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.
OUTLINE

@ Machine Learning’s “Inverse” Problem

@ Your choice:

o 1st Order Methods: FLAG n' FLARE, or

o disentangle geometry from sequence of iterates
e 2nd Order Methods: Stochastic Newton-Type Methods

o “simple” methods for convex
@ "“more subtle” methods for non-convex
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Introduction
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HuMoONGOUS DATA ...

WE’VE DECIDED
To TAKE BIG
DATA To THE
NEXT LEVEL...

HUONGOS
7 ot

© D.Fletcher for CloudTweaks.com
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Introduction

Big DATA

How do we view BIG data?

Can't anybody see who
| am or want to be?

wow. It's big
I need fast
algorithms

wow. | need
a bigger
machine.

Wow. Thisisa
mess. | better
clean it up.

Wow. | need
to posit a
model

Wow. IUs not

smooth. | need
requlariza
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ALGORITHMIC & STATISTICAL PERSPECTIVES ...

Computer Scientists
@ Data: are a record of everything that happened.
@ Goal: process the data to find interesting patterns and associations.

@ Methodology: Develop approximation algorithms under different models of
data access since the goal is typically computationally hard.

Statisticians (and Natural Scientists, etc)

@ Data: are a particular random instantiation of an underlying process
describing unobserved patterns in the world.

@ Goal: is to extract information about the world from noisy data.

@ Methodology: Make inferences (perhaps about unseen events) by positing a
model that describes the random variability of the data around the
deterministic model.
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ARE VERY DIFFERENT PARADIGMS

Statistics, natural sciences, scientific computing, etc:

@ Problems often involve computation, but the study of computation per se is
secondary

@ Only makes sense to develop algorithms for well-posed problems?

@ First, write down a model, and think about computation later

Computer science:

@ Easier to study computation per se in discrete settings, e.g., Turing
machines, logic, complexity classes

@ Theory of algorithms divorces computation from data

@ First, run a fast algorithm, and ask what it means later

1Solution exists, is unique, and varies continuously with input data
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Efficient and Effective Optimization Methods

PROBLEM STATEMENT

PROBLEM 1: COMPOSITE OPTIMIZATION PROBLEM

xegigan F(x) = f(x) + h(x)

o f: Convex and Smooth

e h: Convex and (Non-)Smooth

PROBLEM 2: MINIMIZING FINITE SUM PROBLEM

e fi: (Non-)Convex and Smooth
en>1
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Efficient and Effective Optimization Methods

MODERN “BIiGg-DATA”

o Classical Optimization Algorithms

e Effective but Inefficient

@ Need to design variants, that are:

@ Efficient, i.e., Low Per-Iteration Cost

@ Effective, i.e., Fast Convergence Rate
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Efficient and Effective Optimization Methods

Scientific Computing and Machine Learning share the same challenges,
and use the same means,
but to get to different ends!

Machine Learning has been, and continues to be, very busy designing
efficient and effective optimization methods
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Efficient and Effective Optimization Methods

FIrRsT ORDER METHODS

e Variants of Gradient Descent (GD):

o Reduce the per-iteration cost of GD = Efficiency
e Achieve the convergence rate of the GD = Effectiveness

x(kF) = x(k) _ o W F(x(F)
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Efficient and Effective Optimization Methods

FIrRsT ORDER METHODS

e E.g.: SAG, SDCA, SVRG, Prox-SVRG, Acc-Prox-SVRG,
Acc-Prox-SDCA, S2GD, mS2GD, MISO, SAGA, AMSVRG, ...
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Efficient and Effective Optimization Methods

BuTr wHY?

Q: Why do we use (stochastic) 1st order method?

o Cheaper lterations? i.e., n> 1 and/or d > 1

@ Avoids Over-fitting? -

START
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Efficient and Effective Optimization Methods

1ST ORDER METHOD AND “OVER-FITTING”

Challenges with “simple” 1st order method for “over-fitting”:
e Highly sensitive to ill-conditioning

o Very difficult to tune (many) hyper-parameters

“Over-fitting” is difficult with “simple” 1st order method!
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Efficient and Effective Optimization Methods

Remedy?

