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Abstract

We considera fundamenal problem in computational learning theory: learning an
arbitrary Boolean function which dependson an unknown set of k out of n Boolean
variables. We give an algorithm for learning sudh functions from uniform random exam-
pleswhich runs in time roughly (n¥)™+ ; where! < 2:376is the matrix multiplication
exponert. We thus obtain the rst polynomial factor improvemert on the naive nk
time bound which can be achieved via exhaustive seart. Our algorithm and analysis
exploit new structural properties of Boolean functions.
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1 Intro duction

1.1 Background and motiv ation

One of the most important and challenging issuesin madine learning is how to learn e -
ciertly and e ectively in the presenceof irrelevant information. Many real-world learning
problemscan be modeledin the following way: we are given a set of labeled data points and
we wishto nd somehypothesiswhich accurately predicts the label of ead data point. An
oft-encourtered situation in this framework is that ead data point cortains a large amourt
of information (i.e., eat data point is a high dimensionalvector of attribute valuesover a
xed largesetof attributes), but only a smallunknown portion of this information is relevant
to the label of the data point (i.e., the label is determinedby a function which only depends
on a few of the attributes). For example,in a computational biology scenarioead data
point may correspnd to a long DNA sequenceand the label may be someproperty which
dependsonly on a small unknown active part of this sequence.

In this paper we considerthe following learning problem which Blum [3] and Blum
and Langley [4] proposedas a clean formulation of learning in the presenceof irrelevant
information: Let f be an unknown Booleanfunction over an n-bit domain which depends
only on an unknown subsetof k  n variables. Sud a function is called a k-junta. Givena
data set of labeled exampleshx; f (x)i; wherethe points x are independerly and uniformly
chosenrandom n-bit strings, can the function f be learned by a computationally e cien t
algorithm? (We give a precisedescription of what it meansto \learn f" in Section 2.)
Note that a naive brute force seard over all possiblesubsetsof k relevant variablescan be
performedin time roughly n*; we would like to have an algorithm which runs faster than
this.

We beliewe that the problem of e cien tly learning k-juntas is the single most important
open questionin uniform distribution learning. In addition to being natural and elegan,
learning juntas is at the heart of the most notorious open problemsin uniform distribution
learning, namelylearning DNF formulasand decisiontreesof superconstart size. Sinceevery
k-junta can be expressedsa decisiontree or DNF formula of size2¥; it is clearthat e cien t
algorithms for learning 2¢-size decisiontrees or DNFs would also be e cien t algorithms
for learning k-juntas. But in fact more is true: obtaining e cien t algorithms for decision
trees or DNFs requires that we be able to e ciently learn juntas. Specically, any sizek
decisiontree is alsoa k-junta, and any k-term DNF is -indistinguishable (under the uniform
distribution) from a klog(k=)-junta. Thus, learning! (1)-size decisiontreesor ! (1)-term
DNFs in polynomial time is equivalert to learning! (1)-juntas in polynomial time.

We note that learning from uniform randomexamplesseemdo bethe modelin which this
problem hasthe right amourt of di cult y. As describedin Section5, allowing the learnerto
make membership queriesmakesthe problem too easy while restricting the learnerto the
statistical query model makesthe problem provably hard.

1.2 Our results

We give the rst learning algorithm for the problem of learning k-juntas which achieves a
polynomial factor improvemen over brute force exhaustive seard. Under the uniform dis-



tribution, our algorithm exactly learns an unknown k-junta with con dence 1 in time
n & poly(2¥: n; log(1=)), where! isthe exponert in the time bound for matrix multipli-
cation. SinceCoppersmith and Winograd [7] have shavn that | < 2:376,our algorithm runs
in time roughly N7% whereN  nX is the running time of a naive brute force approad.
Our algorithm and analysis exploit new structural properties of Boolean functions which
may be of independert interest.

We note that sincethis learning problemwas rst posedby Blum in 1994 little progress
hasbeenmade. The rst improvemern over the trivial n¥ time bound of which we are aware
is arecert algorithm dueto A. Kalai and Mansour[12] which runs in time roughly nk (k.
Mansour [18] later improved this to n* (¥ (In recert work Fischer et al. have studied
the problem of testing k-juntas [8], but the learning and testing problems seemto require
di erent techniques.)

