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ABSTRA CT:

It is known that for all monotonefunctionsf : f0;1g" ! f0;1g, if x 2 f0; 1g"
is chosenuniformly at random andy is obtained from x by ipping e%ch of the bits
of x independenrly with probability , then P[f,(x) 6 f,(y)] < ¢ n, for some
c> 0.

Previously, the best construction of monotone functions satisfying
P[fn(x) 6 fn(y)] , where 0 < < 1=2, required c()n , where =
1 In2=In3= 0:36907::, and c¢( ) > 0. We improve this result by achieving for
every 0< < 1=2, P[f,(x) 6 fn(y)] , with:

= ¢()n forany < 1=2, using the recursive majority function with
arity k = k( );

=¢( )n 2log'n fort = I092IO - =2=:3257::, using an explicit recursive
majority function with increasingarities; and,

= ¢( )n 72, non-constructively, following a probabilistic CNF construction
due to Talagrand.

The constructions have implications for learning theory, computational com-
plexity, and neural networks, and they shedsomelight on the American electoral
system.

1 Intro duction

1.1 Noise sensitivit y and Fourier coe cien ts

The papers [KKL88, BL90] suggestedthe importance of the Fourier expansion
and the in uenc e of variableson f for the study of boolean functions. The ideas
deweloped in these papers proved to be extremely fruitful in later work, e.g.,
[LMN93, FK96, F98, BKS98] and the material in Subsection2, to name just a
few examples.

Let ,=1f 1;,+1g" bethe Hamming cube endaved with the uniform proba-
bility measureP. Welook at booleanfunctionsf : ! f 1;+1g. Wearemostly
concernedwith monotone boolean functions. Recall that a function f is monotone
if forall x;y2 , wehavef(x) f(y)whenewrx vy (in the sensex; y; for
all i).

For 1 landx 2 ,,dene N (x) to bearandom elemen y of
which satises E[yixj] = (equivalertly, P[x; 6 yi]= (1  )=2) independertly for
all i. It is natural to measurehow stablef isto -noiseby the correlation between
f(x) and f (N (x)),

Z(f; )= E[f(N G)f()]=1 2P[F(N (x)) 6 f(X)]: (1)

If f is stable under the noiseoperator N , then typically f (x) andf (N (x)) should
have the samevalue and therefore Z(f; ), the expressionin (1), should be close
to 1;if f is sensitive to noise,then Z(f; ) should be closeto O.



The space , with the uniform probability measurenaturally givesrise to
an inner product spaceon all functionsf : ! IR:

X
g = E[fg]=2" f(x)9(x):

X2 g

ForasetS [n], de ne us(x) = Qizs Xj. Sinceususo = Us so, Where denotes
symmetric di erence, it follows that (us)s [n] is an (]ythonormal basis. We call
f\(S) = hus;fi the S Fourier coe cient of f,andf = = ¢ [;f(S)us the Fourier
expnsion of f .

The basis (us)s n) has very nice properties with respect to the noise oper-
ator; most notably, for all x and S, E[us(N (x))] = Slus(x), which implies

X .
Z(f; )= E[f(N ())f(x)] = ISIf2(s) )

S [n]

(seee.g.[BKS98, BJT99, 002).

The stability of the function f under noise,Z(f; ), is therefore closelyrelated
to how much of the *, massof the Fourier coe cien ts of f lies on coe cien ts f(S)
for large sets S.

In addition to the sumin (2), it is commonto study se\eraIFpther weighted

sums of f's squared Fourier coe cien ts. By Parse\e]'s identit vy, S1"\2(8) = 1.
The averagesensitivitprff is dened by I(f) := SijfAz(S). It is shown in
[KKL88] that I(f) = E:l I« (f), where I (f) is the probability the value of
the function ips, when the k'th bit is ipp ed. Note thatpif f is monotone, then
I«(f) = jf(fkg)j. Finally, we have the quantity Il (f) := v=y |2(f), introduced
in [BKS98].

