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Abstract Solvability of the reconstruction problem is, to some

extent, governed by the second eigenvaloéthe chan-
We establish the exact threshold for the reconstruc- nelM . More precisely, for the binargymmetricchan-
tion problem for a binary asymmetric channel on the nel, it was shown in [2] that the reconstruction problem
bary tree, provided that the asymmetry is sufficiently i solvable if and only ib 2 > 1. For all other channels,
small. This is the first exact reconstruction threshold it was also known—and easy to prove—that > 1im-
obtained in roughly a decade. We discuss the implica- Plies solvability, buexactthresholds for non-solvability
tions of our result for Glauber dynamics, phylogenetic Were not known before this work. Here we show that the
reconstruction, noisy communication and the so-called boundb # > 1—which we refer to as thkesten-Stigum
“replica symmetry breaking” in spin glasses and ran- bound[13]—is tight provided thaM is close enough to

dom satisfiability problems. symmetric, i.e., letting
1 1+ 1- -1 1
M=% 1- 1+ = a1+ @

1 Introduction

we show that the reconstruction problem MronT is

The so-calledeconstruction probleris a fundamen-  notsolvable ifo 2 < 1 and] | is suf ciently small.

tal problem concerning signal decay in noisy communi-  As we explain next, our results have potential ap-
cation with duplication, which is intimately related to plications in noisy computation, mixing, phylogenetics,
noisy computation [5, 20], mixing of Glauber dynam- and random satis ability problems.
ics [1, 16] and phylogenetic reconstruction [4, 22]. In
the binary case, the problem is de ned as follows. Let , L )
T, be a completd-ary tree andVl be a binary (asym- Noisy Communication/Computation. The recon-
metric) channel, i.e. a 2x2 stochastic matrix. Consider Struction problem is concerned essentially with a trade-
the following Markov process that associates a state in ©ff Petween noise and duplication in a tree communica-
{+:—} to each node of,: rst pick a state at the root tion network. At the root of the tree network a state is
in {+; —} according to the stationary distribution Mf; chosen. Itis then propagated down the tree by applying
then move away from the root and iteratively apply the the channeM ateach edge and duplicated at each node
channelM on each edge. The reconstruction problem towards all outgoing edges. The reconstruction problem
is the problem of determining the state of the rooTgf is solvable if the signal obtained down the tree has non-
given the state of the Markov chain on levelof the trivial correlation with the state at the root.
tree, asn goes to+oo. Roughly speaking, the recon- Itis natural to expect that the existence of correlation
struction problem or(Ty; M) is said to be “solvable” S @ monotone property of the branching ratio and of the
if one can determine the root value signi cantly better noise level. The basic question is: what is the trade-off
than by guessing according to the stationary distribution between the two? The threshdid® = 1 for the b-ary
(a precise de nition is given below). tree yields a very elegant trade-off. This threshold was
previsouly known only for binary symmetric channels
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The reconstructon problem is also closely related Replica Symmetry Breaking/Random SAT. The
to noisy computation models where each gate indepen-replica and cavity methods were invented in theoreti-
dently introduces error, see [27, 6]. The reconstruction cal physics to solve Ising spin glass problems on the
problem is not equivalent to noisy computation. How- complete graph—the so-called Sherrington-Kirkpatrick
ever, the two problems are closely related. See [5, 20l model. Spin-glass problems are random instances of sat-
for details. i ability problems and the main interest in physics is in
the distribution of optimal (maximally satisfying) solu-
tions. Spin-glass problems in the complete graph corre-
Phylogenetic Reconstruction. Phylogenetic recon-  spond to satis ability problems where a (weighted) ran-
struction is a major task of systematic biology [7]. ltwas dom constraint exists between every pair of variables.
recently shown in [4] that for binary symmetric chan-  The replica and cavity methods, while not mathe-
nels, also called CFN models in evolutionary biology, matically rigorous, led to numerous predictions on the
the sampling ef ciency of phylogenetic reconstruction spin glass and other models on dense graphs, a few of
is determined by the reconstruction threshold. Thus, which were proved many years later. These methods
if for all edges of the tree, it holds th@t? > 1the  \yere later applied to random satis ability problems in
tree can be recovered ef ciently fro@(logn) samples.  \hich every variable appears in expectation in a con-
If 22 < 1, then [22] implies than®® samples are  stant number of randomly chosen clauses. The analysis
needed. In fact, the proof of the lower bound in [22] im-  of these problems, called dilute spin glasses in physics,
plies the lower bound ®Y whenever the reconstruction  haye led to the best known empirical algorithms for solv-
problem is “exponentially” unsolvable. ing random satis ability problems [18, 24].