@ "Not-So-Simple” 1st order method, e.g., accelerated and adaptive

@ 2nd order methods, e.g., methods

x(FD) = x(0) _ w2 F(xU)] 71w F(x(K)
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Efficient and Effective Optimization Methods

Your Choice Of....
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Efficient and Effective Optimization Methods

WHICH PROBLEM?

@ “Not-So-Simple” 1st order method: FLAG n' FLARE

PROBLEM 1: COMPOSITE OPTIMIZATION PROBLEM

min  F(x) = f(x) + h(x)

xEX CRY

f: Convex and Smooth, h: Convex and (Non-)Smooth

@ 2nd order methods: Stochastic Newton-Type Methods
e Stochastic Newton, Trust Region, Cubic Regularization

PROBLEM 2: MINIMIZING FINITE SUM PROBLEM

min F(x) = %Z fi(x)

x€X CRY

fi: (Non-)Convex and Smooth, n > 1
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Efficient and Effective Optimization Methods

COLLABORATORS

e FLAG n" FLARE
Fred Roosta (UC Berkeley)
Xiang Cheng (UC Berkeley)
Stefan Palombo (UC Berkeley)
Peter L. Bartlett (UC Berkeley & QUT)
@ Sub-Sampled Newton-Type Methods for Convex
Fred Roosta (UC Berkeley)
Peng Xu (Stanford)
Jiyan Yang (Stanford)
Christopher Ré (Stanford)
@ Sub-Sampled Newton-Type Methods for Non-convex
o Fred Roosta (UC Berkeley)
o Peng Xu (Stanford)
@ Implementations on GPU, etc.
o Fred Roosta (UC Berkeley)
o Sudhir Kylasa (Purdue)
o Ananth Grama (Purdue)
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SUBGRADIENT METHOD

COMPOSITE OPTIMIZATION PROBLEM

xegigan F(x) = f(x) + h(x)

e f: Convex (Non-)Smooth
e h: Convex (Non-)Smooth
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SUBGRADIENT METHOD

Algorithm 1 Subgradient Method
1: Input: x;, and T
cfor k=1,2,..., T —1do
- 8k € O (F(xk) + h(xk))
- Xj41 = arg Minyey {(gk,x> + ﬁ“x - Xk||2}
end for
: Qutput: x = % ZtT:l Xt

SUNE L L 4

@ «y: Step-size
o Constant Step-size: oy = «

o Diminishing Step size > _,2; oy =00, limg00ax =0
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EXAMPLE: LOGISTIC REGRESSION

e {aj, bj}: features and labels
o a; € {0,1}%, b € {0,1}

n
F(x) = Z log(1 + €@ — b;(a;, x)
i=1

k 1
VF(X) = Z <—1 n e_<ai7x> — b,') a;

i=1
Infrequent Features = Small Partial Derivative
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PREDICTIVE VS. IRRELEVANT FEATURES

e Very infrequent features = Highly predictive (e.g. “CANON" in
document classification)

o Very frequent features = Highly irrelevant (e.g. “and” in document
classification)
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ADAGRAD [DucCHI ET AL., 2011]

o Frequent Features = Large Partial Derivative = Learning Rate |

@ Infrequent Features = Small Partial Derivative = Learning Rate T

Replace a, with scaling matrix adaptively...

