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Belief propagation (BP) is a message-passing algorithm that computes the exact marginal
distributions at every vertex of a graphical model without cycles. While BP is designed to
work correctly on trees, it is routinely applied to general graphical models that may contain
cycles, in which case neither convergence, nor correctness in the case of convergence is
guaranteed. Nonetheless, BP has gained popularity as it seems to remain effective in many
cases of interest, even when the underlying graph is ‘far’ from being a tree. However, the
theoretical understanding of BP (and its new relative survey propagation) when applied to
CSPs is poor.

Contributing to the rigorous understanding of BP, in this paper we relate the convergence
of BP to spectral properties of the graph. This encompasses a result for random graphs
with a ‘planted’ solution; thus, we obtain the first rigorous result on BP for graph colouring
in the case of a complex graphical structure (as opposed to trees). In particular, the analysis
shows how belief propagation breaks the symmetry between the 3! possible permutations
of the colour classes.
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1. Introduction and results

1.1. Message-passing algorithms

This paper deals with a rigorous analysis of the belief propagation (‘BP’ for short)
algorithm on certain instances of the 3-colouring problem. Originally BP was introduced
by Pearl [16] as a message-passing algorithm to compute the marginals at the vertices of
a probability distribution described by an acyclic ‘graphical model’, i.e., a representation
of the distribution’s dependency structure as an acyclic graph. Although in the worst case
BP will fail if the graphical representation features cycles, various versions of BP are in
common use as heuristics in artificial intelligence and statistics, where they frequently
perform well empirically as long as the underlying model does at least not contain
(many) ‘short’ cycles. However, there is currently no general theory that could explain
the empirical success of BP (with the notable exception of the use of BP in LDPC
decoding [13, 14, 17]).

A striking recent application of BP is to instances of NP-hard constraint satisfaction
problems such as 3-SAT or 3-colouring; this is the type of problem that we are dealing with
in the present work. In this case the primary objective is not to compute the marginals of
some distribution, but to construct a solution to the constraint satisfaction problem. For
example, BP can be used to (attempt to) compute a proper 3-colouring of a given graph.
Indeed, empirically BP (and its sibling survey propagation, ‘SP’) seems to perform well on
problem instances that are notoriously ‘hard’ for other current algorithmic approaches,
including the case of sparse random graphs.

For instance, let G(n,p) be the random graph with vertex set V = {1,...,n} that is
obtained by including each possible edge with probability 0 < p = p(n) < 1 independently.
Thus, the expected degree of any vertex in G(n,p) is (n — 1)p ~ np. Then there exists a
threshold © = 7(n) such that, for any ¢ > 0, the random graph G(n, p) is 3-colourable with
probability 1 — o(1) if np < (1 — €)z, whereas G(n, p) is not 3-colourable if np > (1 4 €)t [1].
In fact, random graphs G(n,p) with average degree np just below t were considered
prime examples of ‘hard’ instances of the 3-colouring problem, until statistical physicists
discovered that BP/SP can solve these graph problems efficiently in a regime considered
‘hard’ for any previously known algorithms (possibly right up to the threshold density)
[4, 6]. While there are exciting and deep arguments from statistical physics that provide a
plausible explanation of why these message-passing algorithms succeed, these arguments
are non-rigorous, and indeed no mathematically rigorous analysis is currently known.

The difficulty in understanding the performance of BP/SP on G(n,p) actually lies in
two aspects. The first aspect is the combinatorial structure of the random graph G(n, p)
with respect to the 3-colouring problem, which is not very well understood. In fact,
even the basic problem of obtaining the precise value of the threshold 7 is one of the
current challenges in the theory of random graphs. Furthermore, we lack a rigorous
understanding of the ‘solution space geometry’, i.e., the structure of the set of all proper
3-colourings of a typical random graph G(n,p) (e.g., how many proper 3-colourings are
there typically, and what is the typical Hamming distance between any two). But according
to the statistical physics analysis, the solution space geometry affects the behaviour of BP
significantly.
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The second aspect, which we focus on in the present work, is the actual BP algorithm:
given a graph G, how/why does the BP algorithm ‘construct’ a 3-colouring? Thus far there
has been no rigorous analysis of BP that applies to graph colouring instances except for
graphs that are globally tree-like (such as trees or forests). However, it seems empirically
that BP performs well on many graphs that are just locally tree-like (i.e., do not contain
‘short’ cycles). Therefore, in the present paper our goal is to analyse BP rigorously on a
class of graphs that may have a complex combinatorial structure globally, but that have a
very simple solution space geometry. More precisely, we shall relate the success of BP to
spectral properties of the adjacency matrix of the input graph. In addition, we point out
that the analysis comprises a natural random graph model (namely, a ‘planted solution’
model).

1.2. Belief propagation and spectral techniques

The main contribution of this paper is a rigorous analysis of BP for 3-colouring. We
basically show that if a certain (simple) spectral heuristic for 3-colouring succeeds, then so
does BP. Thus, the result does not refer to a specific random graph model, but to a special
class of graphs — namely graphs that satisfy a certain spectral condition. More precisely,
we say that a graph G = (V, E) on n vertices is (d, €)-regular if there exists a 3-colouring
of G with colour classes Vi, V5, V3 such that the following is true. Let L/,, € R be the
vector whose entries equal 1 on coordinates v € V;, and 0 on all other coordinates. Then:

R1 for all 1 <i< j <3, the vector i[/i — L/j is an eigenvector of the adjacency matrix
A(G) with eigenvalue —d, and
R2if & L iV,. for all i = 1,2,3, then |A(G)¢| < ed]|&].

We shall state a few elementary properties of (d, €)-regular graphs in Proposition 3.3 below
(assuming that e is sufficiently small, say ¢ < 0.01). For instance, we shall see that (d, ¢)-
regularity implies that each vertex v € V; has precisely d neighbours in each other colour
class V; (i # j). Moreover, (V1, V>, V3) is the only 3-colouring of G (up to permutations of
the colour classes, of course), and for each pair i # j the bipartite graph consisting of the
Vi—Vj-edges is an expander.

Furthermore, if a graph G is (d, €)-regular for some € < 0.01, say, then the following
spectral heuristic is easily seen to produce a 3-colouring.

(1) Compute a pair of perpendicular eigenvectors ', x> € R" of A(G) with eigenvalue —d.
(2) Define an equivalence relation ~ on V by letting v & w if and only if 3 = 4, for
i = 1,2. Output the equivalence classes of ~ as a 3-colouring of G.

The equivalence classes of &~ are precisely the three colour classes Vi, V3, V3, for if v,w
belong to the same colour class, then their entries in all three vectors iV[ — iV, i<y
coincide; hence, as the space spanned by these vectors contains y', %%, we have v ~ w.
Conversely, if v & w, then the entries of v and w in all the vectors iV,. — iVj coincide,
because these vectors lie in the space spanned by y!,7?; consequently, v, w belong to the
same colour class V.

The main result of this paper is that BP can 3-colour (d,0.01)-regular graphs in
polynomial time, provided that d is not too small and the number of vertices is sufficiently
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large. We defer the description of the actual (randomized, polynomial time) BP colouring
algorithm BPCol, to which the following theorem refers, to Section 2.

Theorem 1.1. There exist constants dy,x > 0 such that for each d > dy there is a number
ny = no(d) so that the following holds. If G = (V,E) is a (d,0.01)-regular graph onn = |V | >
no vertices, then with probability > kn~' over the coin tosses of the algorithm, BPCol(G)
outputs a proper 3-colouring of G.

Observe that Theorem 1.1 deals with ‘sparse’ graphs, since the lower bound ny on
the number of vertices depends on d. The proof yields an exponential dependence, i.e.,
ny = exp(®(d)). Conversely, this means that the average degree of G is at most logarithmic
in n, which is arguably the most relevant regime to analyse BP (see Section 2). Moreover,
by applying BPCol O(n) times independently, the success probability can be boosted to
1 —a for any a > 0. Besides, there is an easy way to modify the (initialization step of)
BPCol so that the success probability of one iteration is at least « (rather than xn~!): see
Section 2 for details.

Let us emphasize that the contribution of Theorem 1.1 is not that we can now 3-
colour a class of graphs for which no efficient algorithms were previously known, as the
aforementioned spectral heuristic 3-colours (d,0.01)-regular graphs in polynomial time.
Instead, the new aspect is that we can show that the belief propagation algorithm 3-colours
(d,0.01)-regular instances, thus shedding new light on this heuristic. Indeed, the proof of
Theorem 1.1, which we present in Section 3, shows that in a sense BPCol ‘emulates’ the
spectral heuristic (although no spectral techniques occur in the description of BPCol).
Thus, we establish a connection between spectral methods and BP. Besides, we note that
no ‘purely combinatorial’ algorithm (that avoids the use of advanced techniques such
as semi-definite programming or spectral methods) is known to 3-colour (d,0.01)-regular
graphs.

To illustrate Theorem 1.1, and to provide an example of (d,0.01)-regular graphs, we
point out that the main result comprises a regular random graph model with a ‘planted’
3-colouring. Let G, 43 be the random graph with vertex set V' = {1,...,3n} obtained as
follows.

