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ABSTRACT

In this paper we study the problemof learning phylogeniesand
hiddenMarkov models.We call a Markov modelnonsingulaif all
transitionmatriceshave determinantdoundedaway from 0 (and
1). We highlight the role of the nonsingularityconditionfor the
learning problem. LearninghiddenMarkov modelswithout the
nonsingularityconditionis at leastashardaslearningparity with
noise.Ontheotherhand,we give a polynomial-timealgorithmfor
learningnonsingulaphylogeniesandhiddenMarkov models.

Categoriesand Subject Descriptors: F.2 [Theory of Computa-
tion]: Analysisof AlgorithmsandProblemCompleity; 1.2.6 [Ar-

ti cial Intelligence]: Learning;J.3[ComputerApplications]: Life

andMedical Sciences-Biology and genetics

General Terms: Algorithms, Theory

Keywords: HiddenMarkov models,evolutionarytrees,phyloge-
neticreconstructionPAC learning.

1. INTRODUCTION

In this paper we considerthe problemof learningphylogenies.

Formally, phylogeniesare Markov modelson 3-regular trees. In
evolutionary biology, thesestochasticmodelsare usedto study
the evolution of charactersn relatedspecies.More precisely the
leaves of the tree correspondo (known) extant species. Internal
nodesrepresentinknavn ancestorsthe root of the treebeingthe
mostrecentancestoto all speciesn thetree.Following pathsfrom
therootto theleaves,eachbifurcationindicatesa speciatiorevent
wherebytwo new speciesrecreatedrom aparentone.Eachnode
is assignedhestateof acharacter-e.g.anucleotidef A, G G Tg at
a particularsite in the (aligned)genomeof the species.This char
acterevolvesfrom parentsto descendant the treeaccordingto
transitionmatriceson the edges—e.g transitionscan model mu-
tationsin the DNA sequence Oneusually hasa large numberof
characters—e.gan (aligned) sequencef nucleotides.All char
actersareassumedo evolve accordingio the sameMarkov model
independenth~e.g. eachsitein a DNA sequencés assumedo
mutateindependentlyfrom its neighboursaccordingto the same
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mutationmechanisnithis is of coursea crudesimpli cation, but
it hasneverthelesgyiven reasonableesultsin practice). The goal
of the biologistis typically (but not only) to infer the topology of
the tree from the charactersat the leaves. Often, one alsoneeds
to infer the propertiesof the evolution procesn the edgeqa.k.a.
thetransitionmatrices)or the statesof variouscharactersatances-
tor (unobsered) species. The focus of this paperis the ef cient
inferenceof thetransitionmatrices.

The reconstructiorof phylogenieds oneof the mostimportant
tasksof molecularbiology. In the systematicandstatisticdlitera-
ture,threemainapproachebave beenstudiedin depth:parsimo,
maximumlik elihoodanddistance-baseahethodgseee.g.[12, 27]
for a detailedreview anda thoroughbibliography). Parsimoty is
known to be inconsisten{15] (it may corverge to the wrong tree
evenif thenumberof charactersendstoin nity) andNP-hard17],
althoughit is usedextensvely in practicebecausef its goodper
formance Maximumlikelihoodis consisten{5] but a versionof it
is known to be hard[2]. In constrastdistance-basethethodscan
be both consistentand ef cient [10] (underassumptionsseebe-
low) but their performancen practiceis somavhat unsatishctory
(seee.q.[25]).

Many workshave alsobeendevotedto thereconstructiomf phy-
logeniesin the learningsetting. In particular in [3] the authors
obtainalmostoptimal upperandlower boundsfor learninga phy-
logenetic“star” tree on 2-statespacegiven its topology (i.e. the
underlyinggraphstructure) wherethe mutationmatricesaresym-
metric. In [7], a polynomial-timealgorithmis obtainedfor general
Markov modelson 2-statespacesTheauthorsof [7] alsomale the
claimthattheirtechniqueextendsto the generak-statemodel,but
thenrestrictthemselestok = 2.

The framework of Markov modelson treeshave several special
caseghat areof independeninterest. The caseof Productdistri-
butionsis discussedn [3]. The caseof mixture of productdistri-
butionsis discussedn [14]. Arguably the mostinterestingcaseis
that of learninghiddenMarkov models(HMMs). HMMs play a
crucialrole in mary areasrom speeclrecognitionto biology, see
e.g.[24, 8].

In [1] it is shawvn that nding the “optimal” HMM for an arbi-
trary distribution is hardunlessRP = N P. Seealso[21] where
hardnesof approximatiorresultsare obtainedfor problemssuch
ascomparingwo hiddenMarkov models.Mostrelevantto our set-
ting is theconjecturenadein [20] thatlearningparity with noiseis
hard.lIt is easyto seethatthe problemof learningparity with noise
maybeencodedaslearninganHMM over 4 statesseesubsection
1.3.

Thereis aninterestingdiscrepang betweerthe two viewpoints
taken in works concerninglearning phylogeniesand works con-



cerninglearninghiddenMarkov models.Theresultsin phylogery
aremostlypositive—they give polynomial-timealgorithmsfor learn-
ing. On the otherhand,the resultsconcerningHMMs are mostly
negative.

Thispapetriesto resolethediscrepang betweerthetwo points
of view by pointingto the sourceof hardnesén thelearningprob-
lem. Roughlyspeakingwe claim that the sourceof hardnesgor
learningphylogeniesandhiddenMarkov modelsaretranstionma-
tricesP suchthatdet P is O but rankP > 1. Notethatin the
casek = 2 thereareno suchmatricesandindeedthe problemis
not hard[7]. We notefurthermorethat,indeed,in the problemof
learningpartiy with noiseall of the determinantsare0 andall the
ranksaregreaterthanl.

The main technicalcontritution of this paperis to shav that
the learning problemis feasibleonceall the matriceshave 1
1=poly(n) > jdetPj > for some > 0. We thuspresent
a proper PAC learningalgorithm for this case. We believe that
the the requirementthat jdetPj < 1 poly(n) is an artifact
of our proofs. Indeed,in the caseof hiddenMarkov modelswe
prove that the model can be learnedunderthe wealer condition
thatjdetPj > 1=poly(n). Assumingthatlearningparity with
noiseis indeedhard,this is anoptimalresult,seesubsectiori.3

Thelearningalgorithmswe presentarebasedon a combination
of techniquedrom phylogely, statistics,combinatoricsand prob-
ability. We believe thatthesealgorithmsmay be also extendedto
caseswvherej det Pj is closeto 1 andfuthermoreto caseswhereif
jdet Pj is small,thenthematrix P is closeto arank1 matrix, thus
recoveringtheresultsof [3, 7].

