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“Modern” answer (e.g., deep learning): use d > n

Models learn when there is more parameters than data.

How to reconcile the two paradigms?
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Standard i.i.d. random design X y
X~ n sl
y =Xw+¢ &€~ N(0,021)
Moore-Penrose estimator:
Xty — minimum norm solution, for n < d,
least squares solution, for n > d.

Goal: find MSE[X'y] = E || Xty — w|f?
Prior work: asymptotics [HMRT19] and upper bounds [BLLT19]

No closed form expressions, even for = N(0,X)!
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Main result |: exact non-asymptotic MSE

Idea: replace standard i.i.d. design with a surrogate design

X~ pu = X ~ S"
Y N——
i.i.d. surrogate

Theorem

Let X ~ Sl Vi=xjw+¢§ and X, =E,[xx"]. Then,

MSE[X'y] =
~1\ 1—a, w' (Zu+20) 1w
o2 tr((Z, + Al) )L 4 et (d —n), (n<d),
o®tr(X,1), (n=d),
o2 tr(E;1) =, (n> d),
_ det(X, —n
where n = tr((Z, + Aal)1E,), an % B =ed".
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Let X ~ Si Vi=y(x) and X, =E,[xx"]. Then,

E[)_(Ty] B (X, +Aal) "My, forn<d,
Z; Vyy forn>d,

where n=tr((X, + A\ 1)71X,) and v,, =E,[y(x)x].

_ . ~ 2 ~
(S, + Aal) N,y = argmin E,, [(xTw ~ y(x)) ] + W2
w
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p=N(0X) = XX - Wisha.rt distr.ibut.ion
X'X —  Gaussian projection

Fix n/d <1 and let . = N(0,X), where cl < X < CI. Then:
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wTB(X, n)w

1‘ =0(1/d) for B(X,n) = \(Z +\0)7L
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Surrogate design: rescaling by pseudo-determinant

Definition
Let K be a random variable over non-negative integers.

A determinantal surrogate design X ~ Det(u, K) is defined so that

E[F(X)] « E[pdet(XX")F(X)] for X~ uX.

» The proportionality constant is 1/E[pdet(XXT)].
» To compute it, we let K be a Poisson random variable.

» New expectation formulas for K ~ Poisson(y) and X ~ pX:

E[det(XX")] = e 7 det(l +vX,,)
E[det(X"X)| = det(vX,,)
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A random d x d matrix A is determinant preserving (d.p.) if

E[det(Az.7)| = det(E[Az,7]) forall 7,7 C [d] s.t. [Z| = |T|.

Examples:
» A has i.i.d. Gaussian entries a;; ~ A(0,1)
» A = sZ, where s is random and Z is a fixed, rank-1 matrix

» A = XX, where X ~ ¥ and K ~ Poisson()

If A,B are d.p. and independent, then A + B and AB are also d.p.
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