<, l\/Q1, —m \/@| The corresponding Lipschitz constant
if of course |/Anaz,1; /1. Indeed, for v a vector and M a positive definite matrix, v — vVv'Mv = | M/ 20|
is convex and /||| M |||2-Lipschitz.

49



So all we need to do is show that we can go from this control to the control of sup;<,<, |Qr, —
%trace (Mp,) |.

Of course,

Qr; — Etrace (M) ] <@ —m\/@] + |m\/@ - Etrace (My) |

The idea from there is simply to use the fact that for @ and b non-negative, (a+b)* < 2¥=1(a* 4 b*). Using
Proposition 1.9 in Ledoux (2001) and specifically the variance bound there, we know that, conditional on
X1,

7?7

Ch

M[j) ‘ < T%Amam(Mlj) .

9 1
|m\/@ - Etraee (

E ((\/QTJ)z X1j> - %trace (M) .

Here, we have used the fact

On the other hand,

2
+2‘ QIj _mw/QIj m\/QIj ’

< ‘ QIj _mw/QIj

2 _
|Qlj_m\/Q71j‘_‘ Qlj_m\/chj‘ Qlj—i_m\/CTIj

since m\/@ > 0.

Therefore,
Q1 — m? | NG 2 Ja
sup I, —m < sup . —m + 2| sup L. —m sup m
1gj§n‘ VR T g ’ @ 1<j<n ’ Uil igien VO

Lemma B-2 gives us control of sup;<;,, in Loy and therefore control of

Ve =

2
- m\/QIj

sup
1<j<n

in Log, with a bound of the form %Oj(n) SUP; < j<p, Amaz (M)

Ve -m g J [supici<n m\/cﬂ :
F \/QTH in Lo, it is clear that the

The result will therefore be shown provided we control [supK j<n

By using Holder’s inequality and our control of [sup1<]<n

only issue remaining is control of [sup1<j<n m \/QT} in Log.
- J

Sincem ;- = Bx,. ( X} M, X /n> < \/EX,J_ (X5 M1, X1z /n) = \Jtrace (M) /n, since cov (X1,) =
Id,, we see that
[sup m Qz] <+/p/n sup \/ Amax,I; -
i<n 1<j<n

1<5<

Therefore,

polyLog(n)\/p/n
su 5 sup m <K SUP Amax,7; in Ly ,
Lﬁjgn \/> L ] [1§j1_<)n \/@] o nép 1<]I<)n @l F

provided all the random quantities we work with have 2k moments.
The conclusions of the Lemma follow by recalling our assumption that p/n remains bounded and using

the fact that 1/¢, > K/\/c, in the situations we are considering, i.e ¢, bounded but possibly going to
O

zZero.
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On the spectral norm of covariance matrices

In this subsection, we show that under our initial concentration assumptions, we can control |||S|||2.
These results are very likely known but we did not find a reference covering precisely the same question
we consider. The proof is a simple adaption of the well-known e-net argument explained e.g in Talagrand
(2003), Appendix A 4.

Lemma B-4. Suppose X;’s are independent random vectors in RP, satisfying our concentration assump-
tions in O4, and having mean 0 and covariance Id,. Let ¥ = %Z?:l X;X!. Then,

15]]]2 = Op(cy ) -
The results hold also in Ly,.

Proof. We study the largest singular value, o of the matrix X/4/n, where the i-th row of X is X;. Of
course,

o1(X/v/n su
(Xf/m) = wio =L loll— 1f

Note that

n
' Xv = ZUZ(XZ,’U) :
i=1
Consider first the case where ¢, = 1. Under our assumptions, X/v are independent subGaussian random
vectors, with mean 0. Note that var (X/v) = 1 if cov(X;) = 1 and |[v| = 1. Computing the moment
generating function of u'Xv, we see that this random variable is itself subGaussian and has variance 1.
Therefore, we have for all ¢, and constants ¢; and cg,

P(|u'Xv| > t) < ¢1 exp(—cat?) .

