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PROBLEM STATEMENT

PROBLEM

n

il (Fel = % > )

xeDNX

@ Convex constraint set: X C RP
e Convex and open domain of F: D =);_; dom(f;)
e Large Scale:

e n>1
e p>1
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EXAMPLES

@ Machine Learning and Data fitting
o Each f; corresponds to an observation (or a measurement) which
models the loss (or misfit)
o Logistic regression
e SVM
o Neural Networks
e Graphical Models
@ Nonlinear inverse problems

e e.g., PDE inverse problems

F. Roosta-Khorasani and M. W. Mahoney ( Sub-Sampled Newton Methods Feb 2016

5/73



Problem Statement
ITERATIVE SCHEME -

1
X1 = arg_min_ {F(x“)) + (0= x)Tg(x ) 4 5 (x = x) TH(x ) x - x“))} ,

where
@ g(x) =~ VF(x)

@ H(x)~ V2F(x)
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o Newton: g(x(¥)) = VF(x(k)) and H(x(¥)) = V2F(x(¥)
Projected Gradient Descent: g(x(¥)) = VF(x(K)) and H(x(K)) =1
Frank-Wolfe: g(x(K)) = VF(x(K)) and H(x(K) =0
(mini-batch) SGD: g(x(¥)) = 1/|S| D jes, V£(x(K) and H(x(K)) =T,
@ SSN:

e SSN w. Hessian Sub-Sampling:

g(x") = VF(x™)
H(x®) = 1/Isu] Y VH(xX)

JESH
o SNN w. Gradient and Hessian Sub-Sampling:
g(xV) = 1/IS| Y V£(xV)
JES,
Hx®) = 1/18n] Y~ V2h(xW)

JESH
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MODERN “BIiGg-DATA”

e n>1

o Evaluation VF(x) and V2F(x) scales “linearly” in n
o p>1

o Evaluation of each Vf;(x) and V2f;(x) can be expensive

e The “best” direction of descent = computationally expensive
o Classical deterministic optimization algorithms — Inefficient
o Need to design stochastic variants

e Should be efficient
e Should preserve as much of original speed as possible
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FIrRsT ORDER METHODS

@ Use only gradient information
e E.g.: Gradient Descent:

x(k+1) = x(K) — o VF(x(¥)

e Smooth Convex F = Sublinear, O(1/k)
e Smooth Strongly Convex F = Linear, O(p¥), p < 1
e However, iteration cost scales linearly in n
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FIrRsT ORDER METHODS

e Stochastic variants e.g., (mini-batch) SGD

e SC{1,2,---,n} is chosen at random with |S| < n
xKFD) — (k) _ Z Vﬂ-(x(k))
Jjes

e Cheap Per-lteration costs!
e However slower to converge:
e Smooth Convex F = O(1/Vk)
e Smooth Strongly Convex F = O(1/k)
e Devise modifications to
e achieve the convergence rate of the full GD

e preserve the per-iteration cost of SGD
e E.g.: SAG, SDCA, SVRG,...
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SECOND ORDER METHODS

@ Use both gradient and Hessian information
e E.g. : Newton’'s method:

x(k+1) = x(K) _ w2 F (x| tw F(x(9)

e Smooth Convex F = Locally Superlinear
e Smooth Strongly Convex F = Locally Quadratic
e However, iteration cost is high!
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SECOND ORDER METHODS

@ Approximating second order information cheaply
e Quasi-Newton, e.g., BFGS and L-BFGS [Nocedal, 1980]
e Sketching the Hessian [Pilanci et al., 2015]
e Sub-Sampling the Hessian [Byrd et al., 2011, Erdogdu et al.,
2015, Martens, 2010, RM-1 & RM-II, 2016]

e SC{1,2,---,n} is chosen at random with |S| < n
x(k+1) — (k) _ ak[zv2ﬁ(x(k))]_1VF(x(k))
jes

e Sampling the Hessian and the gradient [RM-I & RM-II, 2016]

e Sy,S¢ C {1,2,---,n} is chosen at random with
|SH|, |Sg| < n
xKFD) = x () — [ Z Vzij-(x(k))]_l Z V£(xH)
JESH JESg
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SSN