Our results here if_an'Q(l) lower bounds for phy- A central concept in this theory is the notion of a
logenetic reconstruction for asymmetric channels such«gjassy phase” of the spin glass measure. In the glassy
that2 < 1 and]| | suf ciently small. The details are  phase, the distribution on random optimal solutions
omitted from this extended abstract. Itis natural to con- gecomposes into an exponential number of “lumps”,
jecture that this is tight and that & # > 1 then phy-  \where the Hamming distance between every two lumps
logenetic reconstruction may be achieved vitflogn) s Q(n). One of the standard techniques in physics
sequences. for determining the glassy phase is via “replica sym-

metry breaking”. Moreover, there are certain glassy
o ] ) phases for which the replica symmetry breaking is rela-
Mixing of Markov Chains. ~ One of the main themes  tjyely simple—those which are said to have “one-step
at the intersection of statistical physics and theoretical replica symmetry breaking”; and others in which the
computer science in recent years has been the study ofgpjica symmetry breaking is more complicated—those
connections between spatial and temporal mixing. It is \yith so-called “full replica symmetry breaking”. Rougly
widely aC(_:epted that sp_a'ual mixing and temporal MIXING speaking, in the “full replica” case each lump decom-
of dynamics go hand in hand though this was proven poses futher into lumps etc., while in the “one-step
only in restricted settings. replica” each lump is “connected” (with respect to the

In particular, the spatial mixing condition is usually usual Hamming metric).

stated in terms of uniqueness of Gibbs measures. How- |, 3 recent paper [19] it is claimed that the parame-

ever, as shown in [1] , this spatial condition is too strong. ars for which a “glassy phase occurs” are exactly the

In particular, it is shown in [1] that the spectral gap of same as the parameters for which the reconstruction
continuous-time Glauber dynamics for the Ising model problem is not solvable. More formally, for determin-
with no external eld and no boundary cqnditions ON ing if the glassy phase occurs for rand@io 1)-regular

the b-ary tree isQ(1) wheneverb 2< L This should  graphs and Gibbs measures with some parameters, one
be compared with the uniqueness condition on the treeoa(s to check if the reconstruction problem for lhe

givenbyb < 1.In[16] this resultis extended tothelog 4y tree and associated parameters is solvable or not.
Sobolev constant. In [16] it is also shown that for mea- Furthermore, it is claimed in [19] that the recon-

sures on trees, a super-linear decay of point-to-set cor- . .
; o struction problem determines the type of glassy phase
relations implies ar2(1) spectral gap for the Glauber P yp glassy p

dynamics with free boundary conditions as follows. Mezard and Montanari predict that one-
i ' step replica symmetry breaking occurs exactly when the
Thus our results not only give the exact threshold for i asten-Stigum bound is not equal to the reconstruction
reconstructibility. They also yield an exact threshold for bound; otherwise full replica symmetry breaking oc-
mixing of Glauber dynamics on the tree for Ising models ;s

with a small external eld. The details are omitted from

this extended abstract. Thus our results proved here, in conjunction with the



theoretical physics predictions of [19], suggest the exis- satisfying = 0 for which the reconstruction problem is
tence of two types of glassy phases for spin systems onsolvable. On the other hand, in [23, 12] it is shown that
random graphs. It is an interesting challenge to statethe threshold 2 = 1 is the threshold for two variants
these predictions in a compact mathematical formula- of the reconstruction problem: “census reconstruction”
tion to prove or disprove them. and “robust reconstruction” (see [23, 12] for details).
The results above led some to believe that “recon-
struction” unlike its siblings “census reconstructiontan
“robust reconstruction” is an extremely sensitive prop-
) . erty and that the thresholwl ? = 1 is tight only for the
The study of the reconstruction problem began inthe pinary symmetric channel. This conceptual picture was
seventies [26, 10] where the problem was introduced in ghaken by recent results in the theoretical physics liter-

terms of the “extremality of the free Gibbs measure” on 4tre [19] where using variational principles developed
the tree. (We will not attempt to de ne this notion here. i, the context of “replica symmetry breaking” it is sug-

1.1 Previous Results

See the papers [26, 10] for details.). In particular, in [10]
it is shown that the reconstruction problem for the bi-
nary symmetric channel on the binary tree is solvable
when2 2 > 1. This in fact follows from a previous
work [13] which implies that for any Markov chaid ,

the reconstruction problem on theary tree is solvable

if b2 > 1where is the second largest eigenvalue of
M in absolute value.

