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We study the complexity of approximating the V C dimension of a col-
lection of sets, when the setsare encaded succinctly by a small circuit. We
show that this problem is:

f-hard to approximate to within a factor 2 forall > 0,
approximable in AM to within a factor 2, and
AM -hard to approximate to within a factor N* for all > 0.

To obtain the 5-hardnessresult we solve a randomness extraction prob-
lem using list-decodable binary codes; for the positive result we utilize the
Sauer-Shelah(-Rerles) Lemma. We prove analogous results for the g-ary
V C dimension, where the approximation threshold is g.

1. INTR ODUCTION

The VC dimension plays an important role in learning theory, nite automata,
comparability theory and computational geometry. It was rst de ned in statistics
by Vapnik and Cervonenkis. Let C be a collection of subsetsof a nite setU. The
V C dimension of C, denoted V C(C), is the cardinality of the largest subsetF U
such that every subsetof F can be written as the intersection of an elemen of C
with F.

More generally, let C be a collection of vectorsin [g]Y, where U is a nite set,
andq 2. The g-ary VC dimension of C, denoted V Cy(C), is then de ned asthe
cardinality of the largest subsetF U, sud that the projection of Cto F, de ned
by f(vx)x2F : Vv 2 Cg, is maximal:

f(w)xar V2 Cg=[q":

When g = 2, it is easily seenthat by identifying setswith their indicator vectors,

the VC dimension of a collection of sets s just the 2-ary VC dimension of the
assaiated collection of indicator vectors.

In learning theory and other areas, it is common to prove bounds on the VC

dimension of certain set systemsor classesof set systems. It is then natural to ask
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how hard the function V C(C) is to compute, given a represenation of the collection
C. Linial, Mansour and Rivest rst asked this questionin [11]. There the collection
C of setsis given explicitly by a jCj jUj incidencematrix M (that is, Msx = 1i
x 2 S). It is noted in [1]] that when the input is represerted in this way, VC(C)
can be computed in time O(n'°9 "). Later, Papadimitriou and Yannakakis [13] gave
a more precise characterization of the complexity of this problem by de ning a
new complexity classLOGNP, and shawing that the decisionversion is LOGNP-
complete.

Sdaefer [15] obsened that in many natural examples,the set system may be
exponertially large but have a small implicit represenation. That is, there is a
polynomial size circuit C(i; x) which outputs 1 i x is in the i-th set. A good
example of such a set systemis the collection of monomials over n variables, which
is also a standard example from learning theory. In the more generalg-ary setting,
we considercollections of vectorsrepreserted implicitly by a polynomial sizecircuit
C(i; x) which outputs the x-th coordinate of the i-th vector.

Abusing notation slightly, we denote by VCq4(C) the g-ary VC dimension of
the collection of vectors encaded by circuit C. The decision version of computing
V Cq(C) has beenshawn to be 5-complete ([15], for g = 2). An important and
natural remaining questionis to determine how hard it is to approximate V C4(C).
A rst stepin this direction wastakenin [15], in which it was shown that approxi-
mating V C,(C) to within N* is NP-hard for all " > 0. Still, a large gap remained
betweenthis hardnessof approximation result, at the rst level of the Polynomial
Hierarchy, and the complexity of exactly computing the VC dimension, at the third
level.

In this paper, we settle the complexity of approximating the g-ary V C dimension,
for all g. Specically we show that computing the V C dimension of a polynomial
sizecircuit C with N inputs is:

f-hard to approximate to within afactorq ( N ") forall " < 1=4if qis a
prime power, and q " for all " > O for arbitrary q,
approximable! in AM to within afactor g O(N '“2logN), and
AM -hard to approximate to within afactor N* forall > 0.

In particular, this implies that the problemis §-hard to approximate to within a
factor of q and \easy" to approximate to within a factor of g. However, notice
that for prime powers g, we are able to locate the threshold of approximabilit y for
this problem with unusual accuracy In statistical physicsterminology, we derive
non-trivial bounds on the \critical exponert" near the \critical point".