1.2 Sensitivit y of monotone functions

The parity function, f = uj,; =, is the boolean function most sensitive to noise:
Z(f; )= "isminimal, and | (f) = n is maximal.

It is natural to ask if monotone functions can be as sensitive to noise as
non-monotone functions. It is known (seeLemma 6.1 of [FK96]) that the major-
ity function has maximal | among all moncﬁogtbmction?) on n inputs. Sinceits
averagesensitivity is easily computedto be 2= " n+ o(' n), we get that for all
for all monotonef on n inputs,

6y =+ ow)’h: 3)

It remainsto determine how small N (f) can be for monotone functions. A
natural goalis to nd a monotone function f on n bits suc that Z(f;1 )
1 (1) for the smallestpossiblequartity . This problem was implicitly posed
in [BKS93].

An easyfolklore argumert (seelong version for proof) uses(3) to deduce:

Prop osition 1.1 For all monotonef on n inputs,
Z(f;1 )y (@ )(1+ 0(1))p(2= n.

q_
Therefore if Z(f;1 ) 1 , then 2 P+ 0(1:P n).



In particular, in orderto obtain Z(f;1 ) 1 (1), must satisfy (n 72,
Prior to this work, the best sensitivity with respectto N wasachieved via the re-
cursive majorit y of 3 function (folklore, see[BL90, BKS98]). This function satis es
Z(f;1 ) 1 (1), for =n ,where =1 In2=In3= 0:36907::

1.3 Our results

Recursive majorit y functions seemto be sensitive to noise.Previous techniquesfor
analyzing recursive majorities had suggestedthat recursive majority of 5, 7, etc.
might be lesssensitive than recursive majority of 3. However, this is not the case.

Theorem 1.2 Letk = 2r + 1 and let REGMAJ-k- denotethe " level k recursive
majority. Let

r+1 2r ? r+1 2r
b= —— ; a= ——
24f r 22f r
Then Z(REGMAJ-k-;1 ) for ° log,(1=) + l0g;,(1=) @+ r(; ),
wheer(; )! Oas ! Oand ! 0. Hene for every < 1=2, and0< < 1,

there existsan oddk 3 suchthatforn=t ,f, = REGMAJ-k-: ,! f 1,+1g
is a balanced function with

Z(fp;1 n ) 1 + o(1):

Note that this construction is explicit. Moreover, using k-majorit y gates,we obtain
a read-once,log-depth circuit which implemerts the function. The proof technique
is closely related to techniquesin classical branching processedAN72] (seealso
[M98]).

By relaxing the boundeddegreeproperty, and using instead majorit y gatesof
varying fan-in, we obtain an explicit read-onceconstruction of loglog-depth which
is sensitive to a noiserate of about n 172, up to a sub-logarithmic correction.

Theorem 1.3 For every 0 < < 1, there exists an explicit in nite family of
balanced monotone functions f, : ! f 1;+1g with the following property:

Z(fn;1 19M) 1 + o(1);

p

whee M = " n=(log 'n), andt = IogzIO - =2=:3257::.

It is interesting to note that the t parameter is optimal for this construction.
Finally, analyzing a probabilistic construction due to Talagrand [T96], we
obtain atight result up to constart factors.

Theorem 1.4 For every0 < < 1, there exists an in nite family of monotone
functions f,, : ! f 1;+1g with the following property:

Z(fn;l n ¥?) 1+ o(1): (4)

In this extended abstract, we sketch the proof of a slightly weakened version of
Theorem 1.4, i.e., instead of (4) we prove

Z(f;l n %) 1 () (5)