Many follows up works: RMSProp, Adam, Adadelta, etc...
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ADAGRAD [DucCHI ET AL., 2011]

Algorithm 2 AdaGrad
1: Input: xg, nand T
cfor k=12 ..., T —-1do
-8k € 8f(xk)
- Form scaling matrix Sy based on {g:;t=1,..., k}
- Xk41 = arg minxeX {(gk, X> + h(X) + %(X — Xk)TSk(X — Xk)}
end for
. Output: x = 2527 x,

N s wn
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CONVERGENCE

CONVERGENCE

Let x* be an optimum point. We have:
e AdaGrad [Duchi et al., 2011]:

_ " VdDsoor
F(x)— F(x*) <O <ﬁ) ,

where o € [\/ig, 1] and Do = maxyyex ||y — X|/oo, and

@ Subgradient Descent:

FR) - F(x') <0 (\%)

where Dy = maxy yex ly — x]|2.
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First-order methods: FLAG n’ FLARE

COMPARISON

Competitive Factor:
VdDy o
D

@ D, and D, depend on geometry of X
o eg., X = {x;||x]lo < 1} then D, = V/dDs,

d L lge)?
@ dependson {g;;t=1,..., T}

d3 L lleell?

o v =
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PROBLEM STATEMENT

PROBLEM 1: COMPOSITE OPTIMIZATION PROBLEM

xer)r}igan F(x) = f(x) + h(x)

o f: Convex and Smooth (w. L-Lipschitz Gradient)
h: Convex and (Non-)Smooth

Subgradient Methods: O (%)
ISTA: O ()

FISTA [Beck and Teboulle, 2009]: O ()
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BEST OF BOTH WORLDS?

o Accelerated Gradient Methods = Optimal Rate

° eg, % VS. % VvS. \/L?

o Adaptive Gradient Methods = Better Constant

o VdDsa vs. Dy

How about Accelerated and Adaptive Gradient Methods?
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First-order methods: FLAG n’ FLARE

e FLAG: Fast Linearly-Coupled Adaptive Gradient Method

o FLARE: FLAg RElaxed
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FLAG [CRPBM, 2016]

Algorithm 3 FLAG
1: Input: xo =yg=2p and L
2. for k=1,2,..., T do

3 - Yer1 = Prox(xg)

4: - Gradient Mapping gx = —L(Yyk+1 — Xk)

5 - Form Sy based on {ﬁ;tzl,...,k}

6: - Compute 7,

7. - 2Zp 1 = argmingex (Nk8k,Z — Zk) + 1(z —2) " Si(z — zx)
8: - x, = Linearly Couple (yxi1,2x+1)

9: end for

10: OQutput: y741

Prox(xx) := argn m|n {(Vf(xk) x) + h(x) + é”x — xk||%}
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FLAG SIMPLIFIED

Algorithm 4 Birds Eye View of FLAG
1: Input: xg
2. for k=1,2,...,T do
3: - ¥k : Usual Gradient Step
- Form Gradient History
- 2y : Scaled Gradient Step
- Find mixing wight w via Binary Search
- Xkr1 = (L= w)yrs1 + wzgya
8: end for
9: Qutput: y74

N o s
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CONVERGENCE

CONVERGENCE

Let x* be an optimum point. We have:
e FLAG [CRPBM, 2016]:

FR) - F(x') < 0 (dDT%B) ,

where 8 € [£,1] and Do = maxcyex ||y — X[|oo, and

e FISTA [Beck and Teboulle, 2009]:

FR) - F(x*) < O (%j)

where Dy = maxyyex |ly — x||2.
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First-order methods: FLAG n’ FLARE

COMPARISON

Competitive Factor:
dD%.3
D3

@ D, and D, depend on geometry of X
o eg, X ={x;|x||oc <1} then D, =+/dDy

(zt/SLeE)

° 3= IT depends on {g; :=g:/||g¢|[;t=1,..., T}
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LINEAR COUPLING

o Linearly Couple of (yx+1,2k+1) via a “e-Binary Search”:
e Find € approximation to the root of non-linear equation

(Prox (ty + (1 —t)z) — (ty+ (1 —t)z),y —z) =0,

where

. R L 1 2
Prox(x) := argmin h(y) + 5 lly — (x = 7VF(x) 5.

o At most log(1/€) steps using bisection
e At most 2 + log(1/¢) Prox evals per-iteration more than FISTA

Can be Expensive!
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LINEAR COUPLING

Linearly approximate:

(tProx (y) + (1 — t)Prox (z) — (ty + (1 — t)z) ,y —z) = 0.