(1) Let V1, V2, V3 be a random partition of V into three pairwise disjoint sets of equal size.

(2) For any pair 1 <i< j <3, independently choose a d-regular bipartite graph with
vertex set V;U V; uniformly at random.

For a fixed d we say that G, 43 has a certain property P with high probability (‘w.h.p.), if

the probability that G, 43 enjoys P tends to 1 as n — co. Concerning G, 43, Theorem 1.1
implies the following.

Corollary 1.2. Suppose that d > dy is fixed. With high probability a random graph G =
Gy.a3 has the following property: with probability > kn=' over the coin tosses of the al-

gorithm, BPCol(G) outputs a proper 3-colouring of G.

To prove Corollary 1.2, we show that w.h.p. G, 43 is (d,0.01)-regular; see Section 4.
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1.3. Related work

Alon and Kahale [2] were the first to employ spectral techniques for 3-colouring sparse
random graphs. They present a spectral heuristic and show that this heuristic finds a 3-
colouring in the so-called ‘planted solution model’. This model is somewhat more difficult
to deal with algorithmically than the G, 43 model that we study in the present work. For
while in the G, 43-model each vertex v € V; has exactly d neighbours in each of the other
colour classes V; # V;, in the planted solution model of Alon and Kahale the number of
neighbours of v € V; in V; has a Poisson distribution with mean d. In effect, the spectral
algorithm in [2] is more sophisticated than the spectral heuristic from Section 1.2. In
particular, the Alon—Kahale algorithm succeeds on (d, 0.01)-regular graphs (and hence on
Gna3 w.hop.).

There are numerous papers on the performance of message-passing algorithms for
constraint satisfaction problems (e.g., belief propagation/survey propagation) by authors
from the statistical physics community (see [4, 5, 12] and the references therein). While
these papers provide rather plausible (and insightful) explanations of the success of
message-passing algorithms on problem instances such as random graphs G, , or random
k-SAT formulae, the arguments (e.g., the replica or the cavity method) are mathematically
non-rigorous.

Feige, Mossel and Vilenchik [9] showed that the warning propagation (WP) algorithm
for 3-SAT converges in polynomial time to a satisfying assignment on a model of random
3-SAT instances with a planted solution. Since the messages in WP are additive in
nature, and not multiplicative as in BP, the WP algorithm is conceptually much simpler.
Moreover, on the model studied in [9], a fairly simple combinatorial algorithm (based on
the ‘majority vote’ algorithm) is known to succeed. In contrast, no purely combinatorial
algorithm (that does not rely on spectral methods or semi-definite programming) is known
to 3-colour G, 43 or even arbitrary (d,0.01)-regular instances.

A very recent paper by Yamamoto and Watanabe [20] deals with a spectral approach
to analysing BP for the Minimum Bisection problem. Their work is similar to ours in
that they point out that a BP-related algorithm pseudo-bp emulates spectral methods.
However, a significant difference is that pseudo-bp is a simplified version of BP that
is easier to analyse, whereas in the present work we make a point of analysing the BP
algorithm for colouring as it is stated in [4] (see Section 2 for more detailed comments).

The effectiveness of message-passing algorithms for amplifying local information, in
order to decode codes close to channel capacity was recently established in a number
of papers, e.g., [13, 14, 17]. Our results are similar in flavour; however, the analysis
provided here allows us to recover a proper 3-colouring of the entire graph, whereas in
the random LDPC codes setting, message passing allows us to recover only a 1 —o(1)
fraction of the codeword correctly. In [14] it is shown that for the erasure channel, all
bits may be recovered correctly using a message-passing algorithm; however, in this case
the message-passing algorithm is of combinatorial nature (all messages are either 0 or 1)
and the LDPC code is designed so that message passing works for it.

It is important to note the difference between our work and the coding work and some
interesting recent work analysing message-passing algorithms. In this work it has been
shown that BP converges if the computation tree has strong correlation decay. Further,
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if the graph does not contain short cycles, then it converges to marginal probabilities
that are close to correct. This was established in [18] and follow-up work. One way of
formulating correlation decay on the computation tree is in terms of spectral properties
of a recursion operator. These spectral properties are not related to those used here,
as we use spectral properties of the underlying graph. Similar comments apply to the
impressive work of [19] and follow-up work which applies also to graph with cycles;
however, this work still requires correlation decay, and does not apply BP but a different
related algorithm.

In our set-up there is no correlation decay, either for the computation tree or for the
graph itself. For the graph itself this follows from the fact that there are only 6 legal
colourings and that any two of them differ in at least n/3 of the vertices. In other words,
fixing the colours of 3 of the vertices determines the colouring of the complete graph.
Similarly, the computation tree is a d — 1 regular tree, and it is easy to set up boundary
conditions that fix the colouring of the inside of the tree: see [7, 11].

2. The belief propagation algorithm for 3-colouring

Following [4], in this section we will describe the basic ideas behind the BP algorithm. Since
BP is a heuristic based on non-rigorous ideas (mainly from artificial intelligence and/or
statistical physics), the discussion of its main ideas will somewhat lack mathematical
rigour. Nonetheless, as we pointed out in the Introduction, BP makes up for this by being
very successful empirically. At the end of this section, we will state precisely the version
of BP that we are going to work with.

The basic strategy behind the BP algorithm for 3-colouring is to perform a fixed-point
iteration for certain ‘messages’, starting from a suitable initial assignment. In the case of
3-colouring, the messages correspond to the edges of the graph and to the three available
colours. More precisely, to each (undirected) edge {v,w} of the graph G = (V, E) and each
colour a € {1,2,3}, we associate two messages 1._,,, from v to w about a, and n¢_,, from
w to v about a; in general, we will have nZ,,, # n%_,,. Thus, the messages are directed
objects. Each of these messages 7;_,,, is a number between 0 and 1, which we interpret
as the ‘probability’ that vertex v takes the colour a in the graph obtained from G by
removing w. Here ‘probability’ refers to the choice of a random (proper) 3-colouring of
G — w, while the graph G is considered fixed. (There is an obvious symmetry issue with
this definition, which we will discuss shortly.)

Having introduced the variables ¢, , we can set up the belief propagation equations for
colouring, which are the basis of the BP algorithm. The BP equations reflect a relationship
that the probabilities n¢_,,, should (approximately) satisfy under certain assumptions on
the graph G, namely that

_ HueN(u)\w 1— ng—w
- 3
Zh:l HuEN(v)\w 1— ’75—>b

for all edges {v,w} of G and all a € {1,2,3} (see Figure 1).
The idea behind (2.1) is that v takes colour a in the graph G — w if and only if none
of its neighbours u € N(v) \ w has colour a in G —v. Furthermore, the probability of

(2.1)

a
M
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N\ {w)

Figure 1. The BP equation.

this event (‘no u has colour a’) is assumed to be (asymptotically) equal to the product
[Luenwyw ! — i, of the individual probabilities; that is, the neighbours u#w of v
are assumed to be asymptotically independent. Of course, this assumption does not hold
for arbitrary graphs G. Finally, the numerator on the right-hand side of (2.1) is just a
normalizing term, which ensures that Zfl:l ne,, =1

The reason why, in the above discussion, we refer to the probability that v takes colour
a in the graph G — w obtained by removing w, rather than just to the probability that v
takes colour a in G, is that in the latter case the neighbours u € N(v) would never be
(asymptotically) independent — not even if G is a tree. For in this case the presence of v —
more precisely, the existence of the short path (u,v,u) for any two neighbours u,u’ € N(v)
of v — would render the colours within the neighbourhood N(v) heavily dependent.
Similarly, if G contains triangles, so that for some vertices v the neighbourhood N(v) is
not an independent set, then the independence assumption that is implicit in (2.1) will be
violated. Nonetheless, if G does not feature (many) short cycles — say, all the cycles are of
length Q(log |V]) as |V| — oo — then the BP equations (2.1) may at least be asymptotically
valid. The random graph model G, 43 provides an example of graphs (essentially) without
such short cycles.

Now, the basic idea behind the BP algorithm is the following. We start with a ‘reasonable’
initial assignment #¢_, (0) and use (2.1) to perform a fixed-point iteration by letting

HuEN(U)\{w} 11— 1713—»1;(1)
3
2 bt HueN(lt)\{w} 1—np_,()

for all {v,w} € E and a € {1,2,3}. As soon as some of the values n¢_,,, (I + 1) are strongly

v—w

‘biased’ toward either O or 1, we try to exploit this information to obtain a colouring.

Before we state the BP algorithm precisely, we need to discuss an important issue with
the BP equations (2.1). Namely, in the case of 3-colouring the set of all 3-colourings is
symmetric under permuting the colour classes. Therefore, if we actually define ¢, to
equal the probability w.r.t. a random 3-colouring of G —w, then trivially ¢, = % for
all a,v,w. In fact, this trivial solution is actually a fixed point of (2.2). Hence, we need
to ‘break symmetry’. In particular, it is not a good idea to choose the initial assignment
ne,,,(0) = % for all a,v, w. Therefore, we do not start from #;_, (0) = %, but we assign to

1

each n;,, the value 3 plus a small random error d. The hope is that this random error

will cause the fixed-point iterations (2.2) to converge to a non-trivial fixed point (other

than #¢_, ,(0) = % for all a,v,w), and that this fixed point yields sufficient information to

Nyl +1) = (2.2)
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Algorithm 2.1. BPCol(G)
Input: A graph G = (V, E). Output: An assignment of colours to the vertices of G.