The e-net argument given in the proof of Lemma A.4.1 in Talagrand (2003) then can be applied and the
conclusions of that Lemma reached. (A slight adaption is needed to handle the fact that v € R™ and v € R?
but it is completely trivial and omitted). The fact that the results hold in Ly is a simple consequence of
the proof.

In the case where ¢, # 1, we just need to note that the moment generating function of v’ Xv is smaller
than that of a Gaussian random variable with variance 1/c,. The result follows immediately. O]

C Miscellaneous results

C-1 An analytic remark

One of our assumptions concerns the existence and uniqueness of a solution of the equation F(z) =0,
where

Flz) = 2 =2 — 1+ E ((prox,(p)) (W)

where W is a random variable and (prox,(p))'(t) = gtprox (P () = Tz (pi)x GOk
We now show that under mild conditions on W this equation has a unique solution. This guarantees

that our assumptions are not terribly strong and in particular apply to problems of interest to statisticians.

Lemma C-1. Suppose that W has a smooth density f with sign(f'(x)) = —sign(x). Suppose further that
limpy o0 tf(t) = 0 and that sign(¢)(z)) = sign(x). Then, if
p
F) =L —rn 14 B ((pron, (0) (1))

the equation F(x) =0 has a unique solution.
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Proof. We call
G(x) £ E ((prox,(p)) (W)) -

Of course,
E ((prox, (0) (W) = [ (prox, (o) ()£ t)t.

Using contractivity of the proximal mapping (see Moreau (1965)) we see that lim,_, prox,(p)(t) f(t) = 0
under our assumptions.
Integrating the previous equation by parts, we see that

E ((prox, (p))(W)) = — / (prox, () () f'(£)d .

To compute G'(z), we differentiate under the integral sign (under our assumptions the conditions of
Theorem 9.1 in Durrett (1996) are satisfied) to get

Gy [ LSO D)
T+ 20 (prox, (p)(0))
Under our assumptions, sign(¢(prox,(p)(t))) = sign(t) and sign(f’(t)) = —sign(t), so that
vt # 0, sign(y (prox, (p) (1)) f'(t)) = —1.
Since the denominator of the function we integrate is positive, we conclude that
G'(z) <0

Since F'(z) = —7 + G'(x), we see that F'(z) < 0. Therefore F is a decreasing function on R,. Of course,
F(0) = p/n and lim,_,~ F(z) = —00. So we conclude that the equation F(z) = 0 has a unique root. [

t.

Remark: the conditions on the density of W are satisfied in many situations. For instance if W =
e+rZ, where € is symmetric about 0 and log-concave, Z is N'(0,1) and r > 0, it is clear that the density of
W satisfies the conditions of our lemma. Similar results hold under weaker assumptions on € of course but
since the paper is already a bit long, we do not dwell on these issues which are well-known in the theory
of log-concave functions (see e.g Karlin (1968), Prékopa (1973) and Ibragimov (1956)).

C-2 A linear algebraic remark

We have the following lemma.

Lemma C-2. Suppose the p X p matriz A is positive semi-definite and

A:(F, ”).
v a

Here a € R. Let T be a strictly positive real. Call 'y =I' + 71d,—1. Then we have

14+ 0T %

trace ((A + 71d,) 1) = trace (T71) + ——M—M——— .
(( p) ) ( T ) CL—FT—U/F;LU

In particular,
}tmce (A+ 7')_1) — trace (FT_I)’ < HTa/T .

