
Learning Nonsingular Phylog enies
and Hidden Markov Models

Elchanan Mossel
Department of Statistics

University of California, Berkeley
Berkeley, CA 94720­3860

mossel@stat.berkeley.edu
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ABSTRACT
In this paper, we study the problemof learningphylogeniesand
hiddenMarkov models.Wecall a Markov modelnonsingularif all
transitionmatriceshave determinantsboundedaway from 0 (and
1). We highlight the role of the nonsingularitycondition for the
learningproblem. LearninghiddenMarkov modelswithout the
nonsingularityconditionis at leastashardaslearningparity with
noise.On theotherhand,we give a polynomial-timealgorithmfor
learningnonsingularphylogeniesandhiddenMarkov models.

Categoriesand Subject Descriptors: F.2 [Theory of Computa-
tion]: Analysisof AlgorithmsandProblemComplexity; I.2.6 [Ar-
ti�cial Intelligence]:Learning;J.3[ComputerApplications]: Life
andMedicalSciences—Biology andgenetics.

GeneralTerms: Algorithms,Theory.

Keywords: HiddenMarkov models,evolutionarytrees,phyloge-
neticreconstruction,PAC learning.

1. INTRODUCTION
In this paper, we considertheproblemof learningphylogenies.

Formally, phylogeniesareMarkov modelson 3-regular trees. In
evolutionary biology, thesestochasticmodelsare usedto study
the evolution of charactersin relatedspecies.More precisely, the
leavesof the treecorrespondto (known) extant species.Internal
nodesrepresentunknown ancestors,the root of the treebeingthe
mostrecentancestorto all speciesin thetree.Following pathsfrom
theroot to theleaves,eachbifurcationindicatesa speciationevent
wherebytwo new speciesarecreatedfrom aparentone.Eachnode
is assignedthestateof acharacter—e.g.anucleotidef A; C; G; Tg at
a particularsite in the(aligned)genomeof thespecies.This char-
acterevolvesfrom parentsto descendantsin the treeaccordingto
transitionmatriceson the edges—e.g.transitionscanmodelmu-
tationsin the DNA sequence.Oneusuallyhasa large numberof
characters—e.g.an (aligned)sequenceof nucleotides.All char-
actersareassumedto evolve accordingto thesameMarkov model
independently—e.g. eachsite in a DNA sequenceis assumedto
mutateindependentlyfrom its neighboursaccordingto the same
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mutationmechanism(this is of coursea crudesimpli�cation, but
it hasneverthelessgiven reasonableresultsin practice).The goal
of the biologist is typically (but not only) to infer the topologyof
the tree from the charactersat the leaves. Often, onealsoneeds
to infer thepropertiesof theevolution processon theedges(a.k.a.
thetransitionmatrices)or thestatesof variouscharactersat ances-
tor (unobserved) species.The focusof this paperis the ef�cient
inferenceof thetransitionmatrices.

The reconstructionof phylogeniesis oneof themostimportant
tasksof molecularbiology. In thesystematicsandstatisticslitera-
ture,threemainapproacheshavebeenstudiedin depth:parsimony,
maximumlikelihoodanddistance-basedmethods(seee.g.[12,27]
for a detailedreview anda thoroughbibliography). Parsimony is
known to be inconsistent[15] (it may converge to the wrong tree
evenif thenumberof characterstendsto in�nity) andNP-hard[17],
althoughit is usedextensively in practicebecauseof its goodper-
formance.Maximumlikelihoodis consistent[5] but a versionof it
is known to behard[2]. In constrast,distance-basedmethodscan
be both consistentandef�cient [10] (underassumptions,seebe-
low) but their performancein practiceis somewhat unsatisfactory
(seee.g.[25]).

Many workshavealsobeendevotedto thereconstructionof phy-
logeniesin the learningsetting. In particular, in [3] the authors
obtainalmostoptimalupperandlower boundsfor learninga phy-
logenetic“star” treeon 2-statespacegiven its topology (i.e. the
underlyinggraphstructure),wherethemutationmatricesaresym-
metric. In [7], a polynomial-timealgorithmis obtainedfor general
Markov modelson2-statespaces.Theauthorsof [7] alsomake the
claim thattheir techniqueextendsto thegeneralk-statemodel,but
thenrestrictthemselvesto k = 2.

Theframework of Markov modelson treeshave severalspecial
casesthat areof independentinterest.The caseof Productdistri-
butionsis discussedin [3]. Thecaseof mixture of productdistri-
butionsis discussedin [14]. Arguably, themostinterestingcaseis
that of learninghiddenMarkov models(HMMs). HMMs play a
crucial role in many areasfrom speechrecognitionto biology, see
e.g.[24, 8].

In [1] it is shown that �nding the “optimal” HMM for an arbi-
trary distribution is hardunlessRP = N P. Seealso[21] where
hardnessof approximationresultsareobtainedfor problemssuch
ascomparingtwo hiddenMarkov models.Mostrelevantto ourset-
ting is theconjecturemadein [20] thatlearningparitywith noiseis
hard.It is easyto seethattheproblemof learningparitywith noise
maybeencodedaslearninganHMM over 4 states,seesubsection
1.3.

Thereis an interestingdiscrepancy betweenthe two viewpoints
taken in works concerninglearningphylogeniesand works con-



cerninglearninghiddenMarkov models.Theresultsin phylogeny
aremostlypositive– they givepolynomial-timealgorithmsfor learn-
ing. On theotherhand,the resultsconcerningHMMs aremostly
negative.

Thispapertriesto resolvethediscrepancy betweenthetwo points
of view by pointingto thesourceof hardnessin thelearningprob-
lem. Roughlyspeaking,we claim that the sourceof hardnessfor
learningphylogeniesandhiddenMarkov modelsaretranstionma-
trices P suchthat det P is 0 but rankP > 1. Note that in the
casek = 2 thereareno suchmatricesandindeedthe problemis
not hard[7]. We notefurthermorethat, indeed,in theproblemof
learningpartiy with noiseall of thedeterminantsare0 andall the
ranksaregreaterthan1.

The main technicalcontribution of this paperis to show that
the learningproblemis feasibleonceall the matriceshave 1 �
1=poly(n) > j det P j > � for some� > 0. We thus present
a properPAC learningalgorithm for this case. We believe that
the the requirementthat j det P j < 1 � poly(n) is an artifact
of our proofs. Indeed,in the caseof hiddenMarkov modelswe
prove that the model can be learnedunderthe weaker condition
that j det P j > 1=poly(n). Assumingthat learningparity with
noiseis indeedhard,this is anoptimalresult,seesubsection1.3

Thelearningalgorithmswe presentarebasedon a combination
of techniquesfrom phylogeny, statistics,combinatoricsandprob-
ability. We believe that thesealgorithmsmay bealsoextendedto
caseswherej det P j is closeto 1 andfuthermoreto caseswhereif
j det P j is small,thenthematrixP is closeto arank1 matrix,thus
recoveringtheresultsof [3, 7].

Interestingly, to prove our resultwe useandextendseveralpre-
vious results from combinatorialphylogeny and statistics. The
topologyof thetreeis learnedvia variantsof combinatorialresults
provedin phylogeny [10]. Thus,themaintechnicalchallengeis to
learnthemutationmatricesalongtheedges.For thiswefollow and
extendtheapproachdevelopedin statisticsby Chang[5]. Chang's
resultsallow the recovery of the mutationmatricesfrom in�nite
numberof samples.The reconstructionof the mutationmatrices
from a polynomial numberof samplesrequiresa delicateerror
analysisalongwith variouscombinatorialandalgorithmicideas.