2 Implications for other problems

2.1 Learning monotone functions

In the eld of computational learning theory, oneof the most widely studied models
is Valiant's Probably Approximately Correct (PAC) model [V84]. In PAC learning,
a concept classCis a collection [ , 1G, of booleanfunctions, where ead function
(concept) f 2 G, is a boolean function on n bits. Let f 2 G, be an unknown
target function, and let D be an unknown probability distribution onf 1;+1g".
A learning algorithm A for C takes as input an accuracy parameter 0 < <
1 and a condence parameter 0 < < 1. During its execution, A has access
to an example oracle EX(f ) which, when queried, generatesa random labeled
example hx; f (x)i, where x is drawn from distribution D. A's goalis to output a
hypothesis h which is a boolean function on n bits, which is \close" to f under
distribution D. Speci cally, we say that A is a PAC learning algorithm for C if
for every f 2 C and every ; , with probability 1 algorithm A outputs a
hypothesish satisfying Pryp [f (X) 6 h(X)] . Ideally onelikesfor A to run in
time poly(n;s;1=;log(1=)), wheres is a \size parameter" of the conceptclass.

An important and well-studied restriction of the PAC model is uniform PAC
learning, which is simply the casein which D is the uniform distribution on
f 1;+1g". Linial, Mansour, and Nisan [LMN93] intro duced a very powerful and
generaluniform PAC learning algorithm, which hascometo be known asthe \low
degreealgorithm" (seeMansour's survey [M94]). The low degreealgorithm works
for any concept classwhich has a Fourier concentration Jound. Speci cally, sup-
posethat for every function f in a given conceptclass, g n, f2(S) . Then
the low degreealgorithm will PAC-learn this classunder the uniform distribu-
tion in time exp(O(m log(n=m))) log(1= ). The algorithm works by drawing many
examplesfor f, and using these to calculate empirical estimates for all Fourier
coe cien ts f'\(S) with jSj < m. The hypothesisoutputted is simply the sign of the
resulting truncated Fourier expansion.

Bshouty and Tamon [BT96] give the fastest known uniform PAC learn-
ing algorithm for the concept class of monotone functions. Their algorithm is
the low degreealgorithm, and they shov a FOlIHier concerration bound for the
class of monotone functions with m = O( 1" n). (It is simple to derive this
from (3); Bshouty and Tamon also extend these results to general product dis-
tribution% on f &; +1g".) This leads to a learning algorithm running in time
exp(O(1" nlog( " n))) log(1= ).

As a tightnessresult, [BT96] ptove via a counting argumert that there is a

monotonef which doesnot satisfy g |, f2(S) n 2logn unlessm = ( n).

However this leaves open the question of = ( n 2logn). To show that the
low degree algorithm for monotgﬁe functions cannot be improved, we need to

exhibit a monotonefpfor which 5 (1P f2(S) > . The functions f from
Theorem 1.4 satisfy  g; P ﬁ1"\2(8) (1). _Hencethe low degreealgorithm will
have (1) error unlessit gogsup to degree’ n. In fact, our Corollary 7.2 givesus
an explicit function f with = 5, (P F%(S) 1

See[BJT99, KOS0Z for more on noise sensitivity in the context of compu-
tational learning theory.



2.2 Hardness amplication within NP

The certral problem in computational complexity theory is whether or not NP =

P; i.e., deciding if proving a proposition is harder than verifying the proof of
that proposition. In studying this problem, many researters have consideredthe
slightly wealker question of whether or not every languagein NP can be computed
by circuits of polynomial size.(Seeany standard text suc as[Pa93 BDG88, DK0O]

for the de nitions of P, NP, circuits, etc.) Let us phrase this question precisely
A languageF 2 NP givesrise to a family of characteristic functions Hf i, where
fn:f0;1g" ! f0O;1gisdened by fo(x) = 1i x 2 F. We often abuselanguage
by saying f,, is a function NP (we always have a particular family of functions in

mind). A family of booleancircuits hC, i is saidto have polynomial sizeif thereis a
nite k such that sizgC,) O(n*). We say NP has polynomial-sizedcircuits if for
every family of functions i ,i in NP, there is a circuit family hC,i of polynomial
sizesud that Cjy;(x) = f4(x) for every booleanstring x.

Most researtiersbelieve that NP doesnot have polynomial-sizedcircuits; i.e.,
NP is hard for polynomial-sized circuits. One might then ask how hard NP is for
polynomial circuits. One way of viewing this to questionis to ask on how large a
fraction of the inputs in f0; 1g" can a polynomial-sizedcircuit compute a given NP
function. We say that f is\(1  )-hard for polynomial circuits" is for every family
hC,i of polynomial-sized circuits, P[f (x) = Ch(x)] 1 . Note that asserting
NP is hard for polynomial circuits is the sameas saying that there is a function
f 2 NPwhichis (1 2 ")-hard for polynomial circuits. Also note that no function
is(1 )-hard for 1=2 becauseeither the circuit which always outputs 1 or the
circuit that always outputs 0 getsf right on at least half of all inputs. Under the
assumption that NP does not have polynomial circuits, it is of interest to know
just how hard NP is in this sense.

In [002], the secondauthor addressesthis question. Starting from the as-
sumption that there is a function in NP which is (1 1=n°®)-hard for polynomial
circuits, [002] shaws the existenceof a function in NP which is (1=2+ n 172+ )-
hard for polynomial circuits (for any small > 0). The main technical theorem
in [002] is that if f is a balanced function which is (1  )-hard for polynomial
circuits, and g is a function satisfying Z(g;1 2 ) ,then g f is essetially
2+ %p 7)-hard for polynomial circuits.

In order to apply this technical theorem to corvert a slightly hard function
in NP to a very hard function in NP, it is necessaryto ensurethat g f 2 NP
whenf 2 NP. Recall that NP is the classof functions f which have easily veri ed
proofsof f = 1.In order for g f to have easily veried proofsofg f = 1,it
suces for g to be (a) in NP, and (b) monotone. For in this case,we can prove
that g f = 1 by proving that somesubsetof the inputs to g are 1, and ead of
theseis a statement of the form f = 1, which has an easily veri ed proof because
f 2 NP.

Henceto amplify hardnesswithin NP, [002] needsto nd a monotone func-
tion in NP suchthat Z(g;1 1=n°®) is very small. This exact problem is addressed
in the preser paper. Take g to be the function from Theorem 7.1 on k inputs. This
function is easily seento be in P, hencein NP. If we pick k = n® and = n°=k
for someconstarts C and c, then Theorem 7.1 tells usthat Z(g;1 1=T n¢?))
1=k! =€ Henceif f (1 1=n°®)-hard for polynomial circuits, by choosingc and
C su cien tly large, we canarrangefor g f | which hasinput length kn = n¢+*?
| to be(1=2+ (kn) '72* )-hard for any small > 0. This is the result of [002].



Note that Theorem 1.4 is not useful in this context, since the amplifying
function g must be in NP, and Talagrand's function is not even explicit.

2.3 Neural networks

In the theory of neural networks (see e.g. [H99] for background), a neuron is
modeled as a weighted majorit y function. For physical and biological reasons,it is
expected that sud a function would be noise stable. In [BKS9§] it is shonn that
there exists a universal constart C such that for all weighted majority functions
M,Z(M;1 ) 1 C ¥, Peres[Pe99 hasimprovedthisto 1 C 72,

If we considerthe simplest kind of neural network, in which every variable
and every majority output is read only once,we obtain a tree circuit of weighted
majority gates.Using a simple exchange of variables, we may assumethat all the
weights of the majority functions are positive and hencethat the network repre-
serts a monotone function. Proposition 1.1 implies that the network is insensitive
to noiserate of n  for > 1=2, wheren is the number of inputs to the function.
Our construction in Theorem 1.2 implies on the other hand that this is tight, i.e.,
for every < 1=2, there exists a neural network in which every variable and every
output is read once,and the network is sensitive to noiserate n

2.4 Sensitivit y of election schemes

One of the desired properties of election schemesis robustness.Consider the fol-
lowing simple model: There are n voters who have to decidebetweencandidate 1
and candidate 1. Supposethat voter i wants to vote x;, and that the x;'s are uni-
formly random and independen. Supposefurthermore that due to confusionand
sometechnical errors, the vote of voter i is recordedasy; whereP[x; = y;]= 1

independertly for all i. In this setting it is natural to require that the vote outcome

Let us compare two election schemes.In the rst scdeme,f is the simple
majority function. HereZ(f;1 2 )isoforderl 2. In the secondscheme,we
have a two level majority function; e.g., ead state votes by simple majority for
an elector, and the majority of the electors' votes choosesthe presidert. Here, if
we assumen=2 electors, a calculation asin the proof of Theorem 1.2 shows that
Z(f;1 2) is of order ¥4, Hencethe \electoral college" system is much more
sensitive to noise. In fact, Theorem 1.2 suggeststhat adding more levels of sub-
electors(such asvoting by cournty rst) increasesthe sensitivity of the election to
noise, up to its maximum possiblelevel for a monotone function.

3 Sensitivit y of majorities
3.1 Majority

We denote the majority function on k bits by MAJi. Using asymptotic results for
random walks, one can prove (cf. [O02]):



Prop osition 3.1 For every 2 [ 1;1],
. 2 L |
JZ(MAJx; ) —arcsin( )] O(1= Kk):

Much more can be said when is very closeto 1, speci cally, when 1 is
small comparedto 1=k. For closeto 1, we prefer to view Z(f; ) in terms of the
probability that ipping input bits of f ips the output bit. We usethe following
lemmain the proof of Theorem 1.3.

Lemma 3.2 Supmsek 3 and 1=k. Say we pick a random input to MAJy

| callit x| andthen construct y by ipping each bit of x independently with

probability . Then

ro_
2p

P[MAJK(X) 8 MAJ(Y)] k exp( 1=3k)exp( k):

Pro of: Clearly,

PIMAJ(X) 8 MAJ,(Y)]
P[MAJ(x) 8 MAJ,(y)jexactly one ip]  P[exactly one ip ], (6)

and Plexactlyone ip] = k (1 )X 1. By elemenary calculus, (1 )k !
exp( k) for 1=k. Therefore,

Plexactly one ip] = k (1 )¢ ' k exp( K): 7

The probability that the majority ips giventhat there is exactly one ipp ed
bit in x, is exactly the probability that the remaining input bits split evenly |
ie.,

k 1
(k 1)=2

P[MAJ,(x) 6 MAJ(y)jexactly one ip ] = 2 (kD
r

ik(l 1=4K) ikexp( 1=3k);  (8)

where the rst inequality follows by Stirling's formula and the secondsince 1
1=4k exp( 1=3k) for k 3. Combining (6), (7) and (8) we obtain the required
result.

3.2 Recursiv e majorit y

We begin with a formal de nition of the recursive majority function.

Denition 33 Forf: ! f 1;+1g;g: m! f 1;,+1g, weletf g denote
the function f g: ,m ! f 1;+1gdened by

For ° an integer, we de ne f =fif =1 andf = f (f \ 1) otherwise.
We let REGMAJ-t- = MAJ, .



The following proposition is immediate, yet useful.

Prop osition 3.4 If g is a balanced function and f is any function, then
Z(f g )= 2Z(f;2(g; ).

In this sectionwe prove Theorem 1.2. It is easyto calculate (and well known)
that for the majority function onk = 2r + 1, MAJy,

2r+1 2r 2 2r+1 2r
1 (MAJy) = i | (MAJy) = o
Note therefore that | (MAJy) ! P ZTp k ask! 1 .HenceTheorem 1.2 follows

almost immediately from the following proposition:

Prop osition 3.5 Letf : ! f 1;,+1g be a balancad function, and let
X X
a=  jSif¥(S); b= 2(S):
S jsj=1

(Note that a = 1(f), and if f is monotone,b=11(f).) If a> 1and b< 1, then
Z(f ;1 ) Lfor logy(1= )+ logiy(1=) (1+r(; ), wheer(; )! 0
as ! Oand ! O
P
Pro of: (sketch) L|§t f = S1"\2(S)u5 be the Fourier expansion of f. Letting
p( )= Z(f; )= ¢ f'\z(S) ISI we seethat p( ) is a convex polynomial function
of which satis es
P P
pO) =0 p(1)=1 pY0)= g FAS)=b; pA) = 4jSif%(S) = a
9)
Proposition 3.4 implies that
z(t =00 =peC p) ) (10)
* times

The claim of the proposition now follows by standard argumerts on iterations of
convex functions (for more details, seethe long version of this paper).

4 Sensitivit y to small noise

In this sectionwe prove Theorem 1.3. We do this by proving
Theorem 4.1 There existsan explicit in nite family of balanced monotone func-
tions f,: ! f 1;+1g with the following property:

Z(f;1 =M) 1 +0(?);

p

whee M = " n=(log 'n), andt = Iogzp - =2=:3257::.



Pro of of Theorem 1.3: Let f,, be the function constructed at Theorem 4.1, and
let besudthat Z(f,;1 =M) 1 +0(?)<1 %+ 0(1)° where °> 0.
Let g = REGMAJ-3- where " is chosenis sucdh away that Z(g;1 %=2) 1

(such * exists by Theorem 1.2). Taking g, = g fn, we obtain the desiredresult.

The construction in Theorem 4.1 again consistsof recursive majorities, where

now the number of inputs to the majority varieswith the level. The estimateson
the sensitivity of these majority functions are derived via Lemma 3.2.
Pro of of Theorem 4.1: Sincewe are dealing with correlations closeto 1, it will
be more helpful to look at their dierence from 1. In particular, we will prove
the following equivalent formulation of the theorem: Let x be a randomly chosen
input to f,, and supposewe ip ead bit of x independertly with probability =M,
forming y. Then the probability that f,(x) = f,(y) is at least o( ?).

The function f = f,, will be given by recursive majorities of increasingarity:
fn= MAJ, MAJ, MAJy. . We will selectk; = 32 '+, so\from the top
down" the majorities have arity 9, 27, 243, etc. Note that kj.; = ki2:3. With these
choices,the number of inputs isn = 32 * 1 Hence' log,logsn.

Let ¢ = =M, and recursively dene ;1 to be the probability that the
output of a MAJx. , ips, giventhat ead of its inputs is ipp ed independerily
with probability ;. Since all MAJ functions are balanced, Proposition 3.4tells
us that the Erobability that the output of f is ipp edis -. We will show that

o( 9).

By Lemma 3.2,
i+1 ok )exp( ik )i
where:

1P
g(t) = 9?2 k- jexp( 1=3k- i):

Recursiwely dene o= = o, and:
iv1 = ok Dexp( ik i) i %y = ok )

Sincethe probability that the output of MAJ ips is an increasingfunction of
we can concludethat i for everyi. But clearly ? i for every i. Hence,for
everyi, i«1 gk i)exp( % i) i. It follows immediately that:

v1
gk exp( Xk i) o
i=0
1 Y p_ 1X hx * i
= P= kj exp( 3 K; ) exp X i o
¢ =1 i=1 i=0
De ning
Y 1 log, logz n 1X‘
M= gkn)= p= exp( 3 K1
m=1 =2 3j:1

| |
= " e o)



and ¢:= =M, we obtain

hx 1 i hx 1 i
M exp % i (=M)= exp X
i=0 i=0
Since - +, it remainsto show:
hx 1 i
exp % i 1 O():

i=0

By the recursive de nition of C, weimmediately have = (Q}:Ol gk ;) 9

Hence = M (™ .1 olknm) 1) §= (" ly 9(kn) ). Therefore:
hx 1 % i h X K i
ex K = ex .

P TR gkootks) (k)

Hence if we can show P ;nzl km=0(k1)g(ks) g(km) = O(1) then we're done.
The rst term in this sumis ki=g(k1) = O(1). JDS r;atio of the mth term to the
(mIO i)tfbt_erm is km =F§<m_19 E‘)' But k, 1= 3 kg by denition, sothis ratio
is km= 3g(km) = =2= 3exp( 1=3km) < 1. Hencethe terms in the sum
decreasegeometrically, sothe sum is indeed O(1).

5 Talagrand's function

In [T96], Talagrand gives a randomized construction of a monotonef, : !
f 1;+1g with the following property: at leastan (1) fraction of points x in |
satisfy both fo(x) = 1, and #fx%: ( x;x% = 1andf(x) = +1g ( n'™),
where denotesHamming distance. It is natural to conjecture that this function
is sensitive to slight n 12 noise, as we prove below.

Talagrand's function f p: fn is arandom CNF on its n inputs. Speci cally,
f is the 2 "-wise AND of = n-wise ORs, where eac OR's inputs are selected
independertly and uniformly at random (with replacemen) from [n]. To prove
Theorem 1.4, it suces to prove that if we pick f, x, and x°:= N (x) at random

(where = n 172), then:
Er PE(x)6F(N ()] (1)
Pro of of Theorem 1.4: (sketch)
Er PIF() & T(N (X))l = Exxo PIf(x) 6 f (x9]

=200 P()= LI()=+11: 1)

by symmetry, sincex and x° have the samedistribution. We want to showv that

11 @).

10



Fix x and x° Let n, » denotethe number of indices on which x is +1, let no,
denote the number of indices on which x%is +1, and let n,; denote the number
of indices on which both x and x° are +1.

Sincef hasa fairly simple form | the AND of ORs, wherethe ORS' inputs
are completely independert | it is easyto write P;[f(x) = 1,f(x9 = +1]
explicitly in terms of ny -, N, , and N4y :

P& iy
Pilf)= Lf(x)=+1=p3" p° (12)
where
No. Pa
= 1 : :
P> n ;
P - 1 Noy Pa Ny pﬁ_{_ Nyt pﬁ_
n n n
By the mean value theorem, (12) is bounded from below by:
p_ P
2"p P )P (13)

Now n,,  Binomial(n; 1=2), and similarb( for n,. nHencefor su cien tly
large n, both quartities are in the range [n=2 n;n=2+ " nJ, exceptwith prob-
ability .05. Also, n..+ Binomial(ns ;1 , so for suciently large n and if

n 2 n.. isnolargerthan (1  + 2 =n.»)n.,, exceptwith probabil-
ity .05. Taking all these facts together via a union bound, we may conclude that
except with probability .15,

h p_n p_l h

n — n _
Nyo 2 > n;§+ n; Noy 2 5 n;

n pﬁ', Nt
2 ' n’_)+

1 +3 -
n

(14)

We would like to show that Ey.x0[(13)] (1). Since(14) happen with prob-

ability at least .85, it suces to prove Exyo[(13)] (1) conditioned on these
three everts holding. But in this case,

h p_ p_ p,izpﬁ
P n N .
Excol13)] = 27, p )1 =" =2 Te Sl
h . o ipn
P No+ n Nyo " n
2" 1 - .
(p> p ) - .

h

p— P - B p_i2 n
2™p p )1 (A=R+n )" (1=2+n )"
p_ P_ P
2"p p )L 222 "F
p_—
e®*2"(p, p )
Noy pﬁ | s pﬁ
= g 2 9% 1
n Nos
2e 1=\P 7 New ' 10
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- . — P .
When = n 72 the quantity (1  + 2p =n) " exceedse !. Hence(15) is
at leaste %¢ 2 (1), and we're done.

6 Trib es and high sensitivit y

We have mostly settled the question of how small can be, suc that there is a
monotone function f satisfying Z(f;1 ) 1 (1). At the other end of the
spectrum, onemight ask: givenan initial correlation < 1 (1), which monotone
function f makesZ(f; ) ascloseto 0 as possible?A nearly optimal function for
this problem (which is tight to within a constart factor if the initial correlation
is small enough) is the so-calledtrib esfunction of Ben-Or and Linial [BL90].

Let ANDy denotethe And function onk bits (i.e., ANDx(x) = 1i x;= 1
forall1 i1 k), and let OR¢ denotethe Or function on k bits. For eacr b2 N,
de ne n = ny, to be the smallestintegral multiple of bsuch that (1 2 )" 1=2,
son is very roughly (In2)b2°, and b = Ign Iglnn + o(1). (Here Ign denotes
log, n.) Now de ne the trib esfunction T, to be OR,-, ANDy. This function is
monotone, and by construction it's near-balanced;it's easyto seethat P[T, =
+1]= (1 2 9" =1=2 O(logn=n).

One can calculate Z(T,,; ) directly and exactly:

Prop osition 6.1 Z(Ta; )=1 41 25" (1 2 (3+1)7)2 byn=b .
Corollary 6.2 Z(Ta; ) @@+ 0(1))@ (1+ )P+ O(log? n=n?):
Therefore if O(1=logn), then Z(T,; ) O( log?® n=n):

We omit the proofs of theseresults from this extended abstract. A similar result
to Corollary 6.2 appearsin [002], with a more complicated proof.
Now we give a monotonefunction for which Z (f ; ) is smallwhen 1 (D).

Theorem 6.3 Let 1 (1) . Then there is an in nite family of monotone
functions f g, g satisfying:
log™* *n
Z(gn; ) QT;

where u®is any number exeeding u = log,_; 3= 3:818::.

Pro of: The ideaisto rst useREGMAJ-3to reduce to := 1=logn; then, apply
a trib esfunction. .

Let T, beany trib esfunction. We will construct g,o onn®:= nlog" n inputs.
Let * bethe REGMAJ-3 depth necessaryfrom Theorem 1.2to reduce correlation
down to 1=logn correlation. Hence™ = (1+ o(1)) log,-3(logn) (sincel ).

Put h = REGMAJ-3', soh is a function on 3 = Iog“on inputs. Let goo= T, h.
By construction, Z(h; ) 1=logn. By Corollary 6.2, Z(T,;1=logn)
O(log n=n). Sinceh is balanced,by Proposition 3.4wegetZ(g,o; ) O(logn=n).
The result follows, sinceas a function of n% O(log n=n) is log™* “’n%n° (taking u°
slightly larger to kill any constart factors).
As we can seefrom the following proposition, when the initial correlation
0< < lisaconstar, the above result is tight up to a factor of log?®'8n

12



Prop osition 6.4 Iff : ,! f 1;+1gis monotone,thenZ(f; ) ( log?n=n).

Pro of: X X
z(f; )= I9If¥s) f%(S)  ( log*n=n);
s jsj=1
by a result of [KKL88] (using the fact that f is monotone).
It also follows from this proposition and Corollary 6.2 that when the initial

correlation is O(1=logn), the trib es function by itself is maximally sensitive
among monotone functions, to within a constart factor.

7 High sensitivit y to Bmall noise, and Fourier con-
centration around " n

It seemsnatural to combine the functions from Theorems 1.3 and 6.3, via Propo-
sition 3.4. One gets:

Theorem 7.1 There exists an explicit in nite family of monotone functions f, :
n! f 1;+1g with the following property: Z(fn;1 1=Q) , Where:

Pa
= (|og(n ))I |Og(1= )(1+ u=2"
t=:3257::, and (1 + u)=2= 2:409:::

Q

P .
Using the relationship Z(f; )= ¢ iSif2(s), it's easyto conclude:
Corollary 7.2 There existsan explicit in nite family of monotone functions f, :
n! f 1;+1g satisfying: X
O
isi Q
where Q = ~(p n ) is the quantity from Theorem 7.1.

From (3), one gAn easily derive the well-known fact that for all monotone
foanl f L+lg g 1pﬁf"z(S) 1 : That is, every monotone function
has almost all thg “, massof its Fourier spectrum concerirated on coe cien ts of
degreeup to O(" n). Corollary 7.2 demonstratesthat this bound is tight up to
polylog factors.

Ac knowledgmen t: We would like to thank Gil Kalai for providing encour-
agemer to write this result and Yuval Peresfor interesting discussions.
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