Our result is, to our knowledge,the rst to establish a constant approximabilit y
threshold for an optimization problem above NP in the Polynomial Hierarchy {
seweral 5 minimization problemsare shown to be hard to approximate within N
factors in [21], and Ko and Lin [10, 9] show that sewral 5 function approximation
problems are hard to approximate to within constarnt factors, but matching upper
bounds are not known. We note that although the latter results ([10, 9]) rely on
PCP techniques, [2]1] provesstrong inapproximabilit y results using \only" explicit

1In the next section we cast the approximation problem asa promise problem and make precise
what we mean by \appro ximable in AM."



dispersers In the preseri paper we are also able to avoid complicated PCP con-
structions using similar tools; we prove inapproximabilit y by building \zero-error
dispersers" for a special classof distributions.

Our AM -hardnessresult, coupled with the approximability of the g-ary VC
dimension within a factor g in AM , shows that the promise problem with gap g,
for N1 g q, is AM -complete. We note that the AM -hardnessresult for
g = 2 can be seenas a derandomization of Schaefer's NP-hardnessresult [15], as
AM is just the classof languagesrandomly reducible to NP.

The remainder of the paper is organizedas follows. We begin with someprelim-
inaries in Section2. In Section 3, we presert a randomnessextraction problem and
show how to solveit using good list-decodable codes. This construction is the main
technical componert of our §-hardnessresult, and may be of independert interest.
We proceedin Section 4 with the % hardnessresult, which builds on Scaefer's
reduction. In Section5 we presernt the AM approximation algorithm, whosecor-
rectnessfollows quite easily from the Sauer-Shelah(-Rerles) Lemma [14, 17] and its
generalizations[8, 1]. Finally, we prove the AM -hardnessresult in Section 6; here
we use deterministic ampli cation in a critical way to obtain the necessarygap.

2. PRELIMINARIES
We beginwith somede nitions. We denoteby [q] the setf0;1;2;:::;q 1g, and
for a vector v, we denote by vy the x-th coordinate of v.

Definition 2.1. Let Cbe a collection of vectorsin [g]Y. The projection of C to
F U isdened by
C = f(Vy)x2rF :V2 Qg
A setF U is shattered by Cif CT is maximal:

¢ = [@":

The g-ary VC dimension of C, denotedV C4(C), is the sizeof the largestsetF U
that is shattered by C.

In the following de nition, we adopt the natural succinct encading of vectors
by circuits mentioned in the intro duction, although our results hold for reasonable
variations of this encading as well.

Definition  2.2. A circuit C computing a function f : [2"] U ! [q] implicitly
de nes the vectorsv' = (C(i; x))x2u. The g-ary VC dimension of C, denoted by
V Cqy(C), is the g-ary VC dimension of the collection C= fvi Gi2[2n]-

The decision problem we are interested in is the following: Given a circuit C as
above and an integerk, is VCq(C)  k? It is easyto seethat this problemisin §
from the following equivalence:

VCq(C) Kk () (9osiii;xk 12U)



An important and easily seenfact is that the g-ary VC dimension of a collection
Cis at most log,(jCj). Thereforethe nal 8 quanti er rangesover a domain of size
at most n, sothe nal line is computable in polynomial time in the input size.

In order to make statemerts about the complexity of approximating the g-ary
V C dimension, we needto de ne the \gap version" of the decisionproblem:

Definition 2.3. g-ary VC dimension with gap g: Givena circuit C and an
integer k, for which either (1) VC4(C) k or (2) VCq4(C) < k=g, which case(1 or
2) holds?

In stating our results, we measureg in terms of the \size" of the instance. For
our purposes,the most meaningful size measureis the input length of the circuit,
N. In all our results we assumethat the circuit C hassizeboundedby a polynomial
in N.

Two of our results relate the complexity of approximating the g-ary VC dimen-
sion to the complexity class AM . Recall that a languagelL is in AM if and
only if there exists a polynomially-balanced, polynomial-time decidable predicate
RL (X;y; z) sudh that:

Xx2L) F;r[92 Ri(x;y;z)=1]=1
X 62 ) F;r[9z RL(x;y;2z)=1] 1=2

Recall that Ry (x;y;z) is polynomially-balanced if jyj = poly(jxj) and jzj =
poly(jxj). It is straightforward to extend this de nition to promise problemsL =
(Lyes Lno) in the usual way; when we say that the g-ary VC dimensionis approx-
imable to within a factor g in AM , we mean formally that the promise problem
g-ary VC dimension with gap g is in promise-AM . Also, it is sucient to
require that

X 62 ) Pyr[92 RL(Xy;2)=1] 1 21=poly(jxj)

as simple repetition reducesthe error to 1=2.