Interestingly to prove our resultwe useandextendseveral pre-
vious resultsfrom combinatorialphylogely and statistics. The
topologyof thetreeis learnedvia variantsof combinatoriakesults
provedin phylogety [10]. Thus,the maintechnicalchallengds to
learnthe mutationmatricesalongtheedges For thiswe follow and
extendthe approachdevelopedin statisticsby Chang[5]. Changs
resultsallow the recovery of the mutationmatricesfrom in nite
numberof samples. The reconstructiorof the mutationmatrices
from a polynomial numberof samplesrequiresa delicate error
analysisalongwith variouscombinatorialkndalgorithmicideas.

The algorithmis sketchedin Section2 andthe error analysisis
performedn Section3.

1.1 De nitions andresults

WeletT 3(n) denotethesetof all treesonn labeledeaveswhere
allinternaldegreesareexactly 3. Notethatif T = (V;E) 2 T 3(n)
thenjVj = 2n 2 We will sometimesomit n from the notation.
Below we will alwaysassumehattheleafsetis labeledby the set
[n]. We alsodenotetheleafsetby L. Two treesTy; T, areconsid-
eredidenticalif thereis a graphisomorphismbetweerthemthatis
the identity mapon the setof leaves[n]. We de ne a caterpillar
to beatreeonn nodeswith thefollowing property:thesubtreen-
ducedby theinternalnodesis a path(andall internalverticeshave
degreeat least3). SeeFigurel for anexample. We let TC 3(n)
denotethe setof all caterpillarsonn labeledlieaves.

In aMarkov modelT ona (undirected}reeT = (V;E) rooted
atr, eachverte iteratively choosests stategiven the one of its
parentby anapplicationof a Markov transitionrule. Considerthe
orientationof E whereall edgesare directedaway from the root.
We notethis setof directededgesE . Thenthe probability distri-
bution on thetreeis the probability distributionon CV givenby

f (s(r)) Ps(uys(v): @)

(uv )2E ¢

T(s) =

wheres 2 CY, Cisa nite statespaceP " is thetransitionmatrix

for edge(u;v) 2 E and [ is the distribution at the root. We
letk = jCj. Wewrite {, for themamginalsof T onthesetW.
Sincethe setof leavesis labeledby [n], the maginal [Tn] is the
mauginal onthesetof leaves.We will oftenremove the superscript
T. Furthermorefor two verticesu; v 2 V welet P = P[s(v) =
j is(u) = i]. Wewill bemostlyinterestedn nonsingularMarkov

models.

DEFINITION 1. We saythat a Markov modelon atreeT =
(V;E) isnonsingula(( ; % )-nonsingular)f

I. Foralle 2 E it holdsthatl > jdetP®j > 0(1 °>
jdetP® > )and

Il. Forallv 2 Vit holdsthat (i) > 0( (i) >
o)

)foralliin

We will call the modelnonsingular( ; )-nonsingularatO if in-
steadof|. wehavethewealer conditionj det P¢j > 0 (j det P ¢j >

).

It is well known thatif the modelis nonsingular then for each
w 2 V, onecanwrite

T (S) = \T(S(W)) Psu(vu)s(v): (2)

(uv )2E w

(wherenow all edges(u; v) areorientedaway from w). In other
words, the tree may be rootedarbitrarily. Indeed,in the learning
algorithmsdiscussedelown, we will root the tree arbitrarily. We
will actuallyreferto E asthesetof directededgedormedby taking
thetwo orientationsof all (undirected)edgesn thetree. It is easy
to shawv that( ; )-nonsingularityasstatedabore alsoimpliesthat
propertyl. holdsfor all (u; v) 2 E with appropriatevaluesof ;

Notemoreawer, thatif j det P" j > 0for all edgequ; v) andfor
all v 2 V thedistribution of s(v) is supportecbn at mostjCj 1
elementghenonecanrede nethemodelby allowing only jCj 1
valuesof s(v) ateachnodeanddeletingthecorrespondingow and
columnsfrom thetransitionmatricesP ¢. Thusconditionll. is very
naturalgivenconditionl.

GivenacollectionM of mutationmatricesP , weletT 3(n) M
denoteall phylogenetidreesof the form (1) whereT 2 T3 and
P® 2 M foralle. WesimilarlydeneTC 3 M.

We usethe PAC learningframework introducedby [30], in its
variantproposeddy [20]. Let" > 0 denoteanapproximationpa-
rameter > 0, acon denceparameterM , a collectionof matri-
cesandT , acollectionof trees. Then,we saythatanalgorithmA
PAC-learnsT M ifforallT 2 T M, givenaccesso sam-
plesfrom themeasure [Tn], A outputsa phylogenetidreeT ° such

that the total variation distancebetween [Tn] and [Tn? is smaller

than" with probability at leastl andtherunningtime of A is
poly(n; 1=; 1=").
In our mainresultwe prove thefollowing.

THEOREM 1. For everyconstant ; > 0 andevery -
nite setC, the collectionof ( ;n ;N )-nonsingularMarkov
phylageneticmodelss PAC-learnable More formally, let Cbea -
niteset, ; ; > 0andM denotethecollectionofall jCj |Cj
transitionmatricesP whee 1 n > jdetPj > . Then
there existsa PAC-learningalgorithmfor T3 M whoserunning
timeis poly(n; k; 1="; 1= ), providedthenodedistributionssatisfy

v(i)>n for all vin V andi in C. If thetopolagy is known,
wecanrelaxtheassumptiorondeterminantéol  jdetPj >

For hiddenMarkov modelswe canprove more.



THEOREM 2. Let 4; J; > ObeconstantsLetCbea nite
setandM denotethe collectionof jCj  jCj transitionmatricesP
wheel n @ > jdetPj > n 9. Thenther existsa PAC-
learningalgorithmfor TC 3 M, providedthe nodedistributions
satisfy (i) > n for all vin V andi in C. If the topolagy
is known, we can relax the assumptioron determinantsto 1
jdetPj > n 9. Therunningtime and samplecompleity of the
algortihmis poly(n; k; 1="; 1= ).

Note however that, contraryto the phylogeneticsetting, the as-
sumptionsin the previous theoremare never metin typical appli-
cationsof HMMs. The hardnesgesult belav is probably more
relevantin thatcase.

1.2 Inferring the topology

We letthetopologyof T denotetheunderlyingtreeT = (V; E).
Thetaskathandcanbedividedinto two naturalsubproblemsFirst,
thetopologyof T needdo berecoveredwith high probability Sec-
ond, the transitionmatriceshave to be estimated.Reconstructing
the topology hasbeena majortaskin phylogery. It follows from
[10, 11] that the topology canbe recoreredwith high probability
using a polynomialnumberof samples.Hereis one formulation
from [22].