1. Let 6 = exp(—log’ n).
For each v € V perform the following independently:
choose a € {1,2,3} uniformly at random and assign r%,,,(0) = 1 + ¢ and
nb_,(0)=1—2%forall be{1,2,3}\ {a} and w € N(v).
2. Forl=1,..,I"="log*n]
compute i, (I + 1) using (2.2) for all a, v, and w.
3. For eachv €V and each a € {1,2,3} compute 8¢ = [N(v)|™! D uen L= 1o ().

Assign to each v € V a colour a € {1,2,3} such that ¢ = maxpe(123; B2.

Figure 2. The algorithm BPCol.

3-colour G. For instance, if y : V — {1,2,3} is a 3-colouring of G, then

) _{1 if y(v) =a (a=1,2,3; {v,w} €E)

oo = 0 otherwise
is a fixed point of (2.2), and clearly the 3-colouring y can be read out of the above
messages easily. The algorithm BPCol is shown in Figure 2. Observe that step 1 ensures
that

3
> 0t (0)=1, forall {v,w} € E. (2.3)
a=1

Remarks. (1) Theorem 1.1 states that the probability (over the random decisions in step 1)
that BPCol yields a proper 3-colouring of its (d,0.01)-regular input graph is Q(n~"). This
can be boosted to Q(1) by means of the following slightly more careful initialization.
Instead of choosing a random a for each v € V' independently, we choose a random
permutation ¢ of V and let W, = {o((a — 1)n/3 +1),...,0(an/3)} (a = 1,2,3). Then, for
each v € W, we set n?,,(0)=1+6 and 5’ (0) =1 — % (b e {1,2,3}\ {a}, w € N(v)).
The proof of Proposition 3.5 below shows that this leads to a success probability of
Q(1). Nonetheless, we chose to state BPCol with independent decisions in its initialization,
because this appears more natural (and generic) to us.

(2) Although in the above discussion of the BP equation (2.2) we referred to ‘local’
properties (such as the absence of short cycles), such local properties will not occur
explicitly in our analysis of BPCol. Indeed, relating BPCol to spectral graph properties, the
analysis has a ‘global’ character. Nonetheless, various local conditions (e.g., a relatively
small number of short cycles) are implicit in the ‘global’ assumption that the graph G is
(d,0.01)-regular (see Theorem 1.1). For more background on spectral versus combinatorial
graph properties see Chung and Graham [8].

(3) BPCol updates the messages 7y, ‘in parallel’, i.e., the messages carry ‘time stamps’
(cf- (2.2)). An alternative, equally common option would be ‘serial’ updates, e.g., by
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choosing each time a random pair v, w of adjacent vertices along with a colour a € {1,2,3}
and updating n;_,,, via (2.1).

(4) BPCol exploits the result of the fixed-point iteration (2.2) in a more straightforward
fashion than the version of BP described in [4]. Namely, after performing a fixed-point
iteration of (2.2), the algorithm in [4] does not assign colours to all vertices (as step 3
of BPCol does), but only to a small fraction (the most decisive ones with respect to
the calculated values). Then, the algorithm performs another fixed-point iteration, etc.
The reason is that in the random graph model considered in [4] typically the number
of proper 3-colourings is exponential in the number of vertices, whereas (d,0.01)-regular
graphs have only one 3-colouring (up to permutations of the colours).

(5) Let us discuss the key differences between BPCol for k =2 and the algorithm

pseudo-bp analysed in [20].

(a) In pseudo-bp the products in (2.1) are taken over all neighbours of v, including w.
This apparently minor modification has a major impact on the analysis, for including
w causes the messages ¢, to be independent of w. Consequently, in pseudo-bp
the messages at time [ are 2|V |-dimensional objects, whereas in the present work the
dimension is 2k|E]|.

(b) pseudo-bp actually works with the logarithms In(n;_,,,) of the messages instead of the
original n¢_,,,. Of course, the equation (2.1) can be phrased equivalently in terms of
In(nl,,) as In(yy_,,,) = F(In(n;_,,))uenw) for some function F. However, in pseudo-bp
this non-linear function F is replaced by a truncated linear function F.

3. Proof of Theorem 1.1

3.1. Preliminaries and notation

Throughout this section, we let € > 0 be a sufficiently small constant (whose value will
be determined implicitly in the course of the proof). Moreover, we keep the assumptions
from Theorem 1.1. Thus, we let d > d; for a sufficiently large constant dy; in particular, we
assume that dy > exp(e~2). In addition, we assume that n > ny for some sufficiently large
number ny = np(d), and that G = (V,E) is a (d,0.01)-regular graph on n = |V]| vertices.
This is reflected by the use of asymptotic notation in the analysis, which always refers to
n being sufficiently large.

Furthermore, we let (V1,V3,V3) be a 3-colouring of G with respect to which the
conditions R1 and R2 from the definition of (d,0.01)-regularity hold. (Actually a (d,0.01)-
regular graph has a unique 3-colouring up to permutations of the colour classes, but we
will not use this fact.) The following easy observation will be used frequently.

Lemma 3.1. Let i,j € {1,2,3}, i # j. Then in G each vertex v € V; has precisely d neigh-
bours in V;. Consequently, [N(v)| = 2d.

Proof. Assume wlo.g. that i=1 and j=2. By condition R1, ¢ = L/i — i[/j is an
eigenvector of the adjacency matrix A(G) = (ayw)swer With eigenvalue —d. Hence, letting
n= _dé = A(G)éa we have —d = My = — Z\VEN(D)ﬂVj Ay = —‘N(U) n V]‘ O
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Let A be the set of all ordered pairs (v, w) such that {v,w} € E. Following [4], we will
denote the elements (v,w) € A as v — w. Furthermore, we shall frequently work with the
vector space R = R? ® RA. Each element I € R has a unique representation,

1 0 0
r=(olert+|1|ler2+|o]er?,
0 0 1

with TV = (I )yswea € R4 (i = 1,2,3). Hence, we shall denote such a vector as I' =

v—wW

(T oowe Aie(123)- Semantically, one can think of I, as the ‘message’ that v sends to

v—ow Uv—w

w about colour i. Note that the messages 1/, (/) defined from Section 2 constitute vectors
1) = (1 (Demeaeiizg € R.

We will denote the scalar product of vectors &, as (&,5). Moreover, ||E] = +/(&, &)
denotes the /,-norm. In addition, if M : R™ — R™ is linear, then we let

IM|| = max [Mc]|
EeR™,||¢]I=1

signify the operator norm of M. Further, MT denotes the transpose of M, i.e., the unique
linear operator R — R™ such that (M¢&,n) = (£, MTy) for all £ € R™, y € R™.

3.2. Outline of the analysis

In order to analyse BPCol, we shall relate the fixed-point iteration of (2.2) to the spectral
colouring algorithm from Section 1.2. More precisely, we will approximate the fixed-point
iteration of the non-linear operation (2.2) by a fixed-point iteration for a linear operator.
One of the key ingredients in the analysis is to show how symmetry is broken (i.e.,
convergence to the all-% fixed point is avoided). Indeed, it may not be clear a priori that
this will happen at all, because the random bias generated in step 1 of BPCol is uncorrelated
to the planted colouring. The analysis is based on the following crucial observation (see
Corollary 3.4 below): after a logarithmic number of iterations, for all v € V;,w € Vj,i # j
the messages #¢,, are dominated by eigenvectors of the linear operator which we use
to approximate (2.2). Furthermore, these eigenvectors mirror the colouring (Vy, V3, V3)
and are (almost) constant on every colour class V; (with basically 0,1, —1 values on the
different colour classes). Hence, the (random) initial bias gets amplified so that the planted
3-colouring can eventually be read out of the messages.

To carry out this analysis precisely, we set

1

Agﬁw(l) = ngaw(l) - §

Moreover, we let B : R — R denote the (non-linear) operator defined by

3
@y, = 4y o 15T

3 3
3 Zb:l HueN(v)\w 1— EFZ—W

Then (2.2) can be rephrased in terms of the vectors A(l) = (Aj_,,,(1)y-wed,ac(123) € R as

T eR).

A(l + 1) = BA(). (3.1)
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We shall see that we can approximate the non-linear operator B in (3.1) by
the following linear operator B’ if ||A(l)|, is small; the operator B’ maps a vector
= (T7_,)ac(123)0-wea € R to the vector B(I') = (B'(T);_,,,)av—w € R with entries

B,( LHW = 2 Z Fll*)l/ + Z Z r‘ll"l? (3'2)

ueN)\w b 1 ueN(@)\w

Indeed, B’ : R — R is just the total derivative of B at 0.

We define a sequence Z(I) by letting Z(0) = A(0) and E(I) = B’IE(O) for [ > 1, thinking
of E(I) as a ‘linear approximation’ to A(l). As a first step, we shall simplify the operator
B a little.