SSN [RM-I & RM-II, 2016]

e Globally Convergent Algorithms [RM-1, 2016]

o Approach the optimum, x*, from any x(©)

e Local Convergence Rate [RM-II, 2016]
o Achieve fast rate, at least locally

Combine = Globally convergent algorithms with fast local rates!!!
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ASSUMPTIONS

@ Unconstrained, i.e., X =D =RP
@ Each f; is smooth and convex
i=1,2,...,n,

V2fi(x) = 0, Vx € RP,
i=1,2,...,n,

V2fi(x) < K < oo, Vx€RP,
IV2fi(x) = V2fi(y)ll < Lllx—yll, Vx,y€RP,

e F is strongly convex
V2F(x) >, VxeRP.

e condition number: k= K /vy

See [RM-11,2016] for general constraints and relaxed assumptions.

i=1,2,...

,n.
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SSN Globally convergent algorithms

GLOBALLY CONVERGENT ALGORITHMS

e Requirements:

(R.1) |S| must be independent of n, or at least smaller than n
(R.2) H(x) must be, at least, invertible

(R.3) g(x) must be close to VF(x)

(R.4) Global convergence guarantee

(R.5) For p>> 1, allow for inexactness in solving the linear system
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HESSIAN SUB-SAMPLING -

g(x) = VF(x)

H(x) = E1| 3 V2(x)

Jjes
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SSN Hessian Sub-Sampling

SUB-SAMPLING HESSIAN

e Satisfying Requirements (R.1) and (R.2)

LEMMA (UNIFORM HESSIAN SUB-SAMPLING)
Given any0<e<1,0<0<1, and x € RP, if

2kIn(p/d)
e

5] =

then
Pr ((1 — )7 < Amin (H(x))) >1-34.
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SSN Hessian Sub-Sampling

SSN-H wiTH ExacT UPDATE

xKH) = x4 o py,
where
Pk = —[H(x(k))]_IVF(x(k)), “exact solve”
Q) = argmax «
st. a<a

F(x®) + ap,) < F(xX) 4+ app] VF(xX)

0<pf<l,a>1
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SSN Hessian Sub-Sampling

SSN-H ALGORITHM: ExacT UPDATE

Algorithm 1 Globally Convergent SSN-H with exact solve

1 Input: X9, 0<d<1,0<e<1,0<f<l,a>1
. - Set the sample size, |S|, with € and ¢
: for k=0,1,2,--- until termination do
- Select a sample set, S, of size |S|
- Form H(x(k))
- Update x(k*1) with exact solve
end for

No o s
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I Hessian Sub-Sampling
GLOABL CONVERGENCE OF SSN-H: ExacT UPDATE

e Satisfying requirement (R.3)

THEOREM (GLOBAL CONVERGENCE OF ALGORITHM 1)

Using Algorithm 1 with any x(¥) € RP, with probability 1 — &, we have
FOH0) = F(x) < (1= p) (Fx) = F(x"),
where p = 2a 3/ k. Moreover, the step size is at least

ak > 2(1 = B)(1—€)/k.
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SSN Hessian Sub-Sampling

SSN-H wiTH INEXACT UPDATE

K1) _ o

X( k) + akPpk,

where
IH(x" Ny + VF(xB)|| < 61| VF(x5)]
pl VE(xW) < —(1 - 62)p) H(x)py
(e = argmax «
st. a<a

F( + apy) < F(x) + aBp] VF(x)

0<,3<1,a21,0<91,92<1
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SSN Hessian Sub-Sampling