Proof. The first equation is simply an application of the block inversion formula for matrices (see Horn and
Johnson (1990), p.18) and the Sherman-Morrison-Woodbury formula (Horn and Johnson (1990), p.19).
Suppose temporarily that A is positive definite. Then the Schur complement formula guarantees that
a > v'T ' > v'T . The fact that a > v'T- v in general is obtained by a continuity argument (change
A to Ac = A+ eldy, and let € tend to 0). This implies that
1 1

— .S

a+7—0vT7v T
Since v'T'; %0 < Lo/T 1w < a/7, we get the second equation. O
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D Sketch of proof and discussion of statistical issues

D-1 Sketch of proof and explanations

We give some explanations about our proof in case it is helpful for the reader. For simplicity of
notations, we consider the unpenalized problem (7 = 0) in the case 8y = 0 and hence consider § defined as

B > —Xip(ei - XiB) =0, . (D-1)
i=1

We recall that the probabilistic heuristics developed in El Karoui et al. (2013) suggested the following:
let fj,(z’) =€ — X;ﬁ(l) V5,1 <j3<n.
Call S; = % > j2i V(7)) X; X Then, first order perturbation arguments suggest that we “should have”

B~ By~ 57 Kbl — XIB) (D-2)

Measure concentration for quadratic forms in X;’s would then imply that X (B — B(z-)) ~ c;)(e; — X{B),
where ¢; ~ %trace (S; 1). Furthermore it is plausible that ¢; ~ ¢, where ¢ does not depend on ¢. This
would yield

fz,(z) - Rz ~ C¢(Rl) y

and hence for i-th residual, R
R; = €; — X ~ prox(cp)(7; ) -

Section 3 makes all this precise, though it does not address the question of whether ¢ is asymptotically
deterministic (i.e whether it can be approximated by a deterministic quantity). Two main issues arise: a
key one is, of course, how to verify an approximation like Equation (D-2). The key tools for this task are
developed in Section 2. Equation (D-2) suggests an approximation of B by a function of B(i). However, it
turns out that this approximation is too coarse to carry out rigorously all the steps needed in the proof;
other issues arise when trying to approximate c; by trace (S; 1). So we came up with much more precise
approximations than the ones we just discussed that allow us to rigorously prove all the results we need to
carry the proof out. Technically, working with 7 > 0 simplifies a number of arguments. This is also quite
natural statistically and analytically, since it makes the problem strongly convex. In particular, this leads

to the proof of the fact var (HB H%) — 0 (through the Efron-Stein inequality, which is nothing else than a
version of Burkholder’s inequality) and hence || 3 |2 can be approximated by a deterministic quantity. This
part of the proof does not require the X;’s to have independent entries (this partly motivated our decision
to work under assumptions we chose for X;’s, namely O4).

The second part of the proof, Section 4 can be understood in part in the following light. Call r; [, the
residuals based on first p — 1 predictors, called {V;}? ;. Call

6p = Zq/)/(r%[p])v;v;/ s and Up = Z@/J,(T%[p})‘/;Xz(p> s

Intuitively it is reasonable to think that in many situations r; [, ~ R;, when p is large. Then, first order
approximations to Equation (D-1) suggest that

5~ > Xi(p)y(rip) .
P X2 (1) — w6y

After somewhat fine manipulations, the denominator appears to be approximately equal to %, where ¢
is defined as above.

After further work, this suggests the second equation of the system - ignoring for a moment the issue
of whether fBEi)Xi is approximately normal. Section 4 justifies all the approximations we just discussed.
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Furthermore, parts of Section 4 lay the ground work for proving the first equation of the system with
Lemma 4.2 - which is closest technically to techniques used to prove Marchenko-Pastur style results in
random matrix theory by the method of Stieltjes transforms.

Section 5 proves the first equation of the system and addresses two further questions: asymptotic normality
of 37,y X; as well as asymptotically deterministic character of c.

One potential difficulty with this proof is that many quantities of interest cannot be studied independently
of one another - the system characterizing the quantity of main interest to us illustrates this point clearly.
We hope this short discussion sheds some light on the proof strategy.