1.3 Organization

In Section2 we formally de ne the learning problem and give somebadground on polyno-
mial represemations of Booleanfunctions. In Section3 we presen the learning algorithms
which allow usto reducethe learning problemto somequestionsabout represeting Boolean
functions as polynomials. In Section 4 we prove the necessarynew structural properties
of Boolean functions and thus obtain our learning result. Finally, in Section5 we usethe
deweloped madhinery to analyzese\eral variants of the juntas problem.

2 Preliminaries

The learning model we consideris a uniform distribution versionof Valiant's Probably Ap-
proximately Correct (PAC) model [21] which has been studied by many researters, e.g.,
[6, 10, 11, 14, 15, 17, 22, 23]. In this model a concept classC is a collection[ , 1C,, of
Boolean functions, whereead c 2 C, is a function on n bits. Let f 2 G, be an unknown
targetfunction. A learningalgorithm A for C takesasinput an accuracy parameter0< < 1
and a con dence parameterO< < 1: During its executionA hasaccesgo an exampleor-
acle EX(f) which, when queried, generatesa random labeled examplehx; f (x)i wherex is
drawn uniformly from f0;1g". A outputs a hypothesish which is a Boolean function over
f0; 1g"; the error of this hypothesisis de ned to be error(h;f) = Pr[h(x) 6 f(x)]. (Here
and in the remainderof the paper, unlessotherwiseindicated all probabilities are taken over
x chosenuniformly at random from f0; 19".) We s& that A is a uniform-distribution PAC
learning algorithm for C if the following condition holds: for every f 2 C and ewery ; ;
with probability at leastl  algorithm A outputs a hypothesish which haserror(h;f)

For the purposesof this paper the accuracyparameter will always be 0, so our goalis to
exactly idertify the unknown function.

A Booleanfunctionf :f0;1g" ! f0;1gis saidto degndon the ith variableif there exist
inputs x;y 2 f0;1g" which dier only in the ith coordinate and which have f (x) 6 f (y).
Equivalertly, we say that sud a variable is relevantto f. If the function f has at most
k relevant variablesthen we call f a k-junta. The conceptclasswe considerin this paper
is the set of k-juntas over n variables,i.e., C, = ff :f0;19" ! f0;1g s.t. f is a k-juntag.



k° k relevant variablesand a truth table of 2¥° bits correspnding to all possiblesettings
of thesevariables.

We are most interestedin the casewherek is O(logn) or ewven a large constart value.
For such k the number of possiblesets of relevant variablesis n® °Mk  Hencethe naive
learning algorithm which performsan exhaustive seart over all possiblesubsetsof relevant
variableswill take time ntt oWk,

2.1 Representing Boolean functions as polynomials

A Booleanfunction g on n bits is a mappingfF;Tg" ! fF;Tg. There are many possible
ways to represem g asa multilinear polynomial. Sinceour analysiswill usese\eral di erent
represemations, we give a generalde nition which encompasseall of the caseswve will need:

Denition 1 LetF bea eld andletf;t2 f 1;0;1g be distinct elementsof F: We saythat
a multilinear polynomial p hF;f;ti-represets g if p: F" ! F hasthe following properties:

for all inputs in ff;tg", p outputsa valuein ff;tg; and,

p and g induce the samemappingwhenF and T are identied with f and t in the
input and output.

Note that sincef ?;t2 2 f0; 1g; the assumptionthat p is multilinear is without lossof gener-
ality. It is well known that the hF;f;ti-represemation of g always exists and is unique; for
completenessve give a simple proof below.

Prop osition 2 Every Boolean function g hasa unique multilinear hF;f ; ti -representation.