Thealgorithmis sketchedin Section2 andtheerroranalysisis
performedin Section3.

1.1 De�nitions and results
WeletT 3(n) denotethesetof all treesonn labeledleaveswhere

all internaldegreesareexactly3. Notethatif T = (V; E) 2 T 3(n)
thenjVj = 2n � 2 We will sometimesomit n from thenotation.
Below we will alwaysassumethattheleaf setis labeledby theset
[n]. We alsodenotetheleaf setby L . Two treesT1 ; T2 areconsid-
eredidenticalif thereis a graphisomorphismbetweenthemthatis
the identity mapon the setof leaves[n]. We de�ne a caterpillar
to bea treeonn nodeswith thefollowing property:thesubtreein-
ducedby theinternalnodesis a path(andall internalverticeshave
degreeat least3). SeeFigure1 for an example. We let TC 3(n)
denotethesetof all caterpillarsonn labeledleaves.

In a Markov modelT on a (undirected)treeT = (V; E) rooted
at r , eachvertex iteratively choosesits stategiven the oneof its
parentby anapplicationof a Markov transitionrule. Considerthe
orientationof E whereall edgesaredirectedaway from the root.
We notethis setof directededgesEr . Thentheprobabilitydistri-
butionon thetreeis theprobabilitydistributionon CV givenby

� T (s) = � T
r (s(r ))

Y

( u;v ) 2E r

P uv
s( u ) s( v ) ; (1)

wheres 2 CV , C is a �nite statespace,P uv is thetransitionmatrix

for edge(u; v) 2 Er and � T
r is the distribution at the root. We

let k = jCj. We write � T
W for themarginalsof � T on thesetW .

Sincethe setof leaves is labeledby [n], the marginal � T
[n ] is the

marginalon thesetof leaves.Wewill oftenremove thesuperscript
T . Furthermore,for two verticesu; v 2 V we let P uv

ij = P[s(v) =
j j s(u) = i ]. We will bemostlyinterestedin nonsingularMarkov
models.

DEFINITION 1. We say that a Markov modelon a tree T =
(V; E) is nonsingular((� ; � 0; � )-nonsingular)if

I. For all e 2 Er it holdsthat 1 > j det P e j > 0 (1 � � 0 >
j det P e j > � ) and

II. For all v 2 V it holdsthat � v (i ) > 0 (� v (i ) > � ) for all i in
C.

We will call themodelnonsingular((� ; � )-nonsingular)at 0 if in-
steadof I. wehavetheweaker conditionj det P e j > 0 (j det P e j >
� ).

It is well known that if the model is nonsingular, then for each
w 2 V, onecanwrite

� T (s) = � T
v (s(w))

Y

( u;v ) 2E w

P uv
s( u ) s( v ) : (2)

(wherenow all edges(u; v) areorientedaway from w). In other
words, the treemay be rootedarbitrarily. Indeed,in the learning
algorithmsdiscussedbelow, we will root the treearbitrarily. We
will actuallyreferto E asthesetof directededgesformedby taking
thetwo orientationsof all (undirected)edgesin thetree. It is easy
to show that(� ; � )-nonsingularityasstatedabovealsoimpliesthat
propertyI. holdsfor all (u; v) 2 E with appropriatevaluesof � ; � .

Notemoreover, thatif j det P uv j > 0 for all edges(u; v) andfor
all v 2 V thedistribution of s(v) is supportedon at mostjCj � 1
elementsthenonecanrede�nethemodelby allowing only jCj � 1
valuesof s(v) ateachnodeanddeletingthecorrespondingrow and
columnsfrom thetransitionmatricesP e . ThusconditionII. is very
naturalgivenconditionI.

GivenacollectionM of mutationmatricesP , welet T 3(n) 
 M
denoteall phylogenetictreesof the form (1) whereT 2 T 3 and
P e 2 M for all e. We similarly de�ne TC 3 
 M .

We usethe PAC learningframework introducedby [30], in its
variantproposedby [20]. Let " > 0 denoteanapproximationpa-
rameter, � > 0, a con�denceparameter, M , a collectionof matri-
cesandT , a collectionof trees.Then,we saythatanalgorithmA
PAC-learnsT 
 M if for all T 2 T 
 M , given accessto sam-
plesfrom themeasure� T

[n ] , A outputsa phylogenetictreeT 0 such

that the total variation distancebetween� T
[n ] and � T 0

[n ] is smaller
than" with probabilityat least1 � � andtherunningtime of A is
poly(n; 1=� ; 1=").

In ourmainresultwe prove thefollowing.

THEOREM 1. For every constant� ; � � ; � � > 0 and every �-
nite setC, thecollectionof (� ; n � � � ; n � � � )-nonsingularMarkov
phylogeneticmodelsis PAC-learnable. Moreformally, let Cbea �-
niteset,� ; � � ; � � > 0 andM denotethecollectionof all jCj � jCj
transition matricesP where 1 � n � � � > j det P j > � . Then
there existsa PAC-learningalgorithmfor T 3 
 M whoserunning
timeis poly(n; k; 1="; 1=� ), providedthenodedistributionssatisfy
� v (i ) > n � � � for all v in V andi in C. If thetopology is known,
wecanrelaxtheassumptionondeterminantsto 1 � j det P j > � .

For hiddenMarkov modelswe canprove more.



THEOREM 2. Let� d ; � 0
d ; � � > 0 beconstants.LetCbea �nite

setandM denotethecollectionof jCj � jCj transitionmatricesP
where 1 � n � � 0

d > j det P j > n � � d . Thenthere existsa PAC-
learningalgorithmfor TC 3 
 M , providedthenodedistributions
satisfy� v (i ) > n � � � for all v in V and i in C. If the topology
is known,we can relax the assumptionon determinantsto 1 �
j det P j > n � � d . Therunningtimeandsamplecomplexity of the
algortihmis poly(n; k; 1="; 1=� ).

Note however that, contrary to the phylogeneticsetting, the as-
sumptionsin the previous theoremarenever met in typical appli-
cationsof HMMs. The hardnessresult below is probablymore
relevant in thatcase.

1.2 Inferring the topology
Welet thetopologyof T denotetheunderlyingtreeT = (V; E).

Thetaskathandcanbedividedinto two naturalsubproblems.First,
thetopologyof T needsto berecoveredwith highprobability. Sec-
ond, the transitionmatriceshave to be estimated.Reconstructing
the topologyhasbeena major taskin phylogeny. It follows from
[10, 11] that the topologycanbe recoveredwith high probability
usinga polynomialnumberof samples.Here is one formulation
from [22].

THEOREM 3. Let� ; � � > 0 andsupposethatM consistsof all
matricesP satisfying� < j det P j < 1 � n � � � . For all � T > 0,
the topology of T 2 T 3 
 M can be learnedin polynomialtime
using� T nO (1 =� )+ � � sampleswith probability 1 � n2� � T .

We will alsoneeda strongerresultthatappliesonly for hidden
Markov models.This resultessentiallyfollows from [10, 11].

THEOREM 4. Let � ; � > 0 andsupposethat M consistsof all
matricesP satisfyingn � � < j det P j < 1 � n � � . Thenfor all
� > 0, andall T 2 TC 3 
 M onecanrecover fromnO ( � + � + � )

samplesthetopology T with probability1 � n2� � .