The random matrix point of view is of course essential to both understanding the problem and carrying
out of the proof. While we borrowed ideas and tools from this area of probability, our work is not a straight
application of existing results: the main idea of our work is that even though Equation (D-1) does not
look like a random matrix question, it can be cast as one (and therefore allows us to treat the problem
of interest in great generality when it comes to X;’s, for instance). Furthermore the random matrices
appearing in our work are non-standard: some of them are weighted covariance matrices, i.e of the form
% >, w; X;X]. This makes them look somewhat classical except that w;’s here are basically ¢'(R;), and
hence they depend on X;’s and furthermore it is not clear at the beginning of the proof how the empirical
distribution of those w;’s behaves. Understanding this latter question is one of the main problems here.
Hence, our work is far from being a straight application of standard random matrix results; but it shows
how versatile tools developed in this area of probability are and how they can be brought to bear on a new
class of problems.

D-2 Statistical issues
D-2.1 Reminder and setup explanation

A classic result (Huber (1973)) in low dimension (i.e p fixed, n — o0) is the fact that, under mild
technical conditions and when ¢;’s are i.i.d, the performance of methods similar to the ones we studied
here when 7 = 0 is governed by the quantity

2
r(e, ) = m , € having the same distribution as €}s ,1) = p .

Further analysis (see e.g Huber and Ronchetti (2009)) shows that if f. is the density of €, the previous
quantity is minimized for p = —log(f.), once again under regularity conditions. Note that almost by defi-
nition this function p is convex only if € has a log-concave density. Since our analysis was partly motivated
by similar considerations, it is therefore important that we allow ¢’s and p’s that grow relatively fast at
infinity so that p = —log(f.) be part of the functions covered by our theorem for many log-concave densi-
ties. While some statisticians will not think of this setup as standard “robust” statistics, it is nonetheless
central to the classical (i.e low dimensional) understanding of optimality in statistics. This latter topic was
part of our statistical motivation here.

This is partly why working with log-concave errors and hence dealing with p’s that are allowed to grow
polynomially at infinity is, on top of its probabilistic interest, part of the setup we chose.

We further note that the so-called Huber function (see Huber and Ronchetti (2009), p. 84) which often
comes to mind when discussing robust statistics arose from an analysis of the quantity r(e, 1)) described
above, in the so-called Gaussian contamination problem (see Huber and Ronchetti (2009), p. 83). This
is not the type of questions we are concerned with in this paper - we are mostly concerned with the
probabilistic analysis of B defined in Equation (2). Even in the case of Huber’s work, the corresponding
probabilistic analysis was a necessary first step towards the statistical question of understanding the Gaus-
sian contamination problem. This “first step” is what we undertook in the current paper, and it is much
more difficult than in the low-dimensional setting. In the type of optimality questions in statistics that
were a motivation for us for first considering this problem, where f, is assumed to be known, the Huber
function is not a natural choice, since it has no optimality property in that setting in general. Hence, the
fact that in the setup considered here, our theorem does not cover the Huber function is not much of an
issue because, among other things : a) of the Huber function lack of naturalness in high-dimension in light
of the results of Bean et al. (2013) b) it seems possible that with quite a bit of further approximation
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theoretic work, as discussed in the main text and below, we might be able to get results for the Huber
function by viewing it as a limit of smooth (and strongly convex) functions, at least for the kind of €;’s we
work with here (e.g having a log-concave density, or, in any case having many moments).

To summarize, our aim with this paper was the development of a probabilistic understanding of regression
M-estimates when the errors ¢;’s are for instance log-concave, since this type of errors where the ones used
in the analytic results of the paper Bean et al. (2013) and give rise to convex optimal loss functions in the
classical low-dimensional setting. Understanding this type of questions is a necessary first step to develop
a theory of robust statistics (as seen from the work of Huber) - but the development of that theory in
high-dimension is not the aim of the current paper, whose aims are once again probabilistic. This explains
our choice of probabilistic setup.