Linear equation in t, so closed form solution!

(z — Prox(z),y — z)
((z— Prox(z)) — (y — Prox(y)),y — 2)

t =

@ At most 2 Prox evals per-iteration more than FISTA

Equivalent to e-Binary Search with e =1/3

Better But Might Not Be Good Enough!

Michael W. Mahoney (UC Berkeley) Second order machine learning 35/ 88



FLARE: FLAc RELAXED

@ Basic Idea: Choose mixing weight by intelligent “futuristic” guess

e Guess now, and next iteration, correct if guessed wrong

o FLARE: exactly the same Prox evals per-iteration as FISTA!

o FLARE: has the similar theoretical guarantee as FLAG!
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First-order methods: FLAG n’ FLARE

n C (a;,xc)
e 13
L(X1,X2,...,Xc) = —1(b; = o)l
(x1,%2 ;CZ c)log - E—l o)
n c-1
:Z log 1+Zea"xC Zlb—c (aj, xc)
i=1 c=1
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CLASSIFICATION: 20 NEWSGROUPS

Prediction across 20 different newsgroups

lIxlloo <1

Michael W. Mahoney (UC Berkeley) Second order machine learning

DATA TRAIN TEST SIZE d CLASSES
SIZE
20 20
10,142 1,127 53,975
NEWSGROUPS
min £(X1,X2,...,XC)




First-order methods: FLAG n’ FLARE

CLASSIFICATION: 20 NEWSGROUPS

Log of Objective Function: 20News Test

0 200 400 800 1000 1200 0 200 400 600 800 1000 1200

600
No. of Prox Evaluations No. of Prox Evaluations
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CLASSIFICATION: FOREST COVERTYPE

Predicting forest cover type from cartographic variables

DATA TRAIN TEST SIZE d CLASSES
SI1ZE
COVETYPE 435,759 145,253 54 7
min L£(X1,X2,...,Xc) + Al|x]]1
x€Rd
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CLASSIFICATION: FOREST COVERTYPE

110° Log of Objective Function: covetype Test Accuracy: covetype

70
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0 200 400 600 800 1000 1200 0 200 400 600 800 1000 1200
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First-order methods: FLAG n’ FLARE

REGRESSION: BLOGFEEDBACK

Prediction of the number of comments in the next 24 hours for blogs

DatA

TRAIN SIZE

TEST SIZE

BLOGFEEDBACK

47,157

5,240

280

Michael W. Mahoney (UC Berkeley) Second order machine learning
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min ~[|Ax — b||3 + Allxl1
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First-order methods: FLAG n’ FLARE

REGRESSION: BLOGFEEDBACK

<107 Log of Objective Function: blog-feedback 10° Test Error: blog-feedback
3.4 32 B
31 El
3.2 4 3
29 b
3 ]
28
27
28
261
251 Bl
26 1
24
2.4 23r 3
22r 1
22
0 200 400 600 800 1000 1201 0 200 400 600 800 1000 1200
No. of Prox Evaluations No. of Prox Evaluations
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Second-order methods: Stochastic Newton-Type Methods

@ 2nd order methods: Stochastic Newton-Type Methods
o Stochastic Newton (think: convex)
o Stochastic Trust Region (think: non-convex)
o Stochastic Cubic Regularization (think: non-convex)

PROBLEM 2: MINIMIZING FINITE SUM PROBLEM

1 n
=23t

o fiz (Non-)Convex and Smooth
e n>1
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Second-order methods: Stochastic Newton-Type Methods

SECOND ORDER METHODS

Use both gradient and Hessian information
o Fast convergence rate
@ Resilient to ill-conditioning

@ They “over-fit" nicely!