3. A RANDOMNESS EXTRA CTION PR OBLEM

The main technical hurdle in the reduction in the next section can be viewed
as a randomnessextraction problem for a particular type of imperfect random
source. Here, we isolate this extraction problem and show that it can be solved in
a straightforward way using good e cien tly list-decodable codes.

The general extraction problem requires an e cien tly computable function f :
f0;1g" f0;1g%! f0;1g™ with the property that any input distribution on f0; 1g"
with \ h bits of randomness" (min-entropy at least h) together with the uniform
distribution on f0; 1g® induces an output distribution that is statistically closeto
uniform; a function f with this property is called an extractor. There is a large
body of recert work on extractors (seethe survey [12] and the referencesin [19)).

Earlier work consideredthe extraction problem for classesof distributions prop-
erly contained in the classof distributions with high min-entropy. One example
is the classof \bit- xing sources"introduced by Vazirani [22]. A distribution in



this classhasn h (unknown) bit positions xed to (unknown) values, and the
remaining h bits are chosenuniformly. In this case,many positive results are known
[4, 3] and it is even unnecessaryto inject truly random bits, asis required in the
more generalsetting. The seeminglyminor variation which allowsn  h positions
to be setto valuesthat depend on the value of the h random positions hasalsobeen
studied. There, it is a consequenceof [7] that it is impossibleto extract even one
almost-random bit deterministically whenn h > ( n=logn). In this sectionwe
considera generalizationof thesedistributions to g-ary strings, in which h positions
vary independertly and uniformly over [g], and the remaining n  h positions are
setto valuesthat may depend on the h random positions. Notice that the support
of such a distribution has g-ary VC dimension h.

The main result in this sectionis an explicit zem-error disperser for sets with
large g-ary VC dimension. For comparison, we rst de ne the general disperser
which has been consideredextensiely in the extractor literature asthe one-sided
variant of an extractor.

Definiton 3.1. An (h; ) disperseris afunction f : f0;1g" f0;1g®! fO0;1g™
with the property that for all setsX  f0;1g" with jXj 2",

fEOGy):x2 X;y2f0,1g%j @ )2m:

The parameter is called the error, and in the general case,zero error is not
possible. However, we can achieve zero error by imposing additional structure on
the source; the VC-disperser de ned next works on sourceswith high g-ary VC
dimension.

Definiton 3.2. An (h;0) g-ary VC-disperseris a function f : [g]" f0;1g%!
f0;1g™ with the property that for all setsX  [g]" with VCq(X) h,

FE(y):x2X;y2f0;1g%;j= 2":

A disperserf is called explicit if f can be computed in polynomial time. We
build explicit (h;0) g-ary VC-disperserswith h = (1=q+ )n for all > 0, with
output length m = n® | and with d = O(log1=). Our main theorem in this
section givesa simple construction of such dispersersfrom e cien tly list-decodable
codes(e.g., from [6]).

Theorem 3.1. Let ECC be a g-ary error-correcting code with

enading function E : [g* ! [q]" and

list-decoding function L : [oqf® D ! [q¥; i.e., for all v 2 [g" and u 2 [g]¥
for which E(u) diers from v in at most e locations, there existsj 2 D for which
L(v;j) = u.

Lets: [gf ! f0;1g™ be a surjection for m  bkloggc. Then the function f :
[" D! f0;1g™ de ned by

f(v;j) = s(L(v;]))



isa(n e;0)gary VC-disperser. If s and L are computablein polynomial time,
then f is explicit.

Proof. Fix a subsetX [q]" with VCy(X) (n €). We needto show that
for all w2 f0;1g™, there existsav 2 X andaj 2 D for which f (v;j) = w.

Sinces is a surjection, there existssomeu 2 [¢]¥ for which s(u) = w. Considerthe
codeword E (u). SinceVCq(X) n e thereexistsF [n] of sizen ethat is shat-
tered by X . This implies that somev 2 X agreeswith E(u) in the n e positionsin-
dexedby F; in other wordsE (u) and v di er in at mostelocations. We aretherefore
guaranteed that for somej, L(v;j) = u. We concludethat f (v;j) = s(L(v;j)) =

s(u) = w, asdesired. ®

In the next two lemmas, we describe the current best explicit list-decodable code
for our purposesi;the rst isdirectly from Guruswami and Sudan[6], and the second
follows from [6] with someminor additional work. The main di erence betweenthe
two is that the rst code hasa superior dependenceon , but requiresthat g be a
prime power.