1.3 Hardnessof learning singular models
We now brie�y explain why hardnessof learning“parity with

noise”impliesthatlearningsingularhiddenMarkov modelsishard.
Kearns'work [19] on the statisticalquerymodel leadsto the fol-
lowing conjecture.

CONJECTURE 1 (NOISY PARITY ASSUMPTION [19] ). There
is a 0 < � < 1=2 such thatthereis noef�cient algorithmfor learn-
ing parity underuniform distribution in the PAC framework with
classi�cationnoise� .

In [20], this is usedto show that learningprobabilistic�nite au-
tomatawith an evaluatoris hard. It is easyto seethat the same
constructionworks with the probabilistic�nite automatareplaced
by anequivalenthiddenMarkov model(HMM) with 4 states(this
is a specialcaseof our evolutionarytreemodelwhenthe treeis a
caterpillar).Theproof,which is brie�y sketchedin Figure1, is left
to thereader. We remarkthatall matricesin theconstructionhave
determinant0 andrank2. Notemoreover thatfrom astandardcou-
pling argumentit follows that if for all edges(u; v) we replacethe
matrix P uv by thematrix (1 � n � � )P uv + n � � I , thenthemodel
givenin Figure1 andits variantinducesundistinguishabledistribu-
tionsonk samplesif k � o(n � � 1). This shows thatassumingthat
learningparitywith noiseis hard,Theorem2 is tight up to thecon-
stantin the power of n (andthe upperboundon the determinant,
which we think canbe avoided). Strictly speaking,this hardness
result only gives evidencethat 0 determinantsare an obstacleto
learningMarkov modelsontrees.Otherfactorscouldcontributeto
thehardnessof learningparitywith noise.

( x 1 ; 0)

� � �

(0 ; S n � N )( x 3 ; S 3 )

( x 2 ; 0) ( x n ; 0)

( x n ; S n )

( x 3 ; 0)

( x 2 ; S 2 )

Figure 1: Hidden Mark ov model for noisy parity. The model com-
putes N �

L
i 2 T x i , where the x i ' s are uniform over f 0; 1g, T is a

subsetof f 1; : : : ; ng, and N is a small random noise. The Si ' s are the
partial sumsover variables included in T . The observed nodesare in
light gray. In the hardnessproof, the passagefr om learning a distri-
bution (HMM) to learning a function (parity) requiresthe notion of an
evaluator, i.e. the possibility of computing ef�ciently the probability of
a particular state.Here this canbedoneby dynamic programming.

a

c

P cr

P r b P r c

b

P ar
P r a

P br

r

Figure2: Star tr eewith thr eeleaves.

2. OVERVIEW OF THE ALGORITHM

2.1 Chang's spectral technique
Oneof themainingredientsof thealgorithmis a niceresultdue

to Chang[5] thatwe rederive herefor completeness.Let T bea4-
node(star)treewith a root r and3 leavesa; b;c (seeFigure2). Let
P uv bethetransitionmatrix betweenverticesu andv, i.e. P uv

ij =
P[s(v) = j j s(u) = i ] for all i; j 2 C. Fix 
 2 C. Thenby the
Markov property, for all i; j 2 C,

P[s(c) = 
 ; s(b) = j j s(a) = i ] =
X

h 2S

P ar
ih P r c

h
 P r b
hj ;

or in matrix form P ab;
 = P ar diag(P r c
� 
 ) P r b, wherethematrix

P ab;
 is de�ned by

P ab;

ij = P[s(c) = 
 ; s(b) = j j s(a) = i ];

for all i; j 2 C. Then,noting that (P ab ) � 1 = (P r b) � 1(P ar ) � 1 ,
we have

P ab;
 (P ab ) � 1 = P ar diag(P r c
� 
 ) (P ar ) � 1 ; (?)

assumingthe transitionmatricesareinvertible. Equation(?) is an
eigenvaluedecompositionwherethel.h.s. involvesonly thedistri-
bution at theleaves.Therefore,giventhedistributionat theleaves,
we canrecover from (?) the columnsof P ar (up to scaling)pro-
vided the eigenvaluesaredistinct. Note that the above reasoning
applieswhenthe edges(r ; a); (r ; b); (r ; c) arereplacedby paths.
Therefore,looselyspeaking,in orderto recover an edge(w; w0),
onecanuse(?) on starsubtreeswith w andw0 asrootsto obtain
P aw andP aw 0

, andthencomputeP w w 0
= (P aw ) � 1P aw 0

. In [5],
underfurtherassumptionson thestructureof the transitionmatri-
ces, the above schemeis usedto prove the identi�ability of the
full model,that is that theoutputdistributionson triplesof leaves
uniquelydeterminethetransitionmatrices.In this paper, we show



thatthetransitionmatricescanactuallybeapproximatelyrecovered
using(?) with a polynomialnumberof samples.

Therearemany challengesin extendingChang's identi�ability
result to our ef�cient reconstructionclaim. First, asnotedabove,
equation(?) uncoversonly thecolumnsof P ar . Theleavesacutally
give no informationon the labelingsof the internalnodes.To re-
solvethisissue,Changassumesthatthetransitionmatricescomein
a canonicalform thatallows to reconstructthemoncethecolumns
areknown. For instance,if in eachrow, thelargestentry is always
the diagonalone,this canobviously be performed.This assump-
tion is a strongandunnaturalrestrictionon themodelwe wish to
learnandthereforewe seekto avoid it. The point is that relabel-
ing all internalnodesdoesnot affect the outputdistribution, and
thereforetheinternallabelingscanbemadearbitrarily (in thePAC
setting).Theissuethatarisesis that thosearbitrarylabelingshave
to bemadeconsistentlyoverall edgessharinganode.Anotherma-
jor issueis thattheleafdistributionsareknown only approximately
throughsampling.This requiresadelicateerroranalysisandmany
tricks which aredetailedin Section3. Thetwo previousproblems
areactuallycompeting.Indeed,oneway to solve theconsistency
issueis to �x a referenceleaf ! anddo all computationswith re-
spectto the referenceleaf, that is choosea = ! in every spectral
decomposition.However, thiswill necessitatetheuseof longpaths
on which theerrorbuildsup uncontrollably. Oursolutionis to par-
tition thetreein smallersubtrees,reconstructconsistentlythesub-
treesusingoneof their leavesasa reference,andpatchup thesub-
treesby �xing theconnectingedgesproperlyafterwards.We refer
to theconnectingedgesasseparators. ThealgorithmFULLRECON

thusconsistsof two phasesasfollows. It assumestheknowledgeof
distributionson triplesof leaves. Theseareknown approximately
throughsampling.Exactlyhow this is doneis detailedin Section
3.

A detailedversionof the algorithm,including two subroutines,
appearsin Figure3. Thetwo subroutinesaredescribednext. The
correctnessof thealgorithmusestheerroranalysisandis therefore
left for Section3.