D-2.2 About |3 — ||

The fact that ||§ — Bol| in Lemma (A) (i.e in the setup 7 = 0) does not converge to zero has been a
source of confusion for some statisticians working on sparse modeling (i.e assuming that [y has finitely
many non-zero coordinates, even as p — 00). Of course, this very fact is what renders the problem
interesting probabilistically (and in the author’s opinion also statistically: these estimators perform very
well as explained in the paper when projected on most directions, but there are data-dependent directions
where they encounter “problems”; so they are good for the most important statistical tasks, but not
uniformly good.). R R

One line of argument is that because || — fo|| does not go to zero, § is of no interest statistically (!).
However, this objection is simply overcome by the following points : 1) consider for the sake of simplicity
the case where X ; are i.i.d N'(0,1). As shown in El Karoui et al. (2011), we then have

B—Bo £ 1B - Bollaw

where u is uniform on the unit sphere in R” and independent of || B — Boll2. Hence, using the fact that

u £ Z/\|Z||, where Z ~ N(0,1d,), we see that

sup /plB(k) — Bo(k)| = Op(v/log(p)) ,

1<k<p

since maxj<k<p | Zx| = Op(y/log(p)) where Z’s are i.i.d N'(0,1). In other words, for each i, B(i) is NG
consistent for By(i) and the coordinates of B contains a lot of information about those of fy. In the case
where X;; are simply i.i.d and satisfy our assumptions, similar arguments can be made in the case of
strongly convex p, based on Theorem (C) via permutation-symmetry arguments and approximations as
7 — 0 but they require a bit more care. We leave them to the interested reader, since that has very little
to do with the main efforts of this paper. R

We also note that the stochastic representation above makes it clear that || — f|la4e — 0 for any € > 0.
And we just explained, other norms may be more important for certain statistical tasks than the Euclidean
norm.

2) Furthermore, if 3y is not sparse, and for instance all its coordinates of size roughly p /2 (concretely
Bo(i) = u;/\/p with Y- u? = K, |u;| > n for some n for all i’s, K fixed independently of p, for instance),
sparse methods (returning an estimate s of Sy with s(i) = 0 for all but finitely many i’s even as p — o0)
would be such that ||s— By||2 does not converge to zero. Hence, sparse estimators fall themselves under the
scope of the criticism levied by their advocates. Here we do not require sparsity of fBy- for instance in the
context of Lemma (A) - and still understand the probabilistic behavior of the quantities of interest to us.
This is what allowed us (as explained in e.g Bean et al. (2013)) to then propose new statistical methods,
using non-standard functions p. Without a probabilistic understanding of the problem, this would not
have been possible.

3) In the context of Lemma (A), and using the previous remarks for X; j e.g 1.i.d N'(0, 1), if 5y is sparse, i.e it
is supported on finitely many coordinates with relatively large entries on those coordinates, we can threshold
B at level C = (log(p))1/2+”/\/ﬁ for some 7 > 0, i.e apply the function fc such that fo(z) = z1jy>c to
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each coordinate of B , to create a new estimator T/;, such that
IT5 = Bolla = 0.

This is a simple application of the stochastic representation result we mentioned a few lines above. Un-
derstanding || B\ — boll2, as we do in this paper, is a way to pick better thresholds C' than the conservative
one just described. Furthermore, the methods we just described may be numerically more efficient than
many sparse methods than rely on solving other optimization problems than the ones we are concerned
with here.

D-2.3 About prediction error

In a number of machine learning/statistics setting, a quantity of interest is the prediction error, i.e the
error made when we use [ as a proxy for Sy on a new data: more concretely, one considers

PredError = Yyey — X;lewg .

Here (Xyew, Ynew) are not part of the initial dataset {(X;,Y;)}7 ;. In general, the practitioner gets to
observe only X, and wants to predict the corresponding Y., which is assumed to not be known. If
the linear model holds, i.e Yy, = X080 + €new, we have PredError = €60 — X0, (8 — Bo), so that if

var (€pew) = afm and X, has mean 0 and covariance Id,, conditional on the observed data {(X;, Y;)}7" ;,

EX,.. cnew (PredError) = 02+ |8 — Gol3 .