Proving non-reconstructibility turned out to be
harder. While coupling arguments easily yield non-
reconstruction, these arguments are typically not tight.
A natural way to try to prove non-reconstructibility is

gested that the bound 2 = 1 is tight for symmetric
channels o3 and (maybe) letters.

In Theorem 1 (below) we give the rst tight thresh-
old for the reconstruction problem for channels other
than binary symmetric channels. We show that for
asymmetric channels that are close to symmetric, the
Kesten-Stigum bound 2 1 is tight for reconstruc-
tion. Our proof builds on ideas from [3, 2, 5, 25] and is
extremely simple. In addition to giving a new result for
the asymmetric channel, our proof also provides a very
simple proof of the previously known result for the bi-
nary symmetricchannel. See also [11, 5, 17] for other

to analyze recursions 1) in terms of random variables elegant proofs of the result in the symmetric case.
each of whose values is the expectation of the chain at

a vertex, given the state at the leaves of the subtree be-

low it, 2) in terms of ratios of such probabilities, or 3) in
terms of log-likelihood ratios of such probabilities. Such

recursions were analyzed for a closely related model

in [3]. Both the reconstruction model and the model an-
alyzed in [3] deal with the correlation between level
and the root. However, while in the reconstruction prob-

1.2 De nitions and Main Result

LetT = (V;E; )beatredl withnodesv, edgeE
and root [VI. We direct all edges away from the root,
so that ife = (x;y) thenx is on the path connectingto
y. Letd(-; -) denote the graph-metric distance Dnand

lem, the two random variables are generated accordingL,, = {v M : d(;v) = n} be the n'™" level of the

to the Markov model on the tree, in [3] the nodes at level

tree. Forx [\ ande = (y;z) [CH, we denotgx| =

n are setto have an i.i.d. distribution and the root has thed( ; x ), d(x; (y; z)) = max{d(x;y); d(x; z)}, and|e| =

conditional distribution thus induced.

In spite of this important difference, the two models
are closely related. In particular, in [3] it is shown that
for the binary tree, the correlation between lemednd
the root decays if and only & 2 < 1. Building on the
techniques of [3] it was nally shown in [2] that the re-
construction problem for the binary symmetric channel
is solvable if and only i2 2 > 1. This result was later
reproven in various ways [5, 11, 1, 17].

The elegance of the threshatd? = 1 raised the
hope that it is the threshold for reconstruction for gen-

d(;e). Thebary tree is the in nite rooted tree where
each vertex has exacthchildren.

A Markov chain on the tred@ is a probability mea-
sure de ned on the state spaC¥, whereC is a nite
set. Assume rstthaT is nite and, for each edge of
T,letM€ = (M ﬁj)i,j cpe a stochastic matrix. In this
case the probability measure de ned fy ¢ : e [CH)
onT is given by

x,y) .
M o(x),0(y)"

"6 ) = Loy=mp )

x,y) [E1

eral channels. However, previous attempts to generalize

any of the proofs to other channels have failed. More-
over in [21] it was shown that for asymmetric binary

In other words, the root state( ) satises () =
and then each vertex iteratively chooses its state from

channels and for symmetric channels on large alphabetshe one of its parent by an application of the Markov
the reconstruction problem is solvable in cases wheretransition rule given byM € (and all such applications

b 2 < 1. In fact [21] contains an example of a channel

are independent). We can de ne the measufen an



in nite tree as well, by Kolmogorov's extension theo-
rem, but we will not need chains on in nite trees in this

Imagine that ,, is drawn according to the Markov chain
on the tree. ThenX ,—as a function of ,—is a ran-

paper (see [9] for basic properties of Markov chains on dom variable. Leix, be the second moment & .

trees).