However, per-iteration cost is high!
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SENSORLESS DRIVE DIAGNOSIS

n : 50,000, p = 528, No. Classes = 11, A : 0.0001

— Adagrad: reg:1.00e-04, step:1.00e-02
11— RMSProp: reg:1.00e-04, step:1.00e-02
1| — GD: reg:1.00e-04, step:1.00e-03

1| — Adam: reg:1.00e-04, step:1.00e-02
Adadelta: reg:1.00e-04, step:1.00e-02
1| — Newton : reg:1.00e-04

Test Accuracy

0 20 40 60 80 100
Iteration Number (Epoch)

FIGURE: Test Accuracy
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SENSORLESS DRIVE DIAGNOSIS

n : 50,000, p = 528, No. Classes = 11, A : 0.0001

10° . . ; ;

— Adagrad: reg:1.00e-04, step:1.00e-02

— RMSProp: reg:1.00e-04, step:1.00e-02

— GD: reg:1.00e-04, step:1.00e-03

— Adam: reg:1.00e-04, step:1.00e-02
Adadelta: reg:1.00e-04, step:1.00e-02

— Newton : reg:1.00e-04

Time in seconds per iteration

0 20 40 60 80 100

FIGURE: Time/lteration
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SECOND ORDER METHODS

@ Deterministically approximating second order information cheaply
o Quasi-Newton, e.g., BFGS and L-BFGS [Nocedal, 1980]

e Randomly approximating second order information cheaply

o Sub-Sampling the Hessian [Byrd et al., 2011, Erdogdu et al., 2015,
Martens, 2010, RM-I, RM-1l, XYRRM, 2016, Bollapragada et al., 2016,

o Sketching the Hessian [Pilanci et al., 2015]

o Sub-Sampling the Hessian and the gradient [RM-I & RM-II, 2016,
Bollapragada et al., 2016, ...]
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Second-order methods: Stochastic Newton-Type Methods

ITERATIVE SCHEME

<)~ arg min { FO) 4+ (x — xM) Tg(x) + ﬁ(x =T H(x 8 (x x(k))}

X2

Current Point
x(k) ¢

Predicted Minimizers .
X4 x(k+1 X*
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Second-order methods: Stochastic Newton-Type Methods

HESSIAN SUB-SAMPLING

g(x) = VF(x)

H(x) = E1| 3 V2(x)

Jjes
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Second-order methods: Stochastic Newton-Type Methods

First, let's consider the convex case....
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Second-order methods: Stochastic Newton-Type Methods

CoONVEX PROBLEMS

e Each f; is smooth and weakly convex

e [ is y-strongly convex
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Second-order methods: Stochastic Newton-Type Methods

“We want to design methods for machine learning that are not as ideal as

Newton'’s method but have [these] properties: first of all, they tend to turn

towards the right directions and they have the right length, [i.e.,] the step

size of one is going to be working most of the time...and we have to have
an algorithm that scales up for machine leaning.”

Prof. Jorge Nocedal
IPAM Summer School, 2012
Tutorial on Optimization Methods for ML
(Video - Part I: 50" 03")
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Second-order methods: Stochastic Newton-Type Methods
WHAT DO WE NEED?
:

e Requirements:

(R.1) Scale up:

(R.2) Turn to right directions:

(R.3) Not ideal but close:

(R.4) Right step length:

Michael W. Mahoney (UC Berkeley) Second order machine learning



Second-order methods: Stochastic Newton-Type Methods
WHAT DO WE NEED?

e Requirements:

(R.1) Scale up: |S| must be independent of n, or at least smaller than n and
for p > 1, allow for inexactness
(R.2) Turn to right directions:

(R.3) Not ideal but close:

(R.4) Right step length:
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WHAT DO WE NEED?

e Requirements:

(R.1) Scale up: |S| must be independent of n, or at least smaller than n and
for p > 1, allow for inexactness

(R.2) Turn to right directions: H(x) must preserve the spectrum of
V2F(x) as much as possible