2.2 Subtreereconstructionand patching
We needthe following notationsto describethesubroutines.If

e = (u; v), let d1(e) (resp.d2(e)) bethelengthof theshortestpath
(in numberof edges)from u (resp.v) to a leaf in L not usingedge
e. Thenthedepthof T is

� = max
e2T

f maxf d1(e); d2(e)gg:

It is easyto argue that � � log n (seeSection3). Also, for a
setof verticesW andedgesS, denoteN (W ; S) thesetof nodes
not in W that sharean edgein EnS with a nodein W (“outside
neighbors”of W “without usingedgesin S”). LetB�

a bethesubset
of nodesin V at distanceat most� from leafa.
Subroutine L EAFRECON. The subtreereconstructionphaseis
performedby thealgorithmLEAFRECON depictedin Figure4. The
purposeof LEAFRECON is to partition the treeinto subtreeseach
of which hasthepropertythatall its nodesareat distanceat most
� from oneof its leaves(sameleaf for all nodesin the subtree),
thatwereferto asthereferenceleafof thesubtree.Thecorrectness
of thealgorithm,provedin Section3, thusestablishestheexistence
of sucha partition. This partition servesour purposesbecauseit
allows 1) to reconstructmutationmatricesin a consistentway (in
eachsubtree)usingreferenceleaves,and2) to controlthebuilding
up of theerrorby usingshortpathsto thereferenceleaf. Thema-
trix reconstructionis performedsimultaneouslyby LEAFRECON,
asthe partition is built. At the call of LEAFRECON, we consider
thesubgraphT 0 of T whereedgespreviously labeledasseparators

a5a3

a1
Ta1

Ta2

Ta4

Ta6

Ta5Ta0

a2

a0

a6

a4

Ta 3

Figure 4: Schematicrepresentationof the executionof L EAFRECON.
The only edgesshown are separators.

have beenremoved. We aregiven a referenceleaf a andrestrict
ourselvesfurtherto the(connected)subtreeTa of T 0 consistingof
nodesat distanceat most � from a. Moving away from a, we
recoveredgeby edgethemutationmatricesin Ta by Chang'sspec-
tral decomposition.At this point, it is crucial 1) that we usethe
transitionmatricespreviously computedto ensureconsistency in
thelabelingof internalnodes,and2) in orderto controlerror, that
we choosetheleavesb andc (in thenotationsof theprevioussub-
section)to be at distanceat most � + 1 from the edgecurrently
reconstructed(which is alwayspossibleby de�nition of � ). Note
that thepathsfrom thecurrentnodeto b andc neednot be in Ta .
OnceTa is reconstructed,edgeson the “outsideboundary”of Ta

(edgesin T 0 with exactly oneendpointin Ta ) areaddedto thelist
of separators,eachwith a new referenceleaf taken from the un-
exploredpart of the tree(at distanceat most � ). The algorithm
LEAFRECON is thenrun on thosenew referenceleaves,andsoon
until the entiretreeis recovered(seeFigure4). The algorithmis
givenin Figure3. Somestepsaredetailedin Section3. Wedenote
estimateswith hats,e.g.theestimateof P ar is P̂ ar .
Subroutine SEPRECON. For its part, the algorithm SEPRECON

consistsin taking a separatoredge(w; w0) alongwith the leaf a0

from which it wasfoundandthenew referenceleaf a it led to, and
computing

P̂ w w 0
:= (P̂ aw ) � 1P̂ aa 0

(P̂ w 0a0
) � 1 ;

wherethematricesP̂ aw , P̂ w 0a0
havebeencomputedin thesubtree

reconstructionphase.It will beimportantin theerroranalysisthat
the two leavesa; a0 areat distanceat most� from w; w0 respec-
tively. We thenuseBayes'rule to computeP̂ w 0w . SeeFigure3.

3. ERROR ANALYSIS
As pointedout in the previous section,the distribution on the

leaves is known only approximatelythroughsampling. The pur-
poseof this sectionis to accountfor the error introducedby this
approximation.Wearealsoled to make a numberof modi�cations
to thealgorithmdescribedin theprevioussection.Thosemodi�ca-
tionsaredescribedwhereneededin thecourseof theanalysis.

For W asubsetof verticesof T , denote� W thejoint distribution
onW and�̂ W ourestimateof � W obtainedby usingtheestimated
mutationmatrices.For avertex u, we let � u (�) = P[s(u) = �]. We
denoteby

�

the all-onevector (the size is usuallyclear from the
context). For any vector� , we let diag(� ) be thediagonalmatrix
with diagonal� . Recallthat for a vectorx, kxk1 =

P
i jx i j, and

for a matrix X , kX k1 = maxj
P

i jx ij j. Recall that L stands
for the set of leaves. We assumethroughoutthat the model is



Algorithm FULLRECON
Input: treetopology;independentsamplesat leaves;
Output: estimatedmutationmatricesf P̂ ege2E ; estimatednodedistributionsf �̂ u gu 2V ;

� Phase0: Initialization

– Let ! beany leaf in L , andinitialze thesetof uncoveredleavesU := ; ; Sett := 0 anda0 := ! ;

– Initialize theseparatorsetS to ; ;

� Phase1: SubtreeReconstruction

– While U 6= L ,

� PerformLEAFRECON(at ); sett := t + 1;

� Phase2: Patching Up

– Let T bethelastvaluetakenby t above;

– For t := 1 to T , performSEPRECON(at ; (wt ; w0
t ); a0

t ) [thevariablesat ; a0
t ; wt ; w0

t arecomputedby LEAFRECON].

Algorithm LEAFRECON
Input: treetopology;referenceleafa; uncoveredleavesU; separatorsetS; independentsamplesat theleaves;
Output: estimatedmutationmatricesP̂ e andestimatednodedistributions�̂ u onedgesandverticesin subtreeassociatedto a;

� SetW := f ag, U := U [ f ag;

� While N (W ; S) \ B �
a 6= ; ,

– Pick any vertext r 2 N (W ; S) \ B �
a ;

– Let (r 0 ; r ) betheedgewith endpointr in thepathfrom a to r

– If r 0 = a, setP̂ ar 0 to betheidentity, otherwiseP̂ ar 0 is known from previouscomputations;

– If r is not a leaf,

� Let (r ; r 1 ) and(r ; r 2) betheothertwo edgesout of r ;
� Find theclosestleafb (resp.c) connectedto r 1 (resp.r 2 ) by apathnotusing(r 0 ; r );
� Draw GaussianvectorU; Performtheeigenvaluedecomposition(?) in its modi�ed versionfrom Section3;

� Build ~P ar out of anarbitraryorderingof thecolumnsrecoveredabove;

� Compute� = ( ~P ar ) � 1 � , andsetP̂ ar := ~P ar diag(� );

– Otherwiseif r is a leaf:

� Useestimatefrom leavesfor P̂ ar ;
� SetU := U [ f r g;

– ComputeP̂ r 0 r := (P̂ ar 0 ) � 1 P̂ ar ;

– Computê� r = �̂ a P̂ ar ;

– ObtainP̂ r r 0 from P̂ r 0 r , �̂ r and�̂ r 0 usingBayesrule;

– SetW := W [ f r g;

– If r is not a leafandthedistancebetweena andr is exactly � , for � = 1; 2,

� If f r ; r � g is not in S, sett0 := jS j + 1, at 0 := b (if � = 1, andc o.w.), a0
t 0 := a, (wt 0; w0

t 0) := (r � ; r ), andadd
f r ; r � g (asanundirectededge)to S.

Algorithm SEPRECON
Input: leavesa; a0 andseparatoredge(w; w0);
Output: estimatedmutationmatricesP̂ w w 0

; P̂ w w 0
;

� EstimateP̂ aa 0
;

� ComputeP̂ w w 0
:= (P̂ aw ) � 1 P̂ aa 0

(P̂ w 0a0
) � 1 ;

� ObtainP̂ w 0w from P̂ w w 0
, �̂ w and�̂ w 0 usingBayesrule.