Pro of: The condition that p is a multilinear polynomial which represets g is equivalent
to a systemof 2" linear equationsin 2" unknowns, wherethe unknowns are the coe cien ts
on the 2" multilinear monomials. Let A, denotethe 2" 2" matrix arising from this linear
system, so the columnsof A,, correspnd to monomialsand the rows corresmpnd to truth
assignmets. It su ces to prove that A, hasfull rank; we now prove this by induction.

In the casen = 1wehaveA; = | |  which hasfull rank overany eld sincef 6 t. In
the generalcase,onecanrearrangethe rows and columnsof A, to getA, = ﬁ: . ft/fn” Do

where the columnson the left correspnd to monomialsnot containing x,, and the others

correspnd to monomialscontaining x,. By performing elemenary row operations on this
matrix, onecanget A % . Sincef 6 t and A, 1 hasfull rank by induction,

this hasfull rank. 2

The elds we will considerin this paper are the two-elemen eld F, and the eld R
of real numbers. In F, we will represem bits by f = 0,t = 1, and in R we will usually
represem bits by f = 1,t = 1.

De nition 3 Given a Boolean function g on n bits:



We write gr, for the multilinear polynomial which hF; O; 1i -representsg, and we say
that g=, F,-representsg. Note that g-, can be viewal as a parity of ANDs since F,
multiplication correspndsto AND and F, addition correspndsto parity.

We write gr for the multilinear polynomial which hR;+1; 1li-representsg, and we
say that gr R-representsg. Note that gr is precisely the \F ourier representationi of
g. As is standad, we write §(S) for the coe cient of Xs in gr, whee xs denotesthe
monomial ~,,4 X;. We call §(S) the\'S Fourier coe cient of g."

As anexample,if g = PARITY, thenwehavegr, = X;+Xo+ +Xpandggr = X1X2  Xp.
Note that there is a huge di erence in the degreesof thesetwo polynomial represemations;
we will be very interestedin the degreeof Booleanfunctions under various represemations.
We obsene that for a given eld this degreeis independen of the exact choiceof f;t. This
is becausewe can passbadk and forth betweenany two sud choicesby nonconstan linear
transformations on the inputs and outputs, and under sud transformations the monomials
of highestdegreecan newer vanish. Thus we can make the following de nition:

De nition 4 deg-(g) is de ned to be degp) whee p is any hF;f;ti-representationof g.

Hence we have deg-,(PARITY,) = 1 and deg (PARITY,) = n. In generaldeg,(9)
deg (9):

Fact 5 For any Boolean function g, deg-,(g) degk (9).

Pro of: Let p be the hR;0; 1i-represemation of g and let g, be the F,-represetation of g.
We have " ! I#
X Y Y
p(x) = p(z) Xi 1 x)
z2f 0;1gn i:zi=1 i:zj=0
This polynomial clearly hasinteger coe cien ts; ge, is obtained by reducingthe coe cien ts
of p mod 2, and this operation can only decreasedegree. 2

3 Learning tools

In this sectionwe give the learning algorithms we will usefor solving the junta problem. We
rst shaw that it suces to give a learning algorithm which can idertify a single relevant
variable. We then give two learning algorithms that look for relevant variables. Our algo-
rithm for learning k-juntas will end up trying both algorithms and we shall prove in Section
4 that at least one of them always works.

Throughout this section, f will denote a k-junta on n bits, R will denote the set of
variables on which f depends, k°® will denotejRj (so0 k° k), and f ° will denotethe
function fF; Tg<"! fF;Tg givenby restricting f to R.



3.1 Finding a single relevant variable is enough

Prop osition 6 Supmwsethat A is an algorithm running in time n  poly(2%; n; log(1=))
which can identify at least one variable relevantto f with con dence 1 (assuming f
is nonwnstant). Then there is an algorithm for exactly learning f which runs in time
n  poly(2%;n;log(1=)):

Pro of: First notethat if f is nonconstar then for uniform randominputs ead output value
occurs with frequencyat least 1=2X: Hencewe can decide whether or not f is a constart
function with con dence 1 in time in time poly(2*; n; log(1=)):

Next, suppose is any restriction xing at most k bits. We claim that we can run any
learning algorithm on fj with a slowdown of at most poly(2%). To do so, we only needto
transform the exampleoraclefor f into onefor f j ; this is easilydoneby rejecting all samples
hx; f (x)i for which x doesnot agreewith . Since xes at most k bits, the probability
that a random x agreeswith is at least2 k. Hencewith probability 1 we canget M
samplesfor fj by taking M poly(2¥) log(M = ) samplesfrom the oraclefor f .