SSN-H ALGORITHM: INEXACT UPDATE

Algorithm 2 Globally Convergent SSN-H with inexact solve

1 Input: x© 0<d<1,0<e<1,0<fB<1,a>10<6,0,<1
. - Set the sample size, |S|, with € and ¢
: for k=0,1,2,--- until termination do
- Select a sample set, S, of size |S|
- Form H(x(k))
- Update x(k*1) with inexact solve
end for

No o s
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I Hessian Sub-Sampling
GLOABL CONVERGENCE SSN-H: INExacT UPDATE

e Satisfying requirements (R.3) & (R.4)

THEOREM (GLOBAL CONVERGENCE OF ALGORITHM 2)

Using Algorithm 2 with any x(K) € RP, with probability 1 — &, we have
F(xH) = F(x') < (1 - p) (F(<¥) - F(x).

where

(1) if 01 < \/ U then p = ay B/,

(11) otherwise p = 2(1 — 62)(1 — 01)%(1 — €)ay B3/ K.

Moreover, for both cases, the step size is at least oy > 2(1_92)(};[3)(1_6).

v
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GRADIENT & HESSIAN SUB-SAMPLING -

H(x) = |81H! 3 V2f(x)

JESH

g(x) : —|S|ZVf(x)

JESe
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RANDNLA -

1/n

( ] | ) 1
VF(x)= | VA(x) VhH(x) --- Vi(x) :
| | | 1/n
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m Gradient & Hessian Sub-Sampling
GRADIENT SUB-SAMPLING: RANDNLA

LEMMA (UNIFORM GRADIENT SUB-SAMPLING)

For a given x € RP, let
V) < G(x), i=1,2,...,n.

Forany0<e<land0<d<1,if

G(x)? 12
512 =5 (1+\/8Ing>,

Pr <||VF(X) g < e) >1-4.

then

- Need to efficiently estimate G(x) at every iteration...see examples in [RM-1,2016]
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SSN-GH wiTtH EXAcT UPDATE -

) =5 - ey,

where

Pk = —[H(X(k))]_lg(x(k)), “exact solve”
Q) = argmax o
st. a<a

F(x®) +apy) < F(x®) + app[e(x")

0<pf<l,a>1
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SSN Gradient & Hessian Sub-Sampling

SSN-GH wiTH ExAacT UPDATE

Algorithm 3 Globally Convergent SSN-GH with exact solve
1 Input: x© 0<§<1,0<e<1,0<e<1,0<B8<1,a>1and
c>0
2: - Set the sample size, |Sy|, with €1 and ¢
3: for k=0,1,2,--- until termination do

4: - Select a sample set, Sy, of size |Sy| and form H(x(¥))
5. - Set the sample size, |Sg, with €2, 6 and x(¥)

6: - Select a sample set, Sg of size |Sg| and form g(x(¥))
7. if |g(x®))|| < o€, then

8: -STOP

9. endif

10: - Update x(KT1) with exact solve

11: end for
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m Gradient & Hessian Sub-Sampling
GLOBAL CONVERGENCE SSN-GH: ExAcT UPDATE

THEOREM (GLOBAL CONVERGENCE OF ALGORITHM 3)

Using Algorithm 3 with any xX) € RP, ¢; < 1/2 and o > 4x/(1 — f3), we have
the following with probability (1 — §)2:

(1) if “STOP”, then
IVF" ) < (1+0) e,

(11) otherwise, we have
FO) — F(x) < (1= p)(FOXH) = Fix),
with p = 8ay[/(9k) with the step size of at least

(7% Z (1 = ,3)(1 e €1)/I€.
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SSN Gradient & Hessian Sub-Sampling

SSN-GH wiTH INEXACT UPDATE

K1) _ o

X( k) + Pk,

where
ITHxW)py + g(x)|| < 01)|g (x|
pre(x) < —(1 - 62)p] H(x")px

Qg = argmax «

st. a<a

F(x® + apy) < F(x®)) + app] g(x)