Figure3: Algorithms FUL L RECON, L EAFRECON and SEPRECON



(� ; n � � � )-nonsingular, for � ; � � > 0 constant,andthatthetopol-
ogy is known. Weprove thefollowing theorem.

THEOREM 5. For all "; � > 0 andn large enough,our recon-
structionalgorithmproducesa Markov modelsatisfying

k�̂ L � � L k1 � ";

with probability at least1 � � . Therunningtimeof thealgorithm
is polynomialin n; 1="; 1=� .

Fromhereon,all � 's aremeantto beexponentsof n (not depend-
ing themselveson n). We usetheexpressionwith high probability
(w.h.p.) to meanwith probabilityat least1 � 1=poly(n). Likewise
we saynegligible to meanat most1=poly(n). In bothde�nitions
it is implied that poly(n) is O(nK ) for a constantK that canbe
madeas large asonewantsif the numberof samplesis O(nK 0

)
with K 0 largeenough.Mostproofshavebeenomittedfrom thisab-
stractandcanbefoundin [23]. In all proofsgivenhere,weassume
thattheboundsprovedin previouslemmasapply, eventhoughthey
actuallyoccuronly with high probability. We alsoassumein all
lemmasthatthevarious� 's from previouslemmashave beencho-
senlargeenoughfor theresultsnot to bevacuous.This is always
possibleif the numberof samplesis taken (asymptotically)large
enough.Standardlinearalgebraresultsusedthroughouttheanaly-
siscanbefounde.g.in [18].

3.1 Approximate spectralargument
In thissubsection,we addressseveralissuesarisingfrom theap-

plicationof Chang's spectraltechniqueto anapproximatedistribu-
tion on theleaves.Our discussionis summarizedin Proposition1.
We usethenotationsof Section2.1.

PROPOSITION 1. The estimateP̂ ar recovered from (?) using
poly(n) samplesis such that kP̂ ar � P ar k1 is negligible w.h.p.
SeeLemma8 for a precisestatement.

Determinants on Paths. Theestimationerrordependson thede-
terminantof thetransitionmatricesinvolved.SinceweuseChang's
spectraltechniquewherea ! r , r ! b, andr ! c arepathsrather
than edges,we needa lower bound on transition matricesover
paths.This is wheretheuseof shortpathsis important.Multiplica-
tivity of determinantsgives immediatelythat all determinantsof
transitionmatricesonpathsof lengthO(�) areat least1=poly(n).

LEMMA 1 (BOUND ON DEPTH). Thedepthofanyfull binary
treeis boundedaboveby log n.

LEMMA 2 (DETERMINANTS ON PATHS). Leta; bbevertices
at distanceat most 2� + 1 from each other. Then, under the
(� ; n � � � )-nonsingularityassumption,thetransitionmatrixbetween
a andbsatis�esdet[P ab ] � 1=n� d , for someconstant� d depend-
ing only on � .

Err or on Leaf Distrib utions. Thealgorithmestimatesleaf distri-
butionsthroughsampling.We needto boundtheerror introduced
by sampling.Let a; b;c beleavesat distanceat most2� + 1 from
eachotherandconsidertheeigenvaluedecomposition(?). We es-
timateP ab by takingpoly(n) samplesandcomputing

P̂ ab
ij =

N a;b
i;j

N a
i

;

for i; j 2 CwhereN a
i is thenumberof occurencesof s(a) = i and

N a;b
i;j is thenumberof occurencesof s(a) = i; s(b) = j . Likewise

for P ab;

ij , we usepoly(n) samplesandcomputetheestimate

P̂ ab;

ij =

N a;b;c
i;j;


N a
i

;

whereN a;b;c
i;j;
 is the numberof occurencesof s(a) = i; s(b) =

j; s(c) = 
 . We alsoboundthe error on the 1-leaf distributions;
this will beusedin thenext subsection.We usepoly(n) samples
to estimate� a usingempiricalfrequencies.Standardconcentration
inequalitiesgivethatkP ab � P̂ ab k1 , kP ab;
 � P̂ ab;
 k1 , andk� a �
�̂ a k1 arenegligible w.h.p.

LEMMA 3 (SAMPLING ERROR). Using n � s = k3(n � (1)
s +

n � (2)
s ) samples,the estimationerrors on the matricesP ab and

P ab;
 satisfy

kP̂ ab � P ab k1 � k

n �
(1)
e

; kP̂ ab;
 � P ab;
 k1 � k

n �
(2)
e

;

for all 
 2 C with probability at least1 � 1=n� (2)
p providedthat

for � = 1; 2,

n � ( � )
s � maxf 8n2� � log(8k3n � (2)

p ); 4n2� ( � )
e n � � log(8k3n � (2)

p )g;

for all n large enough.

LEMMA 4 (SAMPLING ERROR AT LEAVES). We have

k�̂ a � � a k1 �
1

n � 0
e

;

with probabilityat least1 � 1=n� (4)
p , provided

n � 0
s � 2k2 (n � 0

e )2 log(kn � (4)
p );

for all n large enough.

Separationof Exact Eigenvalues. In Section2, it wasnotedthat
theeigenvaluesin (?) needto bedistinctto guaranteethatall eigen-
spaceshave dimension1. This is clearly necessaryto recover the
columnsof thetransitionmatrixP ar . Whentakinginto accountthe
error introducedby sampling,we actuallyneedmore. Fromstan-
dardresultson eigenvectorsensitivity it follows that we want the
eigenvaluesto bewell separated.A polynomiallysmallseparation
will be enoughfor our purposes.We accomplishthis by multi-
plying the matrix P r c in (?) by a randomGaussianvector. One
can think of this asaddingan extra edge(c;d) andusing leaves
a; b;d for the reconstruction,exceptthatwe do not needthe tran-
sition matrix P cd to bestochasticandonly oneline of it suf�ces.
More precisely, let U bea vectorwhosek entriesareindependent
Gaussianswith mean0 andvariance1. We solve the eigenvalue
problem(?) with P r c

� 
 replacedwith Y = P r cU. This canbedone
by replacingP ab;
 onthel.h.s.of (?) with thematrixP ab;U whose
(i; j )th entryis

X


 2C

U
 P[s(c) = 
 ; s(b) = j j s(a) = i ]:

This is justi�ed by theMarkov property. A different(independent)
vectorU is usedfor every triple of leavesconsideredby thealgo-
rithm. Onecancheckthatw.h.p. theentriesof Y are1=poly(n)-
separated.Chang[5] actuallyusesa similar idea.

LEMMA 5 (EIGENVALUE SEPARATION). Let� � bea constant

such that � d < � � . Then,with probability at least1 � 1=n� (1)
p no

two entriesof Y are at distancelessthan1=n� � provided

1

n � (1)
p

�
2k5=2n � d

p
2� n � �

;

for all n large enough.



PROOF. By Lemma2, j det[P r c ]j > 1=n� d . Takeany two lines
i; j of P r c. Thematrix, sayA, whoseentriesarethesameasP r c

exceptthatrow i is replacedbyP r c
i � � P r c

j � hasthesamedeterminant
asP r c. Moreover,

j det[A]j �
P

�

Q k
h =1 jAh� ( h ) j �

Q k
h =1 kAh � k1 ;

wherethesumis over all permutationsof f 1; : : : ; kg. Therefore

kP r c
i � � P r c

j � k1 � 1=n� d :

By theCauchy-Schwarzinequality,

kP r c
i � � P r c

j � k2 � 1=(
p

kn � d ):

Therefore,(P r c
i � � P r c

j � )U is Gaussianwith mean0 andvarianceat
most1=(kn2� d ). A simpleboundon thenormaldistributiongives

P
�
j(P r c

i � � P r c
j � )Uj <

1
n � �

�
� 2

1
n � �

p
kn � d

p
2�

:

ThereareO(k2) pairsof linesto which we apply theprevious in-
equality. Theunionboundgivestheresult.