Lemma 3.1 ([6]). For every prime power q, integerk, and > 0, there exists
an explicitly speci e d grary linear code E : [g]* ! [g]" with black length n = O(k—i)
for which the following holdsfor e n(1 %)(1 ):

For any received word v 2 [q]" a list of all messagesu 2 [g]¢ for which E (u)
diers fromv in at most e places can be found in polynomial time.
The list hassizeat most O(  2).

Lemma 3.2. For all integersq, k, and all constart > 0, there exists an explic-
ity specied g-ary code E : [g]* ! [g]" with bleck length n = O(%;) for which the
following holdsfor e n(1 %)(1 ):

For any received word v 2 [g]" a list of all messagesu 2 [g]¢ for which E (u)
diers from v in at most e places can be found in polynomial time.
The list hassizeat most O(  2).

Proof. We modify the proof of Corollary 3 from [6]. Their code is a p™-ary
Reed-Solomonouter code concatenatedwith any [O(m= 2); m; d], inner code with
good distance properties; but it requiresp to be a prime power.

We instead pick p to be the smallestprime power greater than g, and m°= O(m)
so that qmO p™. We start with an injective map from [g]¢ to p™-ary strings.
We then apply the samep™-ary Reed-Solomonouter code. We also have an in-
jective map from the symbols of the Reed Solomon codewords to g-ary strings
of length m®% We then use as our inner code a (O(m= 2);m%d), code with
good distance properties. We can construct this code by greedily picking code-
words with the required minimum distance, and decade it by brute force. As
long as is a constart, the construction and decaling take polynomial time in
n. o



Plugging thesetwo codesinto Theorem 3.1, we obtain the zero-errorV C-dispersers
in the following two corollaries.

Cor ollar y 3.1. For every prime power g, integer k, and 1 > > 3=4, there
exists an explicit (h; 0) g-ary VC-disperser

fofd" fo;1g*t Jleen+om 1 fo;1g™

where m = bkloggc, h= n=gq+ n , andn = k°®,

Proof. Using Lemma 3.1with = k where is specied later, we obtain
a code with block length n = O(k?** ), ecient list-decoding from up to e =
n(1 %)(1 k ) errors, and list size O(k? ).

Plugging this into Theorem 3.1, we obtain the desiredbound on h provided that

logk _ logk )
logn (2+ 4 )logk + O(1)°

This expressioncan be made arbitrarily closeto 3=4 by taking to be a su -
ciertly large constart. Finally, note that the list sizeis boundedby O(n?! )). m

Corollar y 3.2. For all integersq, k and all constant > 0, there exists an
explicit (h; 0) g-ary VC-disperser

f:[q" f0;1g?'°9=)+*0M 1 fQ:1g™

where m = bklogagc, h = n(1=g+ ), and n = k°®

Proof. We uselLemma 3.2with = . This yields a code that can tolerate
e=n(l 1=0(1 ) errors,andwith list sizeO(1= 2). Plugging this into Theorem
3.1,wegetan(n e;0)gary VC-disperser,which is alsothe desired(h; 0) g-ary VC-

dispersersinceh = n(1=g+ )>n e ®

Using recert constructions of list-decodable error-correcting codes[5] in Corollary
3.1 we cantolerate any > 1=2; howevwer, in this caseq must be exponertial in n.
In closingwe remark that the idea of using error-correcting codes\the wrong way"
for extracting randomness(from the smaller classof bit- xing sources)is usedin a
dierent way in [4].

4. £ -HARDNESS

In this section we use zero-error VC-dispersersto prove 5-hardnessof approx-
imating the g-ary VC dimensionto within a factor ¢ . As our reduction builds
on Schaefer'sreduction, it is instructiv e to briey review that reduction (for 2-ary
VC dimension) in our terminology.

We begin with an instance of QSAT 3 given by the CNF formula (a;b;c), with
jaj = jb = j¢j = k. The problem is to determine if 9a 8b9c (a;b;c). Our instance
of 2-ary VC dimension is a circuit C which encales a collection C of binary
vectors of length 2¢ k. We view these vectors as being composedof 2 blocks of



length k eadh. For every ;u, and w 2 f0;1g¥, circuit C encadesthe vector with
u in the -th block and zeroselsewhereif ( ;u;w) = 1, and the all-zero vector
otherwise. Therefore, for every ;u 2 f0;1g%, if 9w ( ;u;w), the collection C
includes the vector 0 ¥ u 0@° Dk,

Now, if 8b9c (a;b;c), then it is clear that the setof k indices corresponding to
the a-th block is shattered by C.