THEOREM 3. Let ; > Oandsuppose¢hatM consistofall

matricesP satisfying < jdetPj< 1 n .Forall >0,
thetopolggyof T 2 T3 M canbelearnedin polynomialtime
2 7

using Tn°@= ) sampleswith probabilityl n

We will alsoneeda strongermesultthatappliesonly for hidden
Markov models.This resultessentiallyfollows from [10, 11].

THEOREM 4. Let ;
matricesP satisfyingn

> 0,andall T 2 TC 3
sampleghetopolagy T with probabilityl n

1.3 Hardnessof learning singular models

We now brie y explain why hardnesof learning“parity with
noise”impliesthatlearningsingularhiddenMarkov modelsis hard.
Kearns'work [19] on the statisticalquery modelleadsto the fol-
lowing conjecture.

> 0 andsupposéahatM consistof all
< jdetPj <1 n . Thenforall

M onecanrecover fromn®(* * )
2

CONJECTURE 1 (NoOISY PARITY ASSUMPTION [19]). Thee
isa0< < 1=2sudthattherisnoefcient algorithmfor learn-
ing parity under uniform distribution in the PAC framevork with
classi cationnoise .

In [20], this is usedto shaw that learning probabilistic nite au-
tomatawith an evaluatoris hard. It is easyto seethat the same
constructionworks with the probabilistic nite automatareplaced
by anequialenthiddenMarkov model(HMM) with 4 stateqthis
is a specialcaseof our evolutionarytreemodelwhenthetreeis a
caterpillar). The proof,whichis brie y sketchedn Figurel, is left
to the reader We remarkthatall matricesin the constructiorhave
determinan® andrank?2. Note morewerthatfrom astandardou-
pling agumentit follows thatif for all edgequ; v) wereplacethe
matrixP" bythematrix(1 n )P" + n I, thenthemodel
givenin Figurel andits variantinducesundistinguishabléistribu-
tionsonk samplesf k  o(n 1). Thisshavsthatassuminghat
learningparity with noiseis hard, Theorem? is tight up to thecon-
stantin the power of n (andthe upperboundon the determinant,
which we think canbe avoided). Strictly speakingthis hardness
resultonly gives evidencethat 0 determinantsre an obstacleto
learningMarkov modelsontrees.Otherfactorscould contributeto
thehardnes®f learningparity with noise.

(x1:0) (x2:82) (x3:83) (xniSn) (0:Sn N)

o

(x2:0) (x3:0) (xn:0)
Figure 1: t|idden Mark ov model for noisy parity. The model com-
putes N i27 Xi,» where the x;'s are uniform over f0;1g, T is a

partial sumsover variables included in T. The obsewed nodesare in
light gray. In the hardnessproof, the passagerom learning a distri-
bution (HMM) to learning a function (parity) requiresthe notion of an
evaluator, i.e. the possibility of computing ef ciently the probability of
aparticular state.Here this canbe doneby dynamic programming.

Figure2: Star treewith threeleaves.

2. OVERVIEW OF THE ALGORITHM

2.1 Chang's spectraltechnique

Oneof the mainingredientsof the algorithmis a niceresultdue
to Chang[5] thatwe rederve herefor completenesd.et T bea4-
node(star)treewith arootr and3 leavesa; b;c (seeFigure?2). Let
P“ bethetransitionmatrix betweenverticesu andyv, i.e. Pj" =
P[s(v) = jjs(u) = i]foralli;j 2 C. Fix 2 C. Thenby the
Markov property for alli; j 2 C,

X
;s(b) = jjs(a)=i]=

h2s

P[s(c) = P’ PrCPhY;

or in matrix form P 2
P2 isde nedby

PP = Pls(9) = ;s(b)=jjsa)= i;

= P¥ diag(P'°) P'?, wherethe matrix

foralli;j 2 C. Then,notingthat(P2®) * = (P Y(P?) I,
we have

Pab; (Pab) 1_ Par dlag(PrC) (Par) 1; (r))

assuminghetransitionmatricesareinvertible. Equation(?) is an
eigevaluedecompositiorwherethel.h.s. involvesonly the distri-
bution attheleaves. Therefore giventhedistribution at the leaves,
we canrecover from (?) the columnsof P (up to scaling)pro-
vided the eigevaluesare distinct. Note that the above reasoning
applieswhenthe edges(r; a); (r; b); (r; c) arereplacedby paths.
Therefore loosely speaking,n orderto recover an edge(w; w9,
onecanuse(?) on starsubtreesvith w andw® asrootsto obtain
Pa andP®°, andthencomputeP "’ = (P&) 1pav® |n[s],
underfurther assumption®n the structureof the transitionmatri-
ces, the abore schemeis usedto prove the identi ability of the
full model,thatis thatthe outputdistributionson triples of leaves
uniquelydeterminethe transitionmatrices.In this paper we shav



thatthetransitionmatricescanactuallybeapproximatelyrecorered
using(?) with a polynomialnumberof samples.

Therearemary challengesn extendingChangs identi ability
resultto our ef cient reconstructiorclaim. First, asnotedabove,
equation(?) uncoversonly thecolumnsof P?" . Theleavesacutally
give no informationon the labelingsof the internalnodes. To re-
solwethisissue Changassumethatthetransitionmatricescomein
a canonicaform thatallows to reconstructhemoncethe columns
areknown. For instancejf in eachrow, thelargestentryis always
the diagonalone, this canobviously be performed. This assump-
tion is a strongandunnaturalrestrictionon the modelwe wish to
learnandthereforewe seekto avoid it. The point is that relabel-
ing all internalnodesdoesnot affect the outputdistribution, and
thereforetheinternallabelingscanbe madearbitrarily (in the PAC
setting). Theissuethatarisesis thatthosearbitrarylabelingshave
to bemadeconsistentlyover all edgesharinganode.Anotherma-
jor issueis thattheleafdistributionsareknown only approximately
throughsampling.This requiresadelicateerroranalysisandmary
tricks which aredetailedin Section3. Thetwo previous problems
areactually competing.Indeed,oneway to solve the consisteng
issueis to x areferencdeaf! anddo all computationswith re-
spectto the referencdeaf, thatis choosea = ! in every spectral
decompositionHowever, thiswill necessitatéheuseof long paths
onwhichtheerrorbuilds up uncontrollably Our solutionis to par
tition the treein smallersubtreesreconstructonsistentlythe sub-
treesusingoneof theirleavesasareferenceandpatchup the sub-
treesby xing theconnectingedgesroperlyafterwards. \We refer
totheconnectingedgesassepaators. ThealgorithmFuLLRECON
thusconsistf two phasessfollows. It assumegheknowledgeof
distributionson triples of leaves. Theseareknown approximately
throughsampling. Exactly how this is doneis detailedin Section
3.