Lemma 3.2. We have (B'(E(1)))4,,, = —% ZHGN(U)\W gl D foralll 20, v -weA ac
{1,2,3}.

Proof. Step 1 of BPCol ensures that the initial vector satisfies

3
> B0 E:Awﬂ/ =0, forall {u,v} €E (cf. (2.3)).
b=1 b=1
Therefore, by induction and by the definition (3.2) of B’ we see that 2137=1 &) =0 for
all [ > 0. Consequently, >3, 3 N@)\w Eb (1) =0foralll >0, i.e., the second summand
on the right-hand side of (3.2) vanishes. |

Due to Lemma 3.2, we may just replace B’ by the simpler linear operator £ : R -> R
defined by

(L), = Z ‘', w-wedae{l,23)), (3.3)
uEN(u)\w
which satisfies
2(1) = L'2(0) = L'A(0). (3.4)

We also note for future reference that
3
g ,,()=0, forallv -we A 1l>0, (3.5)
a=1
because (2.3) entails that (3.5) is true for [ =0, whence the definition (3.3) of £ shows
that (3.5) holds for all [ > 0.

In order to prove Theorem 1.1, we shall first analyse the sequence Z(I) and then
bound the error ||Z(I) — A(l)|| resulting from linearization. To study the sequence E(1),
we investigate the dominant eigenvalues of £ and their corresponding eigenvectors. More
precisely, we shall see that our assumption on the spectrum of the adjacency matrix A(G)
implies that the dominant eigenvectors of £ mirror a 3-colouring of G. We defer the proof
of the following proposition to Section 3.3.
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Proposition 3.3. Let ef; € R be the vector with entries

ab 1 ifb=a,veV,andwe Nv)nV,,
(eij)v—nv = .
0 otherwise,

forv—owe A ab,ije {1,2,3}, and i # j. Let £ be the space spanned by these 18 vectors.
Then L operates on & as follows.
S1 There are precisely six linearly independent eigenvectors {(4,(§ :a =1,2,3} with eigen-

value A =4 + 1. /a2 —8d + 4, which satisfy

HCS - ebfz - 61113 + egl + el213 lloo < IOOd_l, HC? - ecllz - 9?3 + 6(311 + egzﬂw < 100d~".
(3.6)
These eigenvectors are symmetric with respect to the colours a = 1,2,3, i.e., for any two
distinct a,b € {1,2,3} and all v > w € A, we have

i = ()i and (9, =0. (3.7)

In addition,
151 =151, for all j € {2,3},a € {1,2,3}. (3.8)

S2 The three vectors e* = ZH&] - with a = 1,2,3 are eigenvectors with eigenvalue 1 5 —d.
S3 For all ¢ € & such that{J_{e (¢ 1a=1,2,3,j =23}, we have | LE[| < L€
S4 Furthermore, LE = £ and LTE < £.

Finally, we have

S5 | £2¢]| < 0.01d%|E||, for all & L E.

The eigenvectors that we are mostly interested in are (§,{§ (a = 1,2, 3), as (3.6) shows
that these vectors represent the colouring (Vi, V>, V3) completely. As a next step, we show
that Z(/) can be approximated well by a linear combination of the vectors {4, {, provided
that [ is sufficiently large. To this end, let

(A(0),Zf") .
xf=n ———-— (i=23a=1273 39
' Ao IgT : (32
be the projection of the initial vector A(0) = Z(0) onto the eigenvector {{'; we will see below
that the normalization in (3.9) ensures that x{ is bounded away from 0. Furthermore,
recalling from (3.8) that ||{¢| = (1| for all i,a, we set
A
1A©)] (3.10)

NGEL

Corollary 3.4. Suppose that | > Ly = 2[logn], and that Z(0) L ¢ for a =1,2,3. Then

303
B ()= VAIZZ x{ + o)}, forallae{1,2,3} and {v,w} € E.

a=1 i=2
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Proof. Since by assumption the initial vector Z(0) is perpendicular to e* for a = 1,2, 3,
and because e!,e?, e’ are eigenvectors of £ by S2, we have Z(I) L e¢*. Therefore, we can

decompose E(I) as

3 3
E() =)+ )Y =z, where &(1) L {e',(¢ sie {23} ae {1,2,3}).  (3.11)

a=1 i=2
Thus, to prove the corollary we need to compute the numbers z{(l) and bound [|E(])] .
With respect to the coefficients z{(I), note that z(l) = ilzf(O), because by S1, {{ is an
eigenvector with eigenvalue 4. Moreover, z4(0) = | {¢|72(Z(0),(?). Hence, (3.9) and (3.10)
yield z{(0) = x¢ - v. Thus,
z8(l) = Alv - x2. (3.12)
To bound the ‘error term’ || £(])| ., we note that S3—S5 entail
1£%7] <0012 (y| < (0.32)%[7ll, forall y L {e'.¢ :i€ {2,3},ae {1,2,3}}, (3.13)

provided that d > dy for a large enough constant dy > 0. Let k = |I/2]. Since £(2k) =
L£%E(0), (3.13) implies that

[€QK) | = [1£%£0)] < (031 £(0)] < (0.31)*Z(0)]. (3.14)
Moreover, as [ < 2k + 1 and ||£]| < d— % by Proposition 3.3, (3.14) yields
€D < NEDI < dIEERK)] < d(0.32)|E(0)]. (3.15)

Finally, if [ > Ly, then d(0.3/)!||Z(0)| = o(A'v). Thus, the assertion follows from (3.11),
(3.12) and (3.15). 0

While in the initial vector A(0) = E(0) the messages are completely uncorrelated with the
colouring (Vy, V3, V3), Corollary 3.4 entails that the dominant contribution to Z(L;) comes
from the eigenvectors {{, which represent that colouring. This implies that all vertices v in
each class V, send essentially the same messages to all other vertices w € V} about each
of the colours 1,2,3, and these messages are solely determined by the initial projections
x{ of A(0) onto ({. Hence, after L; iterations the messages are essentially coherent
and strongly correlated to the planted colouring. Thus, as a next step we analyse the
distribution of the projections x{. To simplify the expression resulting from Corollary 3.4,
let

Vi=x34x35 yi=-x7 and y§=-—x5 (3.16)
Then (3.6) and Corollary 3.4 entail that for all v € V;, all w € N(v), and | > L; we have
Eo (D) = +o(1)) - vi.

Of course, the numbers y; only depend on the initial vector A(0). Therefore, we say that
A(0) is feasible if:

F1AQ0) L e fora=1,2,3, and
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F2 for any pair a,b € {1,2,3}, a # b we have
lyd — 1] < exp(—1/¢) and \yi’ 4+ 0.5] < exp(—1/e). (3.17)

Proposition 3.5. With probability Q(n~") over the random bits used in step 1 of BPCol, A(0)
is feasible.

The elementary (though tedious) proof of Proposition 3.5 can be found in Section 3.4.
Combining Corollary 3.4 and Proposition 3.5, we conclude that with probability Q(n™!)
(namely, if A(0) is feasible) we have

0.49v2! < 2Dl < 1.AvA (1> Ly). (3.18)

Having obtained a sufficient understanding of the sequence Z(I), we will now show that
these vectors provide a good approximation to the vectors A(l), which we are actually
interested in. The proof of the following proposition can be found in Section 3.5.

Proposition 3.6. Suppose that A(0) is feasible. Let L, > 0 be the maximum integer such
that ||E(La) | < e. Then |E(Ly) — A(Ly) | < —log(e) - [E(La)lI3..

Combining the information on the sequence ZE(I) provided by Corollary 3.4 and
Proposition 3.5 with the bound on | E(L,) — A(L;)|+ from Proposition 3.6, we can show
that the messages obtained in the next one or two steps of the algorithm already represent
the colouring rather well. To be precise, let us call the vector 5(I) proper if

Vae {1,2,3), be {1,2,3}\ {a}, v € Vo, w € N(v) : n%,,,(1) > 099 A, (1) < 0.01.

Proposition 3.7. If A(0) is feasible, then for either Ly = L, + 1 or L3 = Ly + 2 the vector
n(L3) is proper.

The proof of Proposition 3.7 is the content of Section 3.6.

Proposition 3.7 shows that the ‘rounding procedure’ in step 3 of BPCol applied to the
messages #(Ls) would yield the colouring (Vi, V3, V3). However, BPCol actually applies
that rounding procedure to 7(I*), where I* > L. Therefore, in order to show that BPCol
outputs a proper 3-colouring, we need to show that these messages #(I*) are proper, too.

Lemma 3.8. If n(l) is proper, then so is n(l + 1).