Conversely if VC,(C) Kk, then someset of at leastk indices s shattered by C,
and we obsene that no set with indices in multiple blocks can be shattered by C;
therefore, the set that is shattered must be exactly the k indices corresponding to
the a-th block, for somea. This implies that Cincludes vectorswith all 2¢ binary
strings in the a-th block, and hence8b9c (a;b;c).

To give a similar reduction for 2-ary VC dimension with gap g, we would
like to be able to concludethat VC,(C) k=g implies 8b 9c (a;b;c) for some
a. Howewer, with the current construction, we can only conclude that for many
b9c (a;b;c). Wetransform this \many" into \all" by augmerting the construction
with the zero-error VC-dispersersfrom the previous section.

Theorem 4.1. For all prime powersq, gary VC dimension with gap q
(N ")is &-hard for all " < 1=4, and for arbitrary g, g-ary VC dimension
with gap g is  5-hard for all constant" > 0.

Proof. We give the proof for prime powers g; to get the weaker result for
arbitrary g, one should usethe zero-error VC-disperserfrom Corollary 3.2in place
of the one from Corollary 3.1.

Let (a;b;c) be an instance of QSAT 3, with jaj = jb = jg = k, and take
f:[g" f0;1g°! f0;1g* to be the (h;0) g-ary VC-disperserfrom Corollary 3.1,
where > 3=4,h n=q+n ,andd=2(1 )logn+ O(1). Let D = 29,

Like above, our instance of g-ary VC dimension is a circuit C encaling a
collection C of g-ary vectorsof length 2K n. We view ead vector as being composed
of 2% blocks of length n; formally, we index our vectors by the setf0;1gX [n]. For
every 2 f0;1g¢ and every non-zerou 2 [q]", collection C will include the vector
with u in the -th block and zeroselsewhere

Dhn 1
ow ( ;f(u;j);w); 1)
j=0

plus the all-zerosvector.

It is slightly cumbersometo encade the collection Cin a small circuit C. Recall
that circuit C takestwo argumerts: the \name" of a vector, and an index x, and
it outputs the x-th symbol of the named vector. Let L = f0;1g¥. We name our
vectorsby tuples from L [g]" LP, and recall that ead vector is indexed by the
setL [n]. Circuit C is described as follows:

( u if = and Dt (f(uij)w)
C(( u;Wosw;iit; (sip= T j=o R RN
(( s u;wo;wq wp 1);( ;1)) 0 otherwise
We write v for the vector with name™ = ( ;u;wo;w1;:::Wp 1) and v for the

-th block of v ; i.e.,v. = (v ;)izn}- If v is non-zero,then it hasthe form v. = u



for some , and zeroselsewherewhich implies:

Dh 1 Dhn 1
(fWi)hw)) oaw (;f(uj)w)
j=0 j=0

Conversely if 8] 9w; ( ;f (u;j);w;), then for * = ( ;u;wi;Wo;:::;Wp 1), vector
v hasv = u and zeroselsewhere.Thus C encadesexactly the collection of vectors
described above (1).

Without loss of generality we may assumethat k = O(n'¥?) and notice that
D = o(n**?) (since > 3=4). Circuit C hasN = k + ndog,(q)e+ Dk + k + dogne
inputs, and we seethat N = O(n).

Claim 1. is a positive instance) VCqy(C) n.
We know that (9a)(8b)(9¢) (a;b;c); x anafor which (8b)(9¢c) (a;b;c). Because
is a positive instance, expression(1) holds for = a and all u 2 [g]", which

implies that Cincludes a vector with u in the a-th block, for all u. Therefore, set
F = fag [n] is shattered, which implies VCq(C) n. ®

Claim 2. VCy4(C) h+1=n=g+n +1) is a positive instance.

Notice that for every vector in the collection C, the indices (in L  [n]) of the
non-zeroelemerts all have the same rst coordinate. This implies that the elemerts
of any set shattered by C also have the same rst coordinate.