(R.3) Not ideal but close:

(R.4) Right step length:
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WHAT DO WE NEED?

e Requirements:

(R.1) Scale up: |S| must be independent of n, or at least smaller than n and
for p > 1, allow for inexactness

(R.2) Turn to right directions: H(x) must preserve the spectrum of
V2F(x) as much as possible

(R.3) Not ideal but close: Fast local convergence rate, close to that of
Newton

(R.4) Right step length:
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WHAT DO WE NEED?

e Requirements:

(R.1) Scale up: |S| must be independent of n, or at least smaller than n and
for p > 1, allow for inexactness

(R.2) Turn to right directions: H(x) must preserve the spectrum of
V2F(x) as much as possible

(R.3) Not ideal but close: Fast local convergence rate, close to that of
Newton

(R.4) Right step length: Unit step length eventually works
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Second-order methods: Stochastic Newton-Type Methods

SUB-SAMPLING HESSIAN

e Requirements:

(R.1) Scale up: |S| must be independent of n, or at least smaller than n and
for p > 1, allow for inexactness

(R.2) Turn to right directions: H(x) must preserve the spectrum of
V2F(x) as much as possible

(R.3) Not ideal but close: Fast local convergence rate, close to that of
Newton

(R.4) Right step length: Unit step length eventually works
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SUB-SAMPLING HESSIAN

LEMMA (UNIFORM HESSIAN SUB-SAMPLING)

Given any0<e<1l, 0<d<1landxeRP, if

2k2In(2p/6)
N

then

Pr ((1 — )V2F(x) = H(x) < (1 + €)V2F(x )) >1-

Michael W. Mahoney (UC Berkeley) Second order machine learning 60 / 88



Second-order methods: Stochastic Newton-Type Methods

SUB-SAMPLING HESSIAN

e Requirements:

(R.1) Scale up: |S| must be independent of n, or at least smaller than n and
for p > 1, allow for inexactness

(R.2) Turn to right directions: H(x) must preserve the spectrum of
V2F(x) as much as possible

(R.3) Not ideal but close: Fast local convergence rate, close to that of
Newton

(R.4) Right step length: Unit step length eventually works
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ERROR RECURSION: HESSIAN SUB-SAMPLING

THEOREM (ERROR RECURSION)

Using oy = 1, with high-probability, we have
I+ — x| < pol|x ) — x| + € x ) — x|,

where

€ L

=g M STy

@ po is problem-independent! = Can be made arbitrarily small!
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SSN-H: Q-LINEAR CONVERGENCE

THEOREM ( CONVERGENCE)

Consider any 0 < pg < p <1 and e < po/(1+ po). If

p = Po
5 )

I —x*|| <

we get locally Q-linear convergence

I~ < plx*D o, k=1,

with high-probability.

Possible to get superlinear rate as well.

Michael W. Mahoney (UC Berkeley) Second order machine learning
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Second-order methods: Stochastic Newton-Type Methods

SUB-SAMPLING HESSIAN

e Requirements:

(R.1) Scale up: |S| must be independent of n, or at least smaller than n and
for p > 1, allow for inexactness

(R.2) Turn to right directions: H(x) must preserve the spectrum of
V2F(x) as much as possible

(R.3) Not ideal but close: Fast local convergence rate, close to that of
Newton

(R.4) Right step length: Unit step length eventually works
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SUB-SAMPLING HESSIAN

LEMMA (UNIFORM HESSIAN SUB-SAMPLING)
Givenany0<e<1,0<d <1, andx € RP, if

2kIn(p/d)

€2 ’

|S| >

then

W(U—dngmﬂHu»>21—d
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Second-order methods: Stochastic Newton-Type Methods

SSN-H: INExACT UPDATE

Assume X = RP

Descent Dir.: { ||H(X(k))pk + VF(x(k))|| < 91||V,_—(X(k))”