0<,3<1,a21,0<91,92<1
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SSN Gradient & Hessian Sub-Sampling

SSN-GH wiTH INEXACT UPDATE

Algorithm 4 Globally Convergent SSN-GH with exact solve
1: Input: x(o),0<5<1,0<61<1,0<62<1,0<ﬁ<1,a21,
UZ0,0<01,92<1
2: - Set the sample size, |Sy|, with €1 and ¢
3: for k=0,1,2,--- until termination do

4: - Select a sample set, Sy, of size |Sy| and form H(x(¥))
5. - Set the sample size, |Sg|, with €2, 6 and x(¥)

6: - Select a sample set, Sg of size |Sg| and form g(x(¥))
7. if |g(x®))|| < o€, then

8: -STOP

9. endif

10: - Update x(k*1) with inexact solve

11: end for
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m Gradient & Hessian Sub-Sampling
GLOABL CONVERGENCE OF SSN-GH: INExXACT
UPDATE

THEOREM (GLOBAL CONVERGENCE OF ALGORITHM 4)

Using Algorithm 4 with e; < 1/2, any x() € RP, and
o> (1_91)(1‘%2)(1_/8), we have the following with probability 1 — §:
(1) if “STOP”, then |[VF(x())|| < (1+0) e,
(11) otherwise F(x(+1)) — F(x*) < (1 — p)(F(x()) — F(x*)), where
(1) if6; < m then p = 4ak5/(9/€)

(2) otherwise p = 8ayB(1 — 62)(1 — 61)%(1 — €1)/(9x2).
Moreover, for both cases, the step size is at least
ak > (1—602)(1—58)(1 —e1)/k.

F. Roosta-Khorasani and M. W. Mahoney ( Sub-Sampled Newton Methods Feb 2016 37 /73



OUTLINE

@ Problem Statement

@ Rough Overview of Existing Methods
e First Order methods
e Second order methods

@ SSN:
o Globally convergent algorithms

@ Hessian Sub-Sampling

o Gradient & Hessian Sub-Sampling
o Local convergent rates

@ Hessian Sub-Sampling

o Gradient & Hessian Sub-Sampling

e Examples

F. Roosta-Khorasani and M. W. Mahoney ( Sub-Sampled Newton Methods



SSN Local Convergent Rates

LocAL CONVERGENCE RATES

e Requirements:

(R.1) |S| must be independent of n, or at least smaller than n

(R.2) H(x) must preserve the spectrum of V2F(x) as much as possible
(R.3) g(x) must be close to VF(x)

(R.4) Fast local convergence rate, close to that of Newton!

(R.5) For p>> 1, allow for inexactness = future work
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HESSIAN SUB-SAMPLING -

g(x) = VF(x)

H(x) = E1| 3 V2(x)

Jjes
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SSN Hessian Sub-Sampling

SUB-SAMPLING HESSIAN

e Satisfying Requirements (R.1) and (R.2)

LEMMA (UNIFORM HESSIAN SUB-SAMPLING)

Givenany0<e<1,0<d<1andx€eRP, if

2K21n(2p/6)
2

S| >

b

then

Pr ( I\ (V2F(x)) = A ()| < eXi (VF(x)); i = 1,2, ,p) >1-4.

v

o Difference between (R.2) here and (R.2) before = x? here vs.  before!
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SSN Hessian Sub-Sampling

ERROR RECURSION: HESSIAN SUB-SAMPLING

THEOREM (ERROR RECURSION)

Let 0 <0 <1and0 < e<1 begiven. Using oy =1 , with probability
1— 0, we have

XD — x|l < pol|x®) — x*|| + €[lx) — x*||2,

where

L
2(1 —e)y

€
= d =
Po (1 — 6)’ an 5

@ o is problem-independent! = Can be made arbitrarily small!
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SSN Hessian Sub-Sampling