We now shov how to idertify all the variables R on which f dependsin the requisite
amourt of time. By induction, supposewe have identied somerelevant variablesR°® R.
For ead of the 2R7 possiblerestrictions which x the bits in R considerthe function
fj . Sincef] isalsoak-junta, A canidertify somevariablesrelevant to fj (or elsewe can
ched that fj is constart). By running A (with the slovdown descriked above) for eat
possible , we will identify new variablesto add into R% We repeatedly add new variables
to RY testing all restrictions on thesevariables, until all of the restricted subfunctions are
constart. It is clearthat at this point we will have identi ed all variablesrelevant to f .

Note that R° grows by at least one variable at ead stage,and so we will never run A
more than k2¥ times. Further, we can get condencel  =k2 for ead run | ewen after
the rejection-samplingslovdown | in time n poly(2¥; n; log(1=)). Hencewe can idertify
R in time n  poly(2¥;n; log(1=)) with condencel .

Finally, onceR is identi ed it is easyto learnf exactly. Simply draw poly(2¥;log(1=))
samples;with probability 1 we will seeevery possiblebit setting for R sowe can build
f's truth table and output this asour hypothesis. 2

3.2 The Fourier-based learning algorithm

We descrike a simple Fourier-basedalgorithm for trying to identify a variable relevant to

f . The algorithm is basedon the \Low Degree"learning algorithm of Linial, Mansour, and

Nisan [15] (seealso[16]). As with the Low Degreealgorithm, our Fourier-basedalgorithm

tries to learn the unknown function f by estimating all of f 's Fourier coe cien ts f’\(S) with

1 S . Unlike the Low Degreealgorithm, our algorithm can stop assoon asit nds a

nonzerocoe cien t, sinceall variablesin the assaiated monomial must be relevant to f .
We rst shav how to compute the exact value of any desiredFourier coe cien t:

Prop osition 7 We can exactly calculate any Fourier coe cient f'\(S) with con dence 1
in time poly(2¥; n; log(1=)).

Pro of: Weview bits asbeing 1, asin the R-represetation. After multilinear reduction we
seethat the polynomial xsf g (x) hasf(S) asits constart coe cient. SinceE[x+]= 0 for all

5



nonempty subsetsT, linearity of expectation lets us concludethat E[xsfr (x)] = f(S). We
canclearly computethe value of xsf g (X) in linear time givena labeledexamplehx; f (x)i: By
standard Cherno bounds,poly(2*; log(1=)) independern samplesofthe 1 randomvariable
xsfr (X) aresu cien t for computing the expectation to within ~ 1=2**1 with con dencel

Sincef and f ©have the sameFourier expansionand f °is a function on at most k variables,
f\(S) must be of the form a=2 for someinteger a 2 [ 2;2¢]. Henceby rounding the
empirical expectation to the nearestinteger multiple of 1=2% we will get the exact value of
f\(S) with condencel . 2

The next proposition says that if f° has a nonzero Fourier coe cient of small (but
nonzero)degree,then we can e cien tly identify somevariablesrelevant to f .

Prop osition 8 If f%S) 6 0 for someS with 1 jSj , then we can identify at least one
relevantvariable for f with con dence 1 in time n poly(2%; n; log(1=)).