We know that someset F of size h + 1 is shattered and that F has the form
fag T, for someT [n] of sizeexactly h + 1. Focusing now on only the a-th
block of the vectorsin C, we de ne the collection G, = fvajv 2 Cg. Finally, pick
anyt2 T anddene Q= fu2 Gju; 8 0g. For all u2 @ we must have vectorsin
Cwith u in the a-th block, and all of thesevectors are non zero, which implies, by

(D):
8u2 Q8j 2f0;1g° 9w (a;f (u;j);w): 2)

Now, the set T®= T nftg is shattered by G, soVCq(C)) h. Sincef is a (h;0)
g-ary VC-disperser, we know that for every b 2 f0;1g¥ there existsu 2 @ and
j 2 £0;1g% such that f (u;j) = b. Therefore (2) implies:

8b2 f0;1g" 9w (a;b;w);

which implies that is a positive instance. &
We just needto determine the gap g in terms of N. Recalling that N = O(n),
we have:

— n — — .
g—m—‘l(l (n =q1 (N b

forall > 3=4 asdesired. W

We note that improving the bound of Lemma3.1onn in terms of  will result in
improving the exponert 1/4 in Theorem 4.1. We also remark that from a certain
perspective, our use of list-decodable binary codesin this reduction is quite similar



to an application of such codesto chedking NP membership from "noisy" witnesses
(seel6]).

5. APPR OXIMA TION IN AM

In this sectionwe give an Arth ur-Merlin proto col for determining the approximate
g-ary VC dimension. The main idea is simple: Merlin species asetF U that
is supposedto be shattered by collection C, and Arth ur usesrandomnessto chedk
that many vectorsin [g" are indeed in the projection C° (whereasfor F to be
shattered, all vectorsin [g]" needto be in the projection). We again make the
transition from \many" to \all' by arguing that a slightly smaller set F® F is
indeed shattered. This step relieson the Sauer-Shelah(-Rerles)Lemma[14, 17] and
its generalizationsto the g-ary case[8] (or see[1] for a simpler proof) which we
reformulate below:

Lemma 5.1. [8] Let U be an n-elementset and C a collection of vectors in [g]V
such that

X .
ici > . (g "
j=o
Then C shattersa setF U of sizek + 1.

We can now prove the following theorem:

Theorem 5.1. For all g, g-ary VC dimension with gap q O(N '*2logN)
isin AM .

Proof. We give a constart round Arth ur-Merlin protocol for deciding the gap
problem with gapg = q O(N *2logN). It is well-known that any problem
decidable by such a constart-round protocol is in AM (seeBabai and Moran [2]).
The mutual input is a circuit C encading a collection C of 2" vectorsin [¢]Y, and
an integer k, and it is promisedthat either VC4(C) k or VCq(C) < k=g. Notice
that VCq(C) log,(2") n, sowecanassumek n.

Proto col for appro ximate g-ary VC dimension

Merlin sendsArth ur a setof sizek: F = fxg;X1;:::xk 19 U.

Arth ur sendsMerlin a random vector v 2 [g]¥.

Merlin sendsArth ur an index i 2 [2"].

The input is acceptedif C(i; xj) = v; forj = 0;1;:::k 1 and rejected other-
wise.

Claim 1. If VC4(C) Kk, then Merlin has a strategy that causesthe input to
be acceptedwith probability one.

Proof. LetF = fXp;:::Xx 10beasetofsizek that is shatteredby C. Merlin ini-
tially sendsF. SinceF is shattered, for any vector v that Arth ur choosesthereis a

responsei suc that C(i; xj) = v; forallj. m



Claim 2. If VCq4(C) < k=g, then the input is rejected with probability n °®.

Proof. Let F be the set sert by Merlin. We obsene that the projection C”
satis es VCq(C")  VCq(C) < k=g Therefore, by Lemma5.1,

¥eg K K+ O(ks( 2 10g n)
iCTj . 1)k I =
ic"j J (@ 1)

K@ 1k
i=0 j=0 ]

= o Pr[Bin(k; 1=q) g+ O(kn *2logn)]

o Pr[Bin(k; 1=0) g + O(k**? log k)]

d@ k °®W) d@ n °®):

Therefore the probability (over v) that there existsan i sud that C(i; xj) = v; for
allj,isatmostl n °0, m

Finally, we note that the input length, N, of circuit C is at least n, which con-
cludesthe proof. =

6. AM-HARDNESS

In this section we prove that approximating the g-ary VC dimension to within
N! is AM -hard. The proof usesnon-trivial deterministic ampli cation of AM
in a critical way, after which the reduction and proof follow easily We illustrate
the main idea for the 2-ary case. Let R (x;Yy;z) be the predicate assaiated with
languageL 2 AM . We have vector y in our collection Ci 9z Ry (x;y;z). Then,
if x is a positive instance, VCq(C)  jyj. However, if X is a negative instance, then
iCi 2Vi where is the probability of acceptinga negative instance, which implies
VCq(©O) jyj+ log( ). By making extremely small, we achieve the required gap.