SSN-H ALGORITHM

Algorithm 5 Locally Convergent SSN-H with exact solve

1: Input: x0 0<df<1,0<e<1

2: - Set the sample size, |S|, with € and ¢

3: for k=0,1,2,--- until termination do

4: - Select a sample set, S, of size |S| and H(x(k))
5: - Update x(**1) with H(x(K)) and oy =1

6: end for
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AT Hessian Sub-Sampling
SSN-H: Q-LINEAR CONVERGENCE

THEOREM ( CONVERGENCE)

Consider any 0 < pg < p <1 and e < po/(1+ po). If

p = Po
é- )

using Algorithm 5, we get locally Q-linear convergence

I — x| <

X9 x| < plxD =, k=1, ko

with probability (1 — &)%.
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SSN Hessian Sub-Sampling

SSN-H: Q-SUPERINEAR CONVERGENCE

THEOREM ( CONVERGENCE:

Using Algorithm 5, with
k) :pke, k=0,1,..., ko,
if x(©) s close-enough, we get locally Q-superlinear convergence
) — x| < oKD X, k=1, ko

with probability (1 — §)k.
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AT Hessian Sub-Sampling
HESSIAN SUB-SAMPLING: Q-SUPERINEAR

CONVERGENCE

THEOREM ( CONVERGENCE:
Using Algorithm 5 with

1
k)= = k=0.1..... k
¢ 1+2In(4+ k)’ 0,1, ko,

if x(©) s close-enough, we get locally Q-superlinear convergence

* 1 - &
¥ =2l < g TP =l k=1 ke,

with probability (1 — §)k.
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LocAL vs. GLOBAL

How do we connect the global and local results?
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I Hessian Sub-Sampling
LocAL + GLOBAL

THEOREM (GLOBAL CONV. OF ALG. 1 WITH PROBLEM-INDEPENDENT

LocAL RATE)

Consider any 0 < po < p1 < 1/\/r. Using Algorithm 1 with any x©®) € RP, @ =1,
€ < po/((L+ po)V2k) and B < (1 — €)(1 — kp?)/(2k), after

k > 2|n< (”’;1(0) f"ifH\/_L) >/| (1-28/k)

iterations, with probability (1 — §)% we get “problem-independent” linear
convergence, i.e.,

I — x| < paIx) — x|

Moreover, the step size of cvy = 1 passes Armijo rule for all subsequent iterations.
v
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MODIFYING H(x) -

IXCH = x| < o9 — x4+ €x — x|

€ L
Pi—g ST ai-en

yd=&7T
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SPECTRAL REGULARIZATION -

H:=P(\H) = Zmax{)\,,)\}vv

o (Aj,v)): eigen-pair of H(x)

F. Roosta-Khorasani and M. W. Mahoney ( Sub-Sampled Newton Methods



ey [} Hiessizn Sub-Sampling
SPECTRAL REGULARIZATION

THEOREM (ERROR RECURSION)

Let0 < <1and0<e<1 begiven. Set |S| and form H(x(¥)). For
some A > 0, let

AxK) = P(A;H(x(k))>.

Then, with ag = 1, if X > (1 — €)~, it follows that, with probability 1 —

A= =€)y + e L
po = 3 , and &= .
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ey [} Hiessizn Sub-Sampling
SPECTRAL REGULARIZATION

Algorithm 6 SSN-H and Spectral Regularization

1: Input: xX0 0<d<1,0<e<1, and 0 < ¢ <1
2: - Set the sample size, |Sp|, with ¢y and ¢

3: - Set the sample size, |S|, with € and 0

4: for k=0,1,2,--- until termination do

5: - Select a sample set, Sp, of size |Sp| and form Ho(x(k))
6: - Compute Amin (Ho(x(k)))

7. - Set the threshold, A(K)

8: - Select a sample set, S, of size |S| and form H(x(¥)

9: - Form A(x(K) with H(x(K)) and A(K)