Proof. Letv e V, for some 1 <a <3, we N(v), and {b,c} = {1,2,3}\ {a}. Since 5(/) is
proper, we have

[ el T 1w, 009 (3.19)
weVaAN@\w Mio(D) ueV AN @)\
L—ni () _ (099" i
> = = . .
Il =0 > (oo » (320

ueVpNN(v)\w
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Consequently, the definition (2.2) of the sequence #(/) shows that

b __ b __ b
nv%w(l + 1) ueVe.NN(@v)\w 1 ”“Hv(l) ueVyNN(v)\w 1 nuav(l)
0.99)>\
> 0.01 - ((001) ) > 0.01 - 90%¢ > 1000. (3.21)

As the construction (2.2) of 5(I 4 1) ensures that nl, (I + 1) +n2, ,(+ 1)+, ,(+1)=
1, (3.21) entails that n_ (I + 1) > 0.99 and 5’ (I + 1) < 0.01, whence 5(/ + 1) is proper.
O

Proof of Theorem 1.1. Proposition 3.5 states that A(0) is feasible with probability Q(n™!).
Therefore, to establish Theorem 1.1, we show that BPCol outputs the colouring (Vy, V3, V3)
if A(0) is feasible.

Thus, assume that A(0) is feasible and let L, be the maximum integer such that
|Z(Ls)|. < e. Then Corollary 3.4 implies that L, = @(log’ n), because |Z(0)|., =6 =
exp(—log® n), and the /.,-norm of Z(I) grows by a factor of / in each iteration. Therefore,
Proposition 3.7 entails that 5(Ls3) is proper for some L; = @(log® n). Thus, by Lemma 3.8
the final n(/”) generated in step 2 is proper, whence step 3 of BPCol outputs the colouring
Vi, Vo, V.

3.3. Proof of Proposition 3.3

The operation (3.3) of £ is symmetric with respect to the three colours a=1,2,3.
Therefore, we shall represent £ as a tensor product of a 3 x 3 matrix and an operator that
represents the graph G. To this end, we define operators M : RA — R4 and K : R4 —» R4
by

E b—»w = Z s E v—>w = By (E € RA)' (322)
ueN

Thus,

1 = p—
—5 (M= K)E)seny =

N\*—‘

—
E =)

—u—v»
eN(v

ie., —%(/\/l — K) represents the operation of £ with respect to a single colour a € {1,2,3}.
Therefore, we can rephrase the definition (3.3) of £ on the space R = R? ® R4 as

L[t 00
L=—3(0 1 0]®WM-K). (3.23)
0 0 1

Hence, in order to understand £, we basically need to analyse M — K.
For i, j € {1,2,3} we define vectors e;; € RA by letting

1 ifveV,weV;and we N(v),
(eij)baw =

0 otherwise.
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The following lemma shows that it makes sense to split the analysis of M — K into two
parts: first we shall analyse how M — KC operates on the space & spanned by the vectors
eij (1 <i,j <3,i+# j); then, we will study the operation of M — K on & .

Lemma 3.9. If ¢ € &, then ME,MTEKEKTE € &,.

Proof. Let i,j,k € {1,2,3} be pairwise distinct. Since Ke;; = e, we have K& c &.
Moreover, KT = K. Furthermore, by Lemma 3.1,

d ifveV;
(Meij)vaw = Z (eij)uﬂv = { ! (324)

WEN(v) 0 otherwise.

Hence, Me;; = d(ej; + ej;), and thus M&, < &. In addition, the transpose of M is given
by

(MTE)U—HV = Z Ewou

ueN(w)
Therefore,
d ifveVl,
(MTeij)v—wu = Z (eij)w—m = { .
eN ) 0 otherwise.
Consequently, ./\/lTe,»j = d(e;; + ex), whence MTE < &. ]

To study the operation of M — K on &, note that (3.24) implies that (M — K)e;; =
deji 4+ (d — 1)eji, if i, j,k € {1,2,3} are pairwise distinct. Therefore, with respect to the
basis ej, €23, €21, €23, €31, €32 of &, we can represent the operation of M — IC on &) by the
6 x 6 matrix

0 0 d—1 0 d 0
0 0 d 0 d—1 0
d—1 0 0 0 0 d
M= d 0 0 0 0 d-—1
0 d—1 0 d 0 0
0 d 0 d—1 0 0

Observe that M is not symmetric. However, the columns of M can be permuted to obtain
a symmetric matrix. The following lemma follows from a tedious direct computation.

Lemma 3.10. The 6 x 6 matrix M is diagonalizable and has the non-zero eigenvalues 1,
2d — 1,

7 2 _
Az_g_W’ A/Z_g_l_W' (3.25)
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The eigenspace with eigenvalue 2d — 1 is spanned by 1. Moreover, there are two mutually
perpendicular eigenvectors (5, (5 with eigenvalue A, which satisfy

10
d b

/ 10
HC3 - (1’ 1,0,0,_1,_1)7'”@ < —

Hcé_(Lla_l,_laOaO)Tuw g d

and || &3] = [155].

Since M describes the operation of M — K on the subspace &, Lemma 3.10 implies
the following.

Corollary 3.11. Restricted to the subspace &, the operator M — K is diagonalizable with
non-zero eigenvalues 1, 2d — 1, and A, A’ as in (3.25). The vector e" = Zi# ejj spans the
eigenspace of 2d — 1. Furthermore, there are two mutually perpendicular eigenvectors {»,{3
with eigenvalue A, which satisfy

10

0
(2 — (e12 + €13 — €21 — ex3)lo < R (3 — (e12 + e13 —e31 — €)oo < Vi
Corollary 3.11 describes the operation of M — K on & completely. Therefore, as a next
step we shall analyse how M — K operates on & . More precisely, our goal is to show
that, restricted to &, the norm of M — K is significantly smaller than A. To this end, we
observe that the operator X merely permutes the coordinates. Consequently,

IKIF < 1. (3.26)

To bound the norm of M on &, we consider three subspaces of &;. The first subspace
S consists of all vectors & € SOL such that the value &,_,,, only depends on the ‘start vertex’
v; in symbols,

S={(€& :Yo->woo—-ucA:é, =8

If €S8 and v € V, then we let ¢,_, =¢&,,,, for any w € N(v), i.e., &, is the ‘outgoing
value’ of v.

The second subspace T consists of all & € EOL such that &,.,, depends only on the
‘target vertex’ v, i.e.,

T={(€& Yu—ov,w—oveEA: &, =)

ForéeTandveV welet &, =¢,,, for any u € N(v), i.e.,, £, signifies the ‘incoming
value’ of v.

Furthermore, the third subspace U consists of all ¢ such that, for any vertex, the sum
of the ‘incoming’ values equals 0:

U={5650L:VUEV: > §H=o}.

ueN(v)

Lemma 3.12.
(1) We have U = Kern(M) N &
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(2) Moreover, if ¢ € T, then (ME),_,,, = 2dE_,, for all v > w € A. In particular, ME € S.
(3) Furthermore, T L U, and Ed‘ =TeoeU.

Proof. The first assertion follows immediately from the definition (3.22) of M. Moreover,
if £ e T, then (ME&),, = ZueN(v) Eumy = |IN()|ESy, = 2dE-,, due to Lemma 3.1, whence
(2) follows. Consequently, if ¢ € T and 5 € U, then

Em = &tuse =24 e Y Mue =0,

u—veA veV ueN(v)
whence T L U. Furthermore, for any y € SOL the vector n with entries
Nyow = Z éuﬂw
ueN (w)

lies in T, because the sum on the right-hand side is independent of v». In addition,
& =y —n satisfies

Z Eump = Z /u_,b] —2dn_, =0, foranyvel,

ueN(v lueN

so that & € U. Hence, any y € SOL can be written as y =5+ & withy € T and £ € U, i.e.,
E=TeaoU. O

By now we have all the prerequisites to analyse the operation of M on & .
Lemma 3.13. If ¢ € &, then | M?E| < 0.01d(|E].

Proof. Let ¢ € & . By the third part of Lemma 3.12 there is a decomposition & = &7 + &y
such that ér € T and &y € U. Furthermore, the first part of Lemma 3.12 entails that
ME = MEp. Therefore, we may assume without loss of generality that £ =¢r e T.
Hence, the second part of of Lemma 3.12 implies that

1E"] = 2d||¢] (3.27)

and ¢ = M¢ € S. Consequently, letting £ = ME = M?E, we obtain
L‘Wl - Z éual - Z 51,,% (328)
ueN(v ueN(v)

Since the right-hand side of (3.28) is independent of w, we conclude &” € S.
In order to bound [|"|| = | M?3E||, we shall express the sum on the right-hand side
of (3.28) in terms of the adjacency matrix A(G). To this end, consider the two vectors

n' = (n)ev €R”  with '1£ =&
= (n)oev € RV with 5 =&,
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for all v € V. Then
&= > &, =24 ¢ *=2d|y'|>. and analogously (3.29)

poweA veV
1€" 1> = 2d|1n" 1. (3.30)
Furthermore, (3.28) implies that = >_ .y, n, forallv € V, ie.,
n" = AGy (3.31)
Combining (3.27), (3.29), (3.30), and (3.31), we obtain
I = 1) = 2 g (332