Instead, for an innite treeT, we let T,
(Vn;En; ), whereV, = {x M :d(x; )=<n}En
{e [H: d(e; ) =n}anddene py (2) forTn. We
are particularly interested in the distribution of the stat

(x) for x [, the set of leaves iff,. This distri-
bution, denoted by [, is the projection of  on Ctn
given by X

«O)

0 0|Lh=0

©)

Recall that for distributions and on the same
spaceQ the total variation distance betweerand is

I ()= O

o [Q]

DV(; )= @

reconstruction
e [H)is

De nition 1 (Reconstructibility) The
problem for the infinite tred and (M ©
solvableif there existi;j [Clfor which
lim Dy( {; >0 ©)
n — oo
WhenM ¢ = M for all e, we say that the reconstruction
problem is solvable fol andM .

We will be mostly interested in binary channels, i.e.,
transition matrices on the state spdee}. In this case,

It is easy to show [5] (see Lemma 3 below) that non-
solvability is implied by

limsupx, =0:

n - +oo

We prove the latter by induction. The proof has two
main steps.

1. Distributional Recursion. LetX [, andX I, be
two independent copies of,—;. We show that

d (Xela+ X))
1+ 2X ol Xply

[=%

Xn (7)

where2 indicates equality in distribution. This fol-
lows from the Markov property. See Lemmas 4
and 5.

2. Moment Recursion. Expanding (7) and taking ex-
pectations, we show that

Xn <2 2Xn_1: 8)

for all n. The result follows. See Theorem 3.

In the case of asymmetric channels, we use a
weighted version of the magnetization (see (9) below).

the de nition above says that the reconstruction problem Correction terms now appear in recursions (7) and (8)

is solvable if

(6)

nIim Dv( T; M>o0:
Our main result is the following:

Theorem 1 (Main Result) For all b = 2, there exists
a o > 0such that for all] | < o, the reconstruction
problem forM on theb-ary tree T, is not solvable if
b?<1.

See Theorem 2 below for a more general result.
1.3 Proof Idea

Our proof borrows ideas from several previous
works, notably [3, 2, 5, 25]. In this section, we give a
brief, high-level description of the proof.

First, consider the symmetric channel on the com-
plete binary tree. The fundamental quantity in the proof
is the so-calleanagnetization of the ro¢8] de ned as

Xn P[root is + |state at level nis ]

—P[rootis — |stateat level nis n]:

which somewhat complicate the analysis. The extra
terms can be controlled whenis small by continuity
type arguments (see Proposition 1). Moreover, we prove
our result for general trees (rather than complesey
trees). This more general result is proved by decom-
posing (7) and (8) into simple tree operations (see Sec-
tion 3).

2 Preliminaries and General Result

For convenience, we sometimes write the channel

1_II+ "+

M= .

Note rst that the stationary distribution
of M is given by

and



In particular, this expression implies that the stationary In our main result we show
distribution depends only on the ratis(1 — ). Or

put differently, each two of the parameters; and Theorem 2 (Reconstructibility on General Trees)
determine the third one uniquely. Note also that Let0 = o < 1. Then there existso > 0
such that, for all distributions = ( +; -) with
= [ — max{| (; o] (; — o)} < o and for all trees
1- (T; ) with sup.| ()] = o andbr(T; ) < 1, the

Without loss of generality, we assume throughout that €construction problem is not solvable.

— = , orequivalently that = 0. (Note that can be
made negative by inverting the role #fand—.) Below,
we will use the notation

It is easy to see that the conditions of Theorem 2 hold
for Tpif (e) = foralleandb 2 < 1.

= _ 3% A= -1 2.2 Magnetization

2.1 General Trees Let T be a nite tree rooted at with edge function
. Let bethe leaf states generated by the Markov chain
In this section, we state our Theorem in a more gen- on (T; ) with stationary distributior{ +; -). We de-
eral setting. Namely, we consider general rooted treesnote byPT; EY (resp.Py;ET, andP+;Et) the proba-
where different edges are equipped with different tran- bility/expectation operators with respect to the measure
sition matrices—all having the same stationary distribu- on the leaves of obtained by conditioning the root to
tion = ( +; -). In other words, we consider a gen- be+ (resp. —, and stationary). With a slight abuse of
eral in nite rooted treeT = (V;E) equipped with a  notation, we also writ€[+ | ] for the probability that
function :E - [—1;1] suchthatthe edgeofthetree  the state at the the root af is + given state at the

is equipped with the matrik € with (M €) = (e) and leaves. The main random variable we consider is the
the stationary distribution d¥1 € is ( +; -). weighted magnetization of the root

In this general setting the notion of degree is ex- 1 _
tended to the notion obranching number In [8], X= [P+l 1= +Prl=1 11 (9)

Furstenberg introduced the Hausdorff dimension of a
tree. Later, Lyons [14, 15] showed that many probabilis-
tic properties of the tree are determined by this number Ev[X]= T - +— + _]=0;
which he named the branching number. For our pur-

poses it is best to de ne the branching number via cut- \yhile the factor ~1is such thafX | = 1 with probabil-
sets. ;
ity 1.