10: - Update x(k*1) with A(x(%)) and ay = 1

11: end for
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ey [} Hiessizn Sub-Sampling
SPECTRAL REGULARIZATION

THEOREM (Q-LINEAR CONVERGENCE OF ALGORITHM 6)

Using Algorithm 6, if |x(®©) — x*|| < ~v/(3L), € < 1/6 and at every iteration the
threshold is chosen as

A0 > ( L ) Amin (Ho(x4))

1-— €0
we get locally Q-linear convergence with variable rates
[x) —x*|| < pkDxED x|, k=1,...,k

with probability (1 — &)?%, where

W _q1__7
e GR
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RIDGE REGULARIZATION -

H(x) := H(x) + AI
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SSN Hessian Sub-Sampling

RIDGE REGULARIZATION

THEOREM (ERROR RECURSION)
Let 0 <6 <1and0 < e<1 begiven. Set|S| and form H(x(¥)). For
some A > 0, form H(x(k)). Then, with oy = 1, it follows that, with
probability 1 — 6,
_ Atye ¢ = L
po_(l—e)fy+)\’ 2

(1—€e)y+2\
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SSN Hessian Sub-Sampling

RIDGE REGULARIZATION

Algorithm 7 SSN-H and Ridge Regularization
1 Input: X9, 0<6<1,0<e<1, A>0
. - Set the sample size, |S|, with € and ¢
: for k=0,1,2,--- until termination do
- Select a sample set, S, of size |S| and form H(x(k))
- Form A(x(M) with H(x(k)) and X
- Update x(k*1) with A(x(k)) and oy = 1
end for

No o s
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N Hessian Sub-Sampling
RIDGE REGULARIZATION

THEOREM (Q-LINEAR CONVERGENCE OF ALGORITHM 7)

For any X\ > 0, consider py and p such that
A
< <p<l
7 TN Po < p
Using Algorithm 7 with
poy + (po — 1A
(1+ po)y

if x(©) js close enough, then with probability (1 — §)
convergence with the rate p.

ko we get locally Q-linear
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GRADIENT & HESSIAN SUB-SAMPLING -

H(x) = |81H! 3 V2f(x)

JESH

g(x) : —|S|ZVf(x)

JESe
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SSN Gradient & Hessian Sub-Sampling

THEOREM (ERROR RECURSION: INDEPENDENT SUB-SAMPLING)

Let0<d<1,0<e <1, and0< e <1 be given. Set |Sy| with (e1,0) and
|Sg| with (e2,0). Independently, choose Sy and Sg, and form H(x(K)) and
g(x(k)). Then using oyx = 1, with probability (1 — §)?, we have

D x| < pollx® — ]+ g —x,
where
€2 €1 L
n = —_— = —x and = =74 N -
! (1—e)y po (1—e1) ¢ 2(1-ea)y

See [RM-11,2016] for simultaneous sampling.
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SSN Gradient & Hessian Sub-Sampling

SSN-GH ALGORITHM

Algorithm 8 Locally Convergent SSN-GH

1 Input: x© 0<d<1,0<e<1,0<ex<land0<p<1
2: - Set the sample size, |Sy|, with €; and §
3: for k =0,1,2,--- until termination do

4: - Select a sample set, Sy, of size |Sy| and form H(x(¥))
5 - Set egk) = pkez

6 - Set the sample size, |Sék)|, with egk), 5 and x(k)

7: - Select a sample set, Sék) of size |Sék)| and form g(x(¥))
8: - Update x(*t1) with H(x(¥), g(x(¥)) and oy = 1

9: end for
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SSN Gradient & Hessian Sub-Sampling

R-LINEAR CONVERGENCE OF SSN-GH

THEOREM ( CONVERGENCE)

Consider any 0 < p < 1,0 < pg <1, and 0 < p1 < 1 such that po + p1 < p. Let
€1 < po/(1+ po), and define o :=2(p — (po + p1))(1 — €1)y/L. Using
Algorithm 8 with e; < (1 — e1)yp10, if the initial iterate, x(©)  satisfies