Hence, we finally need to bound || A(G)n’||. To this end, we employ our assumption that
G is (d,0.01)-regular; namely, condition R2 from the definition of (d, 0.01)-regularity entails
that |A(G){| < 0.01d|{|| for all { L i[/l, in, L@- Thus, we need to show that ' L L/,. for
i=1,2,3. Assuming w.l.o.g. that i = 1, we have

i)=& =)™ > &, = enten)
vely voweAAwel
= 2d)""(ME,enn +e13) = 2d) (&, M (en + e13)). (3.33)
Further, as MT (elz +e13) € & by Lemma 3.9, while ¢ € £ by our assumption, (3.33)

implies that (', 1V1> = 0. Consequently, we obtain that |4A(G)y'|| < 0.01d|#’||, whence
(3.32) yields the assertion. U]

Proof of Proposition 3.3. Combining Corollary 3.11 with the tensor product representa-
tion (3.23) of L, we conclude that the six vectors

1 0 0
d=lo]es 2=[1]ey C=|0]ey (=23 (3.34)
0 0 1
are eigenvectors of £ with eigenvalue A= —%A. In addition, the tensor representa-

tion (3.34) of the vectors (¢ immediately implies the symmetry statement (3.7), while (3.8)
follows from Corollary 3.11. Moreover, once more by Corollary 3.11 the three vectors

1 0 0
el=[0]®e, =[1]®e, S=[0] ¢
0 0 1

are eigenvalues with eigenvector —%(Zd— 1) = % —d, and all other eigenvalues of L
restricted to £ are < % in absolute value. In addition, Lemma 3.9 shows in combination
with (3.23) that £&,LTE < £. Finally, Lemma 3.13 implies in combination with (3.23)
that | L&) < 0.01d%| & for all ¢ L .

3.4. Proof of Proposition 3.5
Before we get to the proof, let us briefly discuss why the assertion (i.e., Proposition 3.5)
is plausible. In fact, let us point out that the vector A(0) is easily seen to satisfy F2 with
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probability Q(1). For each of the inner products (A(0),{¢) is a sum of n independent
random variables, whence the central limit theorem implies that

JIAO) I ITHA), L)

is asymptotically normal (the factor ./n|A(0)|~"[{¢|~!, which is independent of the
random vector A(0), is needed to ensure that mean and variance are of order ®(1)). In
fact, since the vectors ({{')q=123:i=23 are mutually perpendicular, the joint distribution of
the random variables

(VAL HAOL L)) s 50m12a

is asymptotically a (multivariate) Gaussian. Therefore, the probability that A(0) satisfies
F2 is Q(1).

However, once we condition on A(0) satisfying F1, the entries of A(0) are no longer
independent, whence the above argument does not yield a bound on the probability that
A(0) satisfies both F1 and F2. Nonetheless, the dependence of the entries of A(0) is weak
enough to allow for an elementary direct analysis. We begin with bounding the probability
that A(0) satisfies F1. To this end, we define a partition (W, W5, W3) of V' by letting

Wi={eV:A_, =05, forallwe N(@)}.

VoW

In other words, W; consists of all vertices for which the random number a chosen in
step 1 of BPCol was equal to i.

Lemma 3.14. The probability that A(0) satisfies F1 is Q(n™").

Proof. A sufficient condition for A(0) to satisfy F1 is that [Wi| = [W,| =|W;3| = 3.
Moreover, the total number of vectors that can be generated by step 1 of BPCol equals 3",
out of which (, /3”;’3 . /3) yield Wi = W, = W3 = 4. Therefore, the assertion follows from

Stirling’s formula. L]

In the remainder of this section we condition on the event that A(0) is such that |W;| =
|W>| = |Wj3]. Thus, (W, W), W3) is just a random partition of V' into three classes of equal
size, and for all v € W, all j € {1,2,3}\ {i}, and all w € N(v) we have

Al =, A — _é_

VoW VoW 2

Lemma 3.15. For any constant ¢y > 0 there exists a constant ¢y > 0 such that the following
holds. If (s{)ia=1,2,3 are integers of absolute value |s{| < c;./n such that ZZ=1 $§ = Z?:l sh =
0 for all 1 <b,j <3, then

PIVI<ai<3:|V,nW| =g+5? > eon 2.

Proof. The sets Wy, W,, W3 are randomly chosen mutually disjoint subsets of V' of
cardinality n/3 each, whereas Vi, V>, V3 are fixed subsets of V. Therefore, the total
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number of ways to choose Wy, W,, W3 is given by the multinomial coefficient (
by Stirling’s formula,

n ) .
n/3,n/3,n/3)°

h —1qn
< . .
(n/3’n/3,n/3) <10n7'3 (3.35)

Moreover, the number of ways to choose Wy, W,, W3 such that |V, N W;| = s{ equals

’ n/3
3.36
g (n/9+s‘{,n/9+s§,n/9+s‘3‘> (3.36)

(because the ath factor on the right-hand side equals the number of ways to partition
V, into three pieces V, N Wy, V, N W,, V,N Ws of the desired sizes). Combining (3.35)
and (3.36) with Stirling’s formula, we get

n(n/3)"
PVl < VanW;
“! : = +S} 103" [T <i0c3(n/9 + 57!
5/2+n
> . 3.37
ECST PR I
Furthermore, once again due to Stirling’s formula,
(n/9 + s)! < exp(—n/9 — s)(n/9 + )7+ \/n
= exp(—n/9 —s{)(n/9)" T (1 + 95 /n)"* ¥
< exp(—n/9 + 95 /n)(n/9)"/*+5. (3.38)

Since we are assuming that s{ < ¢y, /n and Zl 188 =0, (3.38) entails that

[T (/9 +sH1< (n/9e)"n’> exp<9Zs‘12/n> < ch(n/9e)'n’? (3.39)

1<i,a<3 a,i

for a bounded number ¢} that depends only on c¢;. Finally, plugging (3.39) into (3.37) and
cancelling, we obtain the assertion. U]

Corollary 3.16. For any two constants cs, § > 0 there exists a constant cq4 > 0 such that the
followmg holds. If (t{)ia=123 are numbers of absolute value |t{| < c3 such that Z

St =0 for all 1 < b,j <3, then

111

al]

Proof. Let S be the set of all tuples (s{)4,=123 of integers such that \n_? sl’ — tb\ p, and

3 184 = S sb=0forall 1 <b,j<3. Then |S| > f*n2/32. Moreover, all (s¢),i=123 €

S satisfy |s§?| < (e3+ l)f n (1 < b,j < 3). Therefore, Lemma 3.15 (applied with ¢; = ¢c3 + 1)
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shows that
thi 2<W’OLV| )——ﬁ <ﬁ}> E:r{v@z|erww — 4 s¢
(sf)es
> alSIn? > Bler/32,
as desired. ]

Since the vector A(0) just represents the partition Wy, W,, W3, and the vectors i €
just represent the colouring Vi, V5, V3, Corollary 3.16 easily implies a result on the joint
distribution of the inner products (A(0),>,; ef;).

Corollary 3.17. For any two constants cs,y > 0 there exists a constant c¢ > 0 such that the

following is true. Suppose that (z{)i<aig3 are numbers such that \z | < c¢s5 and Zl 121 =
3z z{ =0 for all 1 <b,j < 3. Then

Ca (A0), Z#i e?j> ] .
Pl\’“” T G

Proof. The definition of #(0) in step 1 of BPCol shows that

forallv - we A (3.40)

3

1 0 ifve W,
—W 0 (?_’ 0 3~
ArL,(0) = n;,,(0) {_5/2 otherwise,

Therefore,

[A0)]| = +/3dn/2 - 6. (3.41)

Moreover, by Proposition 3.3 there is a number 0.99 < ¢7 < 1.01 such that

IEH = cqllef, + efy — €5 — €53l = 207\/%- (3.42)

Furthermore, using (3.40), we can easily compute the scalar product (A(0),> ki el‘-3>
(1<ai<3):

<A(O) Z lj>: Z Af_,w(0)=|V,ﬂWa|d5—|Vl\Wa|?

JFi voweAwel;

= ?('Vi N W, —n/9) (because |V;| = |W,| =n/3). (3.43)

Combining (3.41), (3.42), and (3.43), we conclude that for a certain constant cg > 0

(B0, 2 i)
aoyz Ve \f (Vi O Wal = 1/9).