A detailedversionof the algorithm,including two subroutines,
appearsn Figure3. Thetwo subroutinesredescribechext. The
correctnessf thealgorithmusesheerroranalysisandis therefore
left for Section3.

2.2 Subtreereconstructionand patching

We needthe following notationsto describethe subroutines If
e= (u;v), letd;i(e) (resp.dz(e)) bethelengthof theshortespath
(in numberof edgesfrom u (resp.v) to aleafin L notusingedge
e. Thenthedepthof T is

= maxfmaxfdi(e);d2(e)gg:
e2T

It is easyto argue that logn (seeSection3). Also, for a
setof verticesW andedgesS, denoteN (W; S) the setof nodes
notin W thatsharean edgein EnS with a nodein W (“outside
neighbors’of W “without usingedgesn S”). LetB, bethesubset
of nodesn V atdistanceatmost fromleafa.
Subroutine LEAFRECON. The subtreereconstructionphaseis
performedby thealgorithmL EAFRECON depictedn Figure4. The
purposeof LEAFRECON is to partitionthe treeinto subtreeach
of which hasthe propertythatall its nodesareat distanceat most
from oneof its leaves (sameleaf for all nodesin the subtree),
thatwe referto asthereferencdeaf of thesubtree The correctness
of thealgorithm,provedin Section3, thusestablishetheexistence
of sucha partition. This partition senesour purposesecausat
allows 1) to reconstrucmutationmatricesin a consistentvay (in
eachsubtreeusingreferencdeaves,and?) to controlthe building
up of the error by usingshortpathsto thereferencdeaf. The ma-
trix reconstructioris performedsimultaneoushby LEAFRECON,
asthe partitionis built. At the call of LEAFRECON, we consider
thesubgraphr ° of T whereedgepreviously labeledasseparators

Figure 4: Schematicrepresentationof the executionof L EAFRECON.
The only edgesshown are separators.

have beenremored. We are given a referencdeaf a andrestrict
oursehesfurtherto the (connectedyubtreeT, of T ° consistingof

nodesat distanceat most  from a. Moving away from a, we
recover edgeby edgethe mutationmatricesin T, by Changs spec-
tral decomposition.At this point, it is crucial 1) that we usethe
transitionmatricespreviously computedto ensureconsisteng in

thelabelingof internalnodes,and?) in orderto control error, that
we chooseheleavesb andc (in the notationsof the previous sub-
section)to be at distanceat most + 1 from the edgecurrently
reconstructeqwhich is alwayspossibleby de nition of ). Note
thatthe pathsfrom the currentnodeto b andc neednotbein T,.

OnceTs, is reconstructededgeson the “outside boundary”of Ta

(edgesin T ° with exactly oneendpointin T,) areaddedto the list

of separatorseachwith a nev referenceeaf taken from the un-
explored part of the tree (at distanceat most ). The algorithm
LeAFRECON is thenrun on thosenew referencdeaves,andsoon

until the entiretreeis recovered(seeFigure4). The algorithmis

givenin Figure3. Somestepsaredetailedin Section3. We denote
estimatesvith hats,e.g.theestimateof P is B2

Subroutine SEPRECON. For its part, the algorithm SEPRECON

consistsin taking a separatoedge(w; w®% alongwith the leaf a°
from which it wasfoundandthe new referencdeafa it led to, and
computing

Iﬁwwo = (Iﬁaw) llﬁaao(lﬁwoao) l;

wherethe matricesP 2" | P’ have beencomputedn thesubtree
reconstructiorphase It will beimportantin the erroranalysisthat
the two leavesa; a° areat distanceat most ~ from w; w® respec-

tively. We thenuseBayes'ruleto computelf}WOW . SeeFigure3.

3. ERROR ANALYSIS

As pointedout in the previous section,the distribution on the
leavesis known only approximatelythroughsampling. The pur
poseof this sectionis to accountfor the error introducedby this
approximationWe arealsoled to make a numberof modi cations
to thealgorithmdescribedn theprevioussection.Thosemodi ca-
tionsaredescribedvhereneededn the courseof theanalysis.

ForW asubsebdf verticesof T, denote w thejoint distribution
onW and”w ourestimateof  obtainedby usingtheestimated
mutationmatrices.For avertex u, welet () = P[s(u) = ]. We
denoteby the all-onevector (the sizeis usually clearfrom the
contet). For ary vector , welet diag( ) bethe diagonalmatrix
with diagonal . Recallthatfor apectorx, kxks = jxij, and
for amatrix X, kXki = max; jx;j. RecallthatL stands
for the set of leaves. We assumethroughoutthat the model is



Algorithm FuLLRECON
Input: treetopology;independensamplestleaves;
Output: estimatednutationmatricesf IﬁegeZE ; estimatedchodedistributionsf *y gy 2v ;

Phase0: Initialization
— Let! beary leafin L, andinitialze the setof uncoreredleavesU := ;; Sett := Oandag = ! ;
— Initialize theseparatosetS to; ;
Phasel: SubtreeReconstruction
— WhileU 6 L,
PerformLEAFRECON(at); sett := t + 1;
Phase2: Patching Up

— LetT bethelastvaluetakenby t above;
— Fort := 1to T, performSEPRECON(a ; (Wi ; w); af) [the variablesa: ; af; w ; w? arecomputedby L EAFRECON].

Algorithm LEAFRECON
Input: treetopology;referencdeafa; uncoveredleavesU; separatosetS; independensamplesattheleaves;
Output: estimatednutationmatricesP © andestimatechodedistributions”, onedgesandverticesin subtreeassociatedo a;
SetW := fag,U := U[ fag;
WhileN (W;S)\ B, 6 ;,
— Pickary vertextr 2 N (W;S)\ B, ;
— Let(ro;r) betheedgewith endpointr in thepathfromator
— If ro = a, setP? o to betheidentity, otherwiseP 2" o is known from previous computations;
— If r isnotaleaf,

Let(r;r1) and(r; r2) betheothertwo edgesoutofr;
Find the closesteafb (resp.c) connectedor 1 (resp.rz) by apathnotusing(ro;r);
Draw GaussiarvectorU; Performthe eigevaluedecompositior(?) in its modi ed versionfrom Section3;

Build P@" outof anarbitraryorderingof the columnsrecoveredabove;
Compute = (P ) 1  andsetP2 := P2 diag( );

— Otherwisef r is aleaf:
Useestimaterom leavesfor P2 ;
SetU = U] frg;

— ComputePror ;= (Paro) 1par,

— Compute?, = ~gPar;

— ObtainP "o from Pro’ A, and”, usingBayesrule;

— SetW = W[ frg;

— If r isnotaleafandthedistancebetweera andr isexactly ,for = 1;2,
If fr;r gisnotinS, sett?:= jSj+ 1,a0:= b(if = 1,andco.w),ak = a, (Wio;wY) := (r ;r), andadd
fr;r g(asanundirectecedge)to S.