Err or on EstimatedL.H.S. Onthel.h.s.of (?) (modi�ed version),
weusethefollowing estimateP̂ ab;U =

P

 2C U
 P̂ ab;
 . It follows

from linearalgebraicinequalitiesandthepreviousboundsthat the
erroron thel.h.s.of (?) is negligible w.h.p.

LEMMA 6 (ERROR ON L.H.S.). Assumen � (1)
e � 2k2n � d .

Thenwehave

kP̂ ab;U (P̂ ab ) � 1 � P ab;U (P ab ) � 1k1 �
1

n � (3)
e

provided

1

n � (3)
e

� 2k5n2� d
p

2 log(n � g )
�

1

n � (1)
e

+
1

n � (2)
e

+
1

n � (1)
e

1

n � (2)
e

�

for all n largeenough,with probabilityat least1� 1=n� (3)
p , where

wemusthave

1

n � (3)
p

�
k

(n � g
p

� log(n � g ))
;

for all n large enough.

Separationof EstimatedEigenvalues.Weneedto make surethat
theestimatedl.h.s. of (?) is diagonalizable.By boundingthevari-
ation of theeigenvaluesandrelying on thegapbetweentheexact
eigenvalues,wecanensurethattheeigenvaluesremaindistinctand
thereforeP̂ ab;U (P̂ ab ) � 1 is diagonalizable.

LEMMA 7 (SENSITIVITY OF EIGENVALUES). Undertheas-

sumptionthat n � (3)
e � 3k2n � d n � � , P̂ ab;U (P̂ ab ) � 1 is diagonaliz-

ableandall its eigenvaluesare real anddistinct. In particular, all
eigenspaceshavedimension1.

PROOF. Usinga standardformulafor theinverse,we have

j(P ar ) � 1
ij j =

1
j det[P ar ]j

j(adj [P ar ]) ij j � n � d ; (3)

wherewe have usedthe nonsingularityassumption,and the fact
thatadj[P ar ]ij is thedeterminantof a substochasticmatrix. Then
k(P ar ) � 1k1 � kn � d . A standardtheoremon eigenvaluesensitiv-
ity [18] assertsthat if Ŷj is aneigenvalueof P̂ ab;U (P̂ ab ) � 1 , there
is an eigenvalueYi of P ab;U (P ab ) � 1 suchthat jŶj � Yi j is less
than

kP ar k1k(P ar ) � 1k1kP̂ ab;U (P̂ ab ) � 1 � P ab;U (P ab ) � 1k1 � k 2 n � d

n �
(3)
e

which is smaller than 1=(3n � � ). Given that the separationbe-
tweentheentriesof Y is at least1=n� � we deducethat thereis a
uniqueYi at distanceatmost1=(3n � � ) from Ŷj (notethatj might
not be equalto i sincethe orderingmight differ in both vectors).
This is true for all j 2 C. This implies that all Ŷj 's aredistinct
andthereforethey arerealandP̂ ab;U (P̂ ab ) � 1 is diagonalizableas
claimed.

Err or on EstimatedEigenvectors.From(?), we recover k eigen-
vectorsthatarede�ned up to scaling.Assumethatfor all i 2 C, Ŷi

is the estimatedeigenvaluecorrespondingto Yi (seeabove). De-
noteby X̂ i , X i their respective eigenvectors.We denoteX̂ (resp.
X ) thematrix formedwith theX̂ i 's (resp.X i 's) ascolumns.Say
we choosethe estimatedeigevectorssuchthat kX̂ i k1 = 1. This
is not exactly whatwe areafterbecausewe needthe rows to sum
to 1 (not thecolumns).To �x this, we thencompute� = X̂ � 1 �

.
Thiscanbedonebecausethecolumnsof X̂ form a basis.Thenwe
de�ne ~X i = � i X̂ i for all i with thecorrespondingmatrix ~X . Our
�nal estimateP̂ ar = ~X is a rescaledversionof X̂ with row sums
1. Thereis still thepossibilitythatsomeentriesof ~X arenegative.
But this is not an issueat this point. We will make surelater that
(one-step)mutationmatricesarestochastic.It canbe proven that
k ~X � X k1 is negligible w.h.p.

LEMMA 8 (SENSITIVITY OF EIGENVECTORS). We have

k ~X � X k1 �
1

n � e
;

if

1
n � e

�
�

1

n � (5)
e

+ k
�

2k3n � d

n � (5)
e

+
1

n � (5)
e

;

with

1

n � (5)
e

�
k2

n � (4)
e � k2

;
1

n � (4)
e

�
2k3n � � n2� d

n � (3)
e

;

for all n large enough.

PROOF. Wewantto boundthenormof ~X i � X i . We�rst argue
aboutthe componentsof X̂ i � X i in the directionsX j , j 6= i .
We follow a standardproof thatcanbe foundfor instancein [16].
We needa morepreciseresultthantheonestatedin the previous
reference,andsogive thecompleteproofhere.

BecausetheX i 's form abasis,we canwrite

X̂ i � X i =
X

j 2C

� j X j ;

for somevaluesof � j 's. DenoteA = P ab;U (P ab ) � 1 , � i = Ŷi � Yi

andE = P̂ ab;U (P̂ ab ) � 1 � P ab;U (P ab ) � 1 . Then

(A + E )X̂ i = Ŷi X̂
i ;

which,usingAX i = Yi X i , implies
X

j 2C

Yj � j X j + E X̂ i = Yi

X

j 2C

� j X j + � i X̂
i :

For all j 2 C, let Z j betheleft eigenvectorcorrespondingto X j .
It is proved in [16] that (X j )T Z j 0

= 0 for all j 6= j 0. Fix h 2 C.
Multiplying bothsidesof thepreviousdisplayby Z h andrearrang-
ing gives

� h =
(Z h )T (E X̂ i ) + � i (Z h )T X̂ i

(Yh � Yi )(Z h )T X h
:



Eigenvectorsare determinedup to multiple constants. Here we
make the X i be equalto the columnsof P ar andthe Z i 's equal
to thecolumnsof ((P ar )T ) � 1 . Recallthat the X̂ i 's werechosen
suchthatkX̂ i k1 = 1. Thenusingstandardmatrix norminequali-
ties,Cauchy-Schwarzinequality, andLemmas5, 6, and7, we get

j� h j =

�
�
�
�
�
(Z h )T (E X̂ i ) + � i (Z h )T X̂ i

(Yh � Yi )(Z h )T X h

�
�
�
�
�

�
kZ h k2kE k2kX̂ i k2 + (k2n � d =n� (3)

e )kZ h k2kX̂ i k2

1=n� �

� n � � kZ h k1kX̂ i k1 [
p

kkE k1 + k2n � d =n� (3)
e ]

�
2k3n � � n2� d

n � (3)
e

�
1

n � (4)
e

;

wherewehaveusedtheboundkZ h k1 � kn � d whichfollowsfrom
(3) in Lemma7 andthechoiceof Z h . Theboundon j� i j comes
from theproof of Lemma7 (after renumberingthecomponentsof
Ŷ to matchthoseof Y ). Pluggingin theexpansionof X̂ i gives