Therefore, the assertion follows from Corollary 3.16 by setting s¢ = ¢; ! /n-z¢ and f =
v/cs. L]
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Proof of Proposition 3.5. Let o = exp(—1/¢) and

R —1 ifa=i .
%9 = ) i=23;a=1273). (3.44)
1/2  otherwise

Then the definitions (3.9) and (3.16) of the variables x{ and y{ entail that
P[Va,i€ {1,2,3},i#a:|y;— 1| <aA|y'—1/2| <«
>P[Va,ie{1,2,3} Dxd — & <oc/2]. (3.45)

Therefore, we shall derive a lower bound on P[Va,i Hxf =X < af 2].
To this end, let

Je{L23\{i}

and let V = R# be the space spanned by these nine vectors. In addition, let g : RA — V
be the orthogonal projection onto V. Since the construction of the initial vector A(0) in
step 1 of BPCol ensures that A(0) € V, we have

TROL T o — (a0).20) = (4A0).28) = (A0).427).
NG

Hence, instead of the vectors (' we may work with their projections ¢g{;' onto V. Thus, let
qi; € R be the coeficients such that

3
gl =gt (i=23a=123)
j=1

Then by symmetry we have gj; = qf’j for all 1 < a,b < 3; therefore, we will briefly write
gi; instead of gj}. Furthermore, (3.6) implies the bounds

0.99 < g71 € 1.01, —1.01 < g2n < —0.99, —0.01 < g23 < 0.01, (3.46)
0.99 < g31 < 1.01, —0.01 < g3 < —0.01, —1.01 < ¢33 < —0.99 (3.47)
As a consequence, the matrix
a1 g2 423
0= |91 g g
1 1 1
is regular, and there is a constant ¢y > 0 such that [|Q~|| < co.
Let
z{ X9
=07 x4 (a=1,2,3). (3.48)
7§ 0

Since Q7! < ¢o and [x¢| < 1 for all a,i, we have

2| < Seo (1< a,i<3). (3.49)
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In addition, (3.44) and (3.48) imply that
3 3 (X3
Z |l =0" > |x¢|]| =0 and (3.50)
a=1 a a=1 0
3
Y =0 (1<bh<3), (3.51)

i=1
Combining (3.49)—(3.51), we see that (z]')1<a,g3 satisfies the assumptions of Corollary 3.17,
whence

P[Va,i 28— _(AQ)ef) \/ﬁ‘ < oﬁ} > ¢ (3.52)

[ACOHIC

for some constant ¢, > 0. Furthermore, if A(0) € R4 satisfies

a __ <A(O),€?> \/ﬁ‘<062

A0
then (3.48) and the bounds (3.46)~(3.47) imply that
o vay_ |ea (A00)E) (A(0),ef) )’
e A O TTETING i ”( o V"

< azziqﬁi <302 <a/2 (j=23,a=1,23).

Therefore, (3.52) yields
P[Va,i:|x{ —%{| <a/2] >

Thus, the assertion follows from (3.45) and Lemma 3.14.

3.5. Proof of Proposition 3.6

Our goal in this section is to bound the error |A(l) — E(l)|,, resulting from replacing the
non-linear operator B by the linear operator £. Since A(l) = B'A(0) and Z(I) = L!E(0) =
L'A(0) by (3.4), the main difficulty of this analysis is to bound how errors that were made
early on in the sequence (i.e., for ‘small’ [) amplify in the subsequent iterations. To control
this phenomenon, we proceed by induction on [. We begin with a simple lemma that
bounds the error occurring ina single iteration Recall that the constructions of Z(/) and
A(l) ensure that Za (B2 = Za (AL (D) =0forallv - w e A (cf (2.3) and (3.5)).

Lemma 3.18. Suppose that T' satisfies Z (T8, =0 for all v>we A If |T'|le <
0.001d71, then | BT — LT||,, < 100d%|T||2.

Proof. We employ the elementary inequalities

exp(—x —x?) < I —x <exp(—x) < 1 —x+ x> (|x] <0.1). (3.53)
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Letv > we A ae {1,2,3}, and set

3
m= J] 1- 2r’;ﬂ (be{1,2,3).
ueN(v)\w

Moreover, let I' = BI. Then we can rephrase the definition (3.1) of B as
1 1,
fe,, =—+ - (3.54)
o 3 > p=1 b
In order to prove the lemma, we bound the error term \Hh —(1-33,c N@)\w o) T
this end, note that by (3.53) there exist numbers 0 < of_, < 9/4 such that 1 — 31" =

o

2% u—v
exp(—3It_, —ob_ T'"2)). Hence, once more by (3.53) there is a number —1 < g% <1
such that

3 b2
Iy =exp| — Z 2 u—»b + uuabruﬂt
ueN(@)\w
3 2
b b b b
=1- Z |:2ru—>v u—wruibil +ﬁ Z 2 u—>L uatruiL
ueN(v) ueN(v)
=L, + Ep, where we let (3.59)
L,=1-— Z l"u_,v, and
ueN(
2
Ep, = Z uHLFZiD Z 2 u—pv T Gyp FZiL‘| :
ueN(v)\w ueN(v

Further, since |||, < 0.001/d by assumption and |N(v)| = 2d by Lemma 3.1, we obtain
the bound

|Ey] < 10d2|T||%, < 0.01. (3.56)

As Zb . Ly = 3, due to our assumption that Eb (T, =0 for all u— v € A, plug-
ging (3.55) into (3.54) yields

1 _ L,+E, o L, 3E, + La(El +E, + E3)

Fa - = = — 3.57
N ST R A Bt B 3 1 30+ B+ Bt Ey) (3.57)

Since |Lo| < 14 3d| T < 2, (3.56) and (3.57) yield that
=L~ T, | < 1002, (3.58)

Finally, a glance at (3.3) reveals that (£I')¢,,, = §(1 — L,), and thus the assertion follows
from (3.58). U]

Lemma 3.18 allows us to bound the error ||A(l + 1) — E(I 4+ 1)||, resulting from iteration
I 4+ 1 in terms of the error ||A(l) — E(l)||, from the previous iteration. Hereafter, we let
C > 0 denote a sufficiently large constant.
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Lemma 3.19. Suppose that |A(l) — E(I)||,. < (Cd)~'. Then
1A+ 1) = E(I + 1) < 2Cd*[E(D)]2, + 4d| A(l) — E(1) -0

Proof. By Lemma 3.18 and the definition (3.3) of £ we have

1A+ 1) = E( + Dl = [BA(l) = LE(D) ]
< IBA) — LAD) [loo + LA — LED) [0
< CAIAD)Z + 2d( AUT) — E(1)] oo (3.59)

Moreover, |A(D)|lo < 1E(D]lw + I1E() — A(l)||, whence (3.59) yields
1A+ 1) = E(I + 1) < 2CA*[|ED)3, + I1EX) — AD)2] + 24 A1) — ED) |-

This implies the assertion, because we are assuming that |A(l) — Z(I)||,, < (Cd)~L. ]
Further, applying Lemma 3.19 L times recursively, we obtain the following bound.

Corollary 3.20. Suppose that |A(l) — Z(1)||o < (Cd)~! for all | < L. Then

L—
IA(L) = E(L)]lo < Z (4d) M |E(L — )12, + Cd*(4d) - A©0)]2,.

To proceed, we need the following (rough) absolute bound on the error ||A(L) — E(L)| -
Lemma 3.21. If L <log’n, then |A(L) —E(L)|., < (Cd)™!

Proof. The proof is by induction on L. For L = 0 the assertion is trivially true. Thus,
assume that |A(l) — Z(I)|l, < (Cd)~! for all | < L < log®>n. Then Corollary 3.20 entails
that

L—1

JA(L) = E(L)]loo < 2Cd> > (4dy | E(L — )| + Ca(4d)" | AO) .

j=1

Further, the definition (3.3) of £ shows that
IED) 0 < 2d)' [A©)] = (2d)'5.
Hence,
IA(L) — E(L)||l» < 4Cd*(2d)*7256% + Cd*(4d)-162.

Asd < exp(—log n) and d = O(1), the right-hand side is o(1) as n — oo, and thus |A(L) —
Z(L)|l, < (Cd)~', provided that n is sufficiently large. ]

Lemma 3.22. Let L* be the maximum integer such that |E(L")||., < e. Then, for all log*>n <
L < L* we have |E(L) — A(L)].. < —log(e) - |E(L)]2.
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Proof. By the definition (3.3) of £ there are constants ¢y, ¢, > 0 such that
IED)]w < 2d)'s (V1< crlogn), (3.60)
IEW) o0 € [e7' A0 /~Jdn,c12'5/Jdn] (V1> ¢ logn). (3.61)

We proceed inductively for log?> n < L < L*. Thus, assume that |Z(]) — A(])||» < ¢ 1Z(D)2,
for all log>n < I < L. Since 4 > 0.1d and ||E(L)] ., < e, this implies that

12(1) — A(l)||., < (Cd)~!, for all log>n <1< L.

Furthermore, |E(1) — A(l)|., < (Cd)~! for all | < log®n by Lemma 3.21. Therefore, we can
apply Corollary 3.20 to obtain

L—
IE(L) = A(L)] o < Z (4dy " E(L — )1 + Cd*(4d) | A0) 2. (3.62)

Since L > log®n and 4 > 0.1d, (3.60) and (3.61) imply that the sum on the right-hand side
of (3.62) is dominated by the term for j = L — 1. Hence,
IE(L) = A(L) | < 4C|E(L —1)|7, + Cd*(4d)"'5°
< 3d252[ —I/IZL 2+(4d)L—1]
< 2¢3d*0% 22207 < eg02 2 0™ (3.63)

/\

Combining (3.61) and (3.63), we conclude that |Z(L)— A(L)||,, < —log(e) - [|E(L)|2,
(provided that e is chosen small enough). |

Finally, Proposition 3.6 follows from Lemma 3.22 directly.