Algorithm SEPRECON
Input: leavesa; a®andseparatoedge(w; w9;

Output: estimatednutationmatrices®Ww®; pww®.
Estimate® 22 ”;
Computelﬁ""""o = (lﬂaW) llﬁaao(lﬁwoao) 1.

ObtainP"™ from Pww°, A, and”, o usingBayesrule.

Figure 3: Algorithms FULLRECON, LEAFRECON and SEPRECON




( ;n  )-nonsingularfor ; > 0constantandthatthetopol-
ogy is known. We prove thefollowing theorem.

THEOREM 5. Forall "; > 0andn large enough,our recon-
structionalgorithmproducesa Markov modelsatisfying

k™l tke "

with probability at least1
is polynomialin n; 1="; 1= .

Fromhereon, all 'saremeantto be exponentsof n (notdepend-
ing themseleson n). We usethe expressiorwith high probability
(w.h.p.)to meanwith probabilityatleastl 1=poly(n). Likewise
we sayngjligible to meanat most1=poly(n). In bothde nitions
it is implied thatpoly(n) is O(n¥ ) for a constantK thatcanbe

madeas large as onewantsif the numberof sampless O(n® O)
with K °largeenough Most proofshave beenomittedfrom this ab-
stractandcanbefoundin [23]. In all proofsgivenhere,we assume
thattheboundsprovedin previouslemmasapply eventhoughthey
actually occuronly with high probability We alsoassumein all
lemmasthatthevarious 'sfrom previouslemmashave beencho-
senlarge enoughfor the resultsnot to be vacuous.This is always
possibleif the numberof sampless taken (asymptotically)large
enough.Standardinearalgebraresultsusedthroughouthe analy-
siscanbefounde.g.in [18].

3.1 Approximate spectralargument

In this subsectionywe addresseveralissuesarisingfrom theap-
plicationof Changs spectrakechniqueto anapproximatedistribu-
tion ontheleaves. Our discussioris summarizedn Propositionl.
We usethe notationsof Section2.1.

. Therunningtime of the algorithm

PROPOSITION 1. TheestimateP® recovered from (?) using
poly(n) sampless suc that kP> P2 k; is negligible w.h.p.
Seel emma8 for a precisestatement.

Determinants on Paths. The estimationerrordependsn the de-
terminantof thetransitionmatricesnvolved. Sincewe useChangs
spectratechniquevherea! r,r! b,andr ! carepathsrather
than edges,we needa lower bound on transition matricesover
paths.Thisis wheretheuseof shortpathsis important.Multiplica-
tivity of determinantgivesimmediatelythat all determinantof
transitionmatriceson pathsof lengthO() areatleastl=poly(n).

LEMMA 1 (BOuUND ON DEPTH). Thedepthofanyfull binary
treeis boundedabovebylogn. O

LEMMA 2 (DETERMINANTSON PATHS). Leta; bbevertices
at distanceat most2 + 1 from ead other Then, underthe

( ;n  )-nonsingularityassumptionthetransitionmatrixbetween
a andbsatis esdet[P?] 1=n ¢, for someconstant 4 depend-
ingonlyon . [

Err or on Leaf Distrib utions. Thealgorithmestimatedeaf distri-
butionsthroughsampling. We needto boundthe errorintroduced
by sampling.Let a; b;c beleavesatdistanceatmost2 + 1 from
eachotherandconsiderthe eigevaluedecompositior(?). We es-
timateP 2 by takingpoly(n) samplesandcomputing

Py = N,\F: ;
|
fori; j 2 CwhereN? isthenumberof occurencesf s(a) = i and
Ni?b is the numberof occurencesf s(a) = i; s(b) = j. Likewise

for Pijab; , we usepoly(n) samplesandcomputethe estimate

whereNi?b;C is the numberof occurencef s(a) = i; s(b) =
j; s(c) = . We alsoboundthe error on the 1-leaf distributions;
this will be usedin the next subsectionWe usepoly(n) samples
to estimate 5 usingempiricalfrequenciesStandarcdtoncentration
inequalitieggivethatkP®® Bk, kP2 P | andk 4
~aki arenggligible w.h.p.

LEMMA 3 (SAMPLING ERROR). Usingn s = k3(n @y

)] . . .
n s ) samplesthe estimationerrors on the matricesP® and
P satisfy

kP™ P®hky ey KPP
forall 2 Cwith probability atleastl 1=n 3 providedthat

for = 1;2,

n ¢’ maxfen? log(8k3n 3 ): 4n? ¢'n log(8k3n 2 NeH
for all n largeenough. O

LEMMA 4 (SAMPLING ERROR AT LEAVES). We have
1.

0
e

kAa akl

n
with probabilityatleastl 1=n 5 , provided
0 2 0.5 (4)
ns 2k°(n ¢)log(kn * );
for all n largeenough. O

Separationof Exact Eigervalues. In Section2, it wasnotedthat
theeigemvaluesin (?) needto bedistinctto guarante¢hatall eigen-
spaceshave dimensionl. Thisis clearly necessaryo recover the
columnsof thetransitionmatrix P " . Whentakinginto accounthe
errorintroducedby sampling,we actuallyneedmore. From stan-
dardresultson eigervector sensitvity it follows thatwe wantthe
eigevaluesto bewell separatedA polynomially smallseparation
will be enoughfor our purposes. We accomplishthis by multi-
plying the matrix P"¢ in (?) by a randomGaussianvector One
canthink of this asaddingan extra edge(c;d) andusingleaves
a; b;d for the reconstructiongxceptthat we do not needthe tran-
sition matrix P to be stochasticandonly oneline of it sufces.
More preciselylet U be avectorwhosek entriesareindependent
Gaussiansvith mean0 andvariancel. We solve the eigevalue
problem(?) with P replacedwvith Y = P'°U. Thiscanbedone
by replacingP®® onthel.h.s. of (?) with thematrix P @Y whose
(i; j )th entryis
X

U P[s(c) =
2C

»s(b) = jjs(a) = il:

Thisis justi ed by theMarkov property A different(independent)
vectorU is usedfor every triple of leavesconsideredy the algo-
rithm. Onecancheckthatw.h.p. the entriesof Y arel=poly(n)-
separatedChang[5] actuallyusesasimilaridea.