) = argmax «
Step Size: st. o<1

F(x® + apy) < F(x®) + app] VF(x)
Update: {x(k“) =x® + o pi

0<p,601,0, <1
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SSN-H ALGORITHM: INEXACT UPDATE

Algorithm 5 Globally Convergent SSN-H with inexact solve
CInput: X0, 0<d<1,0<e<1,0<f,01.60, <1
: - Set the sample size, |S|, with € and §
: for k=0,1,2,--- until termination do
- Select a sample set, S, of size |S| and form H(x(¥))
- Update x(**1) with H(x(k)) and inexact solve
end for

jary

QG kN
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GLOABL CONVERGENCE SSN-H: INExacT UPDATE

THEOREM (GLOBAL CONVERGENCE OF ALGORITHM 5)

Using Algorithm 5 with 01 ~ 1/.\/k, with high-probability, we have
FO) — Fx) < (1 - p) (FM) = F(x)),

201-6:)(1-B)(1-¢)

where p = ay /K and oy >
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LocAL + GLOBAL

For any p < 1 and € ~ p/\/, Algorithm 5 is globally convergent and after O(x?)
iterations, with high-probability achieves “problem-independent” Q-linear
convergence, i.e.,

I — x| < pllx — x|

Moreover, the step size of ooy = 1 passes Armijo rule for all subsequent iterations.
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Second-order methods: Stochastic Newton-Type Methods

“Any optimization algorithm for which the unit step length works has
some wisdom. It is too much of a fluke if the unit step length
[accidentally] works.”

Prof. Jorge Nocedal
IPAM Summer School, 2012
Tutorial on Optimization Methods for ML
(Video - Part I: 56" 32")
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Second-order methods: Stochastic Newton-Type Methods

So far these efforts mostly treated convex problems....

Now, it is time for non-convexity!
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Second-order methods: Stochastic Newton-Type Methods

NoN-CONVEX Is HARD!

@ Saddle points, Local Minima, Local Maxima

e Optimization of a degree four polynomial: NP-hard [Hillar et al.,
2013]

@ Checking whether a point is not a local minimum: NP-complete
[Murty et al., 1987]
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Second-order methods: Stochastic Newton-Type Methods

All convex problems are the same,
while every non-convex problem is different.

Not sure who's quote this is!
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Second-order methods: Stochastic Newton-Type Methods

(ég, €r) — Optimality

IVEX)| < e,

Amin(V2F(x)) > —ey
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Second-order methods: Stochastic Newton-Type Methods

e Trust Region: Classical Method for Non-Convex Problem [Sorensen,
1982, Conn et al., 2000]

st =arg min (s, VF(xM)) + %(s, V2F(x(K)s)

lIsll<Ax

@ Cubic Regularization: More Recent Method for Non-Convex Problem
[Griewank, 1981, Nesterov et al., 2006, Cartis et al., 2011a, Cartis et
al., 2011b]

1
s() = arg min (s, VF(x()) + = (s, V2F(x()s) + ZK||s|®
seR4 2 3
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Second-order methods: Stochastic Newton-Type Methods

o To get iteration complexity, all previous work required:

| (HO) = v2F () s < st 1)

e Stronger than “Dennis-Moré”

I (H(x(k)) — V2F(x(k))) s(K)ll

lim =0
k=00 IsCk)l
o We relaxed (1) to
| (Hx®) = 92F(x4)) s < el}s®)] (2)

e Quasi-Newton, Sketching, Sub-Sampling satisfy Dennis-Moré and (2)
but not necessarily (1)
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Second-order methods: Stochastic Newton-Type Methods

RECALL...