Enew

Hence, understanding the probabilistic properties of HB —Bo Hg is key in assessing how accurate our method
is at predicting Ypew. This is another motivation for our study, beside its probabilistic interest.

D-3 Non-smooth p and v, strong convexity question

It seems that based on the results of the current paper, in particular Theorem 1.1, one could handle
certain non-smooth functions of potential interest through some further approximation-theoretic work -
essentially showing that approximating the non-smooth function p by a family of smooth functions does
not change very much ||3|| as a function of p.

For instance the Huber function is differentiable, but not twice differentiable at exactly two points. For the
sake of concreteness, let us take ¢y to be such that ¢y (z) = 1_1<z<1 + sign(x)1y>1. At these points,
i.e —1 and 1, we could smooth 9y to create a family of functions ¥smooth,y, 7 > 0 such that Ygmooth,y
is close to ¥y (arbitrarily so as 7 — 0) and our results apply to Ysmooth,;- A natural example would

be to use Ysmooth,y, such that ¢émooth,n($) = ljgj<1—n + I_T‘xlll,mmgl. (Note that wémooth,n is Lipschitz
with Lipschitz constant 1/7.) Approximation theoretic work would then be required to show that we can
transfer our results concerning By, o, 0 By. This is the strategy we used in Section 6.1 to go from the
ly-regularized to the un-regularized (7 = 0) problem. Because these arguments have not much to do with
probability theory and because they are, as we explained above, really of secondary importance for us, we
leave them for future work. (We note that our current results apply for any 7 > 0, such as n = 1079.)

We believe that similar ideas should allow us to extend Lemma (A) to certain functions that are not strongly
convex, by approximating them by a family of strongly convex functions, such as the ones described in the
discussion on p. 10: we could try approximating p by p, = p+np2, where py = 22 /2 - at least when working
with errors ¢;’s that have two moments. Another approach to handle the situation where p is not strongly
convex could be to refine the second part of Proposition 2.1 to functions that are strongly convex but only
on a subset of R where, in the notation of Proposition 2.1 “most” of the intervals (e; — X531, ¢; — X/ 32) fall,
for “well-chosen” 8 and Bs . This would naturally entail to refine quite considerably a number of results
of Sections 3 and 4.

D-4 Examples of distributions satisfying Assumptions O4 and P1

e The fact that assumption O4 is satisfied when X; has independent entries that are supported on
an interval of width ,/c,/2 is a simple application of Corollary 4.10 in Ledoux (2001) - which is itself
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a consequence of results in Talagrand (1995). Our statement concerning the situation where X;’s has
independent entries with strongly log-concave density - following Theorem 1.1 - is a consequence of Theorem
2.7 in Ledoux (2001). The same results justify the fact that P1 holds for the situation where the entries
of the n x p matrix X are i.i.d with the distributions we just considered.

e For a broader discussion of distributions satisfying Assumption O4, we refer the reader to El Karoui
(2009), p.. 2386-2387.

e Geometric consequences of these concentration assumptions. Using in O4, G(x) = [|z[|2/,/p shows under
our assumptions that sup;<,< ||| X;||/\/p — mp| = op(1), where m,, is a median of the random variable
| X1]|/y/p. Our Lemma B-3 shows furthermore that supj<i<, || Xill?/p—1] = op(1) under the assumptions
we work with (simply use M;, = Id, in Lemma B-3 and the proof goes through). This means that the data
vector X;//p’s all have essentially unit norm, and hence are located near the unit sphere in RP. Similarly,
one can establish the fact that the vector X; is nearly orthogonal to any {Xj},.; under these conditions.
Hence working under the assumptions like O4 and P1 allow us to show what is the gist of the arguments,
while also understanding some of the key geometric assumptions that are made about the vectors {X;} .
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