Pro of: We use Proposition 7 to compute eah Fourier coecient f(S), 1  |Sj :
with con dence 1 =n . Sincethere are at most n possiblesets S, with con dence
1 we will obtain the exact valuesof all the desiredFourier coe cien ts in time at most
n  poly(2;n;log(1=)): Sincef and f ° have the sameFourier coe cien ts, we will nd an
S with f(S) 6 0. It is easyto seethat every variable in S must be relevant to f ; for if f is
doesnot depend on x; then f\(S) = E[xsfr(X)] = E[Xi]E[xs ifr(X)] = 0 E[xs ifr(x)] = O
2

3.3 The F,-based learning algorithm

In this subsectionwe shaw that if f %is a low-degreepolynomial over F,, then in fact we can
learn f © exactly. Here we view True and Falseas 1 and 0 respectively.
Recall the following well-known result from computational learning theory [9]:

Theorem 9 Letg:f0;1gN ! f0;1g be a parity function on an unknown subsetof the N

h (which is a parity of somesubsetof xy;:::;Xy) suchthat with prokability 1 we have
Pryop [h(X) 6 g(X)] : Algorithm B runs in time O((Y + Iogi)!) whee ! < 2:376is the
exmnent for matrix multiplication.

The idea behind Theorem 9 is simple: sinceg is a parity function, eat labeled example
hx; g(x)i correspndsto a linear equation over F, where the ith unknown correspnds to
whetherx; is presett in g: Algorithm B draws O(M + °91= ) examplesand solvesthe resulting

the examples. Well-known results in PAC learning theory [5] imply that sud a consisten
parity will satisfythe ; criterion.

Now supposedeg, (f 9 = k. Then f %is a F,-linear conbination (i.e., a parity) over
the set of monomials(conjunctions) in x1;:::;X, of degreeup to . This lets uslearnf®in
time roughly n'



Prop osition 10 If deg,(f9 = ,thenwecanlearnf exactlyin time n' poly(2¥; n; log(1=))
with condence 1 . (Hence we can certainly identify a variable on whichf depends.)

of degreeat most . There areat most N = n variablesin this space. Run algorithm B
from Theorem 9 on this variable space,with setto 2 &*1)  That is, given an example
hx; f (x)i, translate it to the exampleh(xs);s; ;f (x)i, and run B using this new example
oracle. Simulating a draw from this new oracletakestime N poly(n), soconstructing all the
necessaryexamplesfor B takestime N2 poly(2%; n; log(1=)). Solving the resulting system
of equationstakestime N' poly(2%;n; log(1=)). Hencethe total time for the algorithm is
n'  poly(2;n;log(1=)) asclaimed.

We now arguethat B's output hypothesisis preciselythe F,-represemation of f: Let D
be the distribution over the expandedvariable spaceinduced by the uniform distribution
on Xq;:::;Xn. Sincef? (equivalertly f) is a parity over the expandedvariable space,the
output of B will be a parity hypothesish over the expandedvariable spacewhich satis es
Proop [h(x) 8 f(x)] 2 &Y. View both f and h as F,-polynomials of degree over the

If f and h are not identical, then f + h 6 0 and we have Pr[f (x) 6 h(x)] = Pr[f (x) +
h(x) 6 O]: Now sincedeg-, (f + h) andf + his not identically O, the polynomial f + h

must be nonzeroon at leasta 2 2 K fraction of the points in (F,)". (This is a slightly
nonstandard form of the Sthwartz-Zippel Lemma; see[2(] for an explicit proof.) But this
cortradicts the fact that Pryop [h(x) 6 f(x)] 2 &+, 2

4 Learning juntas via new structural prop erties of Boolean
functions

With our learning tools in hand we are ready to give the algorithm for learning k-juntas.
The basicideais to show that every Booleanfunction f ©must either have a nonzeroFourier
coe cient of \not too large" positive degree,or must be a polynomial over F, of \not too
large" degree.Then by Propositions 8 and 10, in either casewe can nd arelevant variable
for f ®without performing a full- edged exhaustive seard.

The Fourier learning algorithm descrited earlier fails only on functions whoselow-degree
Fourier coe cien ts are all zero(exceptfor possiblythe constart coe cien t; if this is nonzero
the Fourier algorithm can still fail). Let us make a de nition for sud functions:

De nition 11 Suppmsethat g satises §(S) = Ofor all 1 jSj< t. If §(;) is also0 then
we say that g is strongly balancedup to sizet. If §(;) is honzeo we say that g is strongly
biasedup to sizet.