De nition 2 (Cutsets) A cutsetS for a tree T rooted Note that for any random variable depending only on
at , is a finite set of vertices separatingfrom co. In the leaf stated, =f (), we have

other words, a finite se is a cutset if every infinite 4 e )

self avoiding path from intersectsS. Anantichain or +Erlf]+ —Er[f]=Er[f];
minimal cutsefs a cutset that does not have any proper
subset which is also a cutset.

Note that the weights are chosen to guarantee

so that in particular

EX[X]+ _Ef[X]=Ef[X]=0;
De nition 3 (Branching Number) Consider a rooted +ErX] TIX]=Er[X]

tree T = (V;E; ) equipped with an edge function gnq

tE - [-1;1]. For each\\{/erteX/ [V we define LEFIX P+ _ET[XY =Er[X7:
(x) = 2(e); We de ne the following analogues of the Edwards-
e [pakh(p,x) Anderson order parameter for spin glasses on trees
rooted atx

wherepath( ; x ) is the set of edges on the unique path
between andx in T. The branching numbéur(T ; ) X = Er[X?; X+ = EX[X?]; X— =E;[X?:
of (T; )is defined as

_ ( . X ) Now suppos€l is an in nite tree rooted at with
br(T; )=inf > 0: Cutlsfg]:ss (x) M=o : edge function . Let Ty = (Vn;En;Xn), WhereV,, =
x {ulM:d(u; )sn}En={e CH:d(e; ) =<n},



Proof: Note that

X = :l[ —Pr[+]| 1= +Pr[—| 1]
= Z'Prll 1= 4]
-1 P[] ] .
= —}+ -1
+
so that
dPy _ Prl+| |
—=——— =1+ _, X
dPy N ”
Likewise,
Figure 1. A nitetree T. dﬁ = M =1-X:
dPt _
andxp is identi ed with . It is not hard to see that non- .
S L . : . Then, it follows that
reconstructibility on(T; ) is equivalent in our notation
o EYX]=Er X 1+ X = _,Er[X?;

limsupx, =0:

n - oo

and similarly forE; [X].

See Lemma 3 below. (Note that the total variation dis- Lemma 2 (Child Magnetization) We have,
tance is monotone in the cutsets. Therefore the limit
goes to 0 with the levels if and only if there exists a se- ~ ET[Y] = ET[Y]; E;[Y]= EqolYl]:

guence of cutsets for which it goes to 0.)
Also,

2.3 Expectations ET[Y?] = (1 — )ErolY?]+ ET[Y?];

Fix a stationary distribution = ( 4; _). LetT = and
(V;E) be a nite tree rooted ak with edge function
{ (f);f [H} and weighted magnetization at the root
X. Lety be a child ofx and T"be the subtree of
rooted aty. LetY be the weighted magnetization at the

EF[Y4 =1 — )Ero[Y?]+ EL[YZ:

Proof: By the Markov property, we have

root of TY See Figure 1. Denote bythe leaf states of + _ ey e —
ET[Y] = (@—""EIJ[Y]+"TEL[Y
T and let Ube the restriction of to the leaves of & TlY] ( JErolY] rolY]
Assume the channel a= (x;y) is given by = @1-""H-rr= EXo[Y]
we = 1T ey ey
= ETIY];
11+ 1- . -11 T
T2 1-— 1+ -1 1 - and similarly forET [Y].
We collect in the next lemmas a number of useful iden- Also,
tities.
ET[Y?] = (L—"")Ero[Y?]+""Eqo[Y?]
Lemma 1 (Radon-Nikodym Derivative) The follow- = (L—""ET[Y 2]
ing hold: "t
+—(Ero[Y?]— +ET[Y?])
dPy =1+ X; Py _ - X; y !
Py - T der T = EnlY?]+ (1= )ErlY?]

where we have used the calculation above. A similar
Ef[IX]1= _/+Er[X?]; E;[X]1=—E7[X2]: expression holds fdg; [Y 2].