1 = kX̂ i k1 � j1 + � i j kX i k1 +
X

j 6= i

j� j j kX j k1

� kj1 + � i j + k2=n� (4)
e :

Assumingthatn � (4)
e is largeenough,we get

j1 + � i j �
1 � k2=n� (4)

e

k
> 0:

De�ning �X i = X̂ i =(1+ � i ) andpluggingagaininto theexpansion
of X̂ i , we get

k �X i � X i k1 =














X

j 6= i

� j

1 + � i
X j














1

�
k2

n � (4)
e � k2

�
1

n � (5)
e

;

wherewe have usedkX j k1 � k, j 6= i .
Denote�e = �X

�

the row sumsof �X , the matrix formedwith
the �X i 's ascolumns. The scalingbetween �X and ~X is given by
�� = �X � 1 �

. Indeed,becausethe columnsof ~X and �X are the
sameup to scaling,thereis a vector ~� suchthat ~X = �X diag( ~� ).
By thenormalizationof bothmatrices,we get

�X �� = ~X
�

= �X diag( ~� )
�

= �X ~� :

Because�X is invertible,~� = �� . Wewantto arguethat �� is closeto
�

, thatis that �X and ~X areclose.Notethat

k�� �
�

k1 = k �X � 1(
�

� �e)k1 � k �X � 1k1k
�

� �ek1 :

By thecondition,k �X i � X i k1 � 1=n� (5)
e for all i andthefactthat

therow sumsof X are1, we getk
�

� �ek1 � k2=n� (5)
e . To bound

k �X � 1k1 , let �E = �X � X andnotethat,usinga standardtheorem
on thesensitivity of theinverse[18],

k �X � 1k1 � k(X + �E ) � 1 � X � 1 + X � 1k1

� k(X + �E ) � 1 � X � 1k1 + k(X + �E ) � 1 � X � 1k1

� kX � 1k1
kX � 1k1 k �E k1

1 � kX � 1k1 k �E k1
+ kX � 1k1

�
kX � 1k1

1 � kX � 1k1 k �E k1
:

As wehaveseenbefore,kX � 1k1 � kn � d andby theboundabove,

k �E k1 � 1=n� (5)
e . Assumingthatkn � d =n� (5)

e � 1=2, we get

k �X � 1k1 � 2 kX � 1k1 � 2kn � d :

Therefore,

k�� �
�

k1 �
2k3n � d

n � (5)
e

:

This �nally givesthebound

k ~X � X k1 � k ~X � �X k1 + k �X � X k1

� k �X diag( �� ) � �X k1 +
1

n � (5)
e

� k �X k1 k�� �
�

k1 +
1

n � (5)
e

� [k �X � X k1 + kX k1 ]
2k3n � d

n � (5)
e

+
1

n � (5)
e

�
�

1

n � (5)
e

+ k
�

2k3n � d

n � (5)
e

+
1

n � (5)
e

�
1

n � e
:

Thereis one last issuewhich is that X is the sameasP ar up
to permutationon the statesof r . But sincerelabelinginternal
nodesdoesnot affect the output distribution, we assumew.l.o.g.
thatP ar = X . We make surein thenext subsectionthatthis rela-
belingis performedonly oncefor eachinternalnode.

3.2 Bounding error propagation
Thecorrectnessof thealgorithmFULLRECON proceedsfromthe

following remarks.
Partition. We have to check that the successive applicationof
LEAFRECON covers the entire tree, that is that all edgesare re-
constructed.Figure4 helpsin understandingwhy this is so. When
uncoveringaseparatoredge,weassociateto it anew referenceleaf
at distanceat most� . Thiscanalwaysbedoneby de�nition of � .
It alsoguaranteesthat the subtreeassociatedto this new leaf will
cover theendpointof theseparatoroutsidethesubtreefrom which
it originated.This makestheunionof all subtreesexploredat any
point in theexecution(togetherwith their separators)connected.It
follows easilythattheentiretreeis eventuallycovered.

LEMMA 9 (PARTITION). Thesuccessiveapplicationof sub-
routineLEAFRECON covers theentire tree.

PROOF. Weneedto checkthatthealgorithmoutputsatransition
matrix for eachedgein T . DenoteTa t the subtreeexplored by
LEAFRECON applied to at . The key point is that for all t , the
treeT� t madeof all Ta t 0 for t0 � t aswell astheir separatorsis
connected.Weargueby induction.This is clearfor t = 0. Assume
this is truefor t . BecauseT is a tree,T� t is a (connected)subtree
of T and(wt +1 ; w0

t +1 ) is an edgeon the “boundary” of T� t , the
leaf at +1 lies outsideT� t . Moreover, beingchosenastheclosest
leaf from w0

t +1 , it is at distanceat most � . Therefore,applying
LEAFRECON to at +1 will cover a (connected)subtreeincluding
w0

t +1 . Thisprovestheclaim.

Consistency. It is straightforward to checkthat all choicesof la-
belingsaredoneconsistently. This follows from the fact that for
eachnode,sayw, the arbitrary labeling is performedonly once.
Afterwards,all computationsinvolving w useonly thematrix P̂ aw

wherea is thereferenceleaf for w.

LEMMA 10 (CONSISTENCY). The labelingsare madecon-
sistentlybysubroutinesLEAFRECON andSEPRECON.



Subroutines. Standardinequalitiesshow that the (unnormalized)
estimatescomputedin LEAFRECON andSEPRECON have negligi-
bleerrorw.h.p.

LEMMA 11 (ERROR ANALYSIS: LEAFRECON). Let a be a

leaf and assumethat n � e � n � (1)
e =k. Thenall edges (r 0 ; r ) re-

constructedby LEAFRECON appliedto a satisfy

k ~P r 0 r � P r 0 r k1 �
1

n � 0
M

;

where

1

n � 0
M

�
n � � n � v

n � (6)
e (n � v � n � � )

+
2n2� �

n � v � n � �
;

provided

1

n � (6)
e

�
2kn � d (2k2n2� d + 1)

n � e
� v � � � + 1;

for all n large enough(after permutingthe rowsand columnsof
P r 0 r to match the labeling of ~P r 0 r ). As for vertex distributions,
they satisfy

k�̂ r � � r k1 �
1

n � v
;

if

1
n � v

�
1

n � e
+

k
n � 0

e
;

for all n large enough.

LEMMA 12 (ERROR ANALYSIS: SEPRECON). Every edge
(w; w0) reconstructedby SEPRECON satis�es

k ~P w w 0
� P w w 0

k1 �
1

n � 00
M

;

provided

1

n � 00
M

�
12k4n3� d

n � e
;

for all n large enough(after permutingthe rowsand columnsof
P w w 0

to match thelabelingof ~P w w 0
).

Stochasticity. It only remainsto make the estimatesof mutation
matricesinto stochasticmatrices.Say ~P w w 0

is the(unnormalized)
estimateof P w w 0

. First, someentriesmight be negative. De�ne
~P w w 0

+ to bethepositive partof ~P w w 0
. Thenrenormalizeto getour

�nal estimate

P̂ w w 0

i � =
( ~P w w 0

+ ) i �

k( ~P w w 0
+ ) i � k1

;

for all i 2 C. Weknow from Lemmas11and12that ~P w w 0
is close

to P w w 0
in L 1 distance.Fromthis, it is easyto checkthat ~P w w 0

+ is
alsocloseto P w w 0

andthat k( ~P w w 0

+ ) i � k1 is closeto 1. Therefore
kP̂ w w 0

� P w w 0
k1 is negligible w.h.p.