Thesede nitions were essetially rst made by Bernasconiin [2]. The justi cation of
the terminology is this: if g is strongly balancedup to sizet, then it is easyto show that
ewvery subfunction of g obtainedby xing O ~ t 1 bits is balanced(i.e. is true with
probability exactly 1=2). Similarly, if g is strongly biasedup to sizet then it is easyto shav
that ewvery such subfunction hasthe samebias as g itself.

We now shaow that strongly balancedfunctions have low F,-degree:
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Theorem 12 Let g 2 fPARITY,;: PARITY,g be a Boolean function on n bits which is
strongly balanced up to sizet. Thendeg,(g) n t.

Pro of: Givensuthag,leth=g PARITY,. Thenhg = gr X1X»  X,. By assumption,gr
haszerocoe cient on all monomialsxs with jSj < t. By multilinear reduction (x? = 1) we
seethat hg haszerocoe cien t on all monomialsxs with jSj > n t. Hencedegs (h) n t,
soby Fact 5, deg-,(h) n t. But sinceg = h PARITY,, the F,-represetation of g
is simply gr,(X) = hg,(X) + X1 + + Xn. Adding a degreel polynomial to hg, doesnot
increasedegree(since g is neither PARITY,, nor its negation, h is not a constart function
and hencedeg-,(h) 1), and consequetly deg-,(g) n t. 2

The boundn tin Theorem12is best possible. To seethis, considerthe function

ax) = (X" N Xn 1) Xn et Xn:

This function hasF,-represetation gr,(X) = X1 Xp t+Xp 1+  +Xpsodeg,(g) = n t
Moreover, g is balancedand every subfunction of g xing fewer than t bits is alsobalanced,

It remainsto deal with strongly biased functions. Our next theorem shows that no
Booleanfunction can be strongly biasedup to too large a size:

Theorem 13 If gis a Boolean function on n bits which is strongly biasel up to sizet, then
t  2n:
3

Pro of: Let gr(X) = P s CsXs be the R-represemation of g. Sinceg is strongly biasedup
to sizet wehave0< jcj< landcs = 0 f?_; all 0 < jSj < t. Asin Theorem 12, we let
h=g PARITY, sohgr(x) = CXiX2 Xa+ g , . C3xs, wherecg = Cpns.

Leth®:f+1; 1g"! fl+c;1 c; 1+c; 1 c gbethereal-valuedfunction givenby
h9x) = hr(X) cXiX2 Xn; notethat degh® n t: Furthermore,for x 2 f+1; 1g" we
havehqx) 2 f1+c;1 cgi hg(X)=+l;andhqx)2f 1+c; 1 cgi hg(X)= L
SinceO< jcj < 1wehavethat f1+c ;1 cgandf 1+c; 1 cgaredisjoint two-elememn
sets.

Let p: R ! R bethe degree3 polynomial which mapsl+ c and1 c to +1 and

1 c and 1+c to 1. Now considerthe polynomial p h% By constructionp h°maps
f+1; 1g"! f+1; 1g,andp h°R-represems h. But the R-represemation of h is unique,
so after multilinear reduction p  h® must be identical to hg. Sincec 6 0; we know that
deg (h) is exactly n. Sincep hasdegreeexactly 3 and degh% n t, we concludethat
3n t) n,whencet 2n. 2

O. Regev[19 commnunicated to us an alternate proof of Theorem 13 which we include
herewith his permission:

Pro of: (Regev) Let gr (X) be asin the previous proof. Let U be any set of maximal size
sud that ¢y 6 O; sinceg is nongonstar eg,]d strongly biasedup to sizet we have jUj t.
Considerexpandinggr (X)? = ( sCsXs)(' 7 crxt); there will be a nonzerocoe cient on
the cross-termx. xy. But gr (x)? must be idertically 1 after multilinear reduction, sincegg



takeson only the values 1. Thusthe nonzerocoe cient on xy must be cancelledin the
expansion. But if t > %n thencr = Oforall 1 |Tj %n, and so all nonzerocross-terms
not involving the constart term c. will be on terms xy with V < %n. This cortradicts the
fact that the xy term must be cancelled. 2

The bound %n in Theorem 13 is best possible. To seethis, let n = 3m and considerthe
function I I

oM A M

f(Xy;i0i%n) = Xi Xi

i=1 i=m+1
It is easyto seethat this function is unbalanced,and alsothat its bias cannot changeunder
any restriction of fewer than 2m bits (to changethe bias, one must set bits 1:::2m or
m+ 1:::3morl:::m;2m+ 1:::3m).