3.6. Proof of Proposition 3.7
Let u = vA™2. Then Corollary 3.4 and Proposition 3.5 entail that

(1—eHu <A (L) < (1+€u if v e V,and w € N(v), and (3.64)
1 1
(-2 —€ ) <AL (Ly) < (-2 + 63>H if v V,and w e N(v). (3.65)

To prove Proposition 3.7, we consider two cases. The first case is that ||A(L)]|o < (ed)™!
is ‘small’. Then it will take two more steps for the messages to properly represent the
colouring (V1, V2, V3), i.e., Ly = Ly + 2. In contrast, if [|A(L,)|., > (ed)~! is ‘large’, we will
just need one more step (L3 = L; + 1). In both cases the proof is based on a direct analysis
of the BP equations (2.2).

Lemma 3.23. I 0.0led ™! < ||A(Ly)||» < (ed)™!, then

+ (I +ywv,))p  ifucV,

3.66
— (1 +7(u,v,0))p' otherwise, (3.66)

ni.t*»v(LZ + 1) = {

W= W=

where |y(u,v,i)| < € and B, > €.
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Proof. We have
[heneyw 1= 3800 (L2)
- IHueNm\w — 3 (L)
exp(—3 Y ueN@yw Auso(L2) + O( uHL(Lz))z)
33 exp (=2 oy Mon(L2) + O(Al(L2)))

—1
lZexpl > A(La) = AL (Lo) + O(ed)” H . (6]

ueN)\w

’10‘)% (L2 + 1)

Since for any v we have |N(v)| = 2d, we can essentially neglect the O(ed)~>-term in (3.67).
More precisely, for some —e? < 75 = y2(i,v, w) < €2, we have

Z €xp [ Z AM*M/ u%L (LZ)‘|

ueN(@)\w

—1

To analyse (3.68), assume without loss of generality that v € V7. Then (3.64) and (3.65)
entail that there is a number —e? < y3 < € such that

3
Z A —>L(L2 u—>L(L2) (2 + “/3)51#

ueNv)\w
Consequently, 11, (Ly+ 1) = (14 72)[1 + 2exp(—(3/2 + 73)du)] . Finally, since <
2(ed)™!, we obtain

—1
nl (L4 1) = (14 74) [1 + 2exp (—;duﬂ (3.69)

for some —2¢€? < y4 = p4(1,0,w) < 2€%.
Now, assume that v € V5. Then (3.64) and (3.65) entail that there are numbers —e> <
75,76 < €> such that

Z Al—w L2 u—>v(L2) = Vsdﬂ,

ueN(v
Z AH, (La) — A2, (La) = (3/2 + y6)du
ueN(v
Therefore,
3 —1
n2(La 1) = (14 72) {2 + eXp(zduﬂ (3.70)

for some —2¢e? < 74 = y4(2,v,w) < 2¢%. Combining (3.69) and (3.70), we obtain the asser-
tion. L]

Corollary 3.24. Suppose that 0.01ed™! < [|A(Ly)| o < (ed)™!. Then nt_,, (L, +2) = 0.99 if
v € Vg, and ni_,,,(Ly +2) <001 if v & V,.
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Proof. We assume without loss of generality that a = 1. Moreover, suppose that v € V7.
We shall bound the quotient
M (Lo +2)
Nyy(L2 +2)

1= (La+1) .
- I 1 S B A =23
Q] H 1_175_)0([‘2_"_ 1)a Or.] TR

= (0,03, where (3.71)

ueV;NN(v)\w
from below. Lemma 3.23 implies that, for u € V3,

1_’711¢—>U(L2 +1) S 2/3+(1 _63)ﬁ/

> 3> 1 — 66,
[l 1)~ 23+ ey~ AP =lmee

Hence,
0, > (1 — 6%, (3.72)
Furthermore, for u € V5, Lemma 3.23 entails that
e B R
Consequently,
0, > (1426341 (3.73)
Combining (3.72) and (3.73) and recalling that d > =2, we obtain the assertion. U]

Lemma 3.25. Suppose that |A(Ly)|. > (ed)™'. Then n’_ ,(Ly+1) > 0.99 if v € V,, and
Ni(L2 +2) <001 if v & V.
Proof. Since |A(Ly)|. > (ed)™", (3.64) and (3.65) yield

1= (2ed). (3.74)

Without loss of generality we may consider a vertex v € V1 and a neighbour w € N(v).
We will prove that n!_, (L, 4+ 1)/n2,,,(L2 + 1) > 1000. Since Z§=1 Ni—w(Ly 4+ 1) = 1, this
implies the assertion. To bound the quotient from below, we decompose

1
’11)47\4‘([‘2 + 1)
- = - 03, where 3.75
(bt 1) 0> 03 (3.75)
1=y, (La) .
0;= I =, forj=23,
ueV;NN(v)\w 1= nuHL‘(LZ)
With respect to Q3, (3.64) and (3.65) imply that, for u € V3,
_pl _ 3 3
Lom(Ly) 234 02=S) 2P s
L—n2 (L) = 2/3+(1/2+€)u 2/34+(1/2+ €

Hence,

03 > (1 -3 p)". (3.76)
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Further, (3.64) and (3.65) yield that, for u € V>,

1—ni (L) _ 2/34+(1/2—€Y)p) (3/2—2€%)u
o=t > =1+ >142u
1 —n2_,(Ly) 2/3—(1—=€u 2/34+(1/2—(1 =€) s
Therefore,
0, > (142" (3.77)

Thus, combining (3.74)—(3.77), we obtain

’7L1‘—>W(L2 + 1)
'73%\«)(142 + 1)

which implies the assertion. ]

=0, 03 > (1 =3 1+ 20" = (1 + ™" > 1000,

Finally, Proposition 3.7 is a direct consequence of Corollary 3.24 and Lemma 3.25.

4. Proof of Corollary 1.2

Throughout this section, we assume that d > dy for a sufficiently large constant dy > 0, and
that n > ng = ny(d) for a large enough ny. Set p = d/n.

Let G = Guy3 be a random graph with vertex set V = {1,...,3n} and ‘planted’ 3-
colouring Vi, V3, V3. In order to analyse the adjacency A(G), we shall employ the following
lemma, which follows immediately from the ‘converse expander mixing lemma’ from [3].

Lemma 4.1. Let B = (V'UV" Eg) be a bipartite d-regular graph such that |V'| = |V"|.
Assume that

VSV, T V" :l|ep(S, T)—|S||TIp| < d*'/|S||T], (4.78)

where eg(S,T) is the number of S—T-edges in B. Then the adjacency matrix A(B) enjoys
the property:
For any two vectors &,n € RV'YY" such that both &, n are perpendicular to i[// and
1yr, the inequality (A(B)E,n) < d*52|&|||n| holds.

Moreover, the following lemma can be derived using standard techniques from the
theory of random regular graphs; see Chapter 9 of [10].

Lemma 4.2. With high probability, G has the following property. Let 1 < i< j < 3. Then
VS < Vi, T = Vj :lea(S, T) — IS||T|p| < d*'\/|S||T.
Corollary 4.3. With high probability, G is (d,0.01)-regular.

Proof. Let A(G) = (ayw)swer denote the adjacency matrix of G. Moreover, let

z{aw ifowe V;uv; (1<i<j<3)

0 otherwise
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Then AY = (a),), ey is the adjacency matrix of the bipartite subgraph of G induced
on V;UV,. Let £ be the subspace of R” spanned by the three vectors 1y, (k = 1,2,3).
Combining Lemma 4.1 with Lemma 4.2, we conclude that w.h.p. (47 5) < d®2|E|||n]

forall &,n L € and any 1 < i< j < 3. Since 4(G) = Zl<i</’<3 A this implies that
Vén L E:(AG)E,n) < 0.01d[E| [Inll (4.79)

(provided that d is sufficiently large). Furthermore, as the construction of G ensures that
each vertex v € V; has exactly d neighbours in each class V; # V;, we can compute the
vector {! = A(G)1y, as follows. For any v € V,

, 0 ifveV,
(= Ay =
P=2 do {d ifvé V.

wev;
Hence, (i = A(G)ivi = dzj#i iVj. Therefore, for any 1 <i < j < 3 we have
AG)1y, — 1) = —d(iy, — 1v)). (4.80)
Combining (4.79) and (4.80), we see that G is (d,0.01)-regular w.h.p. U]

Finally, Corollary 1.2 follows from Theorem 1.1 and Corollary 4.3.

5. Conclusion

We have shown that BPCol 3-colours (d,0.01)-regular graphs in polynomial time. Three
potentially interesting extensions suggest themselves, which may be the subject of future
work.

(1) In (d,0.01)-regular graphs every vertex has precisely d neighbours in each colour class
except for its own. By comparison, in the planted random graph model studied in [2], the
number of neighbours that a vertex has in another colour class is Poisson with mean d. It
would be interesting to see if /how the present analysis can be modified to deal with such
a more irregular degree distribution.

(2) Survey propagation (‘SP’) is a more involved version of belief propagation (although
SP can be rephrased as BP on a different model [15]) and performs very well empirically
on random graphs G(n, p). It would be interesting to extend our analysis to SP.

(3) In a (d,0.01)-regular graph there is exactly one 3-colouring (up to permutations of the
colour classes). Nonetheless, we think that the techniques of our analysis can be extended
to more complicated ‘solution spaces’. For instance, it should be straightforward to deal
with graphs that have a bounded number of distinct 3-colourings.
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