LEMMA 5 (EIGENVALUE SEPARATION). Let beaconstant
. - 1)
sudhthat ¢ < . Then,with probabilityatleastl 1=n* no
two entriesof Y are at distancelessthan1=n provided
1 2k%%2n a
o P
n e

for all n large enough.



PrRoOOF. By Lemmaz2,jdet[P'¢]j > 1=n ¢. Takeary twolines
i; j of P'°. Thematrix, sayA, whoseentriesarethe sameasP " °
exceptthatrow i isreplacedy P¢ P © hasthesamedeterminant
asP'¢. Moreover,

. ) Qy . . Q
jdet[A]j Ko JAR (i K., kAn ki;
wherethesumis over all permutation®f f 1;:::; kg. Therefore
kPirC Pjrckl 1=n ¢:

By the Cauchy-Scharzinequality
kPirc Pjrck2 1:(p kn ¢ ):

Therefore(P¢ P/ °)U is Gaussiawith mean0 andvarianceat
mostl=(kn? ¢). A simpleboundon the normaldistribution gives
p—
. . 1 1  knd
P j(P'® PUj< — 2n——p—2_ :
ThereareO(k?) pairsof linesto which we applythe previousin-
equality Theunionboundgivestheresult. [

Error on EstimatedL.H.S. Onthel.h.g0f (?) (modi ed version),
we usethefollowing estimate®®Y = =, U P® It follows
from linear algebraidnequalitiesandthe previous boundsthatthe
erroronthel.h.s. of (?) is negligible w.h.p.

LEMMA 6 (ERRORON L.H.S.). Assumen & 2k?n o,
Thenwehave
ab;U aby 1 ab;U aby 1 1
kP2PY (PaP)y pal (pay 1k, o
provided
1 5 0 P——_ 1 1 1 1
2k°>n® ¢ 2log(n 9) + +
P n® 0P nPnd

. . ©)
for all n large enoughwith probability atleastl 1=n 3 , Whee
wemusthave

1 .k _
®  (ne log(n o)’

for all n large enough.

Separationof Estimated Eigervalues.We needto make surethat
theestimated.h.s. of (?) is diagonalizableBy boundingthe vari-
ation of the eigetrvaluesandrelying on the gapbetweerthe exact
eigevalues we canensureghattheeigervaluesremaindistinctand
thereforeP Y (B2) 1 is diagonalizable.

LEMMA 7 (SENSITIVITY OF EIGENVALUES). Undertheas-
. (3) . . . .
sumptionthatn ¢ 3k?n ¢n , B®Y (B®) 1 jsdiagonaliz-
ableandall its eigenvaluesare real and distinct. In particular, all
eigenspacesavedimensionl.

ProoF. Usingastandardormulafor theinverse we have

P = g @R D n @)

wherewe have usedthe nonsingularityassumptionand the fact
thatadj[P® ]; is thedeterminanbf a substochastimatrix. Then
k(P?) k; kn 9. A standardheoremon eigevaluesensiti-
ity [18] assertghatif ¥; is aneigevalueof P3V (P®) ! there

is an eigenvalueY; of PV (P#) ! sychthatj¥;  Yij is less
than

. . 2
kpar klk(Par) 1k1k[9ab,u (lﬁab) 1 pabu (pab) 1k1 kn n(e3)d

which is smallerthan 1=3n ). Given that the separationbe-
tweenthe entriesof Y is atleastl=n  we deducethatthereis a
uniqueY; atdistanceatmost1=(3n )from?,- (notethatj might
not be equalto i sincethe orderingmight differ in both vectors).
Thisis truefor all j 2 C. This impliesthatall 9, 's aredistinct
andthereforethey arerealandP®V (P®) ! is diagonalizablas
claimed.

Err or on Estimated Eigenvectors. From(?), werecoserk eigen-
vectorsthatarede ned upto scaling.Assumethatfor all i 2 C, ¥;

is the estimateceigervalue correspondingdo Y; (seeabove). De-
noteby X', X' their respectie eigevectors.We denoteX (resp.
X ) the matrix formedwith the X ''s (resp.X ''s) ascolumns.Say
we choosethe estimateceigevectorssuchthatkX 'k = 1. This
is not exactly what we are after becausave needthe rows to sum
to 1 (notthe columns).To x this, wethencompute = X * .
This canbedonebecause¢he columnsof X form abasis. Thenwe
dene X' = ;X' for alli with the correspondingnatrix X. Our
nal estimate®® = X is arescaledrersionof X with row sums
1. Thereis still the possibilitythatsomeentriesof X arenegative.
But this is not anissueat this point. We will make surelaterthat
(one-stepmutationmatricesare stochastic.lt canbe proven that
kX Xkj is negligible w.h.p.

LEMMA 8 (SENSITIVITY OF EIGENVECTORS). We have

KX Xk —;
n e
if
1 1, 2k3n ¢ L1
ne n o n & n’
with
1 k2 1 2k3n n% ¢
n ¢ n& k2 n ¢ n ¢ '

for all n large enough.

PROOF. Wewantto boundthenormof X' X '. We rst argue
aboutthe componentof X' X' in the directionsX,j 6 i.
We follow a standardproof that canbe foundfor instancen [16].
We needa more preciseresultthanthe one statedin the previous
referenceandsogive the completeproof here.

Becausehe X ''s form abasis,we canwrite

) ) X )
XX o= i
j2c
for somevaluesof j's.DenoteA = P2V (pa®) 1 = ¢ Y,
andE = PV (B®) 1 paY (p®) 1 Then

(A+E)X" = X"
which,usingAX ' = Y; X, implies
) ) X ) )
Y, (X! +EX" = vV XD+ X
j2c j2Cc

Forallj 2 C, letZ! betheleft eigervectorcorrespondingo X! .
It is provedin [16] that(X1)Tz!° = Oforallj 6 j° Fixh 2 C.
Multiplying bothsidesof the previousdisplayby Z" andrearrang-
ing gives

Z"MHTEXY+ @"TX'.
(Yn  Yi)(ZM)TXHh




Eigervectorsare determinedup to multiple constants. Here we
male the X' be equalto the columnsof P# andtheZ''s equal
to the columnsof (P?)T) . Recallthatthe X ''s werechosen
suchthatkX 'k; = 1. Thenusingstandardnatrix norminequali-
ties, Cauchy-Scharzinequality andLemmass, 6, and7, we get