FO) = -3 i)
i=1
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Second-order methods: Stochastic Newton-Type Methods

LEMMA (COMPLEXITY OF SAMPLING)

Suppose | V2f;(x)|| < K, Vi. Given any0 <e<1,0<§ <1, and
x € RY, if

16K2  2d

|S| 2 62 IOg 7’

then for H(x) = ﬁ > jes V2f;(x), we have

Pr(IHG) ~ V() <€) > 15

e Only top eigenavlues/eigenvectors need to preserved.
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Second-order methods: Stochastic Newton-Type Methods

FO) = =3 filal )
i=1

(@] x)|[1aill3

DR CHNIIENT:
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Second-order methods: Stochastic Newton-Type Methods

LEMMA (COMPLEXITY OF SAMPLING)

Suppose ||V2f(x)|| < Ki, i =1,2,...,n. Givenany0<e<1,0<6<1,
and x € RY, if

16K2 2d

>
S| log —~,

then for H(x) = ﬁ EJGS n sz(x) we have

Pr([IH(x) = V2F(x)]| <€) > 15,

where

Bll—‘

-ixe

Michael W. Mahoney (UC Berkeley) Second order machine learning 80 / 88



NON-CONVEX PROBLEMS

Algorithm 6 Stochastic Trust-Region Algorithm

L: Input: xo, Ag >0n€(0,1),7y>1 0<e€€e,eny<1
2: for k =0,1,2,--- until termination do
3:

1
Sk A arg ”ernglnAk mi(s) := VF(x, ') s+ 55 (x'")s

4 pro= (FOU +si) — F(xK))) /my(si).
5. if px > n then

6: x(KH1) = x(K) 454 and Ay = yAg

7. else

8: x(KH1) = x(k+1) and Apy; =y 1A,

9: endif

10: end for
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Second-order methods: Stochastic Newton-Type Methods

THEOREM (COMPLEXITY OF STOCHASTIC TR)

If e € O(en), then Stochastic TR terminates after
T € O (max{e; e e5°})
iterations, upon which, with high probability, we have that

IVF(X)|| < egy  and  Amin(V2F(x)) > — (e +ep) .

e This is tight!

Michael W. Mahoney (UC Berkeley) Second order machine learning 82 /88



NON-CONVEX PROBLEMS

Algorithm 7 Stochastic Adaptive Regularization with Cubic Algorithm

L Input: xo, Ag > 070 € (0,1),y>1 0<e€e5,eny <1
2: for k=0,1,2,--- until termination do

3:
Sk A arg min my(s) := VF(xS(k))Ts + 1sTH(x(k))s + 6—k||s|]3
scRd 2 3
4: Pk = (F(X(k) + Sk) — F(x(k)))/mk(sk).
5. if px > n then
6: x(k+1) — x(k) + sk and oyq1 = ’y*lAk
7. else
8: x(kt1) = x(k+1) and o4y = YA,
9: endif
10: end for
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Second-order methods: Stochastic Newton-Type Methods

THEOREM (COMPLEXITY OF STOCHASTIC ARC)

If e € O(eg,€n), then Stochastic TR terminates after
Teo (max{eg‘3/2, 6;3}) ,

iterations, upon which, with high probability, we have that

IVF(X)|| < ez, and  Amin(V2F(x)) > — (e +ep) .

e This is tight!
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Second-order methods: Stochastic Newton-Type Methods

° Fore%:egzezeo
o Stochastic TR: T € O(¢; %)

e Stochastic ARC: T € 0(653/2)
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Second-order methods: Stochastic Newton-Type Methods

NON-LINEAR LEAST SQUARES

n

355 (- o070’

i=1
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NON-LINEAR LEAST SQUARES: SYNTHETIC,

n = 1000, 000, d = 1000, s = 1%

°
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(a) Train Loss vs. Time (b) Train Loss vs. Time
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CONCLUSIONS: SECOND ORDER MACHINE LEARNING

@ Second order methods

o A simple way to go beyond first order methods
o Obviously, don't be naive about the details

e FLAG n’" FLARE

e Combine acceleration and adaptivity to get best of both worlds

e Can aggressively sub-sample gradient and/or Hessian

e Improve running time at each step
e Maintain strong second-order convergence

e Apply to non-convex problems

o Trust region methods and cubic regularization methods
o Converge to second order stationary point
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