2.4 Information-Theoretic Lemma

The following easy lemma implies that, to establish
non-solvability, it suf ces to show that the second mo-
ment of the magnetization goes to 0. See e.g. [5]. We
give a proof for completeness.

Lemma 3 Let T be a finite tree withX the weighted
magnetization at the root. Then, it holds that

- 1P —
Dv(P+; PT) = I Et[X 2]:

Proof: Let L be the leaves off. Bayes' rule and
Cauchy-Schwarz give immediately,

]

(¢}

Dv (PT;P7T) Figure 2. Tree T after the Add-Mergeof TV
1 X and T™ The dashed subtree is
+ -
=5 PTL1-P7[ ]
SEEE 3 b
_1 X Prl ] Pri+] ]1_Prl=11] Proof: Denote
2 -
o LI * _ (1_..y)PT°°[ A+ g Pred H1
1 v Proo] T Proo[ T’
= Z—ET|X|
1* D for = +;—. By Bayes'rule, the Markov property, and
= 7 Etr[X?] Lemma 1,
+

b +X Pol | 1

Y

y=+—
. X
3 Tree Operations = . Pol M 1
v Pol 1
To derive moment recursions, the basic graph oper- = . Fy;
ation we perform is the followiné\dd-Mergeoperation. y=+,—

Fix a stationary distribution = ( ; -). LetTH{resp.

TS be a nite tree rooted ay (resp.z) with edge func-
tion Sresp. T, leaf state H(resp. 1, and weighted
magnetization at the rodt (resp.Z). Now add an edge
e = (V; z) with edge value () = to T™to obtain a

where we have usely[ T = Proo[ ™. We now sim-
plify the expression foF,,. We have

Fy = (1=") 1+ _.Z +"(1-2)

new treeP. Then mergéd with T by identifyingy = § = 1+ _7 1= _o

to obtain a new tre& . To avoid ambiguities, we denote + -

by x the root ofT andX the magnetizationoftherootof o, = 4 e get

T (where we identify the edge function dnwith those

onTHT™ande). Welet = ( % T be the leaf state 1= " "t 1= ) 1—"* 1

of T. See Figure 2. Let alsB be the magnetization of + - 1-"-

the root onP. Assume n—
Me: 1_n+ " - (1 ) 1—"—

L -

We rst analyze the effect of adding an edge and merg-
ing subtrees on the magnetization variable.

Lemma 4 (Adding an Edge) With the notation above,
we have
Y =17z

Fy=1+

+

A similar calculation for the- case gives for = +; —

—1-.
-y Z

Plugging above giveﬁ =Z.



Lemma 5 (Merging Subtrees) With  the  notation

above, we have
w oY P+AvD
1+ Y9’
The same expression holds for a gend?al

Proof: Denote
Gy =1+ _ JHY+®)+( - ;H’vh:

By Bayes' rule, the Markov property, and Lemma 1, we
have

X
X = . Pri 1]
y=+,—
_ X Prl ]
+y:+‘_ Pr[ ]
_ Pro[ JPp[ § X Pro[ H 1Pl ™ ]
TPl . Pl T Pl
_ o PPl X
T P[] y=t— v
Similarly, we have
Pr[ ]
Pro[ FPp[ T
— 1 Y
TP P, L
X
= y Gy:
y=+,—
Not)e(that
Gy= Y +¥)+ 2(-— Y,
y=-+,—
where we have used
2o i=(-— -+ )= -«
Similarly,
X
yGy =1+ _ Jlyb
y=+,—

The result follows.

4 Symmetric Channels On Regular Trees

As a warm-up, we start by analyzing the binary sym-
metric channel on the in nitd>-ary tree. Our proof is

Theorem 3 (Symmetric Channel) Let M be a transi-
tion matrix with = 0 andb ? < 1. LetT be the
infinite b-ary tree. Then, the reconstruction problem on
(T ;M) is not solvable.

Proof: Consider again the setup of Section 3. Note rst
that, by Lemma 4, we havé = Z and therefore
Ep[P2 = 2E10[Z2]: (10)
In other words, adding an edge to the root of a tree and
re-rooting at the new vertex has the effect of multiplying
the second moment of the magnetization By Now

consider theAdd-Mergeoperation de ned in Section 3.
Using the expansion

1 r2
T+r 1T ey (1)
the inequality]X | < 1, and Lemma 5, we get
X = Y+P vy +9)+yv2h2x
<= Y+P-vP(y +P)+Yv202 (12

Note that from Lemmas 1 and 2, we have

ETIX]I=X
ETIYI=E7IY2=y: Ef[P1=E7[V?= °Z

where we have used thgt =y_ =y andz, =z_ =
Z by symmetry. TakindeT on both sides of (12), we get

X

IN

y+ 22— Yz yz+ 4z
y+ 72— %z
Now, let T, = (Vh;En;Xn) be as in Section 2.2.