] (Zh)T(E)ei)"' i(Zh)TX\i
Inl = N Y)(ZM)T X"
KZ " koKE kokX 1k + (K20 ¢=n € )kZ"kokX ko
1=n
h i P 2 @
n kZ"kikX'ki[ kkEky + k?n ¢=n ¢ ]
2k®n n2d 1
n ¢ n&’

wherewe haveusedtheboundkZ"k;  kn ¢ whichfollows from
(3) in Lemma7 andthe choiceof Z". Theboundonj ij comes
from the proof of Lemma7 (afterrenumberinghe component®f
¥ to matchthoseof Y ). Pluggingin theexpansionof X' gives
, X ,
1+ ijkX'ki+  jjikX'ke
j6i
Kil+ ij+ k2=n ¢

1= kX 'k,

. @ .
Assumingthatn ¢ islargeenoughwe get

2_. O
e Ko

De ning X' = X'=1+ ;) andpluggingagaininto theexpansion
of Xi, weget

. . X : . k2 1
kX' X'kq = I xi —a T;
jeilt i ne K2 one

wherewe haveusedkX ' k;  k,j 6 i.
Denotee = X therow sumsof X, the matrix formed with
the X ''s ascolumns. The scalingbetweenX andX is given by
= X ! . Indeed,becausahe columnsof X and X arethe
sameup to scaling,thereis a vector ~ suchthat X = X diag(~).
By thenormalizationof bothmatriceswe get

X =X = Xdiag(~) =X~

Becaus« isinvertible,~= . Wewantto arguethat is closeto
, thatis thatX andX" areclose.Notethat

k ki = kX ' eki kX 'kik  eki:

By thecondition, kX' X'k; 1=n € for alli andthefactthat

therow sumsof X arel, we getk ek; k2=n ¢ . To bound
kX ki, letE = X X andnotethat,usinga standardheorem
onthesensitvity of theinverse[18],

kX ki kX +E) ' X '+ X Y
kKX +E) ' X e+ k(X+E) ' X 'k
kX ki KE kg 1
kX 'ki———— =+ kX 'k
‘T KX ki KEk; '
kX kg

T KX 'k KEK:'

AswehaveseerbeforekX ki kn ¢ andbytheboundabore,

kEk: 1=n e . Assumingthatkn ¢=n e 1=2, we get
kX ki 2kX ‘ky  2kn ¢:
Therefore,
2k3n ¢
k k1 B) :
ne
This nally givesthebound
kX Xk kX Xki+ kX Xki
kXdiag( ) Xki+ —f5-
kX k]_ k k]_ + T
n e
2k3n ¢ 1
kX Xki+ kXki]—g—+ —&~
n e n e
1, 2k3n ¢ L1 1
n & n & n& ne’
[l

Thereis onelastissuewhich is that X is the sameasP® up
to permutationon the statesof r. But sincerelabelinginternal
nodesdoesnot affect the output distribution, we assumew.l.o.g.
thatP® = X . We male surein thenext subsectiorthatthis rela-
belingis performedonly oncefor eachinternalnode.

3.2 Bounding error propagation

Thecorrectnessf thealgorithmFuLL RECON proceedéromthe
following remarks.
Partition. We have to checkthat the successie applicationof
LEAFRECON coversthe entiretree, thatis that all edgesarere-
constructedFigure4 helpsin understandingvhy this is so. When
uncoveringaseparatoedge we associat¢o it anew referencdeaf
atdistanceatmost . Thiscanalwaysbedoneby de nition of
It alsoguaranteesghatthe subtreeassociatedo this new leaf will
cover theendpointof the separatooutsidethe subtreefrom which
it originated. This makesthe union of all subtreesxploredat ary
pointin theexecution(togethemith their separatorsgonnectedit
follows easilythatthe entiretreeis eventuallycovered.

LEMMA 9 (PARTITION). Thesuccessivapplicationof sub-
routineLEAFRECON covers theentire tree

PrROOF. Weneedo checkthatthealgorithmoutputsatransition
matrix for eachedgein T. DenoteT,, the subtreeexplored by
LEAFRECON appliedto a;. The key point is that for all t, the
treeT  madeof all T, fort® t aswell astheir separatorss
connectedWe argueby induction. Thisis clearfort = 0. Assume
thisis truefor t. Becausel is atree, T : is a(connectedyubtree
of T and(w:+1 ;wl, ) is anedgeon the “boundary”of T ¢, the
leafai+1 liesoutsideT ;. Moreover, beingchosenasthe closest
leaf from w?,, , it is at distanceat most . Therefore,applying
LEAFRECON to a;+1 Will cover a (connectedsubtreeincluding
w?,; . Thisprovestheclaim. O

Consistency It is straightforvard to checkthatall choicesof la-
belingsare doneconsistently This follows from the fact that for
eachnode,sayw, the arbitrary labelingis performedonly once.
Afterwardsall computationsnvolving w useonly thematrix B2%
wherea is thereferencdeaffor w.

LEMMA 10 (CONSISTENCY). Thelabelingsare madecon-
sistentlyby subioutinesL EAFRECON and SEPRECON.



Subroutines. Standardnequalitiesshav thatthe (unnormalized)
estimatesomputedn LEAFRECON andSEPRECON have ngjligi-
ble errorw.h.p.

LEMMA 11 (ERRORANALYSIS: LEAFRECON). Let a be a

@
leaf and assumehatn ¢ n ¢ =k. Thenall edges(ro;r) re-
constructedy L EAFRECON appliedto a satisfy

kp'or  pfofk, !
nw’
whee
1 n nv 2n? ]

N oo ® + '

n ne (n v n ) nv n
provided

1 2kn ¢(2k?n? ¢ + 1

© ( ) v L

n e ne

for all n large enough(after permutingthe rows and columnsof
P'o" to matd the labeling of P'°"). Asfor vertex distributions,
they satisfy

nv ne n
for all n large enough.

LEMMA 12 (ERRORANALYSIS: SEPRECON). Every edge
(w; w9 reconstructedby SEPRECON satis es

0 0 1
kP—WW PWW kl . (’3/'0 ’
provided
1 12k*n® ¢
n M0 ne ’

for all n large enough(after permutingthe rows and columnsof
0 . 0
P""" to matd thelabelingof P""").

