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Supervised learning

Input: x ∼ µ,
Label: y = f ∗(x) + ξ, ξ - noise

Training data: (x1, y1), ..., (xn, yn)

|
Learning model: xi

|
fw(xi )

parameters: w ∈ Rd

Error: MSE
[
fw
]

= E ‖fw − f ∗‖2
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When do supervised models learn?

Goal: MSE
[
fw
]
� MSE

[
fnull

]
, fnull ≡ 0

“Classical” answer (e.g., VC theory): use n� d

Models learn when there is more data than parameters.

“Modern” answer (e.g., deep learning): use d � n

Models learn when there is more parameters than data.

How to reconcile the two paradigms?
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Simple model: linear regression

Standard i.i.d. random design
X ∼ µn
y = Xw + ξ ξ ∼ N (0, σ2I)

x>
i

X
d

n

y

Moore-Penrose estimator:

X†y =

{
minimum norm solution, for n ≤ d ,

least squares solution, for n > d .

Goal: find MSE
[
X†y

]
= E ‖X†y −w‖2

Prior work: asymptotics [HMRT19] and upper bounds [BLLT19]

No closed form expressions, even for µ = N (0,Σ) !
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Main result I: exact non-asymptotic MSE

Idea: replace standard i.i.d. design with a surrogate design

X ∼ µn︸ ︷︷ ︸
i.i.d.

=⇒ X̄ ∼ Sn
µ︸ ︷︷ ︸

surrogate

Theorem

Let X̄ ∼ Sn
µ , ȳi = x̄>i w + ξ and Σµ = Eµ[xx>]. Then,

MSE
[
X̄†ȳ

]
=

σ2 tr
(
(Σµ + λnI)−1

)
1−αn
d−n +

w>(Σµ+λnI)−1w
tr((Σµ+λnI)−1)

(d − n), (n < d),

σ2 tr(Σ−1µ ), (n = d),

σ2 tr(Σ−1µ )1−βnn−d , (n > d),

where n = tr((Σµ + λnI)−1Σµ), αn =
det(Σµ)

det(Σµ+λnI) , βn = ed−n.
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Isotropic features: double descent curve

X ∼ µn - standard Gaussian design, µ = N (0, I), d = 100

MSE
[
X†y

]
=

{
σ2n

d−n−1 + ‖w‖2 d−nd , (n < d − 1)
σ2d

n−d−1 , (n > d + 1)
(let ‖w‖ = 1)
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Gaussian features: effect of spectral decay

X ∼ µn - multivariate Gaussian design, µ = N (0,Σ), d = 100
Σ - exponentially decaying eigenvalues, condition number κ

MSE
[
X†y

]
= ?
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Gaussian features: effect of model complexity

X ∼ µn - multivariate Gaussian design, µ = N (0,Σ), n = 100
Σ - exponentially decaying eigenvalues, condition number κ

MSE
[
X†y

]
= ?
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Main result II: implicit regularization of minimum norm

Why does this unregularized model learn when n < d?

Because taking minimum norm induces `2-regularization.

Theorem

Let X̄ ∼ Sn
µ , ȳi = y(x) and Σµ = Eµ[xx>]. Then,

E
[
X̄†ȳ

]
=

(Σµ + λnI)−1vµ,y for n < d ,

Σ−1µ vµ,y for n ≥ d ,

where n = tr((Σµ + λnI)−1Σµ) and vµ,y = Eµ[y(x) x].

(Σµ + λnI)−1vµ,y = argmin
ŵ

Eµ,y
[(

x>ŵ − y(x)
)2]

+ λn‖ŵ‖2
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µ , ȳi = y(x) and Σµ = Eµ[xx>]. Then,

E
[
X̄†ȳ
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Implicit regularization

Our observations:

I Minimum norm induces an `2-regularizer: λn‖ŵ‖2

I Sample size is effective dimension: n = tr((Σµ + λnI)−1Σµ)
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Consistency of surrogate expressions

MSE
[
X†y

]
= σ2E

[
tr
(
(X>X)†

)]
+ w>E

[
I− X†X

]
w.

µ = N (0,Σ) =⇒

{
X>X − Wishart distribution

X†X − Gaussian projection

Conjecture

Fix n/d < 1 and let µ = N (0,Σ), where cI � Σ � C I. Then:∣∣∣∣E
[
tr((X>X)†)

]
V(Σ, n)

− 1

∣∣∣∣ = O(1/d) for V(Σ, n) =
1− αn

λn
,

∣∣∣∣w>E[I− X†X]w

w>B(Σ, n)w
− 1

∣∣∣∣ = O(1/d) for B(Σ, n) = λn(Σ + λnI)−1.
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Empirical evidence for the conjecture
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Surrogate design: rescaling by pseudo-determinant

Definition

Let K be a random variable over non-negative integers.

A determinantal surrogate design X̄ ∼ Det(µ,K ) is defined so that

E
[
F (X̄)

]
∝ E[pdet(XX>)F (X)] for X ∼ µK .

I The proportionality constant is 1/E[pdet(XX>)].

I To compute it, we let K be a Poisson random variable.

I New expectation formulas for K ∼ Poisson(γ) and X ∼ µK :

E
[

det(XX>)
]

= e−γ det(I + γΣµ)

E
[

det(X>X)
]

= det(γΣµ)
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New technique: determinant preserving random matrices

Definition

A random d × d matrix A is determinant preserving (d.p.) if

E
[
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Examples:
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I A = X>X, where X ∼ µK and K ∼ Poisson(γ)

Theorem (closure properties)

If A,B are d.p. and independent, then A + B and AB are also d.p.
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