LEMMA 13 (STOCHASTICITY). De�ne the constant
� 000

M = minf � 0
M ; � 00

M g. Thenthe estimateP̂ w w 0
is well-de�ned

andsatis�es

kP̂ w w 0
� P w w 0

k1 �
1

n � M
;

if

1
n � M

�
1 + 2k2

n � 000
M

;

for all n large enough.

Precisionand Con�dence. Now that all matriceshave beenap-
proximatelyreconstructed,it is straightforward to checkthat the
distributions on the leaves of the estimatedand real modelsare
close. The only issueis that someof the “real” transitionproba-
bilities aresmallerthanthetoleranceof FULLRECON andwill not
bewell approximated(relatively) by the1=poly(n) additive error.
But it is easyto show thatthoseunlikely transitionsonly contribute
to outputsthathave avery low overall probability. We show below
thatk�̂ L � � L k1 is negligible w.h.p. therebyproving Theorem5.

LEMMA 14 (PRECISION AND CONFIDENCE). Asumetheto-
pologyof thetreecanbereconstructedproperlywith probabilityat

least1 � 1=n� ( T )
p usingat mostn � ( T )

s samples.Thenall previous
lemmashold for all edgesand all verticesand the reconstructed
modelsatis�es

k�̂ L � � L k1 � ";

for all n large enoughwith probabilityat least1 � 1=n� p where

1
n � p

� n3
�

1

n � (1)
p

+
1

n � (2)
p

+
1

n � (3)
p

+
1

n � (4)
p

+
1

n � ( T )
p

�
:

Thiscanbedoneusinga sampleof total sizeat most

m = n3(n � s + n � 0
s ) + n � ( T )

s :

PROOF. The boundsin Sections3.1 and3.2 musthold for all
triples of leavesusedby subroutineLEAFRECON, of which there
areat mostn3 (recall that n is the numberof leaves). Therefore,
we needa total of m = n3(n � s + n � 0

s ) samples.Theprobability
thatoneof theinequalitiesfailsor thatthetopologyis wrongis

n3
�

1

n � (1)
p

+
1

n � (2)
p

+
1

n � (3)
p

+
1

n � (4)
p

+
1

n � ( T )
p

�
�

1
n � p

;

by theunionbound.
TheL 1 distanceon the leavesis boundedabove by theL 1 dis-

tanceon the entire tree. Indeed,let r be the root of T . Denote
by �L = VnL the internalvertices.For partial assignmentsof the
statessL 2 CL ands �L 2 C

�L on leafandnon-leafverticesresp.we
denotes = (sL ; s �L ) thestateon theentiretree.Then

k�̂ L � � L k1 =
X

sL 2 C L

j �̂ L (s) � � L (s)j

�
X

sL 2 C L

X

s �L 2C �L

j �̂ V (s) � � V (s)j

= k�̂ V � � V k1 :

One issuewe have to dealwith beforeboundingk�̂ V � � V k1 is
that the transitionprobabilitiessmallerthan 1=n� M arenot well
approximated(relatively). We boundtheprobabilityassociatedto
statesarisingfrom suchsmall transitionprobabilities. Denoteby
nV thenumberof vertices.Fix a threshold1=n� th � 2=n� M . In
a realizationof theMarkov model,considertheevent thatat least
onetransitionoccurswhich hasprobability lessthanthe threshold
1=n� th . Using the union bound,the probability of that event is
boundedaboveby (nV � 1)(k� 1)=n� th becausefor eachtransition
thereis atmostk � 1 possibletransitionswith probabilitylessthan
1=n� th . By the sameargument,under �̂ V the sameprobability
is lessthan(nV � 1)(k � 1)[1=n� th + 1=n� M ]. So as long as
n � th = ! (n), theseprobabilitiesare small. Denoteby Sth the



stateson V thatuseno transitionwith probabilityat most1=n� th .
Then,for any s 2 Sth suchthat�̂ V (s) > � V (s), j�̂ V (s) � � V (s)j
is equalto

�̂ r (s(r ))
Y

( u;v ) 2E r

P̂ uv
s( u ) s( v ) � � r (s(r ))

Y

( u;v ) 2E r

P uv
s( u ) s( v )

� � r (s(r ))
Y

( u;v ) 2E r

P uv
s( u ) s( v )

" �
1 +

n � �

n � v

� �
1 +

n � th

n � M

� n V � 1

� 1

#

;

andlikewisefor �̂ V (s) < � V (s), j�̂ V (s) � � V (s)j is lessthan

� r (s(r ))
Y

( u;v ) 2E r

P uv
s( u ) s( v )

"

1 �
�

1 �
n � �

n � v

� �
1 �

n � th

n � M

� n V � 1
#

:

Provided � M = 
( n2n � th ) andn � v = 
( n2n � � ), the two ex-
pressionsin squarebracketsarelessthan"=4 for n largeenough.
Thenk�̂ V � � V k1 is lessthan

X

s2 S th

j �̂ V (s) � � V (s)j +
X

s =2 S th

j �̂ V (s) � � V (s)j

� "=4 + "=4 + (nV � 1)(k � 1)
�

2
n � th

+
1

n � M

�
� ";

for n largeenough.
All matricesinvolved have constantsize so the only contribu-

tions to the runningtime arethe O(n) reconstructionsandO(n)
breath-�rstsearches.Theoverall runningtime is O(n2).

In thespecialcaseof theHMM (“caterpillar” tree,seeFigure1),
our algorithmFULLRECON actuallygivesa strongerresult. Here
we only needto assumethatdeterminantsof mutationmatricesare
at least1=poly(n) (instead
(1) ). Thereasonis thattheHMM tree
canbepartitionedinto subtreesof constantsizein which all nodes
areat distanceatmosta constantfrom a referenceleaf. Theproofs
above apply without change.The only differenceis that now all
pathsareof constantlengthandthereforewe canallow mutation
matricesto have 1=poly(n) determinants.Therefore,if thetopol-
ogy is known, which is oftennaturallythe casein applicationsof
HMMs, wecanreconstructthe(approximate)mutationmatricesin
polynomialtime.

4. CONCLUDING REMARKS
Many extensionsof this work deserve furtherstudy.

� Thereremainsa gapbetweenour positive result(for general
trees),wherewerequiredeterminants
(1) , andthehardness
resutof [20], which usesdeterminantsexactly 0. Is learning
possiblein thecasewheredeterminantsare
( n � c ) (asit is
in thecaseof HMMs)?

� Thereis anothergap arising from the upperboundon the
determinants.Having mutationmatriceswith determinant1
doesnot seemlike a major issue.It doesnot arisein thees-
timationof themutationmatrices.But it is tricky to analyze
rigorouslyhow thedeterminant1 edgesaffectthereconstruc-
tion of thetopology. Again,we have shown thatthis is not a
problemin thespecialcaseof HMMs (at leastif thetopology
is known).

� We have emphasizedthedifferencebetweenk = 2 andk �
3. As it stands,our algorithm works only for (� ; n � � � )-
nonsingularmodelsevenwhenk = 2. It would be interest-
ing to rederive theresultsof [7] usingour techniquepossibly
in combinationwith [22].
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