Stochasticity It only remainsto make the estimatesof mutation
. . . . 0. .
matricesinto stochastianatrices.SayP™" " is the (unnormalized)

. 0 . . . :
estimateof P“" . First, someentriesmight be negative. De ne

P’ to bethe positive partof P"*’ Thenrenormalizeo getour
nal estimate

ww® _ (P'Xvwo)i

L KPP ke

for all i 2 C.We know from Lemmasl1and12thatP™"’ is clg)se
to P in L1 distance Fromthis, it is easyto checkthatP¥" is

alsocloseto P""’ andthatk(PX“WO)i ki is closeto 1. Therefore
kB’ pww’k, s negligible w.h.p.

LEMMA 13 (STOCHASTICITY). De ne the constant
0

90 = minf & %g. Thenthe estimateP**’ is well-de ned
andsatis es

klﬂwwo

waokl ;

)
E<

1 1+ 2k?%.

000 »
nw M

for all n large enough.

Precisionand Con dence. Now thatall matriceshave beenap-
proximatelyreconstructedit is straightforvard to checkthat the
distributions on the leaves of the estimatedand real modelsare
close. The only issueis that someof the “real” transitionproba-
bilities aresmallerthanthetoleranceof FuLLRECON andwill not
bewell approximatedrelatively) by the 1=poly(n) additive error.
Butit is easyto shaw thatthoseunlikely transitionsonly contritute
to outputsthathave avery low overall probability We shav belov
thatk”_ . ki1 is nggligible w.h.p. therebyproving Theoremns.

LEMMA 14 (PRECISION AND CONFIDENCE). Asumetheto-
polagy of thetreecanbereconstructegroperlywith probability at

™ M .
leastl 1=n * usingatmostn s samplesThenall previous
lemmashold for all edgesand all verticesand the reconstructed
modelsatis es

k™ Lk %
for all n large enoughwith probabilityatleastl 1=n P whee
1 3 1 1 1 1 1
CEEY Y A Y Y

Thiscanbedoneusinga sampleof total sizeat most
3 0 (T)
m=n°(n*+ns)+n?

PrROOF. The boundsin Sections3.1 and 3.2 musthold for all
triples of leavesusedby subroutineL EAFRECON, of which there
areat mostn® (recallthatn is the nuomberof leaves). Therefore,
we needatotalof m = n®(n = + n s) samples.The probability
thatoneof theinequalitiesfails or thatthetopologyis wrongis

s 11 .1 11 1
n o 2] ® @ ) o
no noe no no no

by theunionbound.

TheL; distanceon the leavesis boundedabove by the L1 dis-
tanceon the entiretree. Indeed,let r betheroot of T. Denote
by L = VnL theinternalvertices. For partial assignmentsf the
statess, 2 C- ands, 2 C- onleafandnon-leafverticesresp.we
denotes = (s ; s, ) thestateontheentiretree. Then

ifu(s) L(9)

s 2ClL
X

k™ Lki =

itv(s)  v(9)]

sL2Ct s 2ct
= k’\v vkli

Oneissuewe have to dealwith beforeboundingk”y vki is
that the transitionprobabilitiessmallerthan 1=n ™ are not well
approximatedrelatively). We boundthe probability associatedo
statesarising from suchsmall transitionprobabilities. Denoteby
ny the numberof vertices.Fix a thresholdl=n 2=nM . In
arealizationof the Markov model,considerthe eventthat at least
onetransitionoccurswhich hasprobability lessthanthe threshold
1=n * . Using the union bound,the probability of that event is
boundedaboreby (ny 1)(k 1)=n * becauséor eachtransition
thereisatmostk 1 possibleransitionswith probabilitylessthan
1=n " . By the sameargument,under”y the sameprobability
is lessthan(ny  1)(k 1)[1=n * + 1=n M ]. Soaslongas
n t = 1(n), theseprobabilitiesare small. Denoteby Sy, the



stateson V thatuseno transitionwith probabilityat mostl=n .
Then,forary s 2 Sy suchthat™y (s) > v(s),j v (S) v(9)j

is equalto
A (s(r)) dysy  r(s(r) Psu)s(v)
(uv )2E, (uv )2E
" #
Y uv n n t nvo 1 .
r (s(r)) Ps(u)s(v) 1+ n v + n ™ L

(uv )2E ¢

andlikewisefor "y (s) <

v(S),j™v(S) v ()] is lessthan

" #
Yopw 1 o1 1! L
r(s(r)) s(u)s(v) n v nw
(u;v )2E ¢
Provided v = ( n?n ®)andn ¥ = ( n?n ), thetwo ex-

pressionsn squarebracletsarelessthan"=4 for n large enough.

Thenk”y v ki islessthan
*v(s)  v(s)i+ irvis) w9
s2 S, SZS,
w_ g a e 2 1
=4+ "=4+ (ny 1)k 1) _— + " ;

for n largeenough.

All matricesinvolved have constantsize so the only contritu-
tions to the runningtime arethe O(n) reconstructiongnd O(n)
breath- rstsearchesTheoverall runningtimeis O(n?). O

In thespecialcaseof theHMM (“caterpillar” tree,seeFigurel),
our algorithm FuLLRECON actuallygivesa strongemesult. Here
we only needto assumeéhatdeterminant®f mutationmatricesare
atleastl=poly(n) (instead(1) ). Thereasoris thattheHMM tree
canbe partitionedinto subtree®f constansizein which all nodes
areatdistanceat mosta constanfrom areferencdeaf. The proofs
above apply without change. The only differenceis that now all
pathsare of constantiength andthereforewe canallow mutation
matricesto have 1=poly(n) determinantsTherefore|f thetopol-
ogy is known, which is often naturallythe casein applicationsof
HMMs, we canreconstructhe (approximatenutationmatricesn
polynomialtime.

4. CONCLUDING REMARKS

Marny extensionf this work desere further study

Thereremainsa gapbetweerour positive result(for general
trees)wherewerequiredeterminantg1) , andthehardness
resutof [20], which usesdeterminantgxactly 0. Is learning
possiblein the casewheredeterminantsare ( n ©) (asit is
in thecaseof HMMs)?

Thereis anothergap arising from the upperboundon the

determinantsHaving mutationmatriceswith determinantl

doesnot seemlike a majorissue.|It doesnotarisein the es-
timation of the mutationmatrices.But it is tricky to analyze
rigorouslyhow thedeterminani edgesaffectthereconstruc-
tion of thetopology Again, we have shawvn thatthisis nota

problemin thespecialcaseof HMMs (atleastif thetopology
is known).

We have emphasizedhe differencebetweerk = 2 andk

3. As it stands,our algorithmworks only for ( ;n )-
nonsingulamodelsevenwhenk = 2. It would beinterest-
ing to rederive theresultsof [7] usingour techniquepossibly
in combinatiorwith [22].
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