[x©®) — x*|| < &, we get locally R-linear convergence

Ix) —x*|| < pko,

with probability (1 — §)%*.
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LocAL vs. GLOBAL

How do we connect the global and local results?
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THEOREM (GLOBAL CONV. OF ALG. 3 WITH PROBLEM-INDEPENDENT

LocAL RATE)

Consider any 0 < po, p1,p2 < 1/+/k such that pg + p1 < p», set
e1 < po/((1 + po)v2k). Using Algorithm 3 with any x(®) € RP and

€ (1 - 61)')’/)10'7 6(2k) = P2€§k71)7 k = 1727 T

after
o

k22ln<” X*”\/_)/In (1—88/(9%))

iterations, we have the following with probability (1 — §)*:

Q if “STOP”, then |VF(x®)|| < (1 + o) pkel

@ otherwise, we get “problem-independent” linear convergence, i.e.,
XD — x*|| < po||xK) — x*||. Moreover, the step size of cv, = 1 passes
Armiju rule for all subsequent iterations.

v
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GLM WiITH GAUSSIAN PRIOR

n

1 A
Fox) = >~ (®(alx) — bal x) + SlxI
i=1

e ®: cumulant generating function
o ®(t) = 0.5t> = Ridge Regression (RR)
o ®(t) =In(1+ exp(t)) = ¥» regularized Logistic Regression (LR)
o ®(t) = exp(t) = ¢ regularized Poisson Regression (PR)
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{5 REGULARIZED LOGISTIC REGRESSION

H | LR |
Vfi(x) < 1_3 - b,-) a; + Ax
1+e i
V2£i(x) “_aal + Al
(e' +1)2
K 0.25 max; ||a;||? + A
vy A
G(x) || Allx|l + maxi(1 + |bi[)]a]]
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NUMERICAL EXAMPLES -

e /» regularized Logistic Regression

Data n p NNZ K
Dy 106 10* 0.02% | ~10°
D> 5x10* | 5x103 | Densg | ~10°
Ds 107 2% 10* | 0.006% | ~ 10"
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D1, n = 10° p = 10* SPARSITY : 0.02%, x ~ 10*

Log( X Rel. Err.)
Log( Fun Rel. Err.)

0 50 100 150 200 250 0 50 100 150 200 250
Time (sec) Time (sec)

(a) Iterate Relative Error (b) Function Relative Error

~——Pure Newton
---GD

—AGD
——L-BFGS: 10
---L-BFGS: 100
—BFGS
——S88N-X: 1%
---SSN-X: 5%
—S88N-X: 10%
——SSN-NX: 1%
---SSN-NX: 5%
—SSN-NX: 10%
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. Examples |
D>,n =5 x 10* p =5 x 103, SPARSITY : DENSE, x ~ 10°

-
=)
&

Log( X Rel. Err.)

Log( Fun Rel. Err.)

-
e,
3

0 50 100 150 200 0 50 100 150 200
Time (sec) Time (sec)

(d) Iterate Relative Error (e) Function Relative Error

~——Pure Newton
---GD

—AGD
——L-BFGS: 10
---L-BFGS: 100
—BFGS
——S88N-X: 1%
---SSN-X: 5%
—S88N-X: 10%
——SSN-NX: 1%
---8SN-NX: 5%
—SSN-NX: 10%
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D3, n =107, p = 2 x 10% SPARSITY : 0.006%, x ~ 10'°

Log( X Rel. Err.)
Log( Fun Rel. Err.)

0 50 100 150 200 250 0 50 100 150 200 250
Time (sec) Time (sec)

(g) Iterate Relative Error (h) Function Relative Error

——Pure Newton
—AGD
---L-BFGS: 100
—BFGS
—8SN-X: 20%
—SSN-NX: 20%
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THANK YOU!
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