Repeating theAdd-Mergeoperation(b — 1) times, we
nally have by induction

Indeed, note thatfdl <a<b,

(a 2)?n—l - (a_ 1) 4)?31—1) + 2)?n—l
- 2(a Xn—1— (@a—-1) 4)?%—1))7n—1
<(a+1) Xn-1—a **x3_;

and the rst step of the induction is given by (10). This
concludes the proof.

arguably the simplest proof to date of this result. The Reé-markl Note that equation (1_3)_iml32>“93 that if
same proof structure will be used in the general case.P © < 1thenx, < exp(—Q(n)), while ifb = = 1 then

The following theorem is due to [2, 5, 11, 23, 12, 1, 16].

Xn < O(1=n).



5 Roughly Symmetric Channels on Gen- itfollowsthato < "< ;! The same holds for™ At

eral Trees C=0, we have
_ 1—; if =0;
We now tackle the general case. We start by analyz- A=1-[1- = 1— /4] |; if <0
ing theAdd-Mergeoperation.
where we have used
Proposition 1 (Basic Inequality) Consider the setup 1- —1—_
of Section 3. Assunje| < 1. Then, there is ao(] |) > + —/
0 depending only o | such that At P= 7! wehave
X=y+ %z A= '+@- Hi- - 9
whenever (one)is less thang(] |). = 1+ 0=
1—- 3,+ ; if =0;
Proof: The proof is similar to that in the symmetric case. = 1— _,| | if <o
By expansion (11), inequalitfX | < 1, and Lemma 5,
we have Since _,, =1 by assumption, it follows that
X = Y+P+Avd (14) Az1- 2, |
— YRy +P YY)+ 2, v2h2 At = 0, this bound is strictly positive and moreover

. - - . A = 0. Therefore, by continuity in of A and the bound
Let == (Y)7'y+ and “'= (2)7"Z+. Then, by Lem-  5pove, the result follows.
mas 1 and 2, we have

Proposition 2 (Induction Step) Let T be a finite tree

E;[X] = /4% rooted atx with edge function. Letwy;:::; wq be the
children ofx in T and denote by, the edge connect-
EXY]I= _/uy: E}“[YZ] =y ingx tow,. Let o = max{| (e)|;:::;] ()|} and
assume that on each edgg, =< o( o), where ¢ is
and defined in Proposition 1. Then
+ — 2.
ErfPl= . %2 X< (€a)?Wa:
ET[P?= 2Z[a—- )+ a=1
Taking :}+E}“ on both sides of (14), we get Proof: As noted in the proof of Theorem 3, adding an
edgee to the root of a tree and re-rooting at the new
X < y+ 224N _,, %7 vertex has the.effgct of multiplying the second moment
o— 5 of the magnetization by?(e). The result follows by
A A 72 (Rl R applying Proposition { — 1) times.

A%z fa- )+ 1

__ Proof of Theorem 2 It suf ces to show that for all' >
+ vz fa- )+ 1

0 there is arN large enough so that, <", [n1= N.

< V+ %Z— _,. ZIA - AB]; Fix " > 0. By de nition of the branching number, there
exists a cutsed of T such that
where X
] w=s"
A= (- Hla-H+ T ursl
and Assume w.l.o.g. tha$ is actually an antichain and let
N be such tha8 isin Ty . Itis enough to show that
B=1- 7;, Ta—)+ _ X
Xn < (w); = N:
Notethaf(1— )+ H=0byLemma2.S® < 1and ursl

it suf ces to haveA = A. Note also tha# is multilinear
in (5 1. Therefore, to minimize\, we only need to
consider extreme cases(n; 4. By

Fix n = N. Applying Proposition 2 repeatedly from the
root of T, down toS, it is clear that

B X 5 X
N _ Xn < (WET, wlVU]= (u);
+y + _y =y ursl ursi



whereTh(u) is the subtree off, rooted atu andU is [17]
the magnetization at on Tp,(u) (with |U| < 1). This
concludes the proof.

(18]
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