We can now prove our main theorem:

Theorem 14 The classof k-juntas over n bits can be exactly learned under the uniform
distribution with con dence 1 in time n™ ¥ poly(2%; n; log(1=)).

Proof: Let f be a k-junta on n bits and f ° be the function on at most k bits given by
restricting f to its relevant variables. Let t = !!le > %k. If fOis strongly balancedup
to sizet then by Theorem 12 f %is an F-polynomial of degreeat mostk t = k=(! + 1).
By Proposition 10 f °can be learnedin time (n*= *Y)"  poly(2*; n; log(1=)). On the other
hand, supposef °is not strongly balancedup to sizet: By Theorem13, f °cannot be strongly
biasedup to sizet, sincet > %k. Hencef © has a nonzeroFourier coe cien t of degreeless
than t and greaterthan 0. Soby Proposition 8, somerelevant variable for f canbeidenti ed

in time n' poly(2¥; n; log(1=)). .

In either case we canidentify somerelevant variablefor f in time n™=¥ poly(2¥: n: log(1=)).

Proposition 6 completesthe proof. 2

5 Variants of the junta learning problem

We can usethe ideasdeweloped thus far to analyze somevariants and special casesof the
juntas learning problem.

5.1 Some easier special cases

For various subclassesf k-juntas, the learning problem is more easily solved.

Monotone juntas: It iseasyto verify that if f °is a monotonefunction, then f‘o(f ig)>0
for every relevant variable x;: (Use the fact that fQfig) = E[xf {x)] = Pr[f (x) = xi]
Pr[f (x) 6 x;]:) Hencemonotonejuntas can be learnedin time poly(2¥; n; log(1=)) usingthe
Fourier learning algorithm of Proposition 8.

Random juntas: As obsenedin [4], almostewery k-junta on n variablescanbe learned
in time poly(2¥; n;log(1=)). To seethis, obsene that if a function f ® on k bits is chosen
uniformly at random, then for every S we have f{S) = 0 only if exactly half of all inputs

9



have f {x) = xs: This occurswith probability 2k2k1 =22 = O(1)=2¥2. Consequetly, with

overwhelming probability in terms of k | at leastl O(k)=2¢ | a random function on
k variableswill have every Fourier coe cient of degreel nonzero,and hencewe can learn
using Proposition 8.

Symmetric juntas: A symmetric k-junta is a junta whosevalue dependsonly on how
marny of its k relevant variablesare setto 1. We can learn any symmetric k-junta in time
nsk poly(2¥; n; log(1= )); which somewhatimproveson our bound for arbitrary k-juntas. To
prove this, we shav that every symmetric function f ° on k variables, other than parity and
its negation, hasa nonzeroFourier coe cient fS) for 1  jSj < %k. Hencewe can idertify

at least onerelewvant variable in time n3k poly(2¥; n; log(1=)) using Proposition 8, and we
can usethe algorithm of Proposition 6 sincethe classof symmetric functions is closedunder
subfunctions.

To prove this claim about the Fourier coe cien ts of symmetric functions, rst note that
if f %is not balancedthen by Theorem13it must have a nonzeroFourier coe cien t of positive
degreelessthan %k. Otherwise, if f %is balancedand is neither parity nor its negation, then
g:= f9 PARITY isasymmetricnonconstan function and deg (g) < k; this last fact follows
becausethe x;x, X coe cient of g is the constart coe cient of f ¢ and f ° is balanced.
By a result of von zur Gathen and Roche [24], every nonconstart symmetric function g on
k variableshasdegs (g) k O(k™®*). Henceg(S) 6 0 for somek O(k®>*®) |Sj< k, so
fn]nS)6 0and1l jk]nSj O(k58) %k.