We usedispersers(recall De nition 3.1) for e cien t deterministic ampli cation, a
technique rst usedby Sipserto amplify RP [18]. The parameterd in the de nition
is called the seed length, and to get the strongest results, we need constart-error
disperserswith seedlength closeto the optimal logn + O(1). Such disperserswere

constructed only very recertly in [20], with a simpler construction appearingin [16].
We usethe following lemma:

Lemma 6.1 ([16]). For all h and every > 0, there exists an explicit (h; 1=4)
disperser

f:f0;1g" f0;1g%! fO;1g"
with d= (1+ )logn+ O(logh) and m = h( )=log®® n,

This allows usto prove:



Lemma 6.2. For everylanguageL in AM and everyconstant > 0, there exists
a polynomially balanced, polynomial-time decidable predicate R? (x; a;b) suchthat

x2L) Par[9bRE(x;a;b): 1]=1

x62 ) PriobRY(x;aib) = 1] 2% =2%:

Moreover jbj = jajl* ©(),

Proof. Let R (X;y;z) be the predicate from the de nition of AM , and let
m = jyj. Without loss of generality we may assumethat jzj = m aswell. Let
f :f0;1g" f0;1g% ! f0;1g™ be an (h; 1=4) disperser from Lemma 6.1, with
n=m®@ =" h=n andd= (1+ O()) logn.

De ne the new predicate R? as follows:

2A 1
RE(x;a;b: (20;21;22;:: 0200 1)) = RL(X f(&;));7);
j=0

and note that jbj = 29m = n1*00),

If x 2 L, then it is clearthat 8a 9b R? (x; a;b). If x 62L, then the setB of random
strings y for which 9z R (X; y; z) issmall,i.e. j[B]j 1=2 2™. Wewant to bound the
number of \bad" random strings a for which 9b R? (x; a;b). We notice that string
a is bad exactly when f (a;j) 2 B for all j. Therefore the set of bad strings a fails
to disperse,which implies that there are at most 2" bad strings a. The error then is
2h=pn = 2iai =pial gsrequired. m

We can now give the reduction:

Theorem 6.1. For all g, g-ary VC dimension with gap N! " is AM -hard
for all constant” > 0.

Proof. The reduction is a genericreduction. Let L be a languagein AM , and
let R? (x; a;b) be the predicate guaranteed by Lemma 6.2, for some > 0 that we
specify later. Givenaninstancex, our instanceof g-ary V C dimension is a circuit
C encdding a collection C of g-ary vectors of length n = jaj. Let * = bnlog, 2c and
let g:[g] ! fO;1g" be any e cien tly computable injection. Our collection C will
contain exactly those vectors v 2 [q]" for which 9b R? (x; g(v); b), plus the zero
vector.

We encade C by a small circuit C that takestwo argumerts:; the \name" of a
vector and an index i, and outputs the i-th coordinate of the named vector. Our
vectors will be named by a pair from [g]” f0;1g®, and indexed by the set ['].

Speci cally,
e Vi iERO(x g(v)ib)
CVBIN = 5 otherwise

It is clear that C encadesexactly the vectorsin C, as described above.
Now, if x 2 L, then the set ['] is shattered. That is, 8a 9b R? (x; a;b), which
implies that C= [q] ; i.e., every vector is preser.



If x 62, then the number of distinct vectorsin Cis at most the number of a for
which 9b R (x; a; b), plus one for the zero vector, which is at most 2" + 1. Since
VCq(C) 10g,(iCi), we seethat in this casethe g-ary VC dimensionof Cis at most
n (logy2) + 1.

We thus have proved a gap of ( n* ). Now, the input length of the circuit C is
N =n+jb+log” n+jb+ logn. Recallthat Lemma 6.2 guaranteed that jb
n1*©0) sothe gapis at leastN (! )=+ 0()) By taking su cien tly small, we ob-

tain agapof N* " for any " > 0, asdesired. ®
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