In [24] von zur Gathen and Roche conjecturethat every nonconsta symmetric Boolean
function f 9 on k variableshasdegs (f) k O(1): We note that if a somewhatstronger
conjecturewere true | that ewery nonconstat symmetric function has a nonzeroFourier
coe cient of degreed for somek O(1) d k 1] then usingthe above approath
we could learn symmetric juntas in poly(2¥; n;log(1=)) time. (The von zur Gathen/Roche
conjecture does not appear to su ce sincef ° could conceiably have a nonzero Fourier
coe cien t of degreek and yet have no nonzeroFourier coe cien ts of degreek O(1).)

5.2 Other learning models

Blum and Langley obsened[4] that if the learning algorithm is allowed to make memtership
gueriesfor the value of the target junta at points of its choice, then any k-junta can be
learnedin time poly(2*;n;log(1=). By drawing random examples,the learner will either
determinethat the function is constart or it will obtain two inputs x andy with f (x) 6 f (y):
In the latter casethe learnerthen selectsa path in the Hamming cube betweenx andy and
qgueriesf on all points in the path. The learnerwill thus nd two neighboring points z and
z°onwhich f hasdi erent values,sothe coordinate in which z and z%di er is relevant. The
learnerthen recursesasin Proposition 6.

While menbership queriesmake the problem of learning juntas easy castingthe problem
in the more restrictive statistical query learning model of Kearns (see[13] for badkground
on this model) makesthe problem provably hard. The classof k-juntas over n variables
cortains at least | distinct parity functions, and for any two distinct parity functions
Xs 6 X1 we have that E[xsxt] = 0: Consequetly, an information-theoretic lower bound of
Bshouty and Feldman [1] implies that any statistical query algorithm for learning k-juntas
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under the uniform distribution must have g= 2 « » Whereq is the number of statistical
guerieswhich the algorithm makesand 2 (0;11is the additive error tolerancerequired for
ead query. Thus, asnoted earlier, the PAC model of learning from random examplesseems
to be the right framework for the juntas problem.

We closeby observingthat if the uniform distribution is replacedby a product measure
in which Pr[x; = T] = p;, then for almost every choice of (ps;:::;pn) 2 [0;1]", k-juntas
are learnablein time poly(2¥;n;log(1=)). In particular, we claim that for ewvery product
distribution exceptfor a setof measurezeroin [0; 1]", every k-junta f hasnonzerocorrelation
with ewery variable on which it depends, and consequetty a straightforward variant of
the Fourier-basedlearning algorithm will idertify all relevant variablesin the claimedtime
bound. This is a consequencef the following easily veri ed fact:

Fact 15 If f9is neither a single variable nor its negation and f ° degends on x;; then

has measure0. The union of all such setsfor all (nitely many) choicesof i and f °still has
measure0, and the claim is proved.

6 Conclusion

A major goal for future researd is to give an algorithm which runs in polynomial time for
k = logn or evenk = ! (1). We hope that further study of the structural properties of
Booleanfunctions will lead to sud an algorithm. Right now, the bottlenedk preventing an
improved runtime for our algorithm is the caseof strongly balancedjuntas. A. Kalai has
asked the following question:

Question: Is it true that for any Boolean function f on k bits whichis stronglybalanced up to
size%k, there is a restriction xing at most %k bits under whichf becomesa parity function?

If the answer were yes, then it would be straightforward to give a learning algorithm for
k-juntas running in time nsk. (Of course,anotherway to get sudr an algorithm would be to
give a quadratic algorithm for matrix multiplication!)

Finally, we closeby observingthat there are still seweralimportant generalizationsof the
k-junta problem for which no algorithm with running time better than n® °Wk is known.
Canwe learn juntas underany xed nonuniform product distribution? Can we learn ternary
juntas (i.e. functionsonf0; 1; 2g" with k relevant variables)under uniform? There are